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Abstract

We consider the Rydberg electron in a circularly polarized microwave field, whose dynamics is described by a Hamiltonian
depending on one parameter, K > 0. The corresponding Hamiltonian system of ODE has two equilibrium points L; (unstable
for all K and energy value h(L1)) and Lo (a center for K < K.,;; and a complex saddle for K > K,;;, with energy value
h(L2)). We study the Hamiltonian-Hopf bifurcation phenomena that take place for K close to K.,.;; around L. First, a
local analysis based on the computation of the integrable normal form up to a finite order is carried out and the steps for
the computation of this (resonant) normal form are explained in a constructive manner. The analysis of the normal form
obtained allows: to claim the type of the Hopf bifurcation —supercritical—; to study the local behavior of the electron in
a neighborhood of the equilibrium Lo for the original non integrable Hamiltonian (as a perturbative approach from the
integrable normal form); to obtain (approximations for) the parametrizations of the relevant invariant objects that take place
due to the bifurcation (periodic orbits and invariant manifolds of L2). We compute numerically such objects and analyse not
only the local picture of the dynamics close to L, but also a global description of the dynamics and the effect of the Hopf
bifurcation as well as other objects that organize the dynamics are discussed. We conclude that, for K close to K,;; and the
energy level h(Ls), the Hopf bifurcation has essentially no effect on the dynamics from a physical point of view. However,
for bigger values of K > K.+, the Hopf bifurcation has a dramatic effect: different kind of orbits coexist, mostly chaotic.
Such orbits provide a ionization mechanism with several passages far from and close to Ly before ionizing. Surprisingly
enough, also robust confinement regions (where the electron remains confined for ever), exist in the middle of chaotic areas.
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1. Introduction

Within the classical mechanics context, we consider the hydrogen atom interaction with a circularly polarized microwave
field, which we will refer to, from now on, as the CP problem. In suitable rotating variables, the CP problem is modeled by a
Hamiltonian system with two degrees of freedom (assuming planar motion for the electron) that depends only on a parameter
K > 0.

The CP field is a quite well known problem in classical mechanics. Actually, the Hamiltonian of the CP problem may
also be regarded as the Hamiltonian of an orbiting dust particle under radiation pressure, which is a restricted three-body-like
problem, where a Coriolis term appears. This problem was already studied by Deprit [15] (he derived and analyzed a first
order normal form for the Hamiltonian), and, later on, Cushman and Van der Meer [14] derived and studied a second order
normal form. Not only is the CP problem relevant in this macroscale astronomy problem, but also in the microscale situation,
where the expression of the Hamiltonian is formally the same, and which is the context of this paper. More specifically,
there has been consistent interest in the interaction of a Rydberg atom with a circularly polarized (CP) microwave field in
atomic physics. Actually Fu et al. [19] made the first experimental observations of the ionization of sodium Rydberg atoms
by circularly (CP) and linearly (LP) polarized microwave fields and their experiments revealed a substantial higher threshold
field for ionization in the case of CP rather than for a LP field.

In this paper we will focus on the particular case of the hydrogen atom submitted to a circularly polarized microwave
field (shortly the CP problem). Many papers have been devoted to this problem and focused in particular, on the ionization
mechanism for the electron. Concerning ionization, some controversy about the role of collisions, or paths close to collisions
with the core, to explain a ionization mechanism for the electron has been present. We mention those authors that argue that
collisions play a minor (irrelevant) role for ionization (see Zakrzewski and coworkers, [20] and [60]) and those that, on the
contrary, argue that collisions are needed and play major (relevant) role for ionization (see Brunello et al. [10]). Other authors,
by means of numerical and analytical techniques, also claim the existence of a new ionization process in which the electron
picks up energy while it is far from the nucleus and then ionizes directly (see [6], [16], [37], [38], [44], [49]).
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On the analytical side, we also point out the perturbative approach dealing with integrable Hamiltonian systems which are
good approximations for the description of the hydrogen atom in a circularly polarized microwave field —for low frequencies—
(see [22], [45] and [46]), or in crossed magnetic and electric fields —for low magnetic field— (see [30]).

So far we have mentioned papers published in the eighties and nineties. The interest for recollision (i.e., the electron can
collide under intense laser force with the core) is at the heart of strong-field physics and continues in the twenties. Actually
recollisions result from a subtle compromise between the action of the strong laser field (which leads the electron away in
a swirling motion) and the Coulomb attraction (which tends to recall it). Moreover, the mechanisms for ionization as well
as some dynamical aspects of the Hamiltonian system of ODE modelling the CP problem, remain still far from being well
understood. In this sense, the application of techniques of the dynamical systems theory turn out to be quite useful, and
the specific role of some invariant objects of the system of ODE is very revealing. First we highlight the paper by Kamor
et al. [28] where the authors show how a family of key periodic orbits drives the recollision process in a strong circularly
polarized laser field. Second, we mention the paper [5] where the authors consider weak amplitudes of the microwave field
and study the relevant invariant objects in phase space that organize the dynamics, paying special attention to the role of
the invariant stable and unstable manifolds of the hyperbolic Liapunov periodic orbit around the equilibrium point L. Such
manifolds are the keystone to explain a mechanism for ionization. At this point, we mention a related paper —concerning the
usefulness of invariant manifolds of periodic orbits—by Jaffé et al. [24], where they present the first application of transition
state theory to the chaotic ionization of a hydrogen atom in crossed electric and magnetic fields. Finally, very recently, in
[39], the author carries out a systematic numerical analysis of the orbits that eject from the core considering the CP problem.
Many different types of orbits are obtained: regular/chaotic orbits that have several far excursions and close passages to the
core, and finally either collide with it or ionize.

We finally remark that the references above are related to the hydrogen atom, so a single electron is considered. Of course,
not only single electron ionization in the CP problem is of interest, but also double (and multiple) ionization —involving two
or more electrons respectively—. We mention the papers [18] and [33] where experimental observations for the Magnesium
and Helium cases to study double ionization are analysed.

From now on, we will focus our attention on the CP problem.

We first remark that the CP problem can be regarded as a perturbed Kepler problem (the CP problem becomes the Kepler
problem in rotating coordinates for &' = 0) and, in fact, some features of the dynamics can be understood from the dynamics
of the two body problem, when K is small.

Concerning the Hamiltonian system of ODE for the CP problem, it is well known (see [5]) that it has two equilibrium
points for any value of K: L; which is of type center x saddle, for all K > 0, and Ly which is a center xcenter for K < K,
being K.y = 3_4/3/2 ~ (0.11556021 a critical value, and a complex saddle for KX > K,.;;. The studies devoted to
small values of K and K < K, reveal the existence of different kinds of solutions: confined, periodic, homoclinic, chaotic,
escaping/ionizing among others. For the latter, it is known that there are fast escaping orbits and slowly erratic escaping orbits,
in the sense that they make several excursions reaching small and big distances from the nucleus in an apparent random way
such that it is difficult to predict when the electron will actually ionize. Barrabés et al. [5] were able to explain the mechanism
for these kinds of orbits, based upon the invariant manifolds of some suitable periodic orbits. This was a main goal of that
paper for K < K.,;; and the present paper is a natural continuation of it.

In this paper we study the dynamics of the CP problem also for the K > K,;; case, and the fact that Ly experiences the
so called supercritical Hopf bifurcation when K increases and crosses the critical value K ..;+. In [17] the Hopf bifurcation
for this problem was already mentioned and some preliminary numerical simulations concerning both cases K < K,,;; and
K > K..;+ were carried out; see also [29] for an analytical approach. Our purpose is to describe the dynamics, not only
from a local point of view, but from a global one and the consequences that this Hopf bifurcation has on the behavior of
the solutions. This will require, for numerical simulations, that we will have to compute periodic orbits, their 2D associated
invariant manifolds as well as the 2D invariant manifolds associated with the complex saddle equilibrium point Ls. Also
suitable Poincaré sections will become very useful to describe the dynamics as well as to find confinement regions where the
electron remains trapped for ever in the middle of apparent chaotic regions.

So our contribution in this paper is threefold:

(1) To apply an analytical procedure to transform the original and non-integrable Hamiltonian to a fourth order Hamiltonian
normal form plus a remainder. The explicit steps are given and an algorithm that might be implemented for any order
is explained (see remarks at the end of Appendix AppendixD, after the proof of Proposition 1). We point out that the
papers dealing with the Hopf bifurcation typically consider an academic theoretical Hamiltonian, depending on generic
parameters, with a suitable expression useful to carry out the normal form process, whereas here, we take the given
Hamiltonian of the CP problem.

(i) The analytical description of the dynamics of the integrable fourth order normal form for K close to K,.;;. Of course,
this is a local approach due to the validity of the normal form in a small neighborhood of the equilibrium point L.
In particular, the two families of periodic orbits (and their stability) around the stable Ly, for K < K.r;, as well
as their merging to become one bifurcated detached family, when Lo becomes a complex saddle for K > K.t
is explained. Also the parametrizations of the manifolds of the unstable Ly are derived. The CP problem is also
considered in [29] to illustrate the Hamiltonian Hopf bifurcation. However, the treatment found there is perturbative,
in the sense that the authors consider the Hamiltonian system in a neighborhood of Ly and check that this equilibrium
point changes its stability from center to complex saddle when the polarization parameter crosses a critical threshold;



they unfold the normalized quadratic part of the Hamiltonian with two different terms that yields to the supercritical and
subcritical bifurcation (see [8]), respectively. Here, we consider always the Hamiltonian of the CP problem, without
any assumptions on the form of the higher order terms and carry out the computation of the normal form, in an explicit
way, up to any given order.

Once the heavy mathematical analysis is carried out to obtain the normal form, the natural question that arises is: How
do we use it? On the one hand, we can confirm that the type of bifurcation is supercritical (as the preliminary numerical
simulations done in [17] seemed to indicate). On the other hand, from the analysis of the normal form itself we can
predict how the dynamics will look like. Results are stated in Proposition 3. Of course, this prediction is true for K
very close to K,,;+, but by means of numerical simulations, we are able to analyse the dynamics for bigger values of
K.

(iii) So far the analytical part, next we focus on numerical simulations. On the one hand, we describe the Hopf bifurcation
that takes places in the CP problem computing numerically all the invariant objects involved and showing the role they
have in the dynamics. Although the analysis of the integrable normal form is valid only for a tiny neighborhood of
Lo and a small interval containing K .., the analytical computation of the normal form provides good (approximate)
initial conditions of the main invariant objects appearing (periodic orbits and stable and unstable manifolds of Ls) in the
Hopf bifurcation. These initial conditions are good seeds to be refined taking the original non-integrable Hamiltonian.
For bigger values of K and larger regions in the configuration plane (position coordinates for the electron), we take
the original non-integrable Hamiltonian and make numerical simulations from it. More precisely, for the energy level
of Lo, we describe how the 2D invariant manifolds of the equilibrium point Lo, for K > K., provide a mechanism
to explain a rich variety of orbits, including homoclinic orbits, multi-bump ones (with several close passages to the
L5), chaotic ones and even slow and fast ionization for the electron if K is big enough. This is a first consequence of
the Hopf bifurcation. Another effect is that the elliptic bifurcated periodic orbits (for K close to K..;;) determine a
region of confinement for ever in the middle of a chaotic area. It is worth mentioning that, for bigger values of K, the
bifurcated obits become unstable, and, therefore such confinement vanishes. On the other hand, for values of the energy
close to that of Ly and varying K > 0, we describe the dynamics, from a global point of view, for the original non
integrable Hamiltonian. We explain how some periodic orbits, that exist regardless the Hopf bifurcation phenomena,
the 2D invariant manifolds of the equilibrium point Lo, the 2D invariant manifolds of the Liapunov orbits around L1,
the bifurcated periodic orbits and 2D invariant tori organize the dynamics.

Remark 1. The CP problem is addressed here as classical Hamiltonian system. Quantum considerations are beyond the
scope of this study. Nevertheless, it could be interesting to apply, somehow, quantization rules to the normal form. How-
ever, according to the observations in [29], though there exist methods to quantisize the Birkhoff-Gustavson normal form
in the semi-classical approximation, the quantisation problem involving non semisimple resonances (as that taking in the
Hopf bifurcation) is not yet completely understood. Even so, in the quoted paper, the authors manage to give, under some
assumptions, the spectrum for the supercritical bifurcation. Readers interested in these aspects are referred to there. o

The paper is organized as follows: first, in Section 2 we give the equations of motion of the Rydberg electron in the CP
hydrogen atom, seen as a Hamiltonian system written in a rotating reference frame, as well as some general features of the
model. Next, in Section 3 we describe the transformation from that initial Hamiltonian to a (resonant, integrable) normal form
plus a (non integrable) remainder. Thus, after expanding the Hamiltonian locally around the equilibrium point Lo, normalize
the quadratic terms by means of a symplectic linear change, and introduce complex coordinates, we revisit the nonlinear
reduction process (the normal form computations). The results —for this case of the equilibrium Lo with K close to K.,;+—
are set in Proposition 1, which tackles the solvability of the homological equations and gives the structure of the normal
form. On its turn, in the same section, Proposition 2 states the real normal form that one obtains after changing back to real
coordinates. In Section 4 we use this normal form to discuss the stability of the Rydberg electron at the equilibrium L, for
values of the polarization parameter, K, near K,;;. In Section 5 the dynamics of the normal form is explored, as a way to get
an (approximate and local) description of the phase space in a neighborhood of the equilibrium point. Section 6 is devoted to
explain the numerical tools used in Section 7, where we present a detailed description of the dynamics from a global point of
view, when K < K,,;; and when K > K., for values of the energy h close to the value at the equilibrium point h(Ls),
focusing our attention on the effects of the Hopf bifurcation. Conclusions are in Section 8.

In order to ease the reading of the paper, the more technical aspects have been deferred to the appendices. They re-
quire some more notation and extra definitions that can be found in Appendix AppendixA. Then, in Appendix AppendixB
the details concerning the expansion of the Hamiltonian are given; the reduction to normalized complex coordinates is in
Appendix AppendixC, and Appendix AppendixD is devoted to the proof of Proposition 1.

We remark that the numerical computations in Section 6 have been done with double precision and the integrations of the
ODE carried out along the paper have used a Taylor method, through the software package provided by Jorba and Zou [27].
This is a robust method, both in speed and accuracy, and suitable for long time span integrations.

2. The CP problem

In this Section we present the equations of the problem and some basic properties related to equilibrium points, their stability,
and some families of periodic orbits (PO) that play an important role in the dynamics of the problem.



Let us consider the relative motion of the electron in a hydrogen atom subjected to a circularly polarized (CP) microwave,
where the pulse of the microwave field is taken with a flat-top shape, i.e., the field amplitude is ramped up in time until it
achieves a final, constant amplitude. Here we ignore the ramping and only consider the dynamics after the flat-top has been
reached (see [10] for a discussion of the implications of the initial ramp).

