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ABSTRACT.  We prove that h-convex functions on Carnot groups of step two are locally Lipschitz con-
tinuous with respect to any intrinsic metric. We show that an additional measurability condition implies
the local Lipschitz continuity of h-convex functions on arbitrary Carnot groups.

1. Introduction

Recently, considerable efforts have been made in order to determine an appropriate notion
of convexity in general Carnot groups and to establish regularity properties of convex sets and
functions (see [5, 14,2, 12, 13, 6, 16, 17, 11, 15]). In the sub-Riemannian setup of Carnot groups,
the notion of geodetic convexity—which is perfectly appropriate in a Riemannian setting—has
been shown to be inadequate in [17]. More promising notions of convexity in Carnot groups, h-
convexity and v-convexity, have been proposed in [5] and in [14]. Roughly, a functionu : G - R
defined on a Carnot group G is h-convex if it is convex along the integral curves of the left-invariant,
horizontal vector fields. The aforementioned notions of convexity have turned out to be more
or less equivalent: In the setting of Heisenberg groups, it has been shown that the classes of
h-convex and v-convex functions coincide {2]. In general Carnot groups the v-convex functions
are precisely the upper semicontinuous h-convex functions (see [21, 18, 15]).

In the Euclidean setting, it is well known that convex functions are locally Lipschitz continu-
ous. Moreover, due to a theorem of Aleksandrov, convex functions are twice differentiable almost
everywhere (see, for instance, [8}). Proving similar regularity theorems for h-convex functions
in a noncommutative Carnot group becomes a challenging problem which is a subject of current
interest. Let us briefly recall the state of the art: The local Lipschitz continuity of h-convex func-
tions on Heisenberg groups with respect to any intrinsic metric was proved in [2]. An intrinsic
version of the Aleksandrov theorem for continuous, h-convex functions on Heisenberg groups has
been obtained in [11] and [13]. This last result has been generalized to arbitrary Carnot groups
of step two in [6]. One objective of the present article is to remove the continuity assumption in
this second-order regularity result.
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Theorem 1.1. If G is a Carnot group of step two and 2 C G is an h-convex, open subset, then
every h-convex function u : Q — R is locally Lipschitz continuous with respect to any intrinsic
metric on G.

Since an h-convex function # : 2 — R (where € is an h-convex, open subset of an arbitrary
Carnot group G) which is locally bounded above is also locally Lipschitz continuous, it turns out
that the crucial point in the proof of Theorem 1.1 is to show that an h-convex function # admits
local upper bounds. The main geometric property of Carnot groups of step two used in the proof
of the existence of these bounds is that any such group contains a finite set whose h-convex closure
has nonempty interior. More formally, we say that a Carnot group G is finitely h-convex if there
exists a finite subset F € G such that the smallest h-convex set C C G which contains F has
nonempty interior.

Theorem 1.2. Any Carnot group of step two is finitely h-convex.

The assumption on the step of the group in the preceding theorem cannot be relaxed. In
Section 5, we exhibit a Carnot group of step 3 which is not finitely h-convex. Hence, our strategy
to prove Theorem 1.1 breaks down in higher step.

Our approach in the general case is as follows: Let G denote a Carnot group of homogeneous
dimension Q and let H€ denote Q-dimensional Hausdorff measure built with respect to an
intrinsic metric (compare Section 2). We first study the topological boundary of measurable,
h-convex subsets of G and we prove the following geometric/measure-theoretic result.

Theorem 1.3. There exists 0 < ¢ < 1 such that

H2(B(g, r)NC) -

1.1
H2(B(g, 1)) (b

for all0 < r < 400, whenever C C G is an h-convex, measurable subset and g € 3C is a point
on its boundary.

We stress that the measurability assumption in Theorem 1.3 cannot be removed. Indeed,
surprisingly, there exist nonmeasurable, h-convex sets in the first Heisenberg group H; (cf. [18]).
Theorem 1.3 has some interesting consequences. First, it can be used to give a concise alternative
proof (cf. [18]) of the L>*® — L! estimates for h-convex functions of Danielli, Garofalo, and
Nhieu [5, Theorem 9.2}. Second, (1.1) can be combined with sufficient conditions proved by
Danielli in [4] (see also [3]) to show that the boundary points of an h-convex, bounded open
subset  of a Carnot group are regular and Holder regular for weak solutions of the Dirichlet
problem for the subelliptic p-Laplacian. The following continuity result is also a corollary of
Theorem 1.3.

Theorem 1.4. Let G be a Carnot group, 2 C G an h-convex, open subset andu : Q - R
a measurable, h-convex function. Then u is locally Lipschitz continuous with respect to any
intrinsic metric on G.

As adirect consequence of Theorem 1.4, we obtain that if {u }zcn is a sequence of measurable
h-convex functions uy : Q — R (where € is an h-convex, open subset of some Carnot group G)
that admits pointwise upper bounds, then lim sup;_, ., ux is again locally Lipschitz continuous.

We conclude this introductory section with an overview of the content of the article: In
the second section, we recall the necessary background on Carnot groups and introduce the
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terminology and the notation. Moreover, we show that there is a rich supply of bounded h-
convex sets with regular boundary in any Carnot group. More precisely, we show that there exists
a countable basis of the topology consisting of bounded h-convex sets with smooth boundary
(Corollary 2.6). In the third section, we show that h-convex functions which are locally bounded
above are necessarily also locally bounded below and locally Lipschitz continuous with respect to
any intrinsic metric. We prove Theorem 1.1 and Theorem 1.2 in Section 4. In Section 5, we exhibit
a Carnot group of step three which is not finitely h-convex (Theorem 5.4). Section 6 is devoted to
the proof of Theorem 1.3 and to the proof of a more general version of Theorem 1.4 (Theorem 6.5).

2. Definitions and basic results

2.1. Carnot groups

Definition 2.1. A connected, simply connected, nilpotent Lie group G is a Carnot group if
its Lie algebra g of left-invariant vector fields admits a stratification, i.e., if there exist nonzero
subspaces Vi, ..., V; such that

(i) 9=V,
(i) [V1, Vs] =0.

Given a stratification ®]_, V; of g, we define d; = dimg(V;) (1 < i < s). The homogeneous
dimensionof Gis Q =) ;_, id;.

