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ON THE SOBOLEV TRACE THEOREM FOR VARIABLE EXPONENT
SPACES IN THE CRITICAL RANGE.

JULIAN FERNANDEZ BONDER, NICOLAS SAINTIER AND ANALIA SILVA

ABSTRACT. In this paper we study the Sobolev Trace Theorem for variable exponent spaces
with critical exponents. We find conditions on the best constant in order to guaranty the
existence of extremals. Then we give local conditions on the exponents and on the domain (in
the spirit of Adimurthy and Yadava) in order to satisfy such conditions, and therefore to ensure
the existence of extremals.

1. INTRODUCTION

The study of variable exponent Lebesgue and Sobolev spaces have deserved a great deal of
attention in the last few years due to many interesting new applications including the mathe-
matical modeling of electrorheological fluids (see [21]) and image processing (see [3]). We refer
to section 2 below for a brief account of the main rsults needed here, and to the book [4] for a
complete account on these spaces.

One fundamental point in the study of these spaces is the generalization of the well-known
Sobolev immersion Theorems. That is, if 2 € RV is a bounded domain and p: Q — [1,00) is a
finite exponent such that supg p < N the following immersions hold

W@ Q) s L1@@Q)  and  WWPE(Q) < L'0)(0Q),
if the exponents ¢: Q — [1,00) and r: 9Q — [1, 00) verify the bounds

‘ Np(x) (N = Dp(x)
1(@) < p*(a) = P and (@) < paa) = S,
N — p(x) ’ N —p(z)
These exponents p*(x) and p.(z) are called the critical Sobolev exponent and the critical Sobolev
trace exponent respectively. (Some mild regularity assumptions on the exponents are needed in
order for the immersions to hold, see [4] and Section 2). These immersions can be restated as

V]| o) @)

0 <S(p(),q(),9) := , and

wvew?@ ) V]l Lo (o)

0<T(p(),r(),Q): = .
(p(-),7(-), ) vewia@ @) V]| e

Here, the norms that are considered are the Luxemburg norms. We refer to Section 2 for the
precise definitions.
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An important and interesting problem is the study of the existence of extremals for these im-
mersions i.e. functions realizing the infimum in the definition of S(p(-), ¢(-),2) and T'(p(-), (), 2).
When the exponents are uniformly subcritical, i.e.

(1 nf(p, —
in (p*—q) >0 and inf (ps — 1) >0,

the immersions are compact, and so the existence of extremals follows by a direct minimization
procedure. The situation when the subcriticality is violated is much more complicated.

In constrast with the constant critical exponent case which has deserved a lot of attention since
Aubin’ seminal work [2], the critical immersion for variable exponent have only been considered
recently. In [18], the authors study some cases where even if the subcriticality is violated, the
immersion VVO1 P (m)(Q) < LI®)(Q) remains compact. This result requires for very restrictive
hypotheses on the exponents p and ¢, so a more general result is desirable. In this direction,
in [10], applying an extension of the P.L. Lions’ Concentration—-Compactness Principle for the
variable exponent case (see [12, 13]) the authors proved that

S(p(-),q(-), Q) < ilirgzing(p(-),Q(-)vBs(:v)),

where A = {z € Q: q(z) = p*(x)} is the critical set, and B.(z) is the ball centered at x of radius
€. Moreover, in that paper it is shown that if the strict inequality holds, namely

S(p(-),q(-), Q) < iglgggis(p(%Q(-)vBa(fv)),

then there exists an extremal for S(p(-),q(:), ). Some conditions on p, ¢ and 2 are also given
in order for this strict inequality to hold. We also refer to [9] where this result is applied to
obtain the existence of a solution to a critical equation involving the p(x)—Laplacian.

The purpose of this article is to extend the above mentioned results to the trace problem.
That is, we assume hereafter that the subcriticality for the trace exponent fails in the sense that

Ap :={x € 0Q: r(x) = p.(z)} # 0,

and find conditions on the exponents p,  and on the domain € in order to ensure the existence
of an extremal for T'(p(+), (), ). Up to our knowledge, this is the first paper where the critical
trace inequality, in the context of variable exponent Sobolev spaces, is addressed.

Concerning the constant exponent case, it is known, see [7], that
_ IVl Lo ey
T(pap*aQ) SK(Nap)_l = 7il'lf ﬂ
vebLe®Y) [0l Lo mv-1)
where Dl’p(RﬂY) is the set of measurable functions f(y,t) such that 0;f € LP(Rf), 1=1,...,N,
and f(-,0) € LP*(RN¥~1). Moreover, in [7] it is shown that if
(1.1) T(p,p«, Q) < K(N,p)™",

then there exists an extremal for the trace inequality. Notice that one trivial global condition
on 2 that implies (1.1) is

)

1
Qlr _
L _ < K(N,p)7L,
HN-1(9Q) 7=

where H? denotes the d—dimensional Hausdorff measure. Observe that the family of sets veri-
fying (1.2) is large. Indeed for any fixed set €2, €, :=t -  verifies (1.2) for any ¢ > 0 small.