The system of ordinary differential equations (ODE) of motion for the electron of the hydrogen atom (in the limit of an
infinitely massive nucleus and in atomic units m. = h = e = 1) subjected to a CP microwave field, and assumed to move in
the plane (X, Y") (position coordinates), is the following:

B} be
X = N — Fcos (ws),
(1

where R?2 = X2 4+ Y2, sis the time, = %, @ is the angular frequency of the microwave field and F > 0 is the field strength
(see [10]). This system can be derived from the Hamiltonian

~ o 1 /. . 1 - ~
H(X,Y.X.Y) =5 (Xz n y2) — &+ F (X cos (@) + Y sin (@) )
We take a rotating frame with the CP field, that is, (x, y) coordinates such that
X\ (cos(ws) —sin(ws))\ (=
Y ] \sin(@s) cos (ws) ) \y

and the Eq. (1) become

x

i— 20y =&"c— <5 — F,
r
y 3)
i+ 2wi = &%y — =,
r
where r? = 22 4 y2. This system can be written in Hamiltonian form using
1, . 1
H(z,y,ps,py) = 5 (P2 +1y) = W(2py —yps) — -+ Fa, “4)

where (pg, py) are the momenta defined by p, = & — wy and p, = y + wz.
Now, we simplify this Hamiltonian re-scaling time and distances. We define a new time ¢ = ws and consider the
symplectic change of coordinates with multiplier &—'/3, more precisely,

(z,y) =0 3(2,9),  (Paspy) =@ (Pa, Dy).

The transformed Hamiltonian becomes in the new variables (for simplicity, we drop the bar and we keep the same names for
the position and momentum coordinates),

1 1
H = 5(p% +py) —opy +ype — — + K, S)
where K = F//@w*3 > 0 is the unique parameter, r*> = 22 + y? and now p, = @ — y and p, = § + , being "= &, t the new

time. This is the Hamiltonian that will be considered from now on. We remark that it is autonomous and the constant value
of the Hamiltonian H = h over each solution is called the energy.
The associated Hamiltonian equations of the motion are

T = Pz + Y,
y = py -,
. x (6)
Pz = Py — 7’_3 - K,
s _ i
Py Pz 737
which satisfy the symmetry
(tv:rvyapfbapy) — (7tazaiyaipmapy)' (7)

This implies that, for each solution of the equations of motion, there also exists another one which is symmetric with respect
to y = 0 in configuration space (x,y). In particular, periodic symmetric solutions with respect to y = 0 intersect this axis
perpendicularly twice. We use this property,in particular, to find families of periodic symmetric solutions.



The CP problem in rotating coordinates has two equilibrium points, denoted by L; and L2 and located in the x-axis at
2(L1) < 0and 2(Ly) > 0 respectively (x(L;), i = 1,2 varying with K). Regarding their linear stability, the first one is of
type saddle x center for all values of K, whereas the second one is of type center x center for

—4/3

K < Kerit = ~ 0.115560212391772 8)
and a complex saddle for K > K.

It is worth noticing that, when the electron is not far away from the nucleus, the problem given by (5) may be regarded as
a perturbed Kepler problem when the parameter K is small, which is the case considered in [5]. Actually, from the rotating
two-body problem, K = 0, it is known that, for h < —3/2, there exists one family of retrograde periodic ones (denoted by
or), family that persists when K > 0 and we denote it in the same way.

Also for K > 0 and small, since L is of type saddlexcenter, and Lo of type centerxcenter (for K < K.;+), applying
the Liapunov center theorem (see, for example [51], Chap. 2, or [34], Chap. 9), we obtain three families of periodic orbits
(parameterized by the energy and known as Liapunov periodic orbits), one around L; (ol;) and two around Lo (one family
existing for increasing values of the energy h, and the other family for decreasing values of h, both starting at (Ls)).

One of the main goals of this paper is precisely to describe the Hopf bifurcation phenomenon that experiences the equi-
librium point Ly when K increases and crosses the critical value K, ;.

For this purpose, a very useful theoretical approach will be to consider a lower (fourth) order normal form associated with
the Hamiltonian. This is done in the next Section.

3. Reduction to normal form around Lo

This section is devoted to the reduction of the Hamiltonian (5), locally, around the equilibrium point Lo to its normal form,
for values of the polarization parameter K close to the critical value K.+ in (8).

As linearization shows, the stability type of this point changes from center to complex saddle as K moves from K < K.
to K > K., passing through a double (degenerate) center at K = K,;;. For this value of K the characteristic exponents
collide pairwise on the imaginary axis and the matrix of the linearized system has two pure imaginary eigenvalues, £ i,
w > 0; of algebraic multiplicity two, but geometric multiplicity one. This (parametric) resonance is known in the literature
as 1:1 non semisimple resonance or, more briefly, as 1:—1 resonance and has drawn attention of many researchers (see [34],
[50], [56], and references therein). The relevant features of the local dynamics can be gleaned from the resonant normal form
around L5 of the involved Hamiltonian (5).

Normal form reduction process embraces first, the expansion of the Hamiltonian at Lo. This is carried out in Subsec-
tion 3.2 (and in Appendix AppendixB); secondly, the linear reduction and complexification. This is discussed in Subsec-
tion 3.3 (and in Appendix AppendixC), where the quadratic part of the Hamiltonian is put in Williamson’s normal form and
then complex coordinates are introduced. Finally, the nonlinear reduction is described in Subsection 3.4. From a computa-
tional point of view, this process consists in setting and solving the so called homological equations to obtain both, the terms
of the generating function of the transformation and the terms of the normal form. The solvability of the homological equa-
tions (for the current system with an equilibrium point near 1:—1 resonance) is stated in Proposition 1. Its proof, however, is
a bit technical and has been moved to Appendix AppendixD. In the same Subsection 3.4, Proposition 2 gives the real normal
form that will be analyzed in Section 4.

Before proceeding, we need to set the notation and give a few definitions. This is done below, in Subsection 3.1.

3.1. Notation and definitions
Given R > 0, Zr will denote the polydisk,

Dr = {(l/,oz,ﬂ) €CxC*xC%: |y|< R |(a, B)|on< R},

where ||, || denote the modulus of a complex number and the supremum norm, respectively.
In expansions, it is often used multi-index notation for the monomials involved so, if v € C, & = (a1, a2), 8 = (81, f2) €
C% frryrasisy € Ci 0 € Ng = NU{0}; 7,5 € N2, we write

0 0 51 98
f@rsV arﬂs = f€T1r25152V 0/1“1@;25;1 52- (9)

Hence, let C[[v, o, B]] := C|[v, a1, a2, B1, B=2]] be the ring of complex formal power series in v € C, a = (ay,a2) € C?,
B = (B1,B2) € C?. Therefore, F' € C[[v, a, B]] if, and only if, it is a formal power series of type

F= Z férsl/éarﬂsa
where the summation is performed over £ € Ng and r, s € NZ.

For any two F, G € C[[v, a, f]],
OF 0G  OF 0G
{rah= Z.;Q (3%‘ aB; 9P 5041‘)




is their standard Poisson bracket with respect to (a, 5). Now, given G € C[[v, a, 5]] fixed, we define Lg := {-,G}, so
Lo F = {F,G} forevery F' € C[[v, o, 8]] and, recursively

LLF :=F, LEF = Le (LET'F),
k=1,2,3,... For the monomials (9), we define their adapted or weighted degree by
deg{v'a" B} := 20+ |r|1+]s|1, (10)

being |-|; the usual 1-norm in C". The approach to the reduction to normal form we present here involves the following
spaces of homogeneous polynomials: E,[v, o, 3] will stand for the space of the homogeneous polynomials of (adapted)
degree o = 2,3, ... made up of monomials of type (9). Furthermore, for ¢, M, N € Ny fixed, E¢psn [, o, 5] will denote the
subspace of Eopqar4n [V, v, 3] spanned also by monomials of type (9) with M = ry + 19, N = 51 + sa2. Clearly,

Eolv,0,8]= €@  Ewunlv,a,f).

2U+M+N=c
Let G(v, o, B) be a real analytic function, and
. oG . oG
aj:a—ﬂj(y,a,ﬁ), Bj:_aTj(l/aaaB)a (11)

7 =1, 2; its associated Hamiltonian system (where v € C is taken as a parameter), then
a;(t) = ¢ (t;v,a”, %), Bi(t) = o (t;v, 0, %) (12)

will denote its solution with initial conditions a;(0) = a9, 8;(0) = 7; j = 1,2, and

(I)? (l/a aO,BO) = (a(t)7ﬁ(t)) = (SDG(L v, aO,BO),wG(t; v, aO,BO))

its time-¢ flow. To simplify, for t = 1, we shall write ®“ instead of ®¢'. Finally, given a function f depending on a parameter
veC:zeC™w— f(v,z) € C", we define its v-extension, f,, as

(r,2) eCxC™ = f,(v,2) = (v, f(v,2)) € Cx C". (13)

3.2. Local coordinates at Lo

The first step is to expand Hamiltonian (5) around the equilibrium point Lo, which is placed on the x axis in the configuration
space. Let ¢ denote the distance from the origin to the equilibrium point Lo. Therefore, from Eq. (6) we see on the one hand,
that the position of L, —in the phase space coordinates of the Hamiltonian (5)—is given by (z, y, pz, py) = (0,0,0,6) and, on
the other hand, that § is the only positive solution of the equation

23 — Ka? — sign(x) = 0, (14)

for z > 0. Notice that § depends on K and let §y denote the value of § corresponding to the critical value of the parameter
K, K. An straightforward computation yields,

32/3
Moreover, we shall define the parameter 4 as the difference:
1 1
= . 16
1z P (16)

From (14) - (16) one can correlate K as a function of x4 (see also equations (B.7)). Then it can be seen that K.,.;; corresponds
to u = 0 and that K crosses the value K.+ from K < Kpit to K > Kepir as pincreases from g < 0to 0 < p < 1/dp.
Therefore, the equilibrium point Lo changes from a center to a complex saddle as p crosses the zero from negative to positive
values. The symplectic change,

ZC:6(1+.I'1), 9251’27 pz:%a py:6+y7527 (17)
moves the equilibrium point to the origin. In vector notation, we shall write = (21, 22), y = (y1, y2) for the new position
and momentum, so (z,y) = (1,2, Y1, y2) stands for the new coordinates. Then, applying the shift (17) we define the new
Hamiltonian H (u, x,y) as,

Nos 22

H(/J/,Zﬂ,y) ::H(5(1+x1))6$2577 5) _H(607050760)' (18)



Note that, in addition, we subtract H(do, 0,0, dp), which is the energy of the equilibrium point Lo at resonance (i.e., for
i = 0). Of course this will not affect the dynamics of the associated Hamiltonian system. The next step is to expand
Hamiltonian (18) as a sum of the form,

M, z,y) = Hop, x,y) + Ha(p, 2,y) + -+ Ho(p, x,y) + .. (19)

with H, € E,[u, x,y] foro = 2,3, ... In Appendix AppendixB, it is shown that, starting from Ho,

Ho(p,w,y) = (24 6+

2 2 1 2 z%
(Wi +u3) + oy —21y2 — — (27 — = |,
do 2

1
262
the computation of the higher degree terms, H, (14, z,y),0 = 3,4, ..., can be carried out, recursively, using the properties of
Legendre polynomials (see equations (B.8) and (B.9) therein).

Remark 2. We point out that the parameter « in Hamiltonian (18) can be thought of —rather than a parameter— as the action of a
3-degree of freedom Hamiltonian that does not depend explicitly on the conjugate angle, & (which is then a cyclic coordinate).
Hence, one can adapt the reduction in [41], that led to a suspension of the Sokolskii normal form around a 1:—1 resonant
periodic orbit (see [53], and also Chap. 10 in [34] and references therein). That justifies the double weight of the “action”
coordinate —the parameter ;. in the problem at hand— in the definition (10) of adapted degree. o

3.3. Linear reduction and complexification of the Hamiltonian system

The second step is to reduce the quadratic part of the Hamiltonian. This issue goes back to the three seminal papers of
J. Williamson ([57], [58], [59]). A constructive approach to the subject, giving a method for finding canonical forms for both,
Hamiltonian (infinitesimally symplectic) and symplectic matrices, can be found in [31] (see references therein for an account
of other relevant contributions). Lemma 1 in Appendix AppendixC gives a linear canonical change

2= U(Q) = SC,

S € Sp(4,R); ¢ = (&), 2 = (w,y), with € = (&1,&), 1 = (n,1m2), @ = (21,22), y = (y1,y2) € R that reduces
the quadratic part Ho(u, 2, y) of Hamiltonian (19) to its Williamson’s normal form. Moreover, to ease the resolution of the
homological equations, we consider complex coordinates of the type

Q1 —p2 Q1+ P2 7 G2+ D 2 = q2 — 1

- s - s 1= ’ 2 — = .
V2 iv2 V2 iv2

One can check that (20) is a symplectic change. Let us denote it by ¢ = V(w); now with w = (¢,p); ¢ = (q1,42),

p = (p1,p2) € C2. Therefore, if we define the composition of both changes as = := I/ o } and substitute z by Z(w) in (19),
the expansion in (p, ¢, p) of the transformed Hamiltonian, /7, casts

A, q,p) = H(p, Z(w)) = o, q,p) + (1, ¢, p) + - + (1, q,p) + - . - (21)

&1

Lo =

(20)

with
Hs(j1,q,p) = ap+iw (qp1 + qap2) + 2p1- (22)

(see Section 4 for the current value of the coefficients & and w).

3.4. Nonlinear reduction. Homological equations

The third step in the computation of the the normal form of the Hamiltonian (5) at the equilibrium Ly consists in reducing the
terms of degree higher than 2 in the expansion of #; or, alternatively, if we consider (21) as though it were the expansion
of our starting Hamiltonian, to compute its normal form at (¢, p) = (0, 0) with respect to .7%%. Here we sketch how effective
computations can be performed up to any arbitrary degree s > 3. Actually, the outcome depends on which terms can and
cannot be removed form the Hamiltonian —and so, remain in the normal form —or, in other words, on the solvability of the
homological Eq. (25), for 0 > 3. This point is stated in Proposition 1. Moreover, the real normal form, used later on to
investigate the local dynamics, comes up in Proposition 2.

So, starting from Hamiltonian (21) and naming (¢(*), p(?)) = (g, p) to the original (complex) coordinates, the normaliza-
tion is carried out degreewise by successive composition of the symplectic changes (q("’3) ,plo=3) ) = &% (u, ¢\ ple—2) ),
for o = 3,4, ..., where ®% is the time-1 flow of G, (see notation in Subsection 3.1 above).

