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Abstract: An analysis is presented to develop the exact solutions
for the accelerated flows of a generalized Burgers' fluid when the
relaxation time satisfying the condition y</12/4. The
corresponding expressions for the velocity field and associated
tangential stress are obtained by using Laplace transform for the
problems of flow induced by constantly accelerated plate. The
obtained solutions are presented through simple or multiple
integrals in terms of Bessel functions. The corresponding solutions
for Burgers' fluid are recovered as special case of the solutions
obtained here.
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1.

The flow induced in a fluid due to sudden motion or because
of continues oscillation of a flat plate is usually known in the
literature as Stokes' first and second problems, respectively
[1,2]. The exact solutions of an unsteady flow for unsteady
Navier-Stokes equation are always handy and of fundamental
importance. These solutions not only provide an explicit
solution to a problem that has physical relevance but can also
be used to check the stability analysis of the solutions.
Further, such solutions can be used for testing the efficiency
of algorithms/complex numerical schemes for flows in
complicated flow domains. In the literature there is fairly
large number of flows of Newtonian fluids for which the
exact analytical solutions are possible. However, for non-
Newtonian fluids such exact solutions are rare. This is
because of the reason that the governing equations of non-
Newtonian fluids are much more complicated and of higher
order as compare to Navier-Stokes equations.

The purpose of this paper is to determine the exact
solutions corresponding to generalized Burgers' fluid when
the motion in the fluid is induced because of the constant
acceleration of the plate. More exactly, we intend to extend
the analysis in [3] to a larger class of fluids. The present
analysis is not only an attempt towards enhancement of the
theory of generalized Burgers' fluid but the present fluid
model has its significant importance especially in describing
the behavior of asphalt and asphalt concrete [4]. Further the
model under discussion has also been used to model other
geological structures, such as Olivine rocks and the
propagation of seismic waves in the interior of the earth
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[5,6]. Such models have also been successfully used to
describe the motion of the earth's mantle [7].

Several analytical methods are available for finding the
exact solutions of non-Newtonian fluids. Here, Laplace
transform method has been employed to find the exact
solutions of the proposed problems. Despite of the fact that
the Laplace transform method does not work always, for
example, the problems involving second grade fluid. This is
due to incompatibility between the prescribed data (For
further details see Bandelli [8,9]). On the other hand, the
Laplace transform technique has also been successfully used
by several authors to determine the exact solutions of rate
type viscoelastic fluids [10-23]. Generally, for these fluids a
new initial condition is necessary apart from the condition
that the fluid is initially at rest. In this article, we try to
establish the exact analytic solutions for the accelerated flows
of a generalized Burgers' fluid when the relaxation times

satisfying the condition y<A?/4. The analytical

expressions for the velocity fields and associated tangential
stresses are determined by means of Laplace transform. The
corresponding solutions for Burgers' fluid are recovered as a
special case of the solutions obtained here.

2. Governing Equations

For an incompressible flow, the governing equations are

divV =0, 1)

dav .

— =divT, 2
P4t )

where Eq. (1) is the continuity equation and Eq. (2) is the
momentum equation in the absence of body forces. In these
equations V is the velocity field, p is the density, T is the

Cauchy stress tensor and for a generalized Burgers' fluid, it is
given by

T=-pl+S, €))
5S  5°S SA  S5°A
S+A 4y =y A+ A =,
st st ‘{ "ot ndtzj

where p is the pressure, |is the identity tensor, S is the
extra stress tensor, x is the dynamic viscosity, A and
A < A are respectively the relaxation and retardation times,
and y and 5 are the material constants of generalized
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Burgers' fluid. The first Rivlin-Ericksen tensor A and the
upper convected time derivative &/ 6t are defined as

A=L+L L=VV, 4
2
ﬁ:i(ﬁj:ﬁ(d_s_Ls_sﬂ), (5)
st2 otlst) otidt

where d/dt denotes the usual material time derivative and
L is the velocity gradient. For the problem under discussion,
we assume that the velocity field and the shear stress are of
the following forms:

V=v(y,t)i, S=S(yt), (6)
where i is the unit vector along the x —coordinate direction
and v is the x—component of velocity field V. Invoking
Eqg. (6) the continuity equation (1) is identically satisfied and
in view of initial conditions S(y,0)=0,S(y,0)=0,Eq. (3)
gives
(2420, + 907 )T (v,t) = (L 20, +7¢ )ov(¥:1),

Sxz =Sy =5, =0, Sxy:T(y,t) is
tangential stress.

In the absence of external pressure gradient, Eq. (2) reduces
to the relevant equation

Oy T (y,t)= popv(y,t).

()

and where the

(8)

3. Flow due to Constantly Accelerated Plate

Consider an incompressible generalized Burgers' fluid
occupying the upper half space of (x, y) plane. The fluid is
bounded by a rigid plate at y=0 such that the positive
y—axis is taken normal to the plate and x-—axis is taken
parallel to the plate. Initially, both the fluid and the plate are
at rest. At time t=0"%, the plate is brought to a constant
acceleration f (t)= At and motion in the fluid is induced in
the direction parallel to x—axis. Under these assumptions,

the flow is governed by Egs. (7) and (8) along with initial
and boundary conditions:

v(y,0)=6,v(y,0)=0,T(y,0)=6,T(y,0)=0,y>0, (9)

v(0,t)=f(t), (10)

v(y,t)and T(y,t) >0asy — . (11)
Introducing the following dimensionless variables

r:%,ézé,U:%andS:pAcv, (12)

into Egs. (7)-(11), we get

(1+0, +02)S(£,7) = (1+ a0, + £0?)O U (£,7):&,7 >0,
(13)
0:8(&,7)=0,U(&7); &7>0, (14)

U(5,0)=0,U(£,0) =0, S(¢,0) =2,5(¢,0)=0; >0, (15)

u@©,7)=r, (16)
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U(&,7), S(&,7) >0as & —> o, 7>0.

fﬂ A /4 n
c=,|—,a=—"F,f=—and f, =—.
p}p o 2 ﬂ 12 ﬂO /12

Applying Laplace transform to Egs. (13) and (14) along with
boundary conditions given by Egs. (16) and (17) in view of
initial conditions (15) we obtain

where

(18)

(trarpa? )50 =(Lrag o) 220, a9
dS(&,q)  —
00.9)=—, (21)
q
U(&,0), S(£,q) >0as & —co. (22)

Eliminating §(§,q) between Egs. (19) and (20), we get the
following differential equation

d?0(zq)  a(sa’ +a+l)

U(&,q)=0. 23

T PP (£.0) (23)

Now solving Eq. (23) and by using Egs. (21) and (22) we get

U(f q) —iexp _5 M (24)
o (Bod” +aq+1) |

Incorporating Eq. (24) into Eq. (19), we obtain the following
expression for S(&,q)

1 |a(a’+q+1)

SEQ) = —
€9 a° \| (Ba® +aq+1)
(25)
ool ¢ a(pa® +q+1)
(Bo@® +aq+1) |

3.1 Calculation of the Dimensionless Velocity
In order to determine U (&,7) = L’l{U((f,q)}, we decompose
L_J(:f, q) as follows:

U(&,q) =U1(a)U2(&, q), (26)
where
V)@

Bod? +aq+1
w(q)="21————.
N q(pa” +a+1)
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If Uy (7) =L {Us(@)} and Up(&,7) = LHU2(£,a)}, then

by convolution theorem [24], we have

U(E7) = (Uy U, )(r) = [Uy (s =5)U, (& 5)ds
0

(28)

T

= le (s)U,(&,7—5)ds.