Throughout the article, G denotes a Carnot group of topological dimension d and step s,
whose unit element is e, while g denotes its Lie algebra of left-invariant vector fields, equipped
with a fixed stratification Vi & --- @ V.

The exponential mapping exp : g — G is a global diffeomorphism and
exp(X) -exp(Y) =exp(X *Y) VX, Yeg. 2.1

Here - denotes the group operation in G and X * Y is defined by the Baker-Campbell-Dynkin-
Hausdoiff formula

where the dots indicate a finite R-linear combination of Lie brackets of X and Y of order > 4
(see, e.g., [19]).

For go € G, Iy, : G — G and rg, : G — G denote, respectively, left and right translation
by go, i.e.,

leo(8) =g0-g and rg(g)=g-g VgeG.

For each A > O, let Ay, : g — g be the unique Lie algebra automorphism such that
AX)=AXifXeVi(i=1,...,s). Then

8) =expoA; o exp"1

is an automorphism of G, and {8,};>¢ is a 1-parameter group of automorphisms of G called
dilations. By convention, for all g € G, 8o(g) = e and 8, (g) = 6_,(g"1) if A <O.
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A left-invariant vector field X on G is called horizontal if it belongs to the first layer V; of g.
If (X1, ..., Xg4,) is a basis of V1, then the subbundle HG of TG spanned by X1(g), ... , X4,(8)
ateach g € G is called the horizontal bundle. A Carnot group G can be equipped with an intrinsic
sub-Riemannian metric in the following way: A curve y : [a, b] — G is said to be admissible
if it is absolutely continuous and horizontal, i.e., if y(t) € H, )G for almost every ¢ € [a, b].
If (-, -) is a left-invariant inner product on the fibers of HG, define the sub-Riemannian length
of y to be

b 1
L= [ (Fo.i0),,)" a.

The Carnot-Carathéodory distance p(g1, g2) of points g1, g2 € G—also called sub-Riemannian
distance—is defined as the infimum of sub-Riemannian lengths of admissible curves connecting
g1 with g». It is well-known that p is a left-invariant, homogeneous metric on G, that is

Pg(81),lgy(g2)) = p(g1,82) Vg0,81,.82€G

and

p(8:(g1),00(82)) = Ap(g1,82) V1,8 €G,VA>0.

It can be shown that p induces the manifold topology on G and that (G, p) is a boundedly compact
metric space. Moreover, it is easy to prove that left-invariant, homogeneous metrics p; and p; on
G which both induce the manifold topology are equivalent in the sense that

1
sz(gl, 82) < p1(81,82) <c,m(g1,8) V8.8 ¢€G

forsome constant 1 < ¢ < +00. We call aleft-invariant, homogeneous metric on G which induces
the manifold topology an intrinsic metric. Throughout the article, we fix a left-invariant inner
product (-, -} on the horizontal bundle HG and we denote by p the induced Carnot-Carathéodory
metric. The open metric ball of radius  centered at g € G is denoted B(g, r).

Standard considerations show that Q-dimensional Hausdorff measure %< built with re-
spect to p is a bi-invariant Haar measure on G which is Q-homogeneous with respect to the
dilations, that is

’HQ(lgo(A)) = ’HQ(rgO(A)) =H2(A) VA CG, Vgoe G
and

HL(B(A) = A2HZ(A) YACG,VA>0.

Let G be a Carnot group and let ®;_,V; be a stratification of its Lie algebra g of left-
invariant vector fields. A basis (Xy,..., Xg) of g is said to be adapted to the stratification if
(X,,j_1+1, oo Xnj) isabasisof V; forall1 < j <s,wheren; = ZLI diforj=0,1,...,s.
It will be convenient to work with a more explicit representation of a given Carnot group G. Such
representation can be obtained as follows: By (2.1), x : g x g — g defines a group structure on
g, and exp : (g, *) = (G, -) is a Lie group isomorphism. Given an adapted basis (X1, ..., Xg)
of g, we use the induced R-linear mapping

d
fig—>RY f (inXi) = (1., Xa)
i=1
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to transport the group operation * to R?. Then (Rd, *) is a Lie group isomorphic with (G, -).
Given 1 <i < d, we let deg(i) =min{l <k <s|i <Y %_, d;}. Then

x*x’=x+x’+P(x,x') vx, x' eRd, 2.3)

where P;(x, x’) is a polynomial in the variables xi, x,’ with deg(k), deg(l) < deg(i)ifd; <i <d,
and P;(x,x") = 0if 1 <i < d;. The unit element in (]Rd, %) is 0, and the inverse of x € R4 with
respect to * is —x. Dilation with A > 0 is given by

Ba(XL, ... Xg) = (Ad°g<‘>x1, Ade@y, Adeg(d)xd> . 2.4

The induced horizontal subbundle HR? is spanned by the left-invariant vector fields X on (Rd, *)
uniquely determined by the condition

d
X©0) =) x3(0),
i=1

where x1, ..., x4, € R are arbitrary. The integral curve y : R — R¢ of the left-invariant vector
field X which satisfies the initial condition ¥ (0) = x € R is given by

y(t) =x *8:(x1,....,%4,,0,...,0) VieR.

It can be shown that the restriction of y to [#1, #2] minimizes the sub-Riemannian length of
admissible curves connecting y (#;) with y (£2) forall#;, t» € Rwitht; < t;. y isaparametrization
proportional to intrinsic arc length of y (R).

Finally, it follows from (2.3) and (2.4) that d-dimensional Hausdorff measure ’H‘fz built
with respect to the Euclidean distance on R? is a bi-invariant, Q-homogeneous [with respect
to the dilations (2.4)] Haar measure on (R?, %). In particular, there exists a unique constant
0 < & < +00 such that HZ = a’H‘é.

In the following, the notation G = (Rd, *) indicates that an adapted basis of the Lie algebra
of G has been chosen and that the group operation of G has been transported to R¢ by means of
the procedure described above. If G = (Rd , *), then (-, -) denotes the standard inner product on
RY, || - || the induced Euclidean norm and Bg(x, r) the open ball of radius r centered at x € R4
with respect to the Euclidean metric pf.

2.2. Horizontal convexity

The following definition of convexity in Carnot groups corresponds to the notion of “weak
H-convexity” introduced by Danielli, Garofalo, and Nhieu in [5].