Thus, the first step consists in finding a pair G'3, Z3 € Ez[u, ¢*), pV)] that fulfills the equation,

Lz,G3+ Z3 = %,(0), (23)

with Zy = 4, %(0) = J43; then, the change generated by G, (¢(*), p(0)) = ®%s (1, ¢V, p)), transforms the Hamilto-
nian (21) to its 3" order (degree) reduced form, that reads
AW (1, ¢, pV) = O (p, 8 (1, ¢, pM)) = Zo(p1, ¢V, pW) + Zs (. g, pD) + 7 (1, gV, p) + .
o D (gD pWy 4



From here, proceeding inductively for o =4,5,...,uptoo = s,

AT (1, ¢, pl72) = AT (1, @97 (1, ¢ 7 pl ) = Zo(, 72 0PN+ Z3 (1, ) p )+
R ZO'(M; q(a—2)7p(0'—2)) + %(11*2) (M) q(a—2)7p(0'—2)) + %(12*2) (’u’ q(U—Q),p(a—Q)) ¥ (24)

provided Gy, Z, € Eq[p, =2, p(o=2)] satisfy

L2,Go+ Zy = A7), (25)
Egs. (23) and (25) are the homological equations corresponding to the order (degree) 3 and o = 4,...,s, respectively;
hence, at each fixed (adapted) degree o = 3,4,...,s, to solve (25) one tries to find a generating function, GG, such that

Lz,G, = %(073). If this can be done, then on can set Z, = 0; otherwise it must be added a complementary (or resonant)
term Z, to make the equation be valid.

Now, assume that at the (o — 2)‘h step, G, and Z,, have been determined from (25). To go on with the next iteration, one
needs to transform the current Hamiltonian, .7#(°~3), by the time-1 flow of the Hamiltonian system associated to G,. This
transformation is carried out through the successive application of Poisson brackets,

1 1
%(0—2) — t}f(<7’—3) + FLGU%(O_z” 44 ELIE;U%(U_B) + ... (26)

We note that, as the successive changes applied are near-identity transformations (see Remark AppendixD.8 in Appendix Ap-
pendixD), the first 0 — 2 terms, Zo, Zs, . .., Zy—1 of 7(?~3) remain the same in .7 (°~2) (as can be noted in (24)).
Thus, proceeding in this way up to order s > 4, the final Hamiltonian, .7°(*=2), is the sum #(5=2) = Z() 4 2
where
29 =Zy+ Zy+ Zy+ -+ Zs

is the normal form (up to degree s), made up of resonant terms; whilst
5—2 5—2
A s :fé(ﬂ )"'%’Q(Jrz )+---

is the remainder, that holds higher order terms.

Remark 3. In Proposition 1 we shall denote the subspaces
IE0’ [/’La q(072) ) p(072)]7 ]Ef [,U, q(072) ) p(072)]7 ]EZIWN [M; q(072) 5 p(072)] ) and ]Ef]\/IN [/’La q(072) ) p(072)]

(see Section 3.1 and Appendix AppendixA for their definitions) just by E,, ES, Espsx and E‘EM N respectively, without
specifying the coordinates 1, ¢(°~2), p(?~2). On the other hand, we shall also stop using the super-indices (?~2) (or the
corresponding ones) on the positions ¢ = (g1, ¢2) and momenta p = (p1,p2). In both cases, it should be clear which
coordinates are being used at each step. o

Proposition 1. Let us consider 75 in (22), the decomposition of E, into E, = Eg @ EL, with

0
E)= P Eumm, Ef= @ Euwmn,
204+2M =0 20+M-+N=c
(M#N)

so that EY = {0} if o is odd. Given %f(o_s), o > 3, we split it as
) = D) L) ) e B, Y e BE
Then, we have:
(a) There exists a unique G+ € B ; such that Lz, G+ = #.° ). Moreover, G € ES.

(b) If o is even, there is a real coefficients homogeneous polynomial Z,(u, v, w) of standard degree o /2, which is uniquely
defined in terms of %(073), such that if we set

Zs(1t,q,0) := Zo (b, q1p2,1(q101 + q202)/2), 27

then Z, € Eg N Ef and there is Gg S Eg verifying Lz, Gg + Z, = %(0_3). Moreover, Gg can be chosen so that
GY € ES.

Therefore, if the degree o is odd G, := G and Z, := 0 solve Eq. (25) in ES; otherwise, if o is even so does G, := G +G2
and Z, given by (27).

PROOF. For a proof of Proposition 1 see Appendix AppendixD. O



The normal form transformation. Now, let ) be the complexification (20) and let x (11, Z) be givenby x (11, 2) := (1, V™1(2));
Z = (Z,9), with ¥ = (Z1,72), ¥ = (§1,y2) € C2. Proceeding as in [41] (see Proposition 7.1 there), it can be shown that, for
any integer s > 3 fixed, and any ., > 1 given, there exists R, > 0 such that the p-extension (see (13)), @, of

ED::L{o@G3OX0@54°Xo~~~o®55°>‘ (28)

(here @EU °X are the p-extensions of &7 °X for o = 4, .. ., s), is a real analytic function in the polydisk Zr, with &)u (Zr) C
P, r» 0 < R < Rs. Thus, Proposition 2 below follows then these last considerations and from Proposition 1.

Proposition 2 (Sokolskii’s normal form). Consider the 2D of freedom real analytic Hamiltonian H in (19), depending on
a parameter | € R, which has no linear terms in (x,y), so the origin O: (x,y) = (0,0) is an equilibrium point for every
. Assume that, for some ., < 0, u* > 0, its quadratic part, Ho, is a center for ., < p < 0, has a non semi-simple
1:—1 resonance for . = 0 (i.e., its characteristic exponents are pure imaginary with algebraic multiplicity two and geometric
multiplicity one), and a complex-saddle for 0 < p < p*. Then, given s € N, s > 4 even, there exists 40, 0 < pp <
min{| .|, u*}, such that: (i) for every u, ||< po, the symplectic transformation (28), (z,9) — (x,y) = ® (1, Z,7), is a
real analytic diffeomorphism defined in a neighborhood of O: (Z,9) = (0,0), and (ii) the transformed Hamiltonian

HED (1, 3,5) = H (1, @ (1,5,5) )

5/2
~ € ~ ~ ~ ~ ~ ~ (2K ~ ~ ~ o~ N1 [~ ~ i -~ ~ o~
=au+ > (y% + y%) + @ (122 — Y1) + Z Z Zgj) t (712 — YoZ1) (x% + x%)] + Hes(p,z,9), (29)
K=2 (+i+j=kK

is also real analytic in that neighborhood. The Hamiltonian (29) is the sum, HED = Zy 4 Zy+ -+ ZS + ’;q>s, of

(1) an integrable part, the normal form, ZG) = Zo+ Zy + Z; 4+ -+ Zs, with a quadratic (with respect to the adapted
degree) term given by

~ - 6 - - - - - -
Zo(p,w,y) = ap + 5 (51 + 5) + @ (12 — Godn),

being € = sign(A) (with A defined in Lemma 1), and higher order terms 24, 26, ey ZS, that are polynomials in u,

1% — §ol1, T3 + T3 of (ordinary) degree k = 2,3, . .., s/2 —so homogeneous polynomials of even (adapted) degree
oc=4,6,...,sinpu, x, y— We write,
Zy (%, 9) = Z Zéw) Y1Zo — y2f1)i (50% + 503)] )
l+itj=0/2

(2) and the non normalized part, the remainder, ﬁ>5, that begins with terms of degree > s.

Remark 4. We note that the normal form in the above proposition is slightly different from the one that appears in [53],
[54], but coincides with that in [34], [50] and [56]. More remarks concerning the normal form are given at the end of
Appendix AppendixD. o

4. Stability of the Rydberg’s electron at the Hamiltonian Hopf bifurcation

Here we discuss the stability of the equilibrium O: (x,y) = (0, 0) of the Hamiltonian (19) and hence, of the equilibrium Lo:
(z,y, Pz Dy) = (6,0,0,9) —with 6 = () given in (B.7)—, of the Hamiltonian (5) corresponding to the CP problem. Next
we claim, in Theorem 1, that at the equilibrium O of Hamiltonian (29) (correspondingly, at Lo of Hamiltonian (5)), it takes
place a supercritical Hamiltonian Hopf bifurcation as p (K) moves from p < 0 (K < Kpi¢) to p > 0 (K > K1), crossing
the critical value 1 = 0 (K = K,,;). Finally, we describe the quasiperiodic bifurcation phenomena that take place around
both, the Liapunov elliptic periodic orbits (for 1 < 0) and the bifurcated elliptic periodic orbits (for ;# > 0). These items are
summarized in Proposition 3.

The computations carried out in Examples 3 and 4 in Appendix AppendixD yield, after changing back to real coordinates
using the inverse of the complexification (20), that is,

= nTi% = b by = Dt by TLHID:
1 \/5 ) 2 \/5 ) 1 \/5 ) 2 \/5 )

to the reduced real analytic Hamiltonian H) (u, &,79) = Z@W (1, Z,9) + Hos (i, Z,7), where the fourth-degree normal
form, Z®, looks as

(30)

~ o B ~ 1, B o o e(p) . N
ZW (u,#,9) = ap + Bu® + 5 (71 +33) + @) (172 — §oin) = % (21 + 3)
+ A (8 +32)" + B (8 + 32) (ads — Ga1) + C (fnda — §on)°, 31)



with coefficients,

25 ~ 27 14
~ 29 :_32/3 ~ :_32/3 5
‘T b=53" =553V
V5 _ 6
w= -, w(p) = @ + i, e(w) = = 3p, (32)
7 6 88
A=——3%3 B=-—23%%5 C=——3%3
1250 ’ 625 V5, 28125
and the corresponding Hamiltonian system is
&= 0,29 (. 7,7), §=—0:2(u, &,7). (33)

Regarding the linear stability of the origin, it is checked at once that the characteristic exponents (the eigenvalues of the
Jacobian matrix of system (33)) are

ax =% (im+ Ve()) + Olw), fo =+ (i — V() + Ow). (34)

Hence, as it was already mentioned in Section 3.2, for 1 < 0 the equilibrium O: (&,7) = (0,0) of the Hamiltonian (29)
is a center, so its characteristic exponents are pure imaginary; for ;4 = 0 the characteristic exponents collide on the imaginary
axis and leave off, pairwise, the imaginary axis to the complex plane for iz > 0. Therefore, the stability of the point O changes
from a center to a complex saddle through a degenerate (in fact, a non semisimple) center.

(Nonlinear) Stability of the equilibrium. The stability of the equilibrium O is determined by the signs of the parameter (i,
the coefficient A and the fourth-degree normal form (31) —we recall, see (32), that in the current case, A = 7 X 32/3 /1250 > 0—
. The discussion of all possible cases can be found, for example, in [32]. Thus, as pointed out there, for A>0andpu <0
the characteristic exponents of O are pure imaginary, no low order resonances are present, and the conditions of of Arnold
theorem (see [2], Chap. 5) are met, so the equilibrium O is stable. For A > 0 and p > 0, O is a complex saddle and,
clearly, it is unstable. For ;1 = 0, O is still elliptic but a 1:—1 non semisimple resonance shows up, and its stability cannot be
determined so straightforward. This issue has had a historically relevant motivation in the field of Celestial Mechanics: the
concern about the Liapunov stability of Lagrange triangular points L4, L5 of the Restricted Circular Three Body Problem for
the Routh critical mass ratio. _

The first results in this direction were achieved in [53], proving formal stability of the equilibrium O for A > 0 (and its
instability for A < 0). Later, the same author tackled the Liapunov stability for A > 0 in [54] (see the comments in [32]
plus the observations and references at the end of Sec. 6 of Chap. 13 in [34]). More recent proofs are found in [3] —where
the author uses the Arnold-Neishtadt KAM theorem, suitable for systems with proper degeneracy, when the unperturbed
Hamiltonian depends on some, but not on all the actions and the perturbation removes the degeneracy (see [2], Chap. 5)—,
[32], and [35].

Bifurcation of periodic orbits. The presence of two families of elliptic periodic orbits, around the origin, for © < 0
follows from the Liapunov center theorem. Moreover, for y = 0, the two families still persist and hold the equilibrium
point O while, for > 0 the two families become one unique family of elliptic periodic orbits that detaches from the origin
when A > 0 (when A < 0 the family no longer exists for ¢ > 0). This last assertion follows from the Theorem 1 below
(versioned from [36] and [34]). Fig. 1 (see [34], Chap. 11) shows the evolution of the families of periodic orbits with respect
to the parameter 1 in (Q, T') variables, being Q = \/Z? + 72 the amplitude of the periodic orbit, which is constant in these
variables, and 7" the period.

Theorem 1. If A > O then there exists a neighborhood N ofé, a o > 0, an hg > 0, and a two parameter family of periodic
solutions of the Hamiltonian (29), denoted by ¢(t, i1, ), which lie in N for all |u|< po, |h|< ho, h # 0 when i < 0. The
parameter h may be taken as the value of the Hamiltonian. The function ¢(t, u, h) is real analytic in all its arguments in
its domain of definition. For all values of u under consideration the periodic solution ¢(t, u, h) is elliptic. For [i fixed and
—p0 <1 <0, ¢(t, i, h) = 0as h — 0F and the frequency tends to @ + \/(ji) + O (ji). For i fixed and 0 < [i < pq, the

one parameter family of periodic solutions ¢ (t, [i, h) does not contain the equilibrium O.

The case A < 0 is also discussed in the quoted references. For a thorough study of the Hamiltonian Hopf Bifurcation the
reader is pointed to [56].

(Quasi) periodic bifurcation. In the literature (see [8]), the bifurcating phenomena described in Theorem 1 are referred
to as the supercritical Hopf bifurcation. Thus, the system defined by Hamiltonian (29) undergoes this bifurcation at the
equilibrium O, and, consequently, so does the system defined by the initial Hamiltonian (5) at Lo. Thus, all the families
of periodic orbits that evolve and detach are elliptic and it is known that, when the elliptic directions are present in the
monodromy of a periodic orbit then, generically, a Cantor family of quasi-periodic solutions appear “wrapping” that periodic
orbit. One way to see this is singling out an elliptic periodic orbit and take normal form around it (see [11], [12]), then the
unfolding of 2D Lagrangian invariant tori follows as a particular case from the results exposed in [8], [26] and [29].

As more than two degrees of freedom are considered, families of elliptic lower dimensional reducible tori (typically KAM
tori) can undergo collisions of characteristic multipliers on the unit circle. Under suitable conditions of non resonance and
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Figure 1: The bifurcated families of periodic orbits. In the horizontal axis is represented the amplitude @ of the orbit and in the vertical axis the period 7.

Continuous line corresponds to the Liapunov families for 1 < 0. The dashed line represent the two families for ; = 0, and the detached family for o > 0
is plotted in thicker line.

non degeneracy, it gives rise to the unfolding of families of tori of higher dimension. For an account of these phenomena,
known globally as quasiperiodic Hopf bifurcation, see [8].

The next proposition follows from the normal form (31), that is gleaned from the computations made at Examples 3
and 4 in Appendix AppendixD, the fact that the computed value of the coefficient A is positive (see (32)), and then from
the application of the inverse change (30), the Theorem 1, and the results in [11], [12], [26], [32], [54]. It describes the
local behavior of the trajectories traced by the Rydberg’s electron in a neighborhood in the phase space (z,y, ps, py) of the
equilibrium point Lo, for values of the polarization parameter, K, close to K,;t.