(1.2)
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A more interesting and difficult task is to find local conditions on € ensuring (1.1). For
p = 2 this was done by Adimurthy and Yadava in [1] (see also Escobar [5] for a closely related
problem) by using the fact that the extremals for K(NV,2)~! were explicitly known since the
work of Escobar [5]. In fact, in [1], the authors proved that if the boundary of 2 contains a point
with positive mean curvature, then (1.1) holds true. Recently Nazaret [19] found the extremals
for K(N,p)~" by means of mass transportation methods. These extremals are of the form

N—
Vago () = A 1 V(I8 by y e RN7L ¢ >0,
with

(1.3) Vigt)=r 71, r=+1+02+ [y

From the explicit knowledge of the extremals one can compute the value of the constant K (N, p)
(see, for example, [8]). It holds

p—1
_ p(N=1)\\ N-T
JﬂNﬂﬂ—Wip<p_1)pl Eb%%ﬁ' )
N=p T(55-1)

where I'(z) = [ t* 'e " dt is the Gamma function. Using these extremals, Ferndndez Bonder
and Saintier in [8] extended [1] by proving that (1.1) holds true if 992 contains a point of positive
mean curvature for 1 < p < (N +1)/2. See also [20] for a related result. We also refer to [22]
where this question has been adressed in the case p = 1.

A slightly more general problem can be treated. Namely, consider I' C 99, T # 9 a (possibly
empty) closed set, and define
W;’p(x) = {¢ € C>=(Q): ¢ vanishes in a neighborhood of T'},
where the closure is taken in [| - [|y1,p() (@) —norm. This is the subspace of functions vanishing on
I'. Obviously, W@Lp(x)(Q) = WP)(Q). In general er,’p(x)(Q) = WhrE)(Q) if and only if the

p(x)—capacity of T" is 0, see [15]. The main concern of this paper is the study of the existence
problem of extremals for the best constant T'(p(-),r(-), 2, ") defined by

(1.4) 0<T(p(-),r(-),Q,T):=  inf Tl o @

vew @ () |Vl Lre a0
First, employing the same ideas as in [18] we obtain some restricted conditions on the exponents
p and 7 guarantying that the immersion W1hP(*)(Q) < L"®)(9Q) remains compact and so the
existence of an extremal for T'(p(-),r(-),2,T") holds true. As in the Sobolev immersion Theorem
more general conditions for the existence of extremals are needed and these are the contents of
our main results.

In order to state our main results, we first need to introduce some notation. The localized
Sobolev trace constant T}, is defined, for z € Ap, as

(1.5) T, =supT(p(-),r(-), 2, Te) = Um T'(p(-), (), 2, Te),

e>0 e—0
where Q. = QN B(z) and I'. = dB.(x) N . The smallest localized Sobolev trace constant is
denoted by

(1.6) T := inf T,.
TE€EAT
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With these notations, our main results states that, under certain mild regularity assumptions
on p and 7, the following inequalities hold true

T(p(-), T(')v Q, F) < T < zIEI}{T I_((N,p(x))il.

Moreover, if the following strict inequality holds
(17) T(p(),'r’(),Q,F) < Ta
then there exists an extremal for (1.4).

So a natural main concern is to provide with conditions in order for (1.7) to hold. We obtain,
as in the constant exponent case, two types of conditions: local and global.

Global conditions are easier to obtain. In fact, it is fairly easy to see that if {2 is contracted
enough then (1.7) holds.

In order to find local conditions for (1.7) to hold, a more refined analysis has to be made. The
idea is to find a precise test function in order to estimate T'(p(-),7(-),§2,I"). This test function is
constructed by properly scaling and truncating the extremal for K (N, p(x))~! around some point
x € Ar. This estimate will give local conditions ensuring that T'(p(-), r(-),2,T) < K (N, p(x))~L.
The analysis is then completed by providing with conditions that ensure T, = K(N,p(x))~!,
and requiring that 7' = T, for some z € Arp.

Organization of the paper. The rest of the paper is organized as follows. In Section 2, we
collect some preliminaries on variable exponent spaces that will be used throughout the paper.
In Section 3, by applying the method developed in [18], we find conditions than ensure that the
trace immersion remains compact although A7 # (). As we mentioned in the introduction, these
conditions are not satisfactory, so in the remaining of the paper we look for a general result that
guaranty the existence of extremals. In Section 4 we revisit the proof of the Concentration—
Compactness Theorem as stated in [12] to perform the corresponding adaptation for the trace
inequality. In Section 5 we prove our main results, Theorem 5.4 and Theorem 5.6 that provide
with general conditions for the existence of extremals. Finally, in Section 6 we provide both
local and global conditions for the validity of T'(p(-),r(+),Q) < T.

2. PRELIMINARIES ON VARIABLE EXPONENT SOBOLEV SPACES

In this section we review some preliminary results regarding Lebesgue and Sobolev spaces
with variable exponent. All of these results and a comprehensive study of these spaces can be
found in [4].

The variable exponent Lebesgue space LP(®) () is defined by
LP@(Q) = {u €L (Q): / u(z)|P®) dz < oo}.
Q
This space is endowed with the norm

. u(z) |p(z)
ey = oy = int {3 > 03 [ |92 a0 < 1)

We can define the variable exponent Sobolev space Wl’p(””)(Q) by
WP (Q) = {u € LP@(Q): u € LP@(Q) fori =1,..., N},
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where J;u = g—; is the i'" —distributional partial derivative of u. This space has a corresponding

modular given by
profey(w)i= [ P 4 [Vl dz
Q
which yields the norm
. U
||U||W1,p(a:)(Q) = HuHLp(z) = inf {A >0: P1,p(x) (X) < 1}

Another possible choice of norm in WP (Q) is lullp(z) + IVl p(z)- Both norms turn out to
be equivalent but we use the first one for convenience.

The following result is proved in [6, 16] (see also [4], pp. 79, Lemma 3.2.20 (3.2.23)).

Proposition 2.1 (Holder-type inequality). Let f € LP®)(Q) and g € Li*)(Q). Then the
following inequality holds

15 @@ o < ((2)+ () )1 s lolzacon

where

From now on, we define the classes of exponents that we deal with. Let P(€) be the set of
Lebesgue measurable functions p: Q — [1,00) and let P(0N2) be the set of HN~!—measurable
functions r: 9 — [1, 00).