0
To find U, (z), there are three possible different cases for
y,ie y<A?14,y=2214 and y>2%/4. Here, we will
only consider the case y < A?/4 for which the quadratic
equation ﬂqz +g+1=0, has real and distinct roots and the
function U1(q) takes the following form

Un(q) = P %+ + Gl + & —ath ~ati Gy
3
B(onds)
XE_I_achqz_ql_QZ i+ 1 1

qa  Bag) 9 Sty &
(_aQ1+ﬂOQZL2 +1) 1

B (d—0y) A+0
(—“qz + Byt +1) 1

B (4 -q) A+G

where ql]zz(liﬂfl—4ﬂ)/2ﬂ. Consequently, the inverse

Laplace transform of Eq. (29) gives the following expression
for Uy (7)

(29)

—0!%2012

Uy (¢) = | PO + 0 + 6% + &~y
Alag,)”
1 i_'_ (—(Z%Jfﬂo%z +1)

+aQ1Q2 O, — QQ . e~ (30)
(o)’ "pat 2 pe(a-ay)
(—05% +ﬁoQ2 +1) 4y
e % b
(92 —)
or simply
(1+fo—a=p)-(1-a)
U (7)= N 7? A o Y2 31)
2 0z
where c = 2% A% gor  —1 2,

Qk(Qk— )

Using the inversion formula for compound functions [24], we
write U, (&,7) as follows:

Uz(sg:T)ZIf (§,U)g(u,r)du
0
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zfﬁjﬁ xp( JJl(Z\/_) uz)dzdu, (32)

where J (-) is the Bessel function of first kind of order one.

To find g(u,7), we decompose w(q) in the following form

1
W(q>=—+L_L, (33)
g g+ aq+0Q,
where g, and p, are given as
,51:—&— g(—l+2a+g) N 3(—1+2a)5 ' (34)
2 (l+2a+e+2f) (2+4a+4p)
and
1 e(l-2a+¢ 3(-1+2a)e
1 eltare) | 3(Av2)e o
2 (1-2a+e-28)) (-2+4a+4p,)
with &=2222% For the case 7 < A% 14, we will discuss
=7 |

the following four possibilities.

Casel: 4, =4 or 4, #4 and y<4.(1-4.)

2
In this case g, <0 and £, >0 and taking into consideration
Eq. (33), g(u,7) can be written as

9(ur)=58(z)+g, (u7), (36)
where
P e AN O RN Yy
+J: ‘72’11(2 ﬁ’zur) I us\(/z g ()
x]l(Z\/E)Il(Z ﬁ1 T- s))ds
et
(37)

WA paseut-, (2, s

efql(sfg)qu(H) ]1(2 ua)

<l (2\/ (- 0') (2\/ﬂ2 P s))do—ds

where &(-) is the Dirac delta function and () is the
modified Bessel function of the first kind of order one.

Invoking Eq. (36) into Eq. (32), having in mind Eq. (28), the
expression for the dimensionless velocity is
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oL,

xJ; (2 fz dzdu +

xexp{—i—i]]l (2 éz )

xUy(t—s)g, (u,s)dz duds,

y

T 0000

el

0 0o Y (38)

where U, (z) and g, (u,7) are given by Egs. (31) and (37).

Case 2: 4, €[0,4) and >4 (1-4)

In this case both constants S, and g, are positive. Adopting
similar procedure as in the first case, as a result we found an
expression for U(&,7) same as given by Eq. (38) with

gy (u,7)= (’1 Zf qufl (2 ,BZUZ')
—Ee_qlrjl(Z ,Blur)

u\/E ) efqz(ffs)]l (2\/;)11 (zm)ds
(24 ) (2B =s)Jas

efqzsfql(rfs)ll (2 Sous )]1 (2, ,ﬂlu(r -s) )ds

u\ B Sl
o(s—o)(r-s)
xJ, (2\/ﬂ1u(r -5) )I1 (Z\Iﬂzu(s -0o) )da ds

<
5
® |
S
-\
U)

+

%)
—_~
3
|
©n
SN—

+

Sl N O Ot Oy
%)
—_~
=
|
(%
N—

=)o) (Zﬁ )

O e 1y

(39)
instead of g,

—_

u,z).