Proposition 3. The equilibrium point Lo of Hamiltonian (5) is stable for K < K,.;+ and unstable for K > K..;;. For
K < Kpit there exist two Liapunov families of elliptic periodic orbits that contain the equilibrium point. Both families still
persist for K = Kpi. For K > K. the two families become one unique family of elliptic periodic orbits that no longer
holds the equilibrium. Moreover, if for some K close to K ..;+ one singles out an elliptic periodic orbit, then the excitations
in the elliptic directions yield the unfolding of a Cantor family of Lagrangian 2D-tori having that periodic orbit as its fiber.

This justifies that the normal form Z(®) can be used to approximate the dynamics of the Hamiltonian (29) close to the
equilibrium O, and so, to explore the local dynamics of Hamiltonian (5) in a neighborhood of Ls.

5. Dynamics of the Hamiltonian normal form

In this section we describe in detail the dynamics close to the Hopf bifurcation and the bifurcated invariant objects involved
when p is close to 0 in Hamiltonian (29), that is, when K is near K.,;; in the original Hamiltonian (5). For this purpose it is
useful to consider the polar coordinates (), 6 and their canonically-conjugated momentum and action P and .J (see [23]),

J
T1 = Qcosd, 71 = Pcosf — —sin b,

Q
- . - . J
To = —@Qsinb, Yo = —Psinf — a cosf.

In the new symplectic coordinates (0, @, J, P), the normal form (31) becomes an (integrable) Hamiltonian, I', with real

coefficients
2 2

P €
(1@, . P) = o) + ()] + O + T 20 (BJ - %) Q4+ AQ", (35)
with

FO(N) = d:u‘ + B/’L27
and the coefficients &, 3, w(y), £(11), A, B, and C those in (32). As I'(11, Q, J, P) does not depend explicitly on the angle 0, .J
is a first integral of (35), so I'(u, @, J, P) can be regarded as a 1-degree of freedom Hamiltonian depending on the coordinates
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Figure 2: 1 = —0.001 < 0. (a) Potential curves (Q, V (i, Q,J)), J = 0 (black thick line), J > 0 (red line), J < 0 (blue). (b) (Q, P) variables and
E = 0.003. From outer to inner curves, J = 0.001, 0.0015, 0.0017, 0.0018.

(Q, P), whereas J (and ) will be thought of as parameters. Thus, the difference I' — T'g (1) is a natural Hamiltonian, made
up of the sum of kinetic plus potential energy, i.e., I' — T'g(p) = P?/2 + V (11, Q, J)/2, being

2
Vi, Q,J) = 2w(u)J +2CJ% + & + (2BJ — () Q* + 2AQ".

To obtain the phase portraits for different sets of parameters, an easy way to proceed is to obtain the relation

with E = 2(T" — T'g(p)) and we simply consider the potential curves (Q, V (1, @, J)) for a given value of p. We plot, in
Figs. 2(a) and 3(a), the potential curves for 1 = —0.001 < O (similar for 4 = 0) and ¢ = 0.001 > 0 and taking different
values of .J.

We recall that, for any value of x4 fixed, we have an equilibrium point which is the origin —L5 in original variables— for
J=0and E =0,ie. I' = I'o(u). Now, let us focus on each of the three cases i < 0, ¢ = 0 and p > 0 and describe the
dynamics in (Q, P) variables, when varying E.

e If 11 < 0 is fixed and small, the origin is a center x center equilibrium point with characteristic exponents +iw; and
+ iws (depending on ().

— For ' = 0, we have just the equilibrium point and 2D invariant tori —varying J < 0-.

— For a fixed £ > 0 (&£ < 0), we have a stable periodic orbit —associated with the minimum point of the potential
V(u, @, J) for a suitable value of J —surrounded by 2D invariant tori (corresponding to different values of .J). In
the phase portrait in (Q, P) variables, they can bee seen respectively as a fixed point (on the @ axis) surrounded
by closed curves. See Fig. 2.

— Varying E > 0 (similarly F' < 0), we obtain a family of periodic orbits —the minimum points of V' (, Q, J) when
varying J > 0 (J < 0)- which are stable. So we obtain two families of periodic orbits, parameterized by the
energy, that are born at the equilibrium point. This is in accordance with the Liapunov center Theorem.

e If ;1 = 0, the origin is a degenerated center x center equilibrium point with characteristic exponents +iw; = fiws =
+iw. Then the two families of periodic orbits, parametrized by the energy F, become one family in the sense that
when the energy E tends to 0, the characteristic multipliers of the periodic orbit tend to the same value 27 /w. As in the
previous case, for a fixed £ > 0 (¥ < 0), we have a periodic stable orbit surrounded by 2D invariant tori. See Fig. 2
(the qualitative plot for (Q, V (i, @, J)) is the same for both < 0 and p = 0).

e If i1 > 0, the origin is a complex saddle equilibrium point with characteristic exponents a; i b;. The typical behavior
for a direct Hopf bifurcation can be shown here.

— A main difference with respect to the two previous cases p > 0, is that, for £ = 0, there exist 2D invariant
unstable and stable manifolds associated with the equilibrium point, W*(0) and W*(0), which are coincident
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(they will not be so in original coordinates, of course). Their parametrization is obtained from the level sets
E =0and J = 0 and (36),

W (0) = {(0.Q.0,P) = (0.Q.0,2/V(u.Q.0)) , 0 € T,0 < Q < VE)/2A) |

where the plus sign describes the unstable (outgoing) manifold whereas the minus sign describes the stable (in-
coming) one (see Fig. 3(b)). Of course, more precise parametrizations can be derived taking normal form up to a
convenient high degree. See [40] for a more detailed account on parametrizations of invariant objects in a similar
context.

— As expected in a supercritical Hopf bifurcation the family of periodic orbits that bifurcates is detached from the
origin (the equilibrium point). This can be easily seen from the potential curves (Q, V' (1, Q, J)) for E' = 0, where
the periodic orbit (a minimum of the potential curve for a suitable J value) has a () > 0 value (see Fig. 3(a)). We
can follow this family of periodic orbits varying the energy E.

— These bifurcated periodic orbits that appear on the complex unstable side are stable, so they are surrounded by
2D invariant tori.

— For E = 0, we can distinguish between two kinds of 2D invariant tori: the internal ones that are born around the
bifurcated periodic orbit and the external KAM tori that already existed for p < 0 (see Fig. 3(b)).

A final important comment is that we have described the dynamics for a fixed value of ;1 > 0 and ¢ < 0 of ' in (35) which is
an integrable Hamiltonian. Of course this normal form Hamiltonian is just an approximation of the original one, which is non
integrable. So the “integrable” part of the dynamics described so far is valid only as an approximation of the real dynamics
of the original Hamiltonian for a local neighborhood both of the equilibrium point (the origin in (@), P) variables and Lo in
original ones) and values of j close to 0 (for Hamiltonian (35)), that is, values of K near K, ;.

The next step is to describe the dynamics of the original Hamiltonian and the consequences of the Hopf bifurcation. Our
approach is to consider not only a neighborhood of the equilibrium point but a large region of the phase space configuration.
We will take values of K in an interval (not necessarily small) containing K ..;+. We will also show that the periodic stable
orbits and the invariant manifolds (of Lo and of the Liapunov periodic orbits) are invariant objects that become relevant for
the dynamics.

Before focusing on the original Hamiltonian, and in order to have a self contained paper, we include a short Section
devoted to the numerical methodology used to compute such relevant invariant objects.

6. Numerical computation of the invariant objects involved

We will be focused on Poincaré section plots (PSP), equilibrium points, periodic orbits and their manifolds.

6.1. Poincaré section plots (PSP)

For a given K and H = h, being H the original Hamiltonian (5), we consider the original system of ODE (6) and the Poincaré
section 2 : 2’ = p, + y = 0. We will call the Poincaré section plot (PSP) the plot obtained with the intersection of a given
solution —or many solutions— (in this level of energy h and integrated for a range of time) with ¥ such that ¢y’ = p, — z < 0.
Actually the PSP will be the plot with the (x, y) projection of such intersection points.

6.2. Equilibrium points and 2D associated manifolds
Once K is given, in order to find the equilibrium points, we simply solve the polynomial equation of third degree (14). So L,
is obtained with coordinates (zr,,0,0,zr,), fori = 1,2.

Next, for K > K,,i, in order to compute the 2D unstable/stable manifold of Lo, wuls (L), we will take a set of initial
conditions on it. For each initial condition we will compute the corresponding orbit integrating the system of ODE —forward
in time for W*(Lz) and backwards in time for W*#(L2)- and checking that the Hamiltonian value h(L2) remains constant
along the integration for all the range of time considered.

To find such a set of initial conditions we can proceed following two different approaches:

(i) Either we take the set of initial conditions from the fourth order normal form, that is, for ;z > 0 small given, we
consider (Q, P, 0, J) with (Q, P) in a neighborhood of the origin and satisfying (36), § € [0,2x], 11 > 0 small and
J = 0 (see Fig. 3), we apply the normalizing change of variables that reduces the Hamiltonian (5) to the form (29) —see
Remark AppendixD.8—, we obtain a value of K and an approximation of the initial conditions in the original variables
(2, Y, Pz, py) of Hamiltonian (5).

(i) Or we take a set of initial conditions, using directly the original variables, on the linear approximation of the manifold,
that is on its tangent plane. More precisely: we consider the Jacobian matrix of system of ODE (6), its eigenvalues
A2 =a1 £ib1, A3 4 = —aj; £1ib; witha > 0. Let us denote u; £ ius and us £ i w4 the associated eigenvectors. To
compute the unstable manifold W* (L), we take the orthonormal basis v, v, (obtained from w,, us and generating
the same plane through L) and a circle (centered at Ly and radius ¢ > 0 small, typically & = 10~°) of initial conditions
given by

Lo + &(cos svy + sin sv3), s €10, 2m]. 37)

For the computation of the stable manifold W*(Ls), we proceed similarly taking into account uz and u.
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Figure 3: 1 = 0.001 > 0. (a) (Q,V(p, @, J)) for three values of J: J = 0.0001 (red), J = O (thick black line), J = —0.0001 (blue). (b) (Q, P)
coordinates at the level set £ = 0. The 2D Lagrangian tori with J < 0 are drawn in blue. For J = 0, the thick black line represents the pinched torus, i.e.,
the union of the equilibrium point with its stable and unstable manifolds (note that these manifold coincide, for the normal form is integrable) and, in red,
the 2D Lagrangian tori around the detached bifurcated elliptic periodic orbit with J > 0). (c) Same line color code for £ = —0.00005.

We have implemented both methods achieving the same results. Of course, the first approach can be applied only for values
of K very close to K., (i.e. 1 > 0 small), whereas the second one works for any K.

6.3. Periodic orbits, stability and 2D associated manifolds

To compute families of periodic orbits (PO), a standard methodology consists in solving the nonlinear system of equations
(using a predictor-corrector method)

H(z)—h=0,
g(z) =0, (38)
H(2) -z =0,

where ®/ () is the time-t flow of the ODE system (6), z is an initial condition of the PO, T is its period (®%(z) = 2) and
g(z) = 01is a suitable Poincaré section (a hypersurface in R%).

To do so we need a seed for the (approximation of the) initial condition of a PO. Once we have one PO we proceed with
the continuation of a family.

Since we will focus mainly on the bifurcated periodic orbits with H = h(L2) (it is the value of h where the manifolds
W$(Lg) exist), varying K > K., to get a seed for an initial condition of a PO, we can proceed again in two different
ways:
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Figure 4: (x,y) projection of the PSP for W*(La), W*(L2). (a) K = 0.1157. (b) K = 0.12, just W*(L2). (c) A zoom close to L2. (d) A zoom with
both W4 (Ly) and W (Ls).

(1) Either we take the initial conditions from the fourth order normal form, that is, for ;# > 0 small given, we consider
(Q, P,05,J) with P =0, E =01in (36), 9 = 0, and (Q, J) is a minimum of V' (u, #, J) i.e., a solution of the system

)%
V ) 9 J = 01 a 9 3 J = 0
(1, @, J) 20 (1, @, J)
(see Fig. 3), we apply the composition of the successive changes of coordinates that lead to the normal form (as
above), we obtain a value of K and the corresponding (approximation of the) initial conditions on the original variables
(2, Y, Pz, Dy) of the PO.

(i) Or, we fix K > K,.; and H = h(L2). We consider a set of different initial conditions of type (z, 0,0, p,), with
y' = py, —x < 0, varying x (3’ is obtained from the Hamiltonian) in a suitable interval; for each initial condition we
integrate the original system (6) and obtain the corresponding solution for a big enough range of time, and we save just
the points belonging to the Poincaré section plot (PSP). In the PSP obtained (see for example Fig. 6(b)), we zoom the
area around the bifurcated stable PO (surrounded by invariant curves) and we have an approximation of = (and p,,) of
the initial condition of the required PO.

We have implemented both strategies to get a seed and both have become satisfactory —again the first one only valid for K
very close (and bigger than) to K,.;;— We have implemented Newton’s method for the correction to solve system (38) to
refine the seed and obtain the bifurcated PO for H = h(Ls) when varying K > K,.;; (see next Section). The absolute
tolerance to stop Newton iterates in the solution has been typically 1011,

Given a PO, in order to determine its (linear) stability, we have integrated both the system of ODE (6) together with
its first variational equations to obtain the monodromy matrix M after a period. We recall that the value of the stability
parameter k = Tr M — 2 decides the stability character of a PO: it is stable (elliptic) if |k|< 2, and unstable (hyperbolic) if
k€ R\ [-2,2] (see for example [9] for details).
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As will be shown in the next Section, the 2D invariant manifolds of the Liapunov orbits around L1, ol;, will also play a role
on the description of the global dynamics. Such orbits (for the values of K and h considered) are unstable (the monodromy
matrix has as eigenvalues 1,1,A > land 1/A < 1,i. e. kK € R\ [-2,2]). In order to generate the unstable manifold W*(ol; )
such that z is an initial condition of the ol; and vy is a unitary eigenvector associated with A > 1, we consider a set of initial
conditions on the linear approximation of the manifold given by

o) +&v(8), 0 €l0,2n],
where £ > 0 or < 0 to obtain the two branches that compose the manifold, small (typically |¢|= 10~°) and
p(0) = %5 1(z0),  w(0) = APTDPY | (20)vo
2m 27

are a parametrization of the PO and the eigenvector of the associated monodromy matrix corresponding to the point ©(6)
respectively (see [4]). For each initial condition, we obtain the corresponding solution integrating forward in time system (6)
and checking that the Hamiltonian remains constant along the integration. We proceed similarly to obtain the stable manifold
W#(oly) taking into account A < 1 and integrating backwards in time.

7. Description of the dynamics of the original system

The purpose of this Section is to describe the Hopf bifurcation effect on the dynamics of the original non-integrable Hamilto-
nian system for which the fourth order integrable normal form taken into account is just an approximation (and of course valid
just in a tiny neighborhood of the equilibrium point Lo and a small interval around K,;;). So, in the previous Sections, we
considered the dynamics of the electron from a very local point of view. Now, numerical simulations applied to the original
system allow to describe the dynamics in large regions in the (x, y) plane and any value of K. We will distinguish two cases:
K > Kepip and K < Kyt (recall that K. = 37%/3/2 ~ 0.11556021).