Definition 2.2. Let G be a Carnot group. A subset C C G is said to be h-convex if y ([a, b]) C
C whenever y : [a, b] — G is an integral curve of some left-invariant, horizontal vector field and
y(a), y(b) € C. If A C G is any subset, the h-convex closure C(A) of A is the smallest h-convex
set which contains A.

A function # : C — R defined on some h-convex subset C C G is said to be h-convex
if uoy : [a,b] - R is convex (in the Euclidean sense) whenever y : [a,b] — C is a
parametrization proportional to intrinsic arc length of a segment of an integral curve of some
left-invariant, horizontal vector field.
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The proof of the following proposition is a verification, and we can leave it to the reader to
supply the details.

Proposition 2.3. Let G be a Carnot group, C € G an h-convex subset, u,v : C - R
h-convex functions, g € G, A > 0 andc > 0. Then

@) lg_1 (C) ish-convex andu ol : lg—l (C) — R is h-convex,
(ii) 81/ (C) is h-convex and u o 8y, : 81/,(C) — R is h-convex,
(iii)) c¢-u:C — R is h-convex and
@iv) u+v:C — R is h-convex.

Moreover,

(v) the intersection of a collection of h-convex subsets of G is h-convex,
(vi) 1z(C(A)) =C(g(A)) forall AC Gandg € G, and
(vii) 8,(C(A)) =C(8,(A)) forall A C G and ) > 0.

Given a Carnot group G = (]Rd , %), we say that a subset C € R is E-convex if it is convex
in the usual Euclidean sense. Similarly, a function f : C — R defined on an E-convex subset
C < R4 is E-convex if it is convex in the Euclidean sense.

Proposition2.4. Ina Carmnot groupG = (R?, x) of step at most two, any E-convex set C C R?
is h-convex and any E-convex functionu : C — R is h-convex.

Proof. The claim is an immediate consequence of the following well-known fact: If
y : [a,b] — (Rd, *) is a parametrization proportional to intrinsic arc length of a segment
of an integral curve of some left-invariant, horizontal vector field, then y ([a, b]) is a line segment
and y is a parametrization proportional to Euclidean arc length of this line segment. ]

The converse of Proposition 2.4 is of course wrong. We refer the reader to [5] or [2]. The
condition on the step of the group in Proposition 2.4 cannot be relaxed. Indeed, in the Engel
group E = (R*, x) (compare Section 5), the function

u:E—->R, f(x1,x2,y,2) =2

is not h-convex.

Proposition 2.5. Let G = (R, ) be a Carnot group. There exists a constant ro > 0 such
that, whenever0 < r < rg andy : R — R is an integral curve of some left-invariant, horizontal
vector field with y (0) = x € Bg(0, r), then there exist exactly one positive time t, > 0 and one
negative time t— < O such that y(t;), y(t—) € dBg(0, r).

Proof. Letb > 1 such that ||y”(#)]| < b on [—1, 1] whenever y is a parametrization by
intrinsic arc length of an integral curve of some left-invariant, horizontal vector field, and y
satisfies the initial condition y(0) € Bg(0, 1). Define ro = 5 - 2)/(8b). Fix0 <r <rg
and x € Bg(0,r). Ifv e R x (0} CR?, |lv] = 1,theny : R > RY, y(¢) = x % 8;,(v) is a
parametrization by intrinsic arc length of an integral curve of the left-invariant, horizontal vector
field X uniquely determined by the condition X (0) = Zf; 1 vi9;(0), and y satisfies the initial

condition ¥ (0) = x. If 7 : R% x R4~ — R% is orthogonal projection, then

lyOl = Nl = I(x1, - s xa) + e, va)ll = el = Gy -y xap
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Hence, |¢t| > 2r implies y(¢) & B (0, r). Now let
ty =inf{t > 0| y(@) ¢ Bg(0,r)}.

ThenO < t; < 2r,y(t4) € 9Bg(0,7),y(t) € Bg(0,r) for0 <t < ¢, andif n denotes_the unit
outer normal to dBg (0, r) at y (t4.), then (y’(t+), n) > 0. We have to show that y (t) & Bg(0,r)
whent, <t < 2r. We compute

ly @Ol =

1
YD + (= )Y () + (¢ — 1) /0 (L= $)y"(ty +s(t — 1)) ds

1
> |y ) + ¢ — )y @) — ¢ — 14)? /0 | =9)y" @ +5¢ = 1)) ds
> (2 + (- t+)2")/'(t+)”2)% — @ —1)%
1
> (Pt — 1)) =t —1)%

PRV 1 11—
ra (t—1ty) F(t— t+)4/ (DA —s) ds — (t — t+)2b )
2r O 4(r2 +s5(t —14)?)

3
2

Iff — £, <r/2, then

(t —14)? e t)t

2
Hif = —(t —tL)°b
Iyl 27 +— R ( +)2
(t—1) @—t1) (t—1y)
> - -
=ty 16r sr
On the other hand, if t — ¢, > r/2, then
1 5 5 5-2
ly®Ol = (P2 +¢-1)Y)2 -t —1)% > Q - 2N > \/2_r - («/_2 ) =r.
The proof for the negative time ¢_ < 0 is analogous. ]

Corollary 2.6. Let G = (R?, *) be a Carnot group and 0 < r < ro, where rq is given by
Proposition 2.5. Then Bg (0, r) is h-convex. Consequently, by Proposition 2.3, there exists a
countable basis of the topology consisting of bounded, h-convex sets with smooth boundary.

The reader familiar with the first Heisenberg group H; can convince himself that the open
ball B(0, 1) € Hl is not h-convex.

Proposition 2.7. LetG = (]Rd , *) be a Carnot group, b andrg = (+/5 —2)/(8b) the constants
appearing in Proposition 2.5 and its proof, and let u € C*(Bg(0, ro)) be a uniformly strictly
E-convex function. Suppose that . > 0 is a lower bound for the eigenvalues of D?u in Bg (0, rg)
and suppose that 0 < M < +o0 is an upper bound for ||Vu|| in Bg(0, ry). Then there exists
0 <r; =ri(\, M) < rg such that

v:Bp(O,r) > R, vix)=u (r—ox)
r
is h-convex wheneverQ <r < ry.

