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Abstract

Based on the k-Mittag-Lefler function and the k-a-Exponential Func-
tion we introduce families of functions that allows us define new frac-
tional trigonometric functions that contain the classical trigonometric
functions as particular case for some convenient election of parameters.
We study some elementary properties and obtain the Laplace transform
of some elements of the families.

Keywords: Fractional Calculus, k-Calculus, Exponential Function

I Introduction

As is well known the classical exponential function, and from it, the classical
trigonometric functions play an important role in the solution of ordinary dif-
ferential equation with constant coefficients. Hence the importance of studying
it and its generalizations including the Mittag-Leffler function of one or two
parameters, the one introduced by Prajapati (c.f. [8]) or for us in [5] the called
k-Mittag-Lefler function given by

[e.9]
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where (), denote the k-Pochhammer symbol given by

(Vnk =7y +E) (v +2k)..(y + (n — 1)k) (1.2)

and ['y(z) is the k-Gamma Function due to Diaz and Pariguan (c.f.[4])

o0 tk
Th(z) = / Fle % dt. (1.3)
0

Elementary calculations allow us to establish the following relationship be-
tween (7)nx and I'g(2)

Li(y +nk)
/y n, = —-—
) L(7)

It can be seen that if in (I.1), is taken k = v = a = § = 1, the classical
exponential function is obtained

(1.4)

E11,1,1(Z> = e, (L.5)
By Euler equation can be established that
e” = e = e (cosy +isiny), (1.6)

and considering the series expansion of the exponential function and the sine
and cosine functions we have

iz —iz e -1
Coszzizzﬁ (7)

2n+1

siny=" —Z 2n+1 . (L.8)

The extension to fractional calculus of the exponential function carries with
it the extension of trigonometric functions. It may be seen the elementary
presentation (c.f.[1]) and the very interesting one given in [3] in which starting
from a generalized exponential function

AMz—a) __ . oc 1 33' _ Cl
@ = (@-a) Z NPCE)
= (x—a)* IEOW Az —a)?], (1.9)

where z > a, A € C, a € R*, a € R and E, 3(z) is the two parametters
Mittag-Leffler function.

'I’L

Z I'(na+ B) (1.10)

n=0
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may be extended to Fractional Calculus definitions of sine and cosine function

by

X 1\n)2n T —a (2n+1)a—1
coSy, ANz — )] = ; (=1 1): [((2n n 1))04 (I.11)
and o 2n+1 (n+1)2a—1
sing Az — a)] = HZ:O (=1) AF [ (n(i _1)‘;)04 (1.12)
verifying
o [sing (Az)] = A cosq (Az) (L.13)
and
o [cosa(Az)] = —Asing (Ax) (I.14)

where D¢, denote the Riemann-Liouville fractional derivative of order a de-
fined by

(D2, f) (@) = [D"I2:°f] (2) (1.15)

being D the usual derivative operator and I, the fractional Riemann-Liouville
integral operator of order a.
Through this paper we will use frequently

INa+1)

D" [(r = 0)"] = fra (@ =) (1.16)
(e, [2]), and 1

I(z) = <%) Ty (k) (1.17)
(c.£4]).

IT Riemann-Liouville Fractional Derivative of

order 7 of the k-a-Exponential Function

In this paragraph, based on the k-a-Exponential Function, new definitions
of trigonometric functions are presented and some elementary properties of
them are studied. To do that we will begin computing the Riemann-Liouville
fractional derivative of order a//k of the k-a-Exponential Function.

Let e2?, be the k-a-Exponential Function (c.f.[7]) given by

,Q

az o &1 vy =3
K€ = ZF E/,W’CY (azk)

(IL.1)
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Taking into account formulae (I.16) we have

?:-\Sz

io: nka”l“[ (n+1)] wnl

Tyl(n+1)aln! T [2(n+1)—2] (1L.2)

n=1
Reminding the relationship between the two Gamma Functions given by (I1.17)
we have
o > n, a™ n+1 Q Z%n_l
DE fjrz] = 30 et
nﬂr[mn )hﬂk[ (n+)=¢]p

i Dt (a27) (IL3)

(n+ 1) Ty a(n+ 1)]’

If in (IL.3); k = v = 1 is considered we obtain the formulae (23) of [2].
When a =i\, A € R, and z —a =1 > 0, (I.1) can be written

i 41
k€ = tk

7
o0 " n/\nt (n+1)—
_ Z('V) pATE (I1.4)
=0

]n!