In order to state the trace Theorem we need to define the Lebesgue spaces on 0£2. We assume
that Q is C! so 99 is a (N — 1)—dimensional C' immersed manifold on R (less regularity on
09 is enough for the trace Theorem to hold, but the C* regularity is enough for our purposes).
Therefore the boundary measure agrees with the (N — 1)—Hausdorff measure restricted to 0f2.
We denote this measure by dS. Then, the Lebesgue spaces on 0f2 are defined as

L@ (9Q) = {u e LL (99,dS): /

lu(z)["® dS < oo}
0N

and the corresponding (Luxemburg) norm is given by

Jull ooy = o 1= int {3 > 0: [

u(z) |r@)
ol 3|

s < 1}.

Throughout this paper the following notation will be used: For a pg—measurable function f
we denote fT :=sup f and f~ := inf f, where by sup and inf we denote the essential supremum
and essential infimum respectively with respect to the measure u.

The Sobolev trace Theorem is proved in [6]. When the exponent is critical, it requires more
regularity on the exponent p(z) (Lipschitz regularity is enough). This regularity can be relaxed
when the exponent is strictly subcritical. It holds,

Theorem 2.2. Let Q C RY be an open bounded domain with Lipschitz boundary and let p €
P(Q) be such that p € WI(Q) with 1 < p_ < p™ < N < ~. Then there is a continuous
boundary trace embedding WP(*)(Q) ¢ LP-(*)(5Q).

Theorem 2.3. Let Q C RN be an open bounded domain with Lipschitz boundary. Suppose that
peCYQ) and 1 < p~ <pt < N. Ifr € P(09Q) is uniformly subcritical then the boundary trace
embedding WhPE)(Q) — L@ (9Q) is compact.
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Corollary 2.4. Let Q C RY be an open bounded domain with Lipschitz boundary. Suppose that
peCYQ) and 1 <p_ <p, <N. Ifr e C%0N0) satifies the condition

1 <r(z) <p«zx) x€

then there is a compact boundary trace embedding WP(*)(Q) — L"®)(9Q)

The following proposition, also proved in [16], will be most useful (see also [4], Chapter 2,
Section 1).

Proposition 2.5. Set p(u) := [, [u(z)|P® dz. For u € LP®(Q) and {ug}ren C LP@(Q), we
have

(2.1) w# 0= ([l = A& p(5) = 1).

(2.2) [ull o) ) < L(= 15> 1) < p(u ) <1l(=1;>1).

(2.3) el poor ) > 1= Nl e ) < () < HUlle) Q"

(24) full ey < 1= [l gy < 2(0) < il g

(2.5) Jim gl o) = 0 Tim pug) = 0.

(2.6) Jim gl oy = 00 > lim p(ug) = .

For much more on these spaces, we refer to [4].

3. COMPACT CASE

In this section we find conditions on the exponents p € P(Q2) and r € P(02) that imply that
the immersion W) (Q) < L7®)(9Q) remains compact. Therefore, in this case, the existence
of extremals follows directly by minimization.

Roughly speaking, these conditions require the critical set to be small, and also a strict control
on how the exponent r reaches the critical one when one is approaching the critical set Ap. For
the Sobolev immersion I/VO1 P (I)(Q) < L9®)(Q), this result was obtained in [18]. Following the
same ideas we can prove a similar result for the trace immersion.

First, we define the upper Minkowsky content for sets contained in 9€2. We say that a compact

set K C 0N has finite (N — 1 — s)—boundary dimensional upper Minkowsky content if there
exists a constant C' > 0 such that

HN"YK(r)noQ) <Cr®,  forallr >0,
where K(r) = {x € RV dist(z, K) < r}. The result is the following:

Theorem 3.1. Let ¢: [ry',00) — (0,00) be a continuous function such that: @(r)/Inr is
nonincreasing in [ry*,00) for some ro € (0,e71) and (r) = oo as r — co. Let K C 99 be
a compact set whose (N — 1 — s)—boundary dimensional upper Minkowski content is finite for

some s with 0 < s < N — 1.

Let p € P(Q) and r € P(0Q) be such that pt < N and r(x) < p«(x). Assume that r(z) is
subcritical outside a neighborhood of K, i.e. infaon g (ry) (P« (x) — 7(x)) > 0. Moreover, assume
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that r(x) reaches p«(z) in K at the following rate

‘P(dist(lx,K))

1n(7dist(1x,z<) )

Then the embedding W@ (Q) — L'®)(0Q) is compact.

r(z) < pulx) —

for almost every x € K(rg) N ON.

Proof. Let us prove that

(3.1) lim sup { /K( o0 lo(z)["®) dS: v e WHP@(Q) and [o]lw.pe @) < 1} =0.
g

e—0t

First, we take 3 such that 0 < 8 < s/p} and & > 0 such that e~! > 7“0_1 and Lp(%) > 1. For
each n € N we consider 7, = e 7", We choose z € (K (c") \ K(c"*1)) N 99, then , we have

elamtimr) ()

n % n( =1 _ Bn_ 1
n:L(I)*p*(x) S nnl (dle(l‘,K)) S 77n1 (8n+1) = n+14p(5n1+1) — An

On the other hand, we know that H(K (r) N9) < Cr® and we can estimate the following term

0@ 4§ < gt / dS < Cenls—bp?)