Proof. By Corollary 2.6, Bg (0, r) is h-convex forO < r < rg. Lety : [t_,t.] — Bg(0, r) be
a parametrization by intrinsic arc length of a segment of an integral curve of some left-invariant,
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horizontal vector field. We can assume —1 <t_ < ¢, < land |ly"(t)|| < bforallt € [t_, ty]
(cf. the proof of Proposition 2.5). Then, for each ¢ € [¢_, £;], we get

wor)'® = (D @Y ®,y'®)+ (Vo). y"®)

%) (p? (’—"y(r)) Y@, 0)+2 (v (Zr ),y o)
) My o =2 v (ro)] 1ol
) A= TMb. O

v

v

G
(r
(

Al
r
1o
r

3. Lipschitz continuity of bounded above h-convex functions

In this section, we show than an h-convex function which is locally bounded above is locally
Lipschitz continuous with respect to any intrinsic metric. This result can be found in [15], for
instance. Nevertheless, we give the proof below.

Lemma 3.1. Let G be a Carnot group, Q@ € G an h-convex, open subset andu : Q — R an
h-convex function. Suppose that u is locally bounded above. Then u is locally bounded below.

Proof. Let & € € and r > 0 such that B(gg, 4r) € Q2 and u is bounded above in _E(go, 4r),
say u < M in B(gg,4r) for some M > 0. We claim that there exist | = I(G) € N and
n = n(G) € N such that gy € B(go, r) and u(gy) < —4m implies 4 < —m in B(gy, r/In) for
all m > 2M. Notice that this gives the lemma since then, on the one hand,

H2({g € B(go, 4r) | u(g) > ~m}) < H2(B(go, 4r)) — HP(B(g1, r/(n))),
while, on the other hand,
HO({g € B(go, 4r) | u(g) = —m}) > H2(B(go, 4r)) — H2(B(g1, r/(n)))

when m is sufficiently large. This contradiction forces u > —4'm in B(gg, r) for sufficiently
large m.

Let y : R — G be a parametrization by intrinsic arc length of an integral curve of some
left-invariant, horizontal vector field, and suppose that y satisfies the initial condition y(0) €
B(gop, 2r). Define

t_=max{t <0]|y@) € 0B(go, 4r)}
and
ty =min{t > 0| y(t) € 3B(go, 4r)} .

We have t_ > —6r and r; < 6r. Lett € [z_, ¢,] such that y(t) € B(go,2r). If t > 0, then
t = (1 —A)0+ Aty with A < % Suppose that u(y(0)) < —4/tLy. Then the convexity of
uoy :lt_, t;] - G implies

w(y @) < (1 — Wuly ) + Au(y (1)) < -§4f+1m + % M

4 477\ . .
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Similarly, u(y (¢)) < —4/m if t < 0 and u(y(0)) < —4/t1m. This shows that if S C B(go, 2r)
is a segment of an integral curve of some left-invariant, horizontal vector field and if u(gy) <
—4/+1y for some g1 € S, then u < —4/m on the whole segment (j € NU {0}, m > 2M).
By [10, Lemma 1.40], there exist constants / = /[(G) € N and n = n(G) € N with the following
property. Any pair of points g1, g2 € G can be connected by a path consisting of at most /
segments of integral curves of left-invariant, horizontal vector fields, such that each segment has
length at most np(gy, g2). Thus, if g1 € B(go,r) and u(g) < —4'm, then u(g) < —m for
each g € B(g1,r/(In)).

Proposition 3.2. Let G be a Carnot group, 2 C G an h-convex, open set andu : Q@ — R an
h-convex function. Suppose that u is locally bounded. Then u is locally Lipschitz continuous
with respect to any intrinsic metric on G.

Proof. Let gy € Q2 and r > 0 such that B(go, 2r) € Q and u is bounded in B(gg, 2r), say
lu| < M in B(go,2r) forsome M > 0. Lety : R — G be a parametrization by intrinsic
arc length of an integral curve of some left-invariant, horizontal vector field and suppose that y
satisfies the initial condition y (0) € B(go, r). Define

t_ =max{t < 0] y(@) € 0B(go, 2r)}
and
ty =minft > 0| y(¢t) € dB(go, 2r)} .

We have 2r <ty —t_ < 4r,andifr € [t_,¢+] and y(¢) € B(go,r), then t —¢t_ > r and
ty —t >r. Hence, t = (1 — A)t_ + Aty, where A € [1/4,3/4]. Now let 1,1, € [t—, t;] such
that #; < t, and y (1), y(t2) € B(go, r). Then

=0-An—+rty and =1 —At- + Aty
where L1, A2 € [1/4,3/4], and A1 < A;. Thus,

_)»2—)»1 At _1—)~2 Ay — A
H = s t..+x;t2 and t2_1—)»1t1+1—)»1t+'
The convexity of u o y : [r—, t+] — R implies
A — A AL — A
u(ty) —ulty) < ix—;-—lu(t_) +2 - 2u(t2)
_ ply), ¥ (&) Py (), y()
= halry 1) S WP W )
< TP()’(tl), y ()
and
A=A Az — A
() —ulh) < T 2ul) + )
___Ply@), y®)) Py (1), v (#2))
= T - Wt Ao -

8M
= Py, y(®@).

We have shown that

8M
lu(g1) —u(g2)l < Tp(gl, 82) Vg, g, €S 3.1
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whenever § € B(go,r) is a segment of an integral curve of some left-invariant vector field.
By [10, Lemma 1.40], there exist constants I = I(G) € N and n = n(G) € N with the following
property: Any pair of points g1, g2 € G can be connected by a path consisting of at most [
segments of integral curves of left-invariant, horizontal vector fields, such that each segment has
length at most np(gy, g2). In particular, if we let 0 = r/(2In 4+ 1) and g1, g2 € B(go, 0),
then (3.1) implies |u(g1) — u(g2)| < Lp(g1, g2) with L = 8Min/r. O

4. Local upper bounds for h-convex functions in step two

This section is devoted to the proof of Theorem 1.2. Notice that in view of the results of the
previous section, Theorem 1.1 is an immediate consequence of Theorem 1.2 and of the following
lemma.

Lemma 4.1. Let G be a Carnot group. Suppose there exists a finite subset F € G whose
h-convex closure C(F) has nonempty interior. Then any h-convex function u : 2 — R defined
on an h-convex, open subset Q@ C G is locally bounded above.