EW, (z/\t k )

where ¢ is the imaginary unit.
By grouping summands according to the powers of the imaginary unit and
the parity of n, we obtain

by n+1t2%(n+1)—1

) > —1)" )\Qnt (2n+1)—1 .
kez)\t:Z( )(’Y) k _HZ 2+1k

T = T2+ 1)a] 2a (n+1)] (2n+1)!
(IL.5)
Taking into account the above, we define
5 €08y (M) = Re (i ”’\t) (I1.6)
and
g Siny o (At) = Im (ke”\t) . (IL.7)

If v = k = 1, coincides with formulaes (20) and (21) from [3]. It may be
observed that if we adopt k =~ =1, we have

o n)\?ntk 2n+1)—1
10081 (M) = % T, [(2n + 1)a]

and
n)\2n+1tk(2n+2) 1

18I0y o (At) = Z
— K [(2n + 2)af
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which coincides when A = 1 with the ones in [2|. Then, it may be written
keﬁ‘; =, COSy o (A) + 1 sing o (AE). (IL.8)
From (I1.6) and (I1.7) when & = o = v =1 we have
1 cosy1(t) = cos(t) = Re (")

and
1 siny 1 (¢) = sin(t) = Im (") .

Analogously, it may be obtained
T = €08,0(AE) = i g siny o (AL). (I1.9)
From (I1.8) and (I1.9) it result

k€

it —iXt
K€y T kCya

5 (IL.10)

k COS, o (AL) =
and
N —iMt

e
e sing o (M) = % (IL11)

Can be clearly seen that when £k = a = v = 1 results the known expression
for the classical trigonometric functions given by (1.7) and (1.8).

From the defining formulae (I1.10) and (II.11) may be derived the following
properties:

ke COSya(—At) = koS, o(AE) (I1.12)
psing o (—At) = —psin, 4(At) (I1.13)
keost J(A) + gsin? (M) =g €2 pel Y (I1.14)

By replacing k,«, v and A for 1 in (I1.14) is obtained the well known relation
cos?(t) + sin’(t) = 1. (I.15)

III The Laplace Transform of the k-a-Exponential
Function

We begin by recalling the Laplace Transform of the function ¢% D=1  given

by
o) I'[¢(n+1)]
(n+1)—1 _ k
L [tk + ] (3) = —s%((”+1)) (IH.l)
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(c.t[7]).
The series expansion of the k-a-Exponential Function allows us evaluate
o0 )\nt%(n#»l)fl
L At = L (W)R,k
[x5l ; [k [(n+ 1)a]n!

) (W)nk 'L [tk (n+1)— }

- Z rln+ Dajn!

n=

and taking into account (II1.1), it results

B k;— g (vgj,k ((kj)>n (IT1.2)

According the notation by [8] formula (2.22) we may writte

kR A\
At _
Lee),] = = (1 (ks)‘é> : (I11.3)

If in (II1.3) we consider k = v = 1 we have

v LAY
ﬁ[ea}_8a2(8a> = (I11.4)

n=0

(c.f. [6]).
For the convergence of the series in (II1.2) see [8] and also [9].
To obtain the Laplace Transform of cos,o(At) and jsin, (M) taking

into account (I1.10) and (II.11) we have
1
L[ cosya(M)] = 5{ﬁ[ e+ L2} (IIL.5)

and from (II1.3) it results

£ [ cos, a(A)] = k;;a { (1 - ﬁ) o (1 4 ﬁ) _%k} . (IIL6)

When taken k = o = vy = 1; (II1.6) reduces to the classical expression
s

Analogous it may be obtained
L [sin(\t)] = —— (IIL.8)

52 4+ \2
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IV The &7 Function

Motivated by the result expressed by the formula (II.5) and looking for to
be verified the classical relationship between the derivative of the sine(cosine)
with the cosine(sine), by considering the variation of family of the index of the
k-Pochhammer symbol, we introduce the following family of Mittag-Leffler

type.