/(K(sn)\K(an))maQ K(en)noQ

Now, we have

/ o(@)'@ ds
K (em)\K (7+1))n90

p«(z)—r(z)
/. o (1) w5+ W ds
K(e)\K (e7+1))non Tn (K (e™)\K(ent1))noQ

/ v ($)|p*(:v) ds + Cen(s=Bri)
K(e")\K(gnt1))noQ

for each ng € N, we obtain

/ ||Ww—2/ o) @ ds
K (e™0)NoQ K(e")\K(en*+1))noQ

IN

| /\

n=ng
S(wp Ay [ @ ds 0 Y e
n>ng K (70)No%Q

n=ng
Using that ||v|,, 00 < C|lv||1,, and that (s — Bpi) > 0, we can conclude (3.1).
Finally, let {v, }nen € WHP@)(Q) and v € WP (Q) be such that

v, — v weakly in WHP@(Q),
Then,
vp = v weakly in L"®)(9Q),
v, — v strongly in L*@)(9Q) for every s such that ianﬂf(p* (x) — s(x)) >0,
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therefore v, — v in L") (90 \ K (¢)) for each £ > 0 small. Hence,

tinsup [ o (o) — o) ds =timsup ([ oala) o)) ds
09 K(£)no)

n—oo n—oo

+ / [vn(w) = v(@)|" @ ds)
IO\K (e)

< sup / fon() — o) dS
neN J K (e)Nox

So, by (3.1), we conclude the desired result. O

Now it is straightforward to derive, analogous to Corollary 3.5 in [18],

Corollary 3.2. Let p € P(Q) be such that p* < N and let r € P(09). Suppose that there exist
29 € Q, C >0, n €N, rg >0 such that infaq\p, (we)(Px(x) —7(2)) > 0 and r(z) < pi(z) —

In™ 1
cln((lexo)) for almost every © € OQ N By, (xo). Then the embedding W'P@)(Q) — L"®)(5Q) is
I*IO

compact.

4. THE CONCENTRATION—COMPACTNESS PRINCIPLE FOR THE SOBOLEV TRACE IMMERSION

This section is devoted to the extension of the CCP to the trace immersion.

Let r € P(0R2) be a continuous critical exponent in the sense that
Ap = {z € 0Q: r(z) = p.(x)} # 0.
We define the Sobolev trace constant in Wll’p (x)(Q) as

[01l1,p(a) lv

T(p(),r(),Q,T) =  inf @ e @)
’L)GWFLP(QC)(Q) HUHT(I),ag ’UEWFl’p(x)(Q) Hv“T(Q?),OQ\F

More precisely, we prove

Theorem 4.1. Let {u, }neny C WHPE)(Q) be a sequence such that u, — u weakly in WHP(®)(Q).
Then there exists a countable set I, positive numbers {p;}icr and {v;}icr and points {x;}icr C
Ar C 909 such that

(4.1) lun|"® dS — v = |u|"®) dS + Z Vidz, weakly-* in the sense of measures,
i€l
(4.2) Vi, [P@ de — p > |VulP do + Z,uiéﬂ weakly-* in the sense of measures,
el
1 1

(4'3) Tmiyir(%) < Mip(ri)’

where Ty, = sup.~o T(p(+), q(+), Qe.i, Tci) is the localized Sobolev trace constant where
Qi =QNBe(z;) and Te;:= 0B (x;) N

Proof. The proof is very similar to the one for the Sobolev immersion Theorem, see [10], so we
only make a sketch stressing the differences between the two cases.

As in [12, Theorem 1.1] it is enough to consider the case where u, — 0 weakly in WP (Q).
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Take ¢ € C*°(Q). According to Theorem 2.2 we have

(4.4) T(p(),q(), Dlusllr@) < llduillipea)-
We have that
| pu;

1) < CUV(Ou)llpa) + l¢u;llpe))
On the other hand,
IV (0u)llp@) = 18V llp)] < 1wVl pea)-

Then, as u, — 0, we observe that the right hand side of the inequality converges to 0. In fact,
we can assume that ppy(u) < 1, then

n
14V ) < (IV@lloo + 1) [l
+
< (Voo + 1P pp(ay(us) /P~ — 0
We the same argument, we obtain that
[l pa) — 0

Finally, if we take the limit for j — oo in (4.4), we arrive at
(45) T(p()7 ’l”(), Q)H¢||L;(@)(8Q) S H¢HL£(1)(Q)’

for every ¢ € C°°(£2). Observe that if ¢ € C°(RY) and U C R¥ is any open set containing the
support of ¢, the constant in (4.5) can be replaced by T'(p(-),q(-), 2N U,0U N ).

Now, the exact same proof of [12, Theorem 1.1] implies that the points {x;};c; must belong
to the critical set Ar.

Let ¢ € C°(RY) be such that 0 < ¢ < 1, ¢(0) = 1 and supp(¢) C B1(0). Now, for each i € I
and € > 0, we denote ¢, ;(x) := ¢((z — x;)/e).

From (4.5) and the subsequent remark we obtain
T(p(-), 7“(-), Q&iv Fé,i)H¢€,iHL£(1)(anB€(

As in [12], we have

po(i0.) = / Ibio e
0QNB. (3310)

i, (@) |4, |7(®) g8 + Vihig e (T r(xi)
/mw%r LCIN S Vi (1)

el

) < |[|pe,i LE(QNBe(2))

Z;

(@) dy

> Vig -

From now on, we will denote

+ — .

ri = sup r(x), r. = _inf r(x),
“C 90NB.(x1) Y€ 9ONB(a:)
p;re = sup p(z), p;. = _inf p(z).

QNBe () QNBe(z4)

If pu(dip,e) <1 then

1/r; 1/r
H¢i0’6”LZ(QC)((?QQBE(%‘O)) > pl’(¢i0,€) /rl’s > l/'io

i,
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Analogously, if p,(¢i, ) > 1 then

l/rj:
|’¢i0,5||L£<I)(3QﬁBg($i0)) >V,

Therefore,
1 1

7'+ 7'.7
T(p(')ar(')aQE,iaFa,i) mln{Vi Ly } < ||¢i,a||LfL(z)(QmBe(:L‘i)).