Case 1. K > K. We fix the energy value h = h(L2) and we discuss different aspects of the dynamics when varying K,
that can be graphically illustrated through the Poincaré section plots (PSP).

e [nvariant manifolds of Lo. When K is very close to K., the stable and unstable 2D manifolds, W*(L2) and
W#(Ly), are almost coincident (they do coincide for the integrable normal form, but they do not for the original
non integrable Hamiltonian giving rise to the splitting of separatrices). See Fig. 4(a), where the PSP of the
manifolds are plotted for K = 0.1157 very close to K.,.;;. As far as K increases, the typical homoclinic tangle
is more visible, see Fig. 4, and for bigger K, the manifolds become very intricate, see Fig. 6(a). We also remark
that for K near K., the size of the manifolds is small, i.e. the orbits on the manifolds visit a small region in
the (x,y) plane. See the PSP of the manifolds in Fig. 5(c) where the manifolds are confined by external 2D tori
(invariant curves on the PSP). Whereas when K increases, the size of the manifolds becomes larger and there are
some orbits on the manifolds that go tremendously far away from Ly or even escape. See Fig. 6(c).

e Existence of bifurcated periodic orbits and tori. As foreseen by the normal form description, for a given K bigger
and close to K., there exists a detached family of periodic orbits when varying h, in a neighborhood of h(Ls),
which are stable (for h near h(Ls)). For the particular fixed value of h(Ls), the corresponding bifurcated periodic
orbit will be surrounded by invariant 2D tori, which will be located inside the region enclosed by the invariant
manifolds of Lo, if K is very close to K., see Fig. 5(c) for K = 0.1157 where the detached periodic orbit (a
fixed point on the PSP) and the surrounding 2D tori (invariant curves) are shown. We remark, on the one hand,
that the continuous family of tori inside the coinciding manifolds (Fig. 3) obtained from the normal form now
becomes a Cantor family of tori (for the original Hamiltonian system) as far as K is very close to K..;;. On the
other hand, the destruction of many such tori is also visible when K increases and the existence of chaos is much
more apparent, although the stable periodic orbit persists, see Fig. 6 top for K = 0.13.

o Confinement due to the invariant manifolds. Although the appearance of the splitting phenomenon (not present
for the normal form Hamiltonian) for any K > K.,.;;, the manifolds somewhat enclose a confinement region,
more visible as far as K is close to K.,;;. See Fig. 5(c). Therefore there exist points inside this region giving
rise to confined solutions, the confinement size determined by the size of the manifolds. It is worth noting the
different sizes of confinement regions comparing those (smaller) delimited by the invariant manifolds of L9 and
those (bigger) delimited by the 2D KAM external tori. See Fig. 5(c) for K = 0.1157. When K increases, the
external tori disappear and there is a dramatic change in the intricate shape of the manifolds of L, see Fig. 6 top
and middle for K = 0.13.

o Confinement due to the bifurcated elliptic periodic orbits. As already mentioned, when K increases, the manifolds
of Lo are very complicated and the visited region (in (z, y)) is very big. However, as far as the bifurcated periodic
orbit is stable, there will be still a small region of confinement for all time, due to the existence of surrounding
2D tori. So an important effect of the Hopf bifurcated orbit is to delimit, among a chaotic sea, a region where the
electron will remain confined for ever. We show this behavior on the PSP of Fig. 6(b) for K = 0.13.
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Figure 5: K = 0.1157. (x, y) projection of the PSP. Top and middle correspond to h = h(L2). (a) Global plot. (b) Zoom. The red points correspond to
W (ol1); two confined regions (in blue) are clearly distinguished: the one close to the origin and the one due to the bifurcated stable periodic orbit. (c) We
show the KAM invariant curves (in blue) enclosing W* (L) and W*(L2) (in black), and also the bifurcated stable periodic orbit and the corresponding
invariant curves surrounding it (in blue). (d) Fast escape orbit ((x, y) projection,in black) and the corresponding points on the PSP overlapped (in red).
Bottom: 2D KAM tori around the bifurcated stable periodic orbit for h > h(L2) (e) and h < h(L2) (f).
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e Stability of the bifurcated periodic orbits. We have computed the family of bifurcated periodic orbits when varying
K. In Fig. 7 we plot two curves on the (K, x) plane: for each K, the = value of the equilibrium point Ly and
the x value of the initial condition (such that y = 2’ = 0, ¢y’ < 0) of the bifurcated periodic orbit for that K
(and h = h(L3)). We can see how the family of periodic orbits is detached from the equilibrium point as far as
K increases from K,;;. The amplitude of the periodic orbits grows with /& and we have followed the family
until the orbit passes, for some time, very close to the origin, so a regularization of the system of ODE should be
required, see Fig. 7(b). Concerning their linear stability, there is also a change of stability: the elliptic orbits for
K close to K.;; become unstable for bigger values of K. We plot in blue the stable periodic orbits and in red the
unstable ones in Fig. 7(a).

e Homoclinic orbits. Erratic orbits. Due to the transversal intersections between W (Ly) and W*(Ls), see for
example Fig. 4(d), there exist infinitely many homoclinic orbits to L9 and, as a consequence, it is well known
that the variety of behaviors for the dynamics is very rich (symbolic dynamics may be applied). Nevertheless,
for values of K near K.,;, since the external KAM tori confine the invariant manifolds, the latter do not play
any role in escape (ionization of the electron). See Fig. 5(c). But, for bigger values of K, the KAM tori are
destroyed and there is a second effect which is the growth of the manifolds, see Fig. 6(c). Therefore, from the
behavior of W*(Ly) and W*(Ls), there will coexist confined motion, some escaping orbits and some erratic “to
and fro” orbits, that is, orbits that make several excursions, close to and far from Lo (reaching different large
distances), in an erratic way. Such orbits —also called multi-bump orbits— provide a mechanism of ionization;
actually the electron experiences a slow ionization. In Fig. 8, some orbits on W (L) are plotted to show such
different behaviors; we plot (¢, 7), r being the distance to the origin. We notice that, since for this value of K, the
manifolds of Lo, W*#(Ls) and those of the Liapunov periodic orbit oly, W™ (0l ), are mixed up (see Fig. 6(¢)),
the orbits plotted in Fig. 8, which belong to W*(L2), have close passages to Ly (as expected) and to ol; (due
to the mixing), as time goes by. Some of these orbits will lead the electron to ionization. So, we see that both
W™#(Lg) and W** (ol ) play arole. At this point it is worth mentioning, on the one hand, the simulations done
in [10]; some plots in that paper look similar to those of Fig. 8. However, in that paper the values of K considered
were K < K, and the role of states with medium eccentricity was discussed. On the other hand, in [5],
a specific goal was to show how the periodic orbit ol; and its manifolds provided a mechanism for ionization
(where, typically, the electron had several close passages to the periodic orbit), so, roughly speaking, only the
periodic orbit (and manifolds) was taken into account. Very recently, a different mechanism of ionization, where
the electron is ejected from the core and has successive excursions with passages far from and close to the nucleus
is carried out (see [39]).

e Global picture. As a summary and taking into account the different invariant objects involved, we describe the
dynamics of the PSP from a global point of view. We should distinguish four different regions:

— A region near the origin. A first global property to point out, and independent of the Hopf bifurcation
phenomenon, is the existence of the retrograde periodic stable orbit close to the origin; this orbit together
with the invariant surrounding 2D tori confine a clear region for the electron. See Figs. 5(b) and 6(e). This
was already observed in [5] for very small values of K < Ky ;.

— The invariant manifolds of ol;. Regardless the value of K, for h = h(Ls), there is the unstable periodic
orbit around L1, oly, and their invariant manifolds which play a clear role on the dynamics. As exhibited
in [5] these manifolds visit a small (z,y) region for 0 < K < K,;; small, but we have just shown that they
become more complex (and their homoclinic tangles as well) as K grows visiting large regions in the (z,y)
plane, see Figs. 5 top and 6(d) and (e).

— The region influenced by the Hopf bifurcation. When K is bigger and close to K.;:, and for h = h(Ls),
the dynamics of the Hopf bifurcation is very local in the sense that W*(Lz), W#*(Ls), the bifurcated stable
periodic orbit and the surrounding invariant 2D tori are confined by the external KAM tori, so they do not
play a significant role in the dynamics. See Fig. 5(c) for K = 0.1157. Nevertheless, as far as K increases,
these KAM tori disappear and both manifolds —those of ol; and those of Lo— are mixed, giving rise to many
different kinds of orbits and chaos. Relevant to say (and as mentioned above) is that, among this chaos, the
stable bifurcated periodic orbit and associated 2D tori, confine a clear region among this chaotic sea. See
Fig. 6(b) for K = 0.13. However, for bigger values of K such that the periodic bifurcated orbit is unstable,
we obtain the same kind of PSP but there is no confinement around the periodic orbit at all.

— Fast escaping orbits. Finally and concerning the white region of the PSP (roughly speaking), if we take
initial conditions in such regions we obtain fast escaping orbits, with a typical spiral behavior. See Figs. 5(d)
and 6(f), where we consider K = 0.1157 and K = 0.13 and plot two escaping spiraling orbits and the
corresponding PSP overlapped.

Let us finally remark that for A close to and different from h(Ls), the PSP are similar to the PSP for h = h(L2) except
that the neither the equilibrium point nor the invariant manifolds exist. We show in Fig. 5(e), (f) a neighborhood of the
bifurcated stable periodic orbit and the 2D tori that persist for K = 0.1157.

Case 2. K < K, ;. This case was already studied in [5] but, for completeness, we just consider KX = 0.115 very close to
K it and hnear h(L2). As in Case 1, there is the big stable region close to the origin due to the retrograde o,. orbit and
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the intricate invariant manifolds associated with the periodic orbit ol that cover a big chaotic region in the (x, y) plane.
For h = h(Ls), we have the equilibrium point Ly which is stable, whereas for increasing/decreasing h we obtain the
corresponding family of stable Liapunov periodic orbits surrounded by 2D tori. This is clearly shown in Fig. 7. Of
course, this dynamics is in accordance with the theoretical results obtained in Sections 4 and 5.

8. Conclusions

In the current work we have explored the CP problem for values of the energy close to /(L) and varying K in an interval
containing K .,;+. We have distinguished two different parts: the analytical study and the numerical one.

Concerning the analytical part, since a main goal was to analyze the Hopf bifurcation appearing close to the equilibrium
point Lo, a first step done was the computation of the normal form starting from the given Hamiltonian of the CP problem
(not an academic theoretical Hamiltonian with a suitable expression useful to carry out the normal form, as is typically done
in papers that study the Hamiltonian Hopf bifurcation). Moreover, the steps for the computation of the resonant normal form,
up to any given order, have been explained in a constructive manner.

The mathematical analysis of the normal form obtained has the following consequences: (i) it allows to claim that the
type of Hopf bifurcation is supercritical; (ii) the main results summarized in Proposition 3 enable us to describe the Hopf
bifurcation and the local behavior of the dynamics in a neighborhood of the equilibrium L4 for the original Hamiltonian in
an interval for K containing K,.;;; (iii) parametrizations of the invariant objects appearing in the Hopf bifurcation (periodic
orbits and stable and unstable manifolds of L) are obtained.

From the numerical point of view, such parametrizations provide good (approximate) initial conditions (refined a pos-
teriori) of the relevant invariant objects that have been computed to analyse the Hopf bifurcation and their effect on the
global dynamics. Focusing on the energy level h = h(Lz), our conclusions, drawn from the obtained Poincaré section plots
(PSP), are the following: For values of K very close to K, the unstable/stable manifolds of the complex saddle point Lo,
W3 (Ls), do not essentially play any role, since they cover a very tiny region in the plane (x,y) and are surrounded by
existing KAM 2D invariant tori that act as a barrier of motion. Roughly speaking, the electron, wherever it is, does not realize
that the Hopf bifurcation has taken place. However for bigger values of K, the tiny and local effect becomes dramatic: the
2D surrounding tori disappear and now W**(Ls) are very intricate and fill a very big region of the plane (x,y). Therefore,
from a physical point of view, there is a rich variety of different kind of orbits for the electron to be described assuming
that at some time the electron is located close to such invariant manifolds: to and fro, erratic, fast and slow ionizing orbits,
are observed. Therefore a mechanism for the ionization of the electron with close passages to Lo is obtained. Nevertheless,
another conclusive effect of the Hopf bifurcation is that, due to the bifurcating stable orbits, for moderate values of K bigger
and close to K., there is a small region of 2D tori around those periodic orbits that persist and the electron would remain
for ever confined there, in the middle of a huge chaotic area.

Finally, in order to describe global behaviors of the electron for & close to h(L2), PSP have been obtained for large
regions in the configuration plane; we can conclude that, for any value of K ranging from (bigger than) 0 to K > K, ,;, the
dynamics is mainly organized by: (i) the stable retrograde periodic orbit (around the proton) surrounded by 2D tori which
compose a robust region of confinement; and (ii) the unstable/stable manifolds of the Liapunov periodic orbit oly, W™ (oly ),
that exist for h > h(L1), and whose intricate homoclinic tangle, gives rise to all kind of orbits, including multi-bump, erratic
and escaping orbits. These manifolds also provide a mechanism for ionization, but with several close passages to the periodic
orbit, instead of Ls). It is worth mentioning that, for K very close to K., these manifolds are, by far, the responsible for
ionization. However, for bigger values of K > K.;;, and h = h(Ls), the manifolds of Lo, W**(Ls), also play a role and
the both intricate W**(Ls), and W** (ol ) get mixed altogether filling a bigger chaotic region in the (x, y) plane. Therefore
the mechanism of ionization —ionizing orbits with several passages to the periodic orbit and Lo— is unquestionably present.
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Appendix AppendixA. More notation and definitions

Here we introduce the notation and definitions used in the appendices below. Thus, we shall denote by M, ,,,(IF) the vector

space of matrices with n rows and m columns with coefficients in F = C, R, Z, or Ny = N U {0}. For square n x n

matrices, we shall write M, (F) instead of M, ,, (F). Thus, if A € M,, ,,(F), AT € M., »(F) will stand for its transpose.

If u = (up,...,up), v = (v1,...,0,) € F", then w = (u,v) € F” x F". Furthermore, given u = (uq,...,u,) € F",
I,, = diag[1,...,1] € ML, (F) is the unit matrix and .J,, is the block matrix of the standard symplectic 2-form in R?", i.e.,

0o I,
(05

19



SN

o

100

50
O_

-50

-100F 1

0 2 4 6 -100 0 100
(e) (f)

Figure 6: K = 0.13, h = h(L2). (x, y) projection of the PSP. (a) For W*(L2). (b) Zoom, where the bifurcated stable fixed point and invariant curves are
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the origin, W*(L2) and W"(ol1). (f) Fast escape orbit ((z, y) projection, in black) and the corresponding points on the PSP overlapped (in red).
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Figure 8: K = 0.13. (¢, r) plots of some orbits in W*(Lz2). (a) Confined orbit. (b) Slow ionizing orbit. Bottom: two different erratic orbits with several
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For a set of m vectors n1,n2,...,0m € F7,
M = (771|7/2| e |77m) € Mnﬂn(F)

is the matrix having these vectors as columns.