Case3: 4, (£,4) and y> 4, (1-4)

Here both g, and g, are negative and the corresponding
velocity U(&,7) have the same form as given by Eq. (38)

with
jl(zﬁ) / “h’l( —,Blm')

e '] ( ﬂzur)

j[ U\/Tl e (79 (2\/5)11(2,/—ﬂ1u(r—5))ds

s(z-s)

—~

o u,r)

_ —ﬂz

50

e (2 us)]l(z1 f—ﬂzu(r—s))ds
e hslrs) (ZVI ,Blus)jl(Z\/—ﬁz r-5) ) s

(

—‘h(s_a)_‘h(f_s) 2
G(s—a)(r—s)e ]1( ﬁ)

Z\I—ﬂlu(s - U) )]1 (Z\I—ﬂzu(r —S))dU ds

(40)
instead of g, (u,7).

Case4: 4, #4% and y=2,(4-4,)

In this case for £=+1, we have respectively

1 1
q3_a+ﬂo’q4_1—a—ﬂo'
 B(lra+p) _1+2a2+(3a+ﬂ0)(ﬂ0—1)
b= e po) a2 -0 (a po-1)2a+2n-1) °
B(t+a+py) _1+2a2+(3a+ﬂ0)(ﬂ0—1)
3T ar2p, 1 T 1-2a-24,
(41)
and
1 1
q3_1—a—[5’0'q4_1+,80'
_ 1+422°+3a(By 1)~ B+ Sy
3 (a+ By -1)(2a+25,-1)
5, - By(1+a+p)
Y (a+By)(2a+20-1)
2
a3:1+2a +(3a+ﬂ0)(ﬂ0—1), “2)
1-2a-28,
B(l+a+fy)
Y 2a+28,-1

In both cases &=+1, w(q) has the same expression as given
by Eq. (33). Thus, in view of above restrictions the Laplace
inverse of U1(q) results in

(1+ﬂ0—a—ﬁ)—(1—a)r+i

Ul(f): g

qs

(43)
_ ﬂe_q“-r
4y

Thereby, the expression for the dimensionless velocity
U(&,7) inview of Eq. (28) is given by Eq. (38) with
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—_

94 (u,7)=— ;]1(2\/E)+ f@eﬂh’ll(Z —,83uz')

Pall gairy (2 ﬁ4ur)

e_q3(7—5)]1 (Z\E)Il (2 f—p}a(r—s))ds
e q4(r—s)]1(2\/ﬁ)11(2 /,B4u(r—s))ds

—PsBs equs*%(ffs)[l(z —,83u5)

: %‘
[
=

<

|
Ol O O
<
E

+

X
~
[un

N
=
<
—~
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[

(%)
N—
Nt 4
&
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<
|
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[ =
Q =

ol ) (24
2B ))I1 (2, fﬂ4u(r—s))da ds,

instead of g, (u,7) and U, (z) is given by Eq. (43).

|
O tm—
q
—
(7
|
Q
~
—
N
|
%)
~

X
~
-

—_~

(44)

3.2 Calculation of Dimensionless Shear Stress

For shear stress we write Eq. (25) in the following form

5(£,q)=-51(q)S2(£.q), (45)
where
- ﬂ0q2+aq+1
Si(q)=2———,
1) ¢*(Ba* +a+1)
(46)

_ 1 3
S2(&,q)= - )
2(5‘1) W(q)exp[ W(Q)J

and w(q) is given by Eq. (33).

IS, (7)=L"{S1(q)} and S,(&,7) =L {S2(&,q)), then by
convolution product we can write
S(&,7)=~(51%S,)() =[Sy (r=5)5,(&,5)ds
’ (47)

T

= —ISl (5)S,(&,7—s)ds.