On the other hand,

/ i c[P@ dp < 1u(Q N Be(4))
QNBe (21)

hence
1 1

»t b
16iell Lo (@B, () < MaX {Pu(@',s) e pu(Pie) }

1 1

< max {,u(Q N Bs(aci))pi8 (2N Be () i },

so we obtain,

1 1
1 1
rT o
i,

T(p(-), (), Qe s Te) min {50 } < max {pu(Q 1 Be(s)) e (@ 0 B(g)) e }.

As p and r are continuous functions and as r(x;) = ps«(z;), letting € — 0, we get

T V?/P*(xi) < ,U,-l/p(xi)

Ti“q 7 9
where p; := lime_,0 (2 N Be(z4)).

The proof is now complete. O

5. NON-COMPACT CASE

In this section we parallel the results for the Sobolev immersion Theorem obtained in [10], to
the Sobolev trace Theorem.

In that spirit, the result we obtain states that if the Sobolev trace constant is strictly smaller
that the smallest localized Sobolev trace constant in the critical set Ap, then there exists an
extremal for the trace inequality.

Then, the objective will be to find conditions on p(z),r(z) and 2 in order to ensure that strict
inequality. We find global and local conditions.

As in [10], global conditions are easily obtained and they say that if the surface measure of the
boundary is larger than the volume of the domain, then the strict inequality holds and therefore
an extremal for the trace inequality exists.

Once again, local conditions are more difficult to find. In this case, the geometry of the
domain comes into play.

We begin with a lemma that gives a bound for the constant T'(p(-), r(-), Q2,T).

Lemma 5.1. Assume that the exponents p € P(Q) and r € P(0NQ) are continuous functions
with modulus of continuity p such that

In(A\)p(A\) =0 as A —0+.
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Then, it holds that

T(p(-), ’f’('), Q, F) < xIEI}{T K(N,p(:l}))_l.

Proof. The proof uses the same rescaling argument as in [10] but we have to be more careful
with the boundary term.

Let g € Ap. Without loss of generality, we can assume that zog = 0 and that there exists
r > 0 such that

Q. :=B,NQ={x € B,: zn > (')}, B, NN ={z € B,: zy = (")},
where x = (2/,zy), 2’ € RN=1 zn € R, B, is the ball centered at the origin of radius r and
Y: RN~ 5 Ris of class C? with ¢(0) = 0 and V(0) = 0.
First, we observe that our regularity assumptions on p and r imply that
r(Az) =r(0) + p1(X, z) = p«(0) + pr (A, ),
p(Az) = p(0) + pa(A, 2),
with limy_,op M%) = 1 uniformly in Q,. From now on, for simplicity, we write p = p(0) and
px = p«(0) = r(0).
Now, let ¢ € C°(RY), and define ¢, to be the rescaled function around 0 € Az as ¢y =

—(N-—1

A~ 7+ ¢(%) and observe that, since I is closed and 0 € T', ¢y € W;’p(:p)(ﬂ) for A small. Then
we have

Pa(z)"® dS = )\qu(y)pwm(hy) ds
o0 00

—(N=Dp1(A\y) /
- /RN_1 AT ol )P T V() P dy

where Q) = 1 - Q and ¥, (y) = FY(\Y).

Since ¥(0) = 0 and V4 (0) = 0 we have that ¥ (y') = O(X\) and |[Vi(y')| = O(N) uniformly
in ¢/ for y' € supp(¢) which is compact. Moreover, our assumption on p; imply that

—(N=Dp1(\y)

e ()Y 5 1 when A — 0+
uniformly in y.

Therefore, we get

(5.1) Pr(ey00(Pr) = ” oa(x) @ dS — 6(y,0)[P< dy',  as A —0+.

RN-1

In particular, (5.1) imply that |[¢x||,(x),00 is bounded away from 0 and co. Moreover, arguing
as before, we find

ox(2) >7’($)
1= —_— ds
/69 <||¢/\||T(z),89

—(N=1)p1 (\,y) / / p*erl(/\,y')
_ /RN_I )\# <¢(y U (Y ))) 1+ [V (y)2 dy/,

DA llr ()00
SO

Jim (192l @).00 = 19]l,. ory-
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For the gradient term, we have
[ v s = [ xR0z da
= [ AT e ay
Qx
Now, observing that ) — Rf and from our hypothesis on py, we arrive at
prero@n) = [ [Von@P@dz > [ [Vot)dy as =0+,
+

Similar computations show that

Poera(én) = /Q 165 (2) [P d = O(AP),
SO
Py a(ér) = / V@) P + [ (2) P dz — / Vo(y)Pdy as A0+
Q RY

Arguing as in the boundary term, we conclude that

A137101+ DAl p). = IVl Ry

Now, by the definition of T'(p(-),r(+),2,T), it follows that

[oAll1,p(x
T(p(-),r(-),9,T) < 2
”gb)\”r(x),aQ
and taking the limit A — 0+, we obtain
Ve JRY
”¢ p*,aRﬂX

for every ¢ € C°(RY). Then,
T(p(-), Q(')a Qa F) < K(N, p)_l
and so, since zg = 0 is arbitrary,
T(p()a Q()v Qv F) < inf K(Nap(x))ilv
zEAT
as we wanted to show. O

Now we prove a Lemma that gives us some monotonicity of the constants T'(p(-), q(-),2,T)
with respect to 2 and I' C 9.