As usual, the upper bar will denote complex conjugation, i.e., if z € C, then Z = Re z — ilm 2, whereas for matrices
and vectors this convention extends componentwise, so if A = (a; ;) € M, ,,(C), then A = (@; ;) € M, ,»(C), i =
1,...,n,5 =1,...,m; and we say that A is the complex conjugate (or simply, the conjugate) of A.

Let S : C[[v, o, B]] = C[[v, o, f]] be the linear operator defined by

F = Z ferirs,saVb e ab? B3 852 s S(F) := Z(—l)”*”ﬁ@slmu oyt ok B Bs?. (A1)

l,r,s l,r,s
We shall use the symbols C[[v, a, 8]], ES [v, a, B8], and ES,, x [, a, B] to refer the subspaces of C[[v, a, B]], E, [, v, 3], and
E¢nn [V, @, B] respectively, that are invariant under S, i. e., F € C5[[v,a, 8] (F € ES[v,a, B, F € EZ, [V, @, B]) if

and only if F' € C[[v,a,8]] (F € Ey[v,, 8], F € Egpn[v, o, ]) and S(F) = F. Then it is said that F' satisfies the
S-invariance or the S-symmetries.

Appendix AppendixB. Expansion of the Hamiltonian

The goal of this appendix is to give the explicit expression of terms H; (1, z,y), j = 3,4, ... thatappear in the expansion (19).
Following [21], [47], [48]), first we expand the term 1/r in Hamiltonian (5). Applying the change (17), we substitute x by

22



0(1 4 21) and y by dxo in 1/r. This yields

1 1 1/6 1/6 I,
- = = s = = :gzp Py (—21/p),
" \/x +y x—90 z—0\° Y\ 2 z1 o=0
1+2 + +(—) 1=2{——)p+p?
0 0 0 P
where p? := 2% + 23 and P, (t), 0 = 0,1,2, ... are the Legendre polynomials as generated by the recurrence relation

Py(t)=1, Pi(t)=t,
1 (B.1)
Poya(t) = 2tPs(t) — Po—1(t) — o1 (tPy(t) — Po_1()),

witho =0,1,2,... (see, for example [1], Chap. 12). If we define
Ro (21, 22) := p” Py (—1/p)
then, clearly,
1 j—
=

1 0
g ZRU($1,$2). (BZ)
o=3

Furthermore, the recurrence relation,

Ro(z1,22) =1, Ri(z1,22) = —x1,
Roi1(z1,22) = =221 Ry (21, 22) — p* Ro—1 (21, 72) (B.3)
1

+J+1

(z1Ry (21, 22) + P2R0—1(3€17$2)) ,o=1,2,...

follows straightforward from (B.1). For example, for o = 1, 2, 3,

2
T 3
Ry(x1, 1) = o — 72, Rs(w1,72) :fz?+§w1w§,
3 15
Ry(x1,20) = 2} — 32223 + gxg, Rs(x1,22) = —23 + badas — gxlxé, e
and induction shows that, forevery o = 0,1,2,..., R, is a homogeneous polynomial of degree o in x; and x».

Now, if one substitutes the change (17) in the starting Hamiltonian (5), and replace 1/ by the sum (B.2) obtains

5 1 1 1
)= -5 5 KO =5 (8~ K6 — ) a1+ 555 (5 +13)

Y1 Y2
H(5(1+x1),5x2, S+ -3 o

) )
1 3 1
+ Y122 — Yoxp — 5 (ac% — ?2) — ggzzgRa(xl,xg).
At this point, we recall that § is a positive solution of Eq. (14) for z > 0, so
5 —Ké*—1=0. (B.4)

Therefore,

1
H (81 + 1), 002, 2,6+ ) = H(6,0,0,6) + 55 (43 + 43)

§ § 262
1 x2 1 &
Y122 — Yot — 5 (xf - ?2) -5 ;Rg(xl,zg) (B.5)

(recall the definition (18)). On its turn, H (4,0, 0, d) can be expanded in powers of u, with coefficients given by functions of
do. Indeed,

5% 1 52 2 62/2 2
H(o N=—-—--t+Kf=— =0 =19
(8,0,0,0) = =5 =5+ > 5 (=60 5o M
> o+1 o -
:H(50,0,0,50)+(2+6§)M+ZT(SO”M : (B.6)
o=2
where we have used that ) 5
K§=062—= = B.
5=0" 5, e (B.7)
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(see Egs. (B.4) and (16)). Replacing H (6,0, 0, d) on the right hand side of (B.5) by the right hand side of (B.6), taking into
account that 1/§ = (1 — dou)/do (see Eq. (B.7) above), and identifying the terms of the same (adapted, see (10)) degree in
the resulting expansion, it is seen that the terms H, in the sum (18) are,

1 1 2
Ho(p,m,y) = 2+ 0+ =5 Wi +y3) +xoy1 —a1y2 — — (27 — 2 ),
202 5 2
1
H3(,U/,.I',y) = —5—R3(l’)7
0
34 9 2 5’3% y% y% 1
_Ssa 2 2 Ty YL vy _ 1L B.8
Halu, 2z, y) = 500" + p (:El > 5 5 5034(36), (B.8)
1
Hs (i, v, y) = pRz(x) — %R5($),
5 3 NQ 2 2 1
Holu, z,y) = 2000 + (41 + y2) + nRa(2) — %Rs(w)
and, foroc = 17,8, ...
1—(=1)7*! - 1
Ho(pyw,y) = ( 5 ) (o +2)60" 2)0/2 4 pRy—o(x) — %Rg(ac). (B.9)

Appendix AppendixC. Linear reduction of the Hamiltonian system

In this appendix, Lemma 1 below gives the form of transformation z = U(() that casts the quadratic part Ho in (19) to
Williamson’s normal form (see references in Section 3.3). Next, the change to complex coordinates (20) is applied and,
actually, is with respect to the quadratic part, 573, of the complexified Hamiltonian that we carry out the normal form
computations (in Subsection 3.4 and in Appendix AppendixD). Notation and definitions used in this appendix were introduced
in Subsection 3.1 and in Appendix AppendixA.

Lemma 1. Ler A € sp(4,R) with
Spec(A) = {\x =tiw}, dimker(A — Arly) =1,
w €R,w > 0; zy,wy € C* be the geometric and the generalized eigenvectors respectively of Ay = iw, i.e.,
Az = Aizy, (A= Aiwy = Az
Let A, € and « be the quantities defined by,

A= zIJ2E+, € := sign(A), o= wIJ2E+;

i
2A

and uy,us,v1,v9 € R* the vectors

2 | 2
Uy = mReZ+, Uy = m1m2+,

2 2
vy =€y —(—almz; + Rew,), vy =€y —(aRezp + Imwy).
4] 4]

Then,
(i) AeR aeR
(ii) uq,us, vy, va form a symplectic basis, so S = (u1|uz|v1|ve) € Sp(4, R).
(iii) The linear symplectic change z = U(C) := S¢; ¢ = (&,m), z = (x,y) with &, 1, x, y € R?; transforms:

(iii.1) The linear Hamiltonian system

Z= Az,
to its normal form .
¢=A¢
with
2 el
A=S8"TAS = 2 ) e sp(4,R), 9( 0 “>.
0| 2 —w 0
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(iii.2) The quadratic Hamiltonian,
1
Ho(z,y) = —§zTJ2Az;
to its normal form

1
Ka(&,m) = =3¢ JoAC = 5 (1 +13) + (& — mat): (e8)

PROOF. The results of this Lemma correspond, for Hamiltonian matrices, to the results stated for the symplectic ones in
Appendix D of [7]. All the statements of Lemma 1 can be checked out straightforward from the very basic definitions of
symplectic and Hamiltonian matrices and their properties. O

Complexification of the Hamiltonian. Let { = V(w) = Lw; ( = (§,1), w = (¢,p), with & = (£1,&), 1 = (n1,1m2),
q=(q1,92), p = (p1,p2) € C2%2, and L € M, (C); be the change to complex coordinates (20) written in matrix notation.

Clearly,
1/vV2 0 0 —1/v2
i/vV2 0 0 i/vV2

0 i/V2 —i/V2 0
so, the composition of both changes is z = Z(w) := U o V(w) = Mw, with
—iAV10 —AV2 —AV2  —iAV10
54v/2 iAv/10  —iAV10 —54V2 _g8/6 316
M= SL = V2 EAVID  SAVIO 5AV2 esp(C4), A= 52" (2
—10Bv2 —7iBV10 T7iBv10 10BV?2 15 20

2i BV10 7BvV?2 7BvV2  2iBV10

Let 7 (p,w) := H(u, =(w)) be the complexified Hamiltonian. Thus, (21) is the expansion of .72, with J&, € E,[u, ¢, p].
Particularly, one checks immediately that the quadratic term, .77 is given by (22).

Remark AppendixC.1. Here we stress that,

(1) nf + n% = 2¢op1 and m&a — n2&1 = i(q1p1 + g2p2) and, when the change (C.2) is applied to the particular Hamilto-
nian (19) then, @ = 25/8, w = \/5/3 and e = 1.

(i1) Substitution of (C.2) in the recurrence relations (B.3) gives the expansion (21). Thus, if R, := R, o = then
RO(CLP) = 17

35/6 35/6 35/6 35/6
Rl(‘]vp) = if\/mfh + 1—5\/5(]2 + 1—5\/5171 +i 1—5\/Ep2,

Ro+1(¢:p) = 2R1(q,p) Ro(q.p) — 0*(4.p) Ro—1(q.p) + %H (=R1(q,p) Ro(q,p) + 0°(¢,p) Ro—1(¢:p))

oc=1,2,...;with p = po =, thatis

8 8 . 16 . 8 16 .
o(a:p) = 1 357 + 5 13235 pips — = 13%/3V/5 gopy — 532/3(111)2 - 13%3V5 q1py
8 h2/3 2, 8 423 8 . 2/3 8 22732 , 8 42/3 2
753 g5 + 253 g2p1 + 2513 V5 q1q2 753 pi + 153 3.

(iii) If the power series K (p, z) € Cl[[u, z, y]] has real coefficients, its complexification F'(u, w) = K (p, E(w)) satisfies
the reality condition, i.e., F'(1,w) € C5[[u, g, p]]. Conversely, if F € C[[u, ¢, p]], then F (1, 27 (2)) € C|[u, z, ]
is a power series with real coefficients. Furthermore, it is worth noting that the Poisson bracket preserves the S-
invariance. More precisely, if ', G € C[[u, g, p]], then {F,G} € CS[[u, ¢, p]] (see for example [21], [41], Remark

3.4; or [52]).

Appendix AppendixD. Proof of Proposition 1

Here we develop the proof of Proposition 1. In addition, some remarks are given at the end. The notation and definitions
used throughout this appendix were introduced in subsection 3.1 and in Appendix AppendixA. Moreover, the conventions
established at Remark 3 will apply along the proof.

So, let us consider a monomial o = p‘q™p", with 20 + |m|;+|n|;= o, i.e., of adapted degree ¢ > 3. The action of the
operator Lz, on « gives,

Lya= <Q+m1q—2n2&> a, (D.1)
q1 P2

being Q = Q| |n|, := iw(Jm|1—|n|1), and where it assumed that the quotient g2 /q; is not present when m; = 0 (the same
convention applies for the quotient p; /p2 when ng = 0).
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Remark AppendixD.1 (on the values of £). We note here that no linear terms in the coordinates (g, p) can appear in any of
the new transformed Hamiltonians, since for any u, the origin (¢,p) = (0,0) is an equilibrium point and, in the reduction
process to normal form all the changes that we made are close to the identity. Therefore, |m|;+|n|; cannot be one at any of
the successive transformed Hamiltonians along the reduction process, so the equilibrium point remains at the origin at each
step. Thus, at the homogeneous polynomials

%(0_2) _ g %(i;%luéqmpn
20+|m|1+|n|i1=k

of (adapted) degree K = 0,0 + 1,...,s (see (D.31)), the index ¢ can vary only in the range ¢/ = 0,...,3|x/2] — &

(o0 =3,4,...), where |-| stands for the integer part. o

If follows from (D.1) that Lz, leaves each subspace Eyp;ny C E, invariant. Therefore, we can fix ¢, M, N € Ny and focus

on solving the projections of equations (25) onto the subspace Eyps v ; we mean, given F' € Eypsn, we look for G, Z € Eppn
such that the homological equation

L;,G+7Z=F (D.2)

holds. It turns out that, when Q # 0 (i.e., when M # N) then F' € Range L, |]EWN and we can set Z = 0 in equation
above. Otherwise, when 2 = 0 (i.e., when M = N), then resonant monomials appear generically. We analyze both cases
below.

Remark AppendixD.2. Prior to continuing with our analysis, let us point out that, actually, when one writes the Eq. (D.2)

explicitly, the term . appears as a product at both sides, and can be simplified. Hence, abusing notation, this factor has been

omitted in the expansions of the polynomials in Egps . o
The case Q2 # 0 (M # N). Let U € Eypn, with £, M, N fixed, then

— mi mz, N1, N2 __ m M—m_N-n_n
U= g Utmimaoninaqr Go "P1 P2~ = § U m,M—m,N—n,nq1 qo P1 D2,

|m|1=M 0<m<M
Inl,=N 0<n<N
(the factor ue is omitted, as Remark AppendixD.2 warns). Thus, we can set Uy, 1= Ugm, M—m,N—n,n for 0 < m < M,

0 < n < N; so, for every / fixed, any monomial in U is specified by just a pair of indices. Now, let u € M(a41)x (n+1),1(C)
be the array holding the coefficients w,,, ordered as follows: U, < Um/ns (Ump precedes Uy, ,) if m > m’ or, when
m=m',ifn>n’.

Example 1. For instance, if M = 3 and N = 2; then
U3z 2 < U31 U300 U222 < U1 U220 <UL 2 <UL <UL = U2 < U1 = UP,0- >
Yet we can define the block-array u' = (upr ups—1 -+ -ug) € CVFL x CNFL x ... x CNHL with

ujT = (uj_,N,uj_’N,l, Ce ’U,jyo) S (CNJrl
forj = M, M — 1,...,0. Therefore, to find the solution of (D.2) we set Zyp;ny = 0 and solve a linear system Ag = f;
with A € M40y (v4+1)(C); f,9 € CM+Dx(N+1): which, using the notation just described, can be written blockwise and
looks

Dy gM fu
Eyv Dy gM—1 far—1
Ey—1 Dy gM—2 fa—2
= : , (D.3)
E, Dy g1 fi
E, Dn 9o fo

where E; = jIni1 € Myyi1(C), 4, = M,M —1,...,1; Dy = QIn41 — Py € My41(C) with (PN)i,j =N-—-i+2
ift=j4+1forj=1,...,N,or (PN)i,j = 0 otherwise. From the band structure of A, we see that it is a lower triangular
matrix with all the elements on its diagonal equal to €2 # 0, so the linear system (D.3) has exactly one solution.