Proof.  Let T denote the set of parameterizations y : [0, 1] — G proportional to intrinsic arc
length of bounded, closed segments of integral curves of left-invariant, horizontal vector fields.
Given A C G we let

HA)={y® |y eZ t€[0,1], y(0),y(1) € A},
H4) =4,
H*'(A) = H(H*(4)) forallk e Ng and
H®(A) = U Hf(A) .

kGNO

We have C(A) = H*(A), I,(H(A)) = H(l,(A)) for all g € G, 8,(H(A)) = H(5,(A)) for all
A > 0 and H(A) is compact if A is.

The compactness property of the operator H and the Theorem of Baire imply that H*(F)
has nonempty interior for some k = k(G) € N. Since H—and thus H*—commutes with left
translations and dilations, it follows that if & C G is any h-convex, open subset, then for each
go € S there exists a finite subset F(gg) < €2 such that gg is contained in the interior of
H*(F(go)). Finally, if # : @ — R is h-convex, then u < max{u(g) | g € F(go)} in H/(F(g0))
forall 1 < j < k by induction, using the convexity of u o y for y € Z. In particular, u <
max{u(g) | g € F(go)} in the interior of H*(F(gg)). O]

Lemma 4.1 motivates the following definition.

Definition 4.2. 'We say that a Carnot group G is finitely h-convex if it contains a finite subset
F C G whose h-convex closure C(F) has nonempty interior.

The remainder of this section is devoted to the proof of Theorem 1.2. The proof is by
induction on the dimension d; of the generating layer in the Lie algebra g of G. We will need the
following lemma in order to perform the induction step.

Lemma 4.3. LetG = (R x) = (R x R%, %) be a Carnot group of step two and let
(X1,...,Xqy,Y1,...,Yy,) be a basis of the Lie algebra g of left-invariant vector fields on G,
adapted to the given stratification g = V) @ V. Suppose that for some2 < k < d, the following
hypotheses are verified:
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(i) The Lie subalgebra generated by X1, ... , Xy is contained in
spang{X1, ..., Xz} ® spang{Y1, ..., Y;}.

(i) There exists a finite set Ag € R% x R® and a constant Ko > 0 such that the set By
consisting of pairs (0, y) € R% x R® with lyjl < Ko for1 < j <landy; =0 for
1+ 1< j <discontained in C (Ag).

Then there exists a finite set Ay € R9 x R% and a constant K x > 0 such that the set By, consisting
of pairs (x, y) € R% x R% with |x;| < Ky for1 <i <k,x; =0 fork+1<i <dy,|y;| < Kz
forl < j<landy;=0forl+1 < j <d, iscontained in C (Ay).

Proof. LetKy = Kpandg = (x,0) withx; = K;andx; = Ofor2 < i < dq. Define
Ay =1 4 (Ao) Ulg (Ap). By assumption,

I_g(Bo) S 1_g (C(A0)) =C (-4 (A0)), 1g(Bo) Sz (C(A0)) = C (Ig (A0)) .

whence

I_(Bo) Ulg(Bo) € C (I—g (A0)) UC (Ig (A0))
C C (14 (A0) Ulg (A0)) = C (A1) .

For fixed y1, ...,y € Rwith |y;| < K,

S={O,...,0,y1,.-.,y,0,... ,0) x8x(g) | L € [-1,1]}
={®,0,...,0,31,...,3.0,...,0) | » € [-Ky, K11}

is a segment of an integral curve of a left-invariant, horizontal vector field, and the endpoints of §
are contained in [, (Bp) U I, (Bp). Thus, the set B; consisting of pairs (x, y) € R4 x R% with
|x1] < K1, x; =0for2 <i <dj, |y;j| < K; forl <j=<landy;=0forl+1<j<dis
contained in C (A).

Letl <k < k and suppose that there exist a finite set Ay G and a constant K > 0 such
that the set By consisting of pairs (x, y) € R4 x R?% with [xi| < Kgpforl <i < k, x; = 0 for
k+1<i<d,lyjl<Kgforl<j<landyj=0forl+1< < dy is contained in C (Ay).
Letd <e < Kpand g = (x,0) withx,;Jrl =eandx; =0forl <i <djandi ¢E+ 1. Define
Ap,q = 1-g(Ap) Ul (Ap). By inductive hypothesis,

I_g (Bg) Sl (C(Af)) = C (¢ (A7)

and
lg (Bg) €1 (C (A7) =C (L (A7) »
whence
¢ (BIE) Ul, (BIE) cc (l—g (AIE)) uc (lg (AIE))
S C (I (A) Ulg (A7) = C(Azy)
Let

h=(x1,...,x0,...,0,y,...,5,0,...,0) € B; .
In view of hypothesis (i), we have

(—g)xh=(x,... ,x,;,—é,o,... O, v, ..., 9,0,...,0) — Re (xl,... ,x,;,e)
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and
gxh=(x1,...,x;6€0,... 0,91, .00, 9,0, ,0)+ R, (xl,... ,x,;,e) ,
where the first d; and last d; — I coordinates of R, (xl, R e) vanish, and
|Re (x1. ... . xz.€)| < BKze

for some constant 8 = B(G). Hence, if we choose € small enough, the pairs (x, y) € R4 x R%
with |x;| < Kpforl <i <k, Xp = —€X =0fork+1<i <dplyjl = Kg/2forl < j<li
andy; =0 forl +1 < j < dpare contained in [, (Bk) Similarly, the pairs (x, y) € R x R%
with |x;] < Kz forl <i <k, Xpi =€ X =0fork+1<i <d, lyjl < Kg/2forl < j <l
andy; =0 forl + 1 < j < d, are contained in I, (B;). For fixed

h=(x1,...,x,;,O,...,O,yl,...,yl,O,...,O)
with |x;| < o for1 <i <kand |y;| < K/4for1 <j <,
={h*8(g) | L €[-1,1]}

is a segment of an integral curve of a left-invariant, horizontal vector field. In view of hypothe-
sis (i), we have

hxd(g) = (x1,-.., x5, 26,0,...,0, 31, ..., 3,0,...,0) + Ro (x1,... . x;, A) ,
where the first d; and last d; — [ coordinates of R, (xl, coe s X A) vanish, and

||Ra (x1,.-. ,x,;,A)H < Boe.