Lemma 5.2. Let Q1,Q C RY be two C? domains, and let T'; C 9Q;, i = 1,2 be closed.
If Q9 C )y, (692 N Ql) cTI'y and (Fl ﬂ&QQ) C I'y, then

T(p('), Q(')7 0, Fl) < T(p()7 Q(')’ Qo, F?)

Proof. The proof is a simple consequence that if v € W;;p (m)(Qg), then extending v by 0 to
0\ Q9 gives that v € Wllip(w)(Ql). O
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Remark 5.3. Lemma 5.2 will be used in the following situation: For Q ¢ RY and I' C 99 closed,
we take xp € 02\ T and r > 0 such that (B, (zg) N9Q) NT = (.

Then, if we call Q. := QN B,(z0), Ty = 0B,(x9) N, we obtain
T(p(~), Q(')v Qv F) < T(p(-), Q(‘), QT’ FT)'
As a consequence of Lemma 5.1 and Lemma 5.2 we easily obtain the following Theorem.

Theorem 5.4. Let Q C RY be a bounded C? domain and T' C 00 be closed. Let p € P(Q) and
r € P(0Q) be continuous functions with modulus of continuity p such that

In(A)p(A) =0 as A —0+.

Then, it holds that
T(p(),r(, QT T < inf K(N,pla)) .
TEAT

Now, in the spirit of [10], we use the convexity method of [17] to prove that a minimizing
sequence either is strongly convergent or concentrates around a single point.

Theorem 5.5. Assume that v~ > p*. Let {up}nen C Wé’p(z)(ﬂ) be a minimizing sequence for
T(p(-),r(-),Q,T). Then the following alternative holds:

o {u,}nen has a strongly convergence subsequence in L™®)(92) or
o {Uy}nen has a subsequence such that |u,|"®) dS — 6., weakly in the sense of measures

and |Vun|p(x) dr — ngmo)ézo weakly in the sense of measures, for some xg € Ap and
u, — 0 strongly in LP*)(Q).

Proof. Let {up}nen C Wll’p(x)(ﬂ) be a normalized minimizing sequence for T'(p(-),r(:),,T),
i.e.

T(p(‘),?“(-), Q,F) = nh—>ngo ||un||1,p(z) and Hun”r(m),aﬂ =1
For simplicity, we denote by T = T'(p(:),r(-),,T'). The concentration compactness principle
for the trace immersion, Theorem 4.1, together with the estimate given in Theorem 5.4 gives

Vi, [P + |u, [P)

1= lim
n—oo [ ||uan($)
/ |vu|p (@) + |u’p (@) dz + ZT—P(mi)M
el
. _ + _ - (s
2 min{(T 1Hqu,p(ﬂ&))p (T ullyp@)? 3+ Y TP
el
p((%‘))
> mm{”u”p )89 HUHT(;E aQ} + Z 7
i€l
P((mz))
2 Hu”r(x) oo T Z Fr
i€l
p(zl))
2 Pr(z), 89 + Z Vp*(xl .

el
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On the other hand, since {u, }ney is normalized in L™®)(99), we get

1:/ WM @ ds + 57,
[ 1ul 3

i€l
So, since p™ < r~, we can conclude that either u is a minimizer of the corresponding problem
and the set I is empty, or v = 0 and the set I constains a single point.

If the second case occur, it is easily seen that the second alternative holds. O

With the aid of Theorem 5.5 we can now prove the main result of the section.

Theorem 5.6. Let Q be a bounded domain in RN with 0Q € C'. Let T' C 0 be closed. Let
p € P(Q) and r € P(ON) be exponents that satisfy the reqularity assumptions of Theorem 5.4.
Assume, moreover, that p™ < r~.

Then, if the following strict inequality holds T(p(-),r(-),Q,T) < T, the infimum (1.4) is
attained.

Proof. Let {up}nen C W%’p(x)(ﬂ) be a minimizing sequence for (1.4) normalized in L"®)(99).
If {u, }nen has a strongly convergence subsequence in L"(®)(99), then the result holds.
Assume that this is not the case. Then, by Theorem 5.5, there exists xg € Ar such that

[t |"®) dS — 64, and |V, [P®) dz — T£§x°)5xo weakly in the sense of measures.

So for € > 0, we have,

|vun|p(x) + |un|p($) . T:fo(”o) -
0 (Tyy —c)p@ T Ty — 2)P@0)

Then, there exists ng such that for all n > ng, we know that

tnll1 pz) > Tao — €

Taking limit, we obtain B
T(p()7 r(')ﬂ Qa F) 2 Txo —E.
As ¢ > 0 is arbitrary, the result follows. O

6. CONDITIONS FOR THE VALIDITY OF T(p(-),7(:),Q) < T

In this section we investigate under what conditions the strict inequality (1.7) holds. We
provide two types of conditions. First, by some simple rough estimates we give global conditions,
that is a condition that involves some quantities measured in the whole domain 2. This condition
resembles the one found in [7]. Then we devote ourselves to the more delicate problem of finding
local conditions, that is conditions that involves some quantities computed at a single point of
0. These type of conditions are in the spirit of [1, 8, 9].

6.1. Global conditions. Now we want to show an example of when the condition (1.7) is
guaranteed. We assume that I' = () and using v = 1 as a test function we can estimate

1111,

T(p(),r (), Q) € 2

” ||r(x),6Q

It is easy to see that

e
110y = 1l < max {0277, 127~ }
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and
1 1
11l (2,00 = min{|0Q[-, [0 }.
So, if Q satisfies

1 1
max {07 Q" }
<T

(6.1) _ SRAR
mind |00/, |90/}

then by Theorem 5.6 there exists an extremal for T'(p(-), r(-), §2).