Remark AppendixD.3 (Reality conditions). Itis straightforward to show that gy pmf—m, N—n,n = (71)m+nggyn_’N,n_’1w,m_’m,
for0 <m < M,0<n<N,2(+ M+ N = o. Hence G} € ES. o
Example 2. If, as in Example 1, we take M = 3, N = 2; then Q = iw(3 — 2) = iw and

D,
Es Do
E>y Do
Ey Dy

iw J
D2: -2 1w , E]: ] 7j:1,273; A:
-1 iw J

P =

o NN O
— O O
O OO
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Therefore, for this case in point, the system (D.3) is written as

iw 93,2 f3,2

-2 iw g3,1 f3,1

-1 iw 93,0 /3,0

3 0 0 iw 92,2 fa.2

0 3 0 -2 iw 92,1 f2.1

0 0 3 -1 iw g0 | | feo
2 0 0 iw g1,2 n fi,2 ’

0 2 0 -2 iw g1,1 fia

0 0 2 -1 iw 91,0 fi,0

1 0 0 iw 90,2 fo2

0 1 0 -2 iw go1 foa

0 0 1 -1 iw 90,0 foo

and it is seen at once —as we stated before for the general case— that det A # 0, so the coefficients of the generating function
are uniquely determined. >

Hence, we can write the component G} € E} of the generating function G, in the form,

+ . o m M—m_N-n_n Y4
GHwap) = Goun = ) > Grmr—mN-nndl B Y "y |
2+ M+N=c 24+ M+N=0 \ 0<m<M
M#N M#N 0<n<N

This completes the proof of the part (a) of Proposition 1.

Example 3 (Computation of G's, %(1) and Gj[). For s = 3, the right hand side of (23) is given by

34 34 2
%()(qu)—12—2535/6v 0 3——535/6\fq1q2+11—535/6v 00163 — 757 3°/°V243 —1 - 37°V104ips

34 34
+7—535/6\/§qu1 2535/ fq1q2p2+11—2535/6v QIQQpl_lﬁ?’s/G\/ q2p2+g535/6\fq2p1

. 2 4 .34 34 o4
—ige 35/V10 q1p3 — % 3%/5V2 qipipa—i 375 3°/5V/10 (J1P?+7—5 3°/6V/2 gop3 +i 5 3%/5v/10 gap1p2

+ = o 35/6\/_q2p1 —|—1 35/6\/_0 3 35/6\/_]) P2 —|—1 35/6\/_p1p2 _ 1125 35/6\/_

Then, setting up the homological equations (D.2) —for ¢/ = 0, taking M =3, N =0, M =2, N =1, M =1, N = 2;
M = 0, N = 3—, and solving the corresponding linear systems of type (D.3) one gets Z3 = 0 and G5 = G+ + GY, with

34 74
G (11,4,p) = 35/6\/53+1 35/6\/ 0qige —

5/6 _
225 375 ° V2063 —igoe

5/6
5625 30V T0d]

~ 5 35/6\/_(11172—11—2535/6\/_Q1p1—11—2535/6\/_611Q2P2+1—2535/6\/_‘11‘121’1

38 12 6
+ 1o 35/5V2g3ps — i Bh 3°/V/10 ¢3p1 + o 3°/6V2 qup3 + i 1—5 L 35/6\/ 0 up1p

38
3°/5vV2qip? +1 35/6\/ 0213

~ 125 35/6\fq2p1p2+1 35/6\/ 0gop?

125

34 8 74
— 595 37°V205 — i 3V V10 pipd + oo 370V 2pips +i

35/6
225 375 5625 V1043,

27



and G = 0. Furthermore, as

A0 (11, p) = % 3%/% u? — % 3%% gt — i ;—g 3255 ngi g + % 3*/% ugs + g 32/ pqips + i % 32/3V/5 pgup
+i ;—g 3%/°/5 pazp2 — ;—; 3% ugopr — % 3%° uph — i ;—g 325 pp1p + i—g 3% upi
B ;_(2)2 32/8 g4 _j 116285 32/3/5 g3 qs + % 32/3 22 5625 32/3\/— B % 32/3 g4
- 232 328 gipy +1 18125 35 gipy + i 3;5 3°/3V/5 i qap2 — ?ﬁi 3°/% gl qopr — ;gi 3°"% q1g3po
o 1187725 323VE qugspr — i 58625 3**V5 ¢3ps + 566285 87 g3 - §_6 87 gip} — 2—(;8 V5 dipips
+ % 323 gip? — 375 32/3\/_(11(12192 + 3;;: 32 qugopipa +i 1875 32/3\/5 019207 + % 3*% 433
+1i 1286785 3235 g3pipa — ﬁ 3*/% g5pi + 32/3 Qs +1i 3;5 3°/3V/5 qip1ps — % 32/3 Qpips
- 586125 32/3\/_(11171 +1 T15E 32/3\/5 q2ps — 3—(;? 323 Q2p1p§ —i 1875 32/3\/_(12171172 + % 32/% qop}
- ;_(2):; 3 1125 58 VBt + % 8+ 5625 5 8 VEpins - ﬁ s

application of Algorithm AppendixD.1 yields,

AN = + {ﬁf“ Ga}+ 5 L (2,63}, Gs)
7%((1))0+%(1) Jr%(l) Jr%(l) +%(1) Jr%(l) +%(1) Jr%(l) Jr%(l)

with .7\, € Eoarn. Explicitly,

27
A0 (1, 0.p) = 3370w, (D.4)
11 16 56
Ay a,p) = I 33 gt — 32/3\/_HQ1(12 + % 33 g3,
6 ) . 51
%(,}?1(/% 0,p) = 7 3% pups +i5- 32/3\/5HQ1P1 +iso 32/3\/3MQ2P2 — == 3% pgapn, (D.5)
5 25 25 25
. 11 16 56
Ay (1,0, p) = T 33 up3 — i 5% 3%3V/5 uprpa + = 323 up?,
4043 3916 1474 4453
%(1) _ 32/3 44 32/3 32/3 2 2 32/3 32/3 4
0.4:0(1:4:P) = = 5eoe 377 a1 = 28125 Voaie + 31950 2t 140625 Vha 1106250
476 1084 428 332
A 2/3 2/3 2/3 994 ,9/3
081 (1:0:p) = 7702 3% dipa +i 223 V5qipy +1i o375 3 V5 ¢ qops 275 377 ataomn
724 15308 11572 L 21
32/3 0 i2p — 32/3 32/3 32/3
9375 9375 Na2p2 ~ 1 e VBaigspr +i 140625 Vo4 T li062 0 RPU
638 7832
Py 32/3 32/3 . 32/3 2, 32/3 32/3
0.2:2(1:4:p) = 625 €ips +iggs 625 Voaipipa 3125 Pitigs 625 V5aigp3 + 93750 DPip2
9 638 96 4946
32/3\/_(]1(12]?1 ~ 309% 3%/3 g3p3 +1i 32/3\/5(13171]?2 15625 —— 3¥3¢2p?, (D.6)
476 428 7 11572
%(1) _ 32/3 32/3 2/3 2/3 3
01,308 4:p) = 7752 3% @ps +i g VB qipip} + oa75 S awpip2 Higpee3 Vaaqip}
1084 332 1530 23116
5625 so35 0 Voaaps - 375 8% qoprps — i e 16875 = 3V s + 140625 8% qop
4043 3916 1474 4453
%(1) _ 32/3 4 2/3 2/3 2 2 2/3 2/3 4
0,041 6:p) = = goe 377 Py —iogs 3 Vopips + 3195 ° PPz Tlqpeos 140625 8%*VEpips + 0605 ° D1

Thus, as for s = 3, we can state the homological equations, now for ¢ = 1, taking M = 2, N = 0; M = 0, N = 2; and for
¢ =0,taking M =4, N=0;M =3, N=1,M =1, N =3; M = 0, N = 4. As before, form the linear systems of
type (D.3) that follow from those equations, the component G of the generating functions are derived at once. Actually,

+_ ot + + + + +
Gy =Glo0+GlootGoaot+Gosr+Go13+Gooas
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with,

11 71
Glao=1g5 33Vb gt — — 32/ Ha1> =i 3o 32/3\/5 pg3,
11 8 o7
Gio =155 3 Vhuph + oo 3% upipa +i 15 37°V5
4043 3209 65823 598391 1652677
+ 2/3 By — i 32/3 2/3 3, - 2/3
- 227 g 5 DI097° g 0200 9273 /5
04,0 = 137500 ~ 7500 192 ~i5g5003 VBaigs + 1500000 ° 1% T 130000000 Voas,
238 37 1999 92539
Gis1=~11g75 Ta75 5 "Vodipe + 375 8 gip+ 555 3125 8% iaape +1 3500 15625 825 glaamn
1127 13637 39143 12884
i 3125 31355 VB mdp: - 31250 37 s - 93750 8% g2 — i g 9234375 875 ap1.
. 1999 112 39143
013 = 1875 ~ 31953 @PwE ~ige £Vt + oama0 ot
37 . 2539 13637 12884
T 375 8% qop 1 15625 o250 Vol + 31250 8% qopipe + 934375 875
4043 | 3209 65823 598391 1652677
o 2/3 2/3 2/3 3. - 2/3
e P2t Zep 37 P +i 550000 ° Vo pip; - 1500000 © P12 = 135000000 ° Vot

Analysis of the case Q) = 0 (M = N). Let F' € Eypsar; it is readily seen that its expansion can be re-arranged in the
following way

M—i
(q1p2)’ Z Fr— i (@p)™ 7 (qepa)

Mz

M M
M—i M— j
F=Y> fidie" 'p ph=

i=0 j=0 i=0 j=
M M—1
Z 42p1)’ Z frr—igg (@p)™ " (qap2), {D.7)
i=1 7=0
(the same Remark AppendixD.2 applies here). The polynomials,
~ - p i 1
&1 = q1p2, &2 = qap1, & = 5 (q1p1 + g2p2), &= (Q1p1 —q2p2) - (D.8)

2

form a Hilbert basis of CS[[v, ¢, p]]§', the formal power series in C5[[v, o, ] that are invariant under the S* action generated
by the flow of the Hamiltonian vector field X és (see [13], chap. I and IV). It turns out that,

qip2 = &1, g2p1 = &, ap = —i&s + &, Gop2 = —i&s — &4,

so substitution of these products into (D.7) leads to

M M M M—m M M—m
F=33 fudiaa pl" o =3 " > fn &G DG D S &G (DY)
=0 j=0 m=0 n=0 m=1 n=0
with,
N M—m
fr = (=DM N C(M = m =k, k,n) far—kmik,  for 0<n <M —m, 0<m< M, (D.10)
k=0
M—m
Foum = (=M™ N O(M —m =k, kon) far—mk g, for 0<n<M—m, 1<m< M, (D.11)
k=0
being the coefficients
min(n,k)
, k
C(r,k,n) == E (1)J< " ><> for 0 <7 k,n<M—m,0<m< M, (D.12)
n—j)\J

j=max(0,n—r)

where we use the notation introduced in the analysis of the previous case, now with N = M i.e., as £ and M are assumed
fixed, then fi; = fo i nm—i,n—j,5, for0 <i <M, 0 < j < M; foun = foomM—m,M—nn, for0 <n < M—m,0<m < M;
and fmn = f@,m,l\/ffm,l\/ffn,n’ for 0 <n< M—m,1 <m< M.
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feella & & & g
& 0 -2 0 &
& 2 0 0 -2
53 0 0 0 0

& -& & 0 0

&

Table D.1: Structure matrix for the Poisson bracket {él, 5} } i, =1,2,3,4.

Remark AppendixD.4. If we hold m fixed, 0 < m < M, and define

o= fons £ = Pt P00 = Fome £ = Pk AS,TL) i=C(M —m —k, k,n),
for 0 < n,k < M — m, then equations (D.10), (D.11) can be written in matrix form as,

J/c\(m) — A(Tz)f(?) f(m) A(m)f(m)

n k

respectively; and it is clear that they correspond to the change of components of £’ as the basis changes from the canonical
basis of Egpsas to the basis generated by &1, &2, 3 and &4 in (D.8). o

Lemma 2. IfFGEéMM, thecomponentsfmn (Ognngm,OSmgM)andfmn 0<n<M-m1<m<M)
in (D.10) and (D.11) are real.

PROOF. Itis enough to check that S(&) = g}, 1=1,2,3,4,1i.e., that the basis (D.8) satisfies the S-symmetries. (|

To solve the homological equations (D.2) in the basis generated by (D.8), we first see that the quadratic part of the Hamiltonian,
Z3, 1s given by
25 21/5 -
(/’L 51552753754) +—§3+§27

next, taking into account that, for any u = u(fl, 52, «53, «54), V= v(fl, «52, 53, 54), their Poisson bracket is computed using the
formula

4
{0} (61,60, 0 Z%(&&ss) (66} @ &b

= V’U/(él, 527 537 54)TSV’U(£1) 527 535 54)7

where the brackets {E}, fj} are given in Table D.1. Therefore S is the matrix with components S;; = {E}, éj}, fori,j =
1,2, 3,4. Now the relations

Lyz,& = {51, ZQ} =26, Lz = {52, Zz} =0, Lzé= {53722} =0, Lzéi= {54, ZQ} =&,
follow at once. Moreover,
(61 M —m— n£4) —9 6 ]\/I m—n n+1 + 6 M m—n n—151£2

= —omgrTigdmongntl _ pgm-lgM-mongn- (€3+§4)

—(2m 4 n)grtemmongntl _ pgm-lgMmmont2en=l (D.13)
for m > 1, and where we have used that ~ ~ o
&G +& =06 (D.14)
Analogously, forn > 1,
Lz, (&€1"8)) = négig =g, (D.15)
So we seek for polynomials G, Z € Eyprps, that fulfill the homological Eq. (D.2); with
G= Z ‘51 Z gmnfM " n€4 + Z ‘52 Z gmnfM " n€4 (D.16)
n=0 n=0

and Z holding the resonant terms that belong to a complementary space of Range Lz, .
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Remark AppendixD.5. We note that the sums in (D.16) are arranged differently that those in (D.9); this is suggested by the
action of Lz, on the monomials 5 §M me "54 and§ §M mongen 4 shown in (D.13) and in (D.15) respectively. ¢ Hence,
assuming M > 3, the homological Eq. (D.2) in the current polynomial basis, &1, &2, €3, &4, looks as

—2MGaro &' e — (2M = 2) G106 P68 — (M — D) G101 &8 - Gu-10 &8

M—m-—2
- Z {§m+1,1§3 4 Z {2m+n+1)gm+1n 1+(n+1)gm+1 n+1} fo me n§4

n=1

+ (M +m) Grnt1,M—m— 2€3€M me 1-l-(1\44-77”0-1-1)gm+1M m— 1€M " XE{”

—m

+Z£2 Z (n+ 1) Gm1,nt1 &' "L+ Z

n=0

= Faro &M+ fru—1,06 7 s 4 faum11 67+ Far—a 0EMT2E2 4 Far01 €M 72636,

M-3 —m—
+ frr—22 €726 + Z |:.]?m,0 &+ Z &y

m=0

+me m—1 &€ ™ 1+me m ET™| x €

+ Z«Ez Z Frn E7TTER, (D.17)
so comparison of coefficients leads, on the one hand, to the linear system,
- 2]\4@\1»1,0 = J?M—1,1, (D.18)
—(2M - 2)grm—1,0 = J?vaz,l, (D.19)
—2M = 1) grn—11 = ,]?]M—Q,% (D.20)

_(2m +n+ 1)§m+1,n—1 - (7’L + 1)‘/9\m+1,n+1 = .]/C\mn; 1 <n< M —m — 2;
—(M + 1) G 1, M—m—2 = Frn, M—m—1, ,0<m<M-3 (D21)
_(M +m + 1)./9\m+1,]W—m—1 = .]/C\m,M—ma

N+ 1) Gmtn41 = fons  0<n<M-—m, 1<m<M (D.22)

(in fact, the last Eq. (D.22), holds also for M = 1 and M = 2). For0 < m < M > 3, M > 3 fixed, the linear system (D.21)
is determinate compatible (it is a lower triangular system with no zeros at the diagonal).