Hence, if o is sufficiently small, the endpoints of S are contained in I_, (B;) U lg (Bj), whence
S € C(Ag,,), and the union of such segments contains the set consisting of pairs (x, y) €
R4 x R% with

() ml<oforl<ic<k,
() |xgyl <e

(i) x; =0fork+2<i<d;
(iv) |yjl<oforl<j<Iland
(v) yj=0forl+1<j<d.

Thus, if K;_; = min{o, €}, then the set Bj_ | consisting of pairs (x, y) € R4 x R% with

() Ixil < Kgyforl<i<k+1,
(i) x;=0fork+2<i<d
(iii) |yj| < Kz, for1<j <land
(iv) yj=0forl+1<j<d,

is contained in C (A i +1)' This concludes the induction step and the proof. L]

Proof of Theorem 1.2. letg = V| @ V; be the given stratification of the Lie algebra of
left-invariant vector fields on G = (R?, x) = (R" x R%, %). Let (X1, ... , X4,) be a basis of
V1 such that [X1, X2] # 0. Setl; = 0. Clearly, we can find a basis (Y1, ... , Yy,) of V, with the
following properties:
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(i) There exist integers 1 = I < ... < Iz = d; such that (Y1, ... ,Yy,) is a basis of
spang{[X;, X;]1 |1 <i,j <k}foreach2 <k < dj.

(i) If2 <k <d,lr_1 <lpand 1 < j < I, there is ij €{l,...,k— 1} such that
[Xi;, X,kl = Yj,and [y_1 < ji < j» <l impliesij <ij,.

We claim that for each 2 < k < dj there exist a finite set F; € R9 x R% and a constant kp >0
such that the set

{03 e R xRE Iyl < 1<) b 3y =0, h+15 ) <db)
is contained in C (Fy). The theorem then follows from the claim in the case k = d via Lemma 4.3.
Letk =2, kp = 1. The sets
S1={(-2,0,...,00%(0,A,0,...,0) | A e [-1,1]}
and
S =1{2,0,...,00%(0,A,0,...,0) | A e [-1, 1]}

are segments of integral curves of left-invariant, horizontal vector fields which are contained in
the h-convex closure of

F, ={g1, g2, 83, 84},
where

g1=(-2,0,...,00%(0,-1,0,...,0), g=(-2,0,...,00%(0,1,0,...,0),
g =02,0,...,0%(0,-1,0,...,0), g84=02,0,...,00%(0,1,0,...,0).

For each y; € R with |y} < k2,

S={0,...,0,5,0,...,00%8.(2,¥1,0,...,0) | A € [-1,1]}
={(*2,Ay1,0,...,0,¥1,0,...,0) | A € [-1, 1]}

is a segment of an integral curve of a left-invariant, horizontal vector field, and the endpoints of
S are contained in S; U $» € C (F). Thus, § € C (F,). Since (0,...,0,y1,0,...,0) belongs
to S, it follows that the set

{0,...,0,y1,0,...,0) | [y1] < x2}

is contained in C (F,), which verifies the claim in the case k = 2.

Let 2 < k < d;. Suppose that there exist a finite set F; C G and a constant x; > 0 such
that the set

0,9) eRYU xR | |yjl<ux, 1<j<k, yj=0,L+1<j<dy
J J

is contained in C (Fy). If [xy1 = I, the claim is also verified for k¥ + 1 and there is nothing to
show. Assume therefore A = Ixy1 — Iy > 0. By choice of Y1, ..., Yy, there exist 1 < ij <
... <ip <ksuchthat [X;;, Xk+1] = ¥y, 4 for 1 < j < A. In view of Lemma 4.3, there exist a
finite set Ay € R% x R% and a constant 0 < Kj < ki such that the set B consisting of the pairs
(x,y) € R x R% with
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@) |xi| < Ky fori € {i1,...,ia},

(i) x;=0forie{l,...,di}\{i1,.-.,ia};
(i) |yjl < Kgforl < j <l and

(iv) yj=0forly+1<j=<ds

is contained in C (Ag). Letkgy1 = K, g = (0, ... ,0, x¢+1,0, ... , 0) with x;41 = 2 and define
Fip1 =1_g (Ar) Ul (Ar). Thenl_g(B) Ul (B) is contained in

l—¢ (C (A0) Ul (C (AR) = C (I—g (AN) U C (I (AD))
C C(I-g (Ax) Ulg (AD) = C(Fey) -

Notice that the set /_¢(B) consists of the pairs (x, y) € R% x R% with

@ x| S kg1 fori e {iy, ... ,ial,
(i) xgp1 =-2,
(iii)) x; =0forie{l,...,di}\{i1,---.in, k+ 1},
i) |yjl <xprforl < j <,
(v) yj=-xiforly+1=<j <l and
(vi) yj=0fory1+1=<j<d.

Similarly, the set [, (B) consists of the pairs (x, y) € R% x R% with

@) Ixi| < kg1 fori € {iy, ..., ial
(1) xp41 =2,
i) x =O0forie(l,...,di}\{i1,...,ia k+1},
iv) lyjl £xxqiforl < j <,
W) yj = Xi; forly +1 < j <lpyy and
(vi) yj=0forlgy1+1=<j=<da.

Forj=1,...,lk1,fix y; € Rwith |y;| < kgq1. The set

S={0O,....,0y1,...,¥,,0,...,0) %8 (x1,...,x4,0,...,0) |2 e[-1,1]}
={Ox1, ... Axa, Y10 oo Vi 00,0 [ A € [-1, 10},

where x; = y;jifi = ij forsomel+1 < j < ly1, x¢41 = 2 and x; = 0 otherwise, is a segment
of an integral curve of a left-invariant, horizontal vector field, and the endpoints of S belong
to l_¢(B)Ul(B). Thus, § C C(Fg41). Since (0,...,0,y1,...,¥y,,,,0,...,0) belongs to
S, the set

{©,9) e RH xR% | |yj] < tiy1, 1 < j <lest, 35 =0, 1 +1 < j < do)

is contained in C (Fg41). This concludes the induction step and the proof. U

5. A Carnot group of step three which is not finitely h-convex

Consider the Lie group E = (R*, ), where

R* = {(x1,x2,¥,2) | x1,%2,y, 2 € R}
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and the product of g = (x1, x2, y,z) and g’ = (x, x}, ¥, Z) is defined to be
gxg =(xi+x,x2+x5,y+y.2+7)+ P(g. §)
with
I4

x1xh — x2x)) (x1y' — yx! —x")xxl —x
P(g,g/)z- (0,0’ ( 1 22 2 1)’ ( 1y : Yy 1) 4 (xl xl)(112x2 2x1)) '