Observe that the family of sets that verify (6.1) is large. In fact, for any open set  with C!
boundary, if we denote €y =t -  we have

1 1 N 1
mes { |7, (U} g
<

+ —— < T for t < 1.
min{|0Q | T, |0} ¢t |0Q|—

Now, the hypothesis f—t < 1 imply that % — == > (), so we can conclude that:

if t > 0 is small enough.

6.2. Local conditions. As we mentioned in the introduction, the strategy to find local condi-
tions for (1.7) to hold is to construct a test function to estimate T'(p(-),r(-),2,T") by scaling and
truncating an extremal for K (N,p(x))~! with x € Ap. In order for this argument to work, a
result stating the equality T, = K (N, p(x))~! is needed. This is the content of our next result.

We begin with a Lemma that is a refinement of the asymptotic expansions found in the proof
of Lemma 5.1 since we obtain uniform convergence for bounded sets of W1P(*)(Q). Though this
lemma can be proved for variable exponents, we choose to prove it in the constant exponent
case since this will be enough for our purposes and simplifies the arguments.

In order to prove the Lemma, we use the so-called Fermi coordinates in a neighborhood of
some point xg € J€). Roughly speaking the Fermi coordinates around zg € 9€) describe z € 2
by (y,t) where y € RN~1 are the coordinates in a local chart of 9 at g, and t > 0 is the
distance to the boundary along the inward unit normal vector.

Definition 6.1 (Fermi Coordinates). We consider the following change of variables around a
point xg € 0.

We assume that o = 0 and that 02 has the following representation in a neighborhood of 0:
NV ={zeV:x, =0, 2 cUCRY Y, NV ={z e V:z, > ), 2 e U c RV
The function v: U € RN¥~! — R is assume to be at least of class C2? and that 1(0) = 0,
Vi (0) = 0.

The change of variables is then defined as ®: U x (0,6) - QN V

O(y,t) = (1,4 (y)) + tv(y),
where v(y) is the unit inward normal vector, i.e.
14+ [Vi(y)?



16 J. FERNANDEZ BONDER, N. SAINTIER AND A. SILVA
It is well known that ® defines a smooth diffeomorphism for § > 0 small enough.
Moreover, in [5] it is proved the following asymptotic expansions

Lemma 6.2. With the notation introduced in Definition 6.1, the following asymptotic expansions
hold

JO(y,t) =1 — Ht + O(t* + |y|?),
where J® is the Jacobian, and H is the mean curvature of OS).

Also, if we denote v(y,t) = u(P(y,t)) the function u read in Fermi coordinates, we have
N .. ..
Vu(z)[? = (0)% + D (67 + 207t + O + |y|*)) 9y, vy, v,
ij=1
where h¥ is the second fundamental form of O5).

For a general construction of the Fermi coordinates in differentiable manifolds, we refer to
the book [14].

Lemma 6.3. Let 1 < p < N be a constant exponent and let u be a smooth function on Q. Then,
there holds

No1 -
[ullp..B.(zoynon = € 7 (L+o(D)l|ucll,, vaory

(1+ 0<1))”ﬁ6”p,\/mR£a

|2

Hqu,Ba(xo)ﬂQ =€

N—p ~
IVullp,B.@zoyne = € 7 (1 +0()[[ Ve, very

where V' is the unit ball transformed under the Fermi coordinates, o(1) is uniform in u for u in
a bounded subset of WHP(Q), 1i.(y) = t(ey), and @ is u read in Fermi coordinates.

Proof. If we denote by ®(y,t) the change of variables from Fermi coordinates to Euclidian
coordinates, then, from Lemma 6.2 we have

J® =1+ 0(e) in Be(zo) N,
where J® is the Jacobian of ®,
Joa® =1+ 0(e) in B:(xg) N0,
where Jyq@ is the tangential Jacobian of & and
V| = (14 0(e))|Vul

with O(g) uniform in u.
For a more comprehensive study of the Fermi coordinates see [5] and the book [14].

Now, we simply compute

/ P dS = li(y, 0)
Be(20)NOQ (e:V)NORY

P(1+0(e))dy
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In the same way,

/ Vul? dr = / Via(y) (1 + O()) dy
Be(z0)NOQ (e-V)NORY

—N o) [ V)P dy

VNoRY
and
[ wrde= [ ja)Pa+0E)dy
Be(x0)NoQ (e:V)NORY
—N+0E) [ )Py
VNoRY
This completes the proof. O

Now we can prove

Theorem 6.4. Let p € P(Q) and r € P(ON) be as in Theorem 5.4. Assume that xo € Ar is a
local minimum of p(z) and a local mazimum of r(x). Then

Tyy = K(N,p(xo)) "
Proof. From the proof of Theorem 5.4, it follows that Ty, < K (N, p(xo))~!.

Let us see that if g is a local minimum of p(z) and a local maximum of r(x) then the reverse
inequality holds. Let us call p = p(xp) and then p. = p(xg)« = r(z0).

. P . . . 1 _ 1 1 .
Since p(x) > p, by Young’s inequality with » =@ T s Ve obtain

/ luf? + [VulP dz < p_/ uP@ 4 (V@ dz + 2L B,
Qe Pe JQ. Se
where p = supq_p(x).
It then follows that for any A > 0,
A ] 0. < (14 0(1))p1 p(ay.0. (A u) + O(E).
So, for any § > 0, taking A = [|ully p(z),0. + 9 we obtain
(6.2) lullip.0. < llullipe).0. + 96,

if £ is small, depending only on §.