Definition 1 : Let o, v € C, Re(y) > 0, Re(s) >0, k> 0 and z € C — {0},
and j € Np.
X(n+1)—1

Ak
g]‘ﬂ,’\{,a )\ — (7)77/"']7]{? ]
70D = 2 T el + D) T 70

(IV.1)

It can be seen that if in (IV.1) is considered j = 0, is obtained the function
k-a-Exponential (c.f.[7])

Az _ a/k—1g
kev,oc ==z Ek,oz,a

(A22/FY (IV.2)
When j = 0 and k£ = 1 is obtained the function a-Exponencial function
given by (1.9).
We will demostrate that the Ef % function satisfies the following proper-
ties:

(
2. Do (€57 (h2)] = Melkel T (M),

3. Dok ef»%a(xz)} = Mee/RERT(\2).

j+1

4. (D%) (red,) = (Memo/%)? E57 (Nz).

Proof.
The first one results from (IV.1) when 57 = 0. Moreover, it suffices to prove
3) ,to see that also verified 2). Finaly we will show the property 3) by induction
on the index j.
We will prove that 4) is verified. By using the definition and the relationship
(1.16)

a/k koo _ (’7>n+j/\n a/k ( a/k(n+1)—1
D/t (7(%9) Dy TEES T ITE LA )

_ W TEOA+D) 4
P ey Ioey ey

n>1
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Now, taking into account the relationship between the two gamma functions,
the classical and k-Gamma, I'(2%) = k'~ T'(an), results

alk kv, - (7)” j/\n k_%r(a(n + 1)) En—1
D! <gﬂ‘ Mz)) B 2Fk[0£(n+—1|—)] (n+j)! ['(an) ©

_ e (7)n+g+1)\+ L1

=k Zrk[a<n+1>]<n+y+1>

= ATRERY(Az). (IV.3)

We will prove the property 4) by inducction on j.

In view the properties 1) y 2) we known that this relationship is verified to
J = 1. Suppose it holds for j = n, we see that this implies that equality holds
for j=n+1:

(Da/k)jJrl (5‘(’)“’%“) _ palk (Da/k)J' (gk,w) _ po/k [()\k a/k) gk’y(x}
_ (/\k’ a/k) Da/k(gk’Ya)
= (We/Ry T gk (Iv.4)

Jj+1

that is what we wanted to prove. =

IV.1 Trigonometric Functions

On the basis of (I.1), looking for another generalization of the classical trigono-
metric functions cosine and sine, we put by

Definition 2 : Let o, v € C, Re(y) > 0, Re(s) >0, k > 0 and z € C — {0}
yJjeNy

; €COSk .a(A2) = Re {Sf’%a(i)\z)}

(IV.5)
singa(A2) = Im { €577 (iA2) |
o equivalently
(_1)n(’)/)2n+] k)\Qn a/k(2n+1)—
 COSya(A2) = (IV.6)
! 7 ; [y [a(2n+ 1)] (2n + 7)!
. (_1)n(’7)2n+1+ k/\2n+1za/k(2n+2)—1
; o(A2) = IV.
psikga(Az) = 3 Tr[aZn+2)](2n+1+7)! (Iv.7)

n>0
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The functions introduced in (IV.5) satisfies the following properties:

Lemma: Given «, 7 € C, Re(y) >0, Re(s) >0,k >0and z€ C— {0} y
7 € Ny, then

1.
De/k {;sing,a(A2)} = \e—o/k j+1 COS)y.a(A2). (IV.8)
De/k {j cospra(A2)} = —\k—o/k j+1 810 4 o (A2). (IV.9)

Proof. By using the definition (IV.1) and the properties demostrated in
IV.1, we have

ol [@’?v%a(m)] = AEERA (i)

(A"
— \Lolk n+]+1k ?
ka n+1 (n—l—j—i—l)!

a/k(n—l—l)—l

. (IV.10)

Grouping of course with the powers of imaginary unit, it results

D% (g8 (ixz) | =
— \k—o/k V)antatjeA 2Tz K+
2 2”+2)](2n+2+j)!+

n>0

)\2n2a/k(2n+1)71

+ i AEo/k )" 2"“*]’“ —. (V.11
; a2n+1)] (2n+ 1+ j)! ( )
As Ef’v’a(i)\z) =, COSk.a(A2) + 18I0k, o (A2), results the assertion. 0
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