0

To find S;(z), we arrange §1(q) in the following form

- a 1 - +aq, -1
Si(q)= Q-9 -% 1 ﬂ ﬂo‘h( _q21)
ﬂ(qlqz) q q14; q q1\q; 48)
« 1 +‘ﬂ0‘l2 tag,-1 1 .
a+a  @(6-2) q+q

The Laplace inverse of Eq. (48) gives
Si(r)=cne ™ +ae ™ +r+a—1, (49)

o1

where q,,q,, o, and a, having similar expressions as given

before. Adopting similar procedure as for U(¢,z), one
obtains the following expression for the shear stress
[——J}O (2 &z )dz du
Zﬁ 000 u\ﬁ Au

xSy (7-5) gk (u,s)dz duds,

where g, (u,7) with k=1,2,3, are given by Egs. (37), (39)

or (40) and S, (7) is given by Eq. (49). In the last case
S, (7)=aze ™ +a,e ™ +r+a-1, (51)

where o5,a,,q; and g, are same as given in Egs. (41) and
(42). Consequently, the expression for S(g,r) is given by

e B rae W -1
S(f,f):—|: 3 4 :|

N
U

exp{ J 10(2 gz)dzdu
ol ”71{4—}1(2 )9, (1)

x[a3e_q3(r_5) + a4e_q“(7_5) + (r - s) +a- 1}dz duds,

(52)

where g, (u,7) is same as given by Eq. (37).

4. Special Case

Taking the limit of Egs. (38) and (50), as 7 —0 and hence
By, —0, we get the following expressions for the velocity
and shear stress

)=%ﬁ§exp{—i—3h(z £z ) dzdu

m [ %jh(z %) )
xU(r—s) (u,s)dzduds,
S(f,r)=—§(—\/;_)TTﬁexp[—z—zJ ]0(2 §z)dzdu

I‘E.!!ufxexp[ z ] 0(2 cfz) (54)

><S(r —s)g(u,s)dz duds,

with
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2

(1—a—,[;’)—(1—a)r+%

U(r)= P , (55)
a4 q;
S (7)=aye ™ + e +r+a-1, (56)
where a, :%.

The expression for g(u,7)is same as for g, (u,7) given by
Eq. (37) with the following values of g,,5, and ¢

_ 1-2«a (57)

2 T4

It is important to note that the limiting solutions (53) and (54)
of present study are similar to Khan et al. [3, Egs. (41) and

(83)].

e+l

P =

5. Concluding Remarks

This article reports the exact solution for the accelerated
flows of a generalized Burgers' fluid when the relaxation time
satisfy the condition y <A%/4. The flow is induced by
uniform accelerated motion of the plate. The Laplace
transform method was used for finding the expressions for
velocity field and adequate tangential stress. The solutions
are obtained for four different cases. The solutions obtained
in [3] are recovered as a special case.

Acknowledgments

The authors gratefully acknowledge the financial supports
received from the Universiti Malaysia Pahang, Malaysia
through vote numbers RDU121302 and RDU131405 for this
research.

References

[1] G. Stokes, On the effect of the internal friction on the
motion of pendulums, Trans. Cambridge Philos. Soc.
1851; 9:8-106.

[2] L. Rayleigh, On the motion of solid bodies through
viscous liquid, Phil. Mag. 1911; 21:697-711.

[3] M. Khan, S.H. Ali and C. Fetecau, Exact solutions of
accelerated flows for a Burgers' fluid, 1. The case
7<42 /4, Appl. Math. Comput. 2008; 203:881-894.

[4] J.M. Krishnan and K.R. Rajagopal, A thermodynamic
framework for the constitutive modeling of asphalt
concrete: Theory and application, J. Mater. Civ. Eng.
2004; 16:155-166.