If X1, X2, Y, Z denote the left-invariant vector fields uniquely determined by the conditions
X1(0) = 95,(0), X2(0) = 05,(0), Y(0) = 34(0), Z(0) =9.(0) .
then the commutation relations
[X1, X2l =Y, (X1,Y]=Z, [X2,Y]=[X),Z] =[X2, Z] = [¥, Z] =0
hold, and
spanp{X1, X2} @ spang{Y} @ spang{Z}

is a stratification of the Lie algebra ¢ of left-invariant vector fields on (R*, %). Hence, E is a
Carnot group of step 3 and of homogeneous dimension Q = 7. E is called the Engel group and
e the Engel algebra. Recall that

y :R— R y(t) = g * (tx1,1x2,0,0)

is the integral curve of the left-invariant, horizontal vector field X = x; X1 + x2 X, which passes
through g € R* at time 0.

Lemma 5.1. LetT'y, T'; be integral curves of left-invariant, horizontal vector fields on (R4, *)
Define My = (UUT) \ T'1, where the union is taken over all integral curves of lefi-invariant,
horizontal vector fields which intersect I'1. If T'; has more than two distinct intersections with
M, then Ty intersects T'y. Consequently, card (T2 N (M1 UT)) <2if" NIy =48.

Proof. Notice first that by left translation, it suffices to prove the statement in the case where
'y passes through 0. We will only consider the case

't ={(n,ap,0,0) | u € R}
for some o € R. The computations in the case
[ ={0,x,0,0) | neR)}
are similar (but easier). We have

(n, i, 0,0) % (x1,x2,0,0)

(o —oaxy) (u—x)plx —axy)
2 ’ 12

= (M-I—xl,(w + x2,
=@, v,w, f(u,v,w)),

withu = u + x1, v = au + x3, w = p(xz — axy)/2. A computation gives

u,v,weR,v—au#O].
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Let (x1, x2, y, z) € R* and suppose that I'; passes through (x1, x2, ¥, 7). As above, we will only
consider the case I'y = {(x1, x2, y, 2) * (X, BA,0,0) | A € R} for some 8 € R. The computations
in the case I'y = {(x1, x2, y,2) * (0, A, 0,0) | A € R} are again similar and easier. We have

[y ={(x1,%2,y,2) * (4, 2,0,0) | A € R}
with

(x1,x2,y,2) (A, B2,0,0)

zZ+

A(x1B — x2) (= + (x1 = A)A(x18 — XZ))
2 ’ 2 12 )

= (x1+)»,x2+ﬂk,y+

Suppose first that x1 8 — x2 = 0. By hypothesis,

y 4y (=y)A
Z - Nl = - 7
6(x2+,BA—-ax1—aA (1 + )) ¢t 2

holds for at least three distinct values of A. After simplification of this expression, we obtain
aA? + aih + ag = O for at least three distinct values of A, where

ap = 4y + (ax1 — x2)(x1y + 62)
a1 = 2y(x2 — axy) + (@ — B)(x1y + 62)
ay =2y(B —a)A?.

Ifa — 8 =0,then ax; —x2 =0, y =0, and thus
Fp={(x1+Ar,ax1+ar,0,2) | AeR}=T}.

Hence, I'; N My = @, a contradiction. This forces ¢ — B # 0, which implies y = z = 0 and

Iz ={(x1, Bx1,0,0) % (A, BA,0,0) | A e R} ={(x1 + A, B(x1 + 1),0,0) | A e R} .
Thus, 0 € I'y N I',, and the claim follows.

Suppose now that x1 8 — x, # 0. Then I'; intersects the hyperplane

{xh. 7. 2) e |y = 0]

at some point (x{, x5, 0, z'), and we can write

T2 = {(x], %3,0,2) * (A, 81,0,0) | A e R}

rg ’ rg
=l(xi+x,xé+ﬁx,k(xlﬁ2 G ml(;lﬂ x2)> ’)\GR}

with x{ 8 — x} # 0. By hypothesis,

A(x1B —x3) 20 (x]B — x5) ) (= )A(x) B — %)
12 x£+ﬁk—ax;—ak_(xl+)h) =T+ 12 ’

holds for at least three distinct values of A. After simplification of this expression, we obtain
aA? + aj) + ag = O for at least three distinct values of A, where
ap = 127/ (x} — ax})
 a= 2(x1B — xp)xq(ax] — x3) + 127 (@ — B)
a2 = 2(x}B — x5)” +2(x] B — x)x| (@ — B) .
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If 7/ # 0, then x) — ax] = B — a = 0, and thus
Ty = {(x] + A, ax} +akr,0,7) | re R} =Ty.

Hence, ', N M = @, a contradiction. This forces z’ = 0 and thus (x] 8 —x3)x| (@x] —x5) = 0. If
x; = 0, then x) = 0, whence x{ B—x} = 0. This contradiction forces ax{—xj5 = 0, whichimplies

Ty = {(x], @x],0,0) (A, BA,0,0) | A e R} .
Thus, (x], @x], 0,0) € I't N Ty, and the claim follows. 0

Lemma 5.2. Let S; and S, be bounded, closed, intersecting segments (possibly points) of
distinct integral curves I'y, Ty of left-invariant, horizontal vector fields. Let S be a bounded,
closed segment of an integral curve of a left-invariant, horizontal vector field, and suppose that
one endpoint g1 of § belongs to S1 and the other endpoint gy belongs to S;. Then S C §;
orS C 5.

Proof.  After a left translation, we can assume that
08NS, T1={0Gx1,Ax2,0,0)[A€R} and Ty={(Ax{,x},0,0)|AeR]}

for suitable, linearly independent (x1, x2), (x{,x3) € R? with (2 + x2) = (% +x2) =
1. We have

81 = (Ax1, Ax2,0,0)

for some A € R and

g2 = g1 * (u1,u2,0,0) = (Ax1, Ax2, 0, 0) * (u1, u2, 0, 0)
A(xiug — xau1) (Axy — u)A(x1up — x2u1)>
2 ’ 12

= ()»xl + uy, Axp + uz,

for some (u1,u2) € R2. go e Iy implies that A = 0 or that (x1, x2) and (u1, u3) are linearly
dependent. If A = 0, then gy = 0 € 8. If (x1, x2) and (u1, up) are linearly dependent, then
g2 € ', forcing g2 = 0 € 8y since I'; N 'y = {0}. [l

Lemma 5.3. If A C E is a finite union of bounded, closed segments S, ... , St (possibly
points) of integral curves I'y, ... , 'y of left-invariant, horizontal vector fields, then H(A) is
contained in a finite union of bounded, closed segments (possibly points) of integral curves of
left-invariant, horizontal vector fields.