Arguing in much the same way, we obtain

(6.3) [ullr(z),00. < llullp..o0. + 96,
for € is small, depending only on §.
Now, by (6.2) and (6.3) it follows that
= HUHL x ,Qe U Q:—:
Q). (). Q) = oD 1Uheoe )
[ullr@),00. — lullp..o0.

Finally, by Lemma 6.3, we get

_ ||Vﬂ€||p,VﬂRN = -1
Qp(),r(-), Q) (u) = 7= +0(1) + O(5) = K(N,p)~" + o(1) + O(9).

= Tlaell, vromy
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So, taking infimum in v € WI};p (x)(Qe), e = 0 and 6 — 0 we obtain the desired result. O

With the aid of Theorem 6.4 we are now in position to find local conditions to ensure the
validity of T'(p(+),r(:),Q,T') < T, and so the existence of an extremal for T'(p(-),r(-),2,T).

We assume, to begin with, that there exists a point zg € Ap such that T = Txo. Moreover,
this critical point g is assume to be a local minimum of p(z) and a local maximum of ¢(z). In
view of Theorem 6.4, it follows that T = T,, = K(N,p(xg))~ .

The idea, then, is similar to the one used in [10]. We estimate T'(p(-),7(+), 2, ') evaluating the
corresponding Rayleigh quotient Q(p(-), q(+), Q) in a properly rescaled function of the extremal
for K(N,p(z0))~!. A fine asymptotic analysis of the Rayleigh quotient with respect to the
scaling parameter will yield the desired result.

Hence the main result of the section reads

Theorem 6.5. Let p € P(Q) and r € P(99) be C? and that p* < r~—. Assume that there exists

zo € Ar such that T = Ty, and that xo is a local minimum of p(z) and a local mazimum of
r(x). Moreover, assume that either Oyp(xzo) > 0 or H(xg) > 0.

Then the strict inequality holds
T(p(')a Q(')a Qv F) < T
and therefore, there exists an extremal for T'(p(+),q(-),,T).

We now construct the test functions needed in order to estimate the Sobolev trace constant.
Assume that 0 € 992. We consider the test-function

ve(w) = n(y, )Veoly, 1),  with 2= &(y, 1),
where V is the extremal for K (N, p(0))~! given by (1.3), and n € C°(Bas x [0,26),[0,1]) is a
smooth cut-off function.
From now on, we assume that p(z) € P(Q), r(z) € P(0Q) are of class C?, 0 € 9 and we
denote p = p(0) and r = r(0).
The key technical tools needed in the proof of Theorem 6.5 are the following three Lemmas
that are proved in [11].

Lemma 6.6. There holds

(6.4) / F(@)|ve|P® da = Coe? + o(e?)  with  Co = f(0) | VPda.
Q RY
Lemma 6.7. If p < %,
(6.5) / F(@)|v]"® dS, = Ay + A% Ine + o(e? Ine)
o0
with

A= 1O [ Viord,

and

A =

1A [

2
— V(y,0)P* d
5. 1Iyl (y,0)P~ dy,

where Ar(0) = Zfi}l 0ii(r o ®(-,0))(0) (equivalently, as 0 is a critical point of r, Ar(0) is also
the Laplacian of r with respect to the induced metric of ON).
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Lemma 6.8. Assume that p < N?/(3N —2). Then

/ F(@)|Voe(2)P®) de = Dy + Dielne + Doe + D3(eIne)? + Dye?lne 4+ O(e2),
Q

with

_ N
Do = f0) [ [V dydt, Dy =2 f0)0(0) [ (VP dya,
RY p RY
and, assuming that dyp(0) =0,

D _ a _ P 7 t’y|2 P
2 —( tf(()) Hf(0)> RN t’vv| dydt+phf(0) RN (1 —l—t)2 + |y’2|vv‘ dydt,

D3 - 07
Dy =~ §0)0up(0) / 2IVVP dydt — 2 £(0)2,p(0) / VP dyd
2p . RY 2(N = 1)p ’ RY ’

where h = A~ ZN LRi(0) and Ayp(0) = Zf\:l Oii(po ®(-,0))(0) (which can also be seen as
the Laplacian of p|laq at 0 for the indiced metric of O since the all the first derivatives of p at
0 vanishes by hipotesis).

As an immediate consequence of these Lemmas we get

Corollary 6.9. Under the same hypotheses and notations as in Lemmas 6.6, 6.7 and 6.8 we
have

b If atp(o) > 07

1 Dy
[uell1,p) = Do (1 + pT%Elne + o(e lns))

1
Huaur(:r),aﬂ = A(I;* <1 =+

o IfOp(0) =0 and H(0) > 0,

e2lne + o(e®lne )
P*Ao ( )

1
Hueur(x),aﬁ = Ay <1 + L 2t 0(52 lng))

P+Ao

Now we are in position to prove Theorem 6.5.

Proof of Theorem 6.5. The proof is an immediate consequence of Propositions 6.6, 6.7 and 6.8.
In fact, without loss of generality we can assume that xo = 0, and let p = p(0). Asume first that
O¢p(0) > 0. Then

A D% 1+Q51n5+o(sln5)
Qp(-), q(-), Q) (us) = 10( PDo )

T(p(), q(), 1) A7 (14 A2 e +0(Inc))

IN

1+ alne—i—o(alns)

I
=

(N,p)~*

A 2 2 '
L+ 55¢ Ine +o(e?Ine)
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The proof will be finished if we show that

1+ }%5lns+o(51n5)

1+ A e2lne 4 o(e2Ine) <
px Ao
or, equivalently,
D, Ay
2Dy +0o(1) < p*flog + o(e).
But this former inequality holds, since Dy < 0 and Dgy > 0.
The case where 0;p(0) = 0 and H(0) > 0 is analogous. O
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