[5] A.R. Lee and A.H.D. Markwick, The mechanical
properties of bituminous surfacing materials under
constant stress, J. Soc. Chem. Ind. 1937; 56:146-156.

[6] B.H. Tan, I. Jackson and J.D.F. Gerald, High-
temperature viscoelasticity of fine-grained
polycrystalline olivine, Phys. Chem. Miner. 2001;
28:641-664.

52

[7] W.R. Peltier, P. Wu and D.A. Yuen, The viscosities of
the earth mantle, in: F.D. Stacey, M.S. Paterson, A.
Nicholas (Eds.), Anelasticity in the Earth, American
Geophysical Union, Colorado, 1981.

[8] R. Bandelli, Unsteady flows on non-Newtonian fluids,
Ph.D. Dissertation, University of Pittsburgh, 1955.

[9] R. Bandelli, Unsteady unidirectional flows of second
grade fluids in domains with heated boundaries, Int. J.
Non-Linear Mech. 1995; 30:263-269.

[10]C. Fetecau and C. Fetecau, The first problem of Stokes
for an Oldroyd-B fluid, Int. J. Non-Linear Mech. 2003;
38:1939-1944.

[11]C. Fetecau, S.C. Prasad and K.R. Rajagopal, A note on
the flow induced by constantly accelerating plate in an
Oldroyd-B fluid, Appl. Math. Model. 2007; 31:647-654.

[12]D. Vieru, M. Nazar, C. Fetecau and C. Fetecau, New
exact solutions corresponding to the first problem of
Stokes' for Oldroyd-B fluids, Appl. Math. Comput.
2008; 55:1644-1652.

[13]M. Khan, M. Saleem, C. Fetecau and T. Hayat, Transient
oscillatory and constantly accelerated non-Newtonian
flow in a porous medium, Int. J. Non-Linear Mech.
2007; 42:1224-1239.

[14]C. Fetecau, C. Fetecau and D. Vieru, On some helical
flows of Oldroyd-B fluids, Acta Mech. 2007; 189:53-
63.

[15]T. Hayat, M. Khan and M. Ayub, Exact solutions for
some simple flows of an Oldroyd-B fluid, Acta Mech.
2007; 189:53-56.

[16] T. Hayat, M. Khan and M. Ayub, Exact solutions of flow
problems of an Oldroyd-B fluid, Appl. Math. Comput.
2004; 151:105-119.

[17]M.E. Erdogan and C.E. Imrak, On some unsteady flows
of a non-Newtonian fluids, Appl. Math. Model. 2007;
31:170-180.

[18]N. Aksel, C. Fetecau and M. Scholle, Starting solutions
for some unsteady unidirectional flows of Oldroyd-B
fluids, ZAMP. 2006; 57:815-831.

[19]T. Hayat, C. Fetecau and S. Asghar, Some simple flows
of a Burgers' fluid, Int. J. Eng. Sci. 2006; 44:1423-
1431.

[20]C. Fetecau, T. Hayat and C. Fetecau, Steady-state
solutions for some simple flows of generalized Burgers
fluids, Int J. Non-Linear Mech. 2006; 41:880-887.

[21]C. Fetecau, D. Vieru, T. Hayat and C. Fetecau, On the
first problem of Stokes for Burgers' fluid, I: Case
y<42/4, Int. J. Non-Linear Anal. 2009; 10:2183-2194.

[22]1.C. Christov, Stokes' first problem for some non-
Newtonian fluids: Results and mistakes, Mech. Res.
Commun. 2010; 37:717-723.

[23]C. Fetecau, T. Hayat, M. Khan and C. Fetecau, Erratum
to: Unsteady flow of an Oldroyd-B fluid induced by the
impulsive motion of a plate between two side walls
perpendicular to the plate, Acta Mech. 2011; 216:359-
361.

[24]G.E. Roberts and H. Kaufman, Table of Laplace
Transforms, W.B. Saunders Company, Philadelphia,
London, 1968.