Therefore, for M > 3, the components gpn, Jmn, 0 <n < M —m, 0 < m < M, of the generating function (D.16) are
obtained solving the Egs. (D.18)-(D.22), except the terms g, o (for 0 < m < M) that, due to the action of L, (see (D.15)),
do not appear in Lz,G. Consequently, they are not determined by the homological equations (they are “responsible for the
non-uniqueness of G”), and can be set arbitrarily. As in [41], we fix them to 0. Furthermore, if F' € Ef o the right hand
side of the system (D.18)-(D.22) is real (Lemma 2). Besides, as the choice g, 0 = 0 (for 0 < m < M) preserves the
S-symmetries, it follows that G € Ef MM

Resonant terms. For every M fixed, we see that the component gps—1 1 is determined by the Eq. (D.20) and G411
(0 < m < M — 3) appear on left hand side of the first equatlon of (D.21) forn = 2, so these components are also determined
once the system is solved. Therefore, the terms —gp; 1 151 «53 and — G411 51 «53 ™ (for 0 < m < M — 3) cannot be
used to remove the corresponding terms f]\/[_Q,O 51 «53 and fm 0 ﬂ”«EM ™ that are present at the right hand side of (D.17).
Thus, all these terms —together with fM,O é{” s J?M—1,1 Elj 153 must be included (the former ones, with opposite sign and
their corresponding values substituted) in Z, at the left hand side of (D.17), so

M M-2 M
Z= " fmoll& T+ Y G n PG =D ZnG, (D.23)
m=0 m=0 m=0
where the components g,,+1.1 are given by the solution of Egs. (D.18)-(D.21). Since all the coefficients in Z are real, and
(fz) fz,z =1,2,3,4, we see that Z € EKMM
On the other hand for M = 1, the working space of S-symmetric homogeneous polynomials is E‘Zm, with ¢ =

1,...3|0/2] — o, forc = 4,5,... Then, according to (D.9) and (D.16),

F=Ffiob&+ frofe + foos + for s, G =G10& + 31,0 + Jo,0E + o1 &a,
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and Lz,G = go1 g} — 2010 54, so the homological Eq. (D.2) is solved taking

.~z foa
go,1 = f1,0, g1,0 = -5

The coefficient g o is not determined but, as we pointed out before, it can be set to 0, so we take gy o = 0 and then

G:*@§1+f10§4, Z = Fiobi+ foods (D24)

and clearly, F, G € IEZ 11- Finally, for M = 2,

F= fl.,l &1€4+ J?z,o 53 =+ fl,o 283 + J?1,1 Eay + ﬁ),l E3€4 + fo,z ﬁ + J?z,o 5? + fl.,o 616 + fo,o 537
and, o o . . o ~ o o ~

G=010&E+ 01168 + 72068 + 0,085 + Go,1 380 + G025 + G1,0 283 + G11 260 + G20 &3,
so the homological Eq. (D.2) takes the form,

—4G2061€s + G101 E5 + Go.1 Ea€3 + 20006084 — 20108360 — G112 —B3G1aE2 4+ Z
= .]?1,1 £164 + J?z,o €+ fl,O 263 + fl,l oy + ﬁ),l 364 + J?o,2 &+ .]?2,0 &+ fl,o 6163 + J?o,o &2 (D.25)

and fixes the coefficients

o~

fia ~ foa o Joe - = ~ _ 7 _—
920 =T gi,0 = T g11 = —T, g1,1 = f2,0, go,1 = f1,0, go,2 =

fi1

5 (D.26)

of G. Again there the undetermined coefficients, and yet again they are set to 0, i.e., go,0 = g1,0 = g2,0 = 0. This gives rise
to

f01 f02 f11 f11

G = *—5153 €164 — —51 +f10§3§4+ & Jrfz 0&26s (D.27)

whereas the components f1 0s f2 o cannot be removed. Neither does fo 0. since in this last case g ; is first exacted by

the homological Eq. (D.25) to g1,1 = —fo 2/3 (see (D.26)), so —g1.1 53 cannot be used to remove the term fo 0 53 on the
right hand side of (D.25), and both them (the former with its opposite sign and its value substituted) must be present in Z.
Consequently,

Z = J?o,oég, + fl,0§~15~3 + J?z,og% + 1162 = (foo - @> &+ f1 06163 + f20§1 (D.28)

Thus, we have shown that the normal form, Z,, depends only on , §~1 = q1p2 and §~3 = %(ql p1 + gap2). More precisely
that, when o is even (and o > 4) then Z,(u,q,p) = Z, (u, &, 53), being Z, (u, v, w) a polynomial of standard degree

o /2 with real coefficients. Furthermore, it is clear that the normal is given by (27). This closes the proof of statement (b) of
Proposition 1. 0

Example 4 (Computation of Gg and Z,). We use (D.10) and (D.11) to express the components of Z, GG in (D.24), and Z,

G in (D.27) and (D.28) as linear combinations of the components of 1%”1(1)1 and %’6@2 with respect to the standard basis of
E¢arar. These components are shown in Table D.2, so

M
1 1) m m n, n
f%ﬂzgw)M = E %(m M-m,M-n,n 71 a3 P s (D.29)
m,n=0
corresponds to %(Pl in (D.5) for £ = 1 and M = 1, whereas it matches %%(212) in (D.6) when ¢ = 0 and M = 2. Therefore,

() for M =1 =1),

> . . 28
foo=—i(f10+ fo1) = —1i (%(,30,1,0 + %(,%)?1,0,1) =% 32/3\/5,
fo 1= f10— fo1 =74 1)0 1.0~ 1(7(1)?170_,1 =0, (S-symmetries)

6

N 1
Fo=fi=20, = 5 3%,

1 51
f fOO* 1(0)110* 2_532/37
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(1)
f mq mo ni1 no %mlmannQ

1 1 0 o0 1 £33
1 1 0 1 0 i35
1 0 1 o0 1 i14432/3\/5

1 0 1 10 —313%3

14 92/3
625 O

0
2 0 1 1 1223235
0

0

0

0 2 92 0 3613285 32/3

o 1 1 0 2 i 52 3%/3V5
o 1 1 1 1 132323

0 1 1 2 0 ig83¥5
0o 0 2 0 2 538323

o o0 2 1 1 1496 32/3,/5
0 0 2 92 0 145964265 32 /3

"ll“lable D.2: ggefﬁcients of homogeneous polynomials (of adapted degree 2¢ + 2M = 4) ‘%01(11),1 in (D.5) and %(2)72 in (D.6), where %”Z(M)M is given by
the sum (D.29).

(i) for M = 2 (£ = 0),

A 4004
foo == (f20+ fra+ foz) = - (f%ﬂo(é?ozo + f%ﬂo(&?l,m + %(,5?2,0,2) = 9375 —= 378,
> . . 24
fio=—i(fo1+ f12) = —i (%(2)0 11t %{11170 2) = o 32/3y/5,
J?o,1 = —2i(f20 — fo2) = —2i (t%”og?o,m — %55?2,072) =0, (S-symmetries)
~ 1 14
f20=f22= %(,2?0,0,2 = % 3%/3,
f11*f12*f21* 2)011*%&1102—0 (S-symmetries)
A 2332
foz = fe0— fia+ fo2 = t%ﬂo(,;?o,zo - %(1?1,1,1 + % 0 202~ “1g75 —— 3%
s . . 392
fio=—1(fio+ fo1)=—1 («%’6(71?172,0 + %(0,271,1) = o 32/3\/5,
i = fro— for = (1) ) .
fi1=fro— for= 51120 #0211 =0, (S-symmetries)
1) 4946 2/3
= foo = 3
f20 fOO 0220 15625 )

(we have tagged the terms that cancel due to the reality conditions). Substitution of these coefficients in (D.24), (D.27)
and (D.28) yields,

1 -
Glin= t%ﬂl(,o?m,oﬂ& = —% 32/3u§4,
Y L) 6 o2/3 2/3./5
Zl,l,l:%1001#/61_1(%10104‘%70,170,1)#6 53 é‘ + 3 ,U/€3;
1 ) . o
Ghago = -3 («%’6(72?072,0 - %(,1?1,1,1 + %” 0 2.0 2) 616y —i (%(,1?1,270 + %,072,171) &6+ %50?2,2,05254
2332 o5 2s 1946 5
56250 L & + V536 TE60F &l
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Algorithm AppendixD.1: Computation of 7" 2 = Z,, 7% ... 7 (in [25]).

“o+1
1: fori < s,0,—1do > ¢ from s to o by —1
2 k+0
3 l+1
4: U+ H(i—o0+2)
5: for j «+i,s,0 —2do > j frometosbyo —2
6 k< k+1
7 I+ Ixk
8 U<+ {U,G(0)}
9 H(j)  H(j) + U/l
10: end for
11: end for

4« 2 .« 4« o . 1 1 z - 1 ~

Z072-,2 - = <§%(,2?0,2,0 + _%(,1?1,1,1 + _%(,0?2,0,2> §§ —1 (%(,2?0,1,1 + %%(,1?1,0,2) §183 + %(,2?0,0,2 ff
352

= 3%/3 €2 4+ 32/3\/_5153 +

2/3 &
28125 3 &

625 625

where &;, i = 1,2,3,4 must be replaced by their definition in terms of (¢, p) in (D.8). Hence, G} = GY11+Glan € EY
and the complete generating function at degree 4, Gy, is the sum G4 = GI + G2 (we recall that GI € EZ was found in
Example 3). Besides, the (complex) normal form up to (adapted) degree 4 results to be

25 27
Z(4) = Z2 + Z270,0 + 21,171 + Z072,2 = §H + 3232/3,“2 + 35 \/_63 + €2 + - 5 32/3:“61 + 32/3\/_,U/€3
352 32/3 ¢ 2/3 14 2/3 &
3 —3 D.30
“osips G 625 VBaiGs + 625 & (0-30)
being Z5 0,0 = %((1))0 = 27 32/3 . This corresponds to the trivial case M = 0, see (D.4). >

Some remarks on the normal form

Remark AppendixD.6 (On the complexification). We note that, since the Poisson brackets preserve the S-symmetries (see
Remark AppendixC.1 (iii)), and we have seen that the generating functions G, o = 3,4, ..., are S-invariants as long as
the each of the corresponding L7 in the right hand side of (25) is; then it follows by induction that the successive
transformed Hamiltonians, .77 (?~2) given by (26) will also be S-invariants. o

Remark AppendixD.7. In practice, there are several useful algorithms to perform the computations in an effective way. For
example, once the homological Eq. (25) are solved and GG, is found, one can use Algorithm AppendixD.1 above (see [25] for
the corresponding software implementation) to compute the terms of the transformed Hamiltonian, .7#°(? =) from the current
(adapted) degree o, up to the given degree s to which the normal form is computed; more precisely, it outputs,

A = 7, AN, A, (D.31)

&

Remark AppendixD.8. The transformation generated by (G5 are given by,

q( )= ql( 4 {qz(l),Gg} + % {{qgl),GB} G3} ; {{{qgl),GB} ,Gg} ,Gg} +
(0) p(l)-l-{pzl) Gg} 21| {{pzl) Gg} G3} ;1 {{{pgl),Gg},G3},G3}+

¢ =1, 2; where (q(o) , p(o)) are the original coordinates and (q(l) , p(l)) are the new ones. This can be repeated to get explicitly
the symplectic changes generated by G4, G5, ... and so on, up to the required degree. Of course, a similar algorithm to
Algorithm AppendixD.1 can be applied coordinatewise to mechanize the computations (again, see [25] for details). o

Remark AppendixD.9. The normal form at 1:—1 non semisimple resonant equilibrium point in a family of Hamiltonian
systems has been investigated in many papers, here we quote: [50], [55], [56]. The same resonance can take place in a family
of periodic orbits (see [23], [40], [41], [42], [43]), and in a family of lower dimensional invariant tori (see [8]). Whatever
the algorithm to perform the transformations is, the key point of the reduction to normal form lies in the solvability of the
homological Eq. (25) (see the quoted references for an outlook of the different approaches). In the context of the periodic
Hopf bifurcation, this is tackled in [41], Proposition 4.1, which we adapt here to the special case of a 3-degree of freedom
(complexified) Hamiltonian (21), depending on the normal coordinates q,p € C2, an “action” p € C (originally, the real
parameter of the family of Hamiltonians), but not explicitly on its conjugate angle.
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Of course, one might expand the Hamiltonian (21) with respect to the (g, p) coordinates only, letting the coefficients
depend on p. Proceeding in that way, the coefficients of the normal form terms and of the generating functions —given, at
each step, by the solutions of (25)— would now be rational functions of the parameter ;. Thus, the higher the degree, the
more intricate the expressions. This results to be a very expensive way to compute the normal form. Hence, the approach we
present here of expanding in the parameter (we recall that it is assumed to be a small quantity), seems fairly more suitable. ¢

Remark AppendixD.10. In some situations, such as when we approximate the solutions of the original Hamiltonian system
using the solutions of its normal form or when we look for the “optimal” degree s up to what the normal form has to be
computed to minimize the size of the remainder, we have to find explicitly the generating functions Gz, G4, ... At this
regard, we stress that the above proof of Proposition 1 given in this appendix shows, not only the structure of the reduced
Hamiltonian in this case in point, but also provides the formulas for its coefficients and the coefficients of the generating
functions, up to any required degree. o

Remark AppendixD.11. The Examples 1-4 that came up along the proof of Proposition 1, illustrate the practical implement-
ation of the normalization process for the given Hamiltonian of the CP problem. In particular, the fourth order normal form,
Z@ | of the Hamiltonian (21) (and the generating functions G35 and G4) follow from the Examples 3, and 4. We remark that
the proof of Proposition 1 we give here is more complete and detailed than the one given in [41]. o
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