Proof. Enlarging A if necessary, we can assume that

(i) T1i,..., T are all distinct and
(i) I;NT; #@forsomei,je(l,...,k}implies S; NS; # 0.

Note that H(A) is the union of all bounded, closed segments of integral curves of left-invariant,
horizontal vector fields with endpoints in A. Hence, a bounded, closed segment § of an integral
curve of some left-invariant, horizontal vector field is contained in H(A) if and only if there exist
i, j €{1,...,k} such that one endpoint g; of S belongs to S; and the other endpoint g; belongs
to S;. We can assume i # j, for otherwise S C §; = §; since S is determined by its endpoints.
Ir;NT; #0,then§;NSj #Pand S C S;or § C Sjby Lemma5.2. IfI'; AT = @, then §
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is one out of four (at most) possible segments. Indeed, by virtue of Lemma 5.1, g; is one out of
two (at most) possible intersection points of I'; with M; = (|JT') \ T;. Similarly, g; is one out
of two (at most) possible intersection points of I'; with M; = (U l") \ T';. Since § is determined
by its endpoints, the claim follows. [

In view of C(A) = H*(A4) = Uen H(A), the following theorem is an immediate conse-
quence of Lemma 5.3.

Theorem 5.4. If F C E is finite, then the h-convex closure C(F) of F is contained in a
countable union of bounded, closed segments (possibly points) of integral curves of left-invariant,
horizontal vector fields.

6. Local Lipschitz continuity of measurable h-convex functions

6.1. Density upper bound at the boundary of measurable h-convex sets

This subsection is devoted to the proof of Theorem 1.3.

We say that a smooth manifold M™ C R¥ is a submanifold if the manifold topology is the
topology induced by R?. The superscript m denotes the topological dimension of the manifold

(1 £m < d). If M™ is a smooth submanifold and X, ..., X, are smooth vector fields on
R4, then the singular set or characteristic set of M™ with respect to the vector fields X1, ... , X,
is the set

IM™ ={peM" | Xi(p) e T,M™, i=1,...,n}.

Characteristic points have been extensively studied because of their fundamental importance in
several problems of geometry and analysis related to systems of vector fields satisfying Hérman-
der’s condition. In this article, we only need the most basic estimate of the size of the characteristic
set, namely: If X1, ..., X,, and their commutators of order at most s span T,R¢ at each x € RY,
then Hz (2 (M™)) = 0. Here H'y denotes m-dimensional Hausdorff measure with respect to the
Euclidean metric on RY. This estimate was proved by Derridj (cf. [7]) for characteristic sets of
smooth submanifolds of codimension 1.

Lemma 6.1. LetY = Y% a3, Z = Z?:l bjd; be smooth vector fields on R?. Let

l<m<dR"={xeR!|x=0,m+1<v<d},[V,Z] = Y{_, ctd. Then the set T
consisting of the points x € R™ such thata;(x) = bj(x) =0 forallm < i, j <d and cx(x) # 0
for somem < k < d has vanishing 7-[',',;’ measure.

Proof. 'We compute
d d d

d
[Y,21=) ) aidi(b;d)) —b;d;(@d) = > a;(3:b)d; — bj(dja;)d;

i=1 j=1 i=1j=1

d [ d
= Z (Z ar(3by) — bl(alak)> O -

k=1 \I=1
Thus, ¢; = Z;Ll a;(Oby) — by(djar). Form < k <d, 1 <1 < m, let us consider the sets

Al = {x e R" | ar(x) =0, dap(x) # 0}
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and
Bri={x € R™ | bi(x) =0, dbe(x) # 0} .

Since T C Um<k§d, 1<1<m (Ak,1 U Byp), it suffices to show that H (Ax,;) and H'g(By ;) vanish
form <k <dand1 <! < m. Letus prove H}(Ag,,) = O for instance. Consider R7-1 =
{x e R4 |xy =0, m<v< d}. By Fubini’s theorem,

W (Agm) = / HE(x +tem | 1 € RYN Agm) dHE' () .
RM—

Fix x € R™~1, The set
{teR|ag(x +ten) =0, dmag(x + tey) # 0}
consists of isolated points. Therefore ’H}E({x +tem | t € R}NAgm) = 0, whence HE (Ag,m) = 0.
Given smooth vector fields X1, ..., X, in R? and a multiindex I of length |[I| = ¢, i.e.,

Tefl,...,n}f,welet X; = X;if £ = Land I = (i), X; = [X¢,... ip_1)» Xi,] i £ > 2 and
I = (i1, ... i), and we write X7 = Z?=1a1,j8]~.

Lemma 6.2. Let X, ..., X, be smooth vector fields on R?. Fix 1 < m < d and consider
R™ ={x eR?|x, =0, m+1<v <d)}. ThesetX consisting of the points x € R™ such that

(i) ag,jx)=0foralli=1,... ,nandm < j <d and
(i) ay,j(x) # 0 for some I with|I| <s andsomem < j <d

has vanishing H’; measure for all s € N.
Proof. LetseN,s>2 For{=1,...,s—1,let I, be the set of points x € R™ such that

(1) arj(x) =0forall I with [I| <fandallm < j <d and
(ii) ay,j(x) # O for some Iy with [Ip] = £+ 1 andsomem < j <d.

Clearly X = Ui;} X¢. Hence, it is enough to show H% (X¢) =0for 1 < £ < s — 1. Note that

X C U 1,6 »

[1=¢,1<i<n

where Xy ;) is the set of points x € R™ such that

(i) arj(x)=a;j(x)=0form < j <dand
() aq,,j(x) #0forsomem < j <d.

We have H'Z(Z;,(;)) = 0 by Lemma 6.1, concluding the proof. U
Theorem 6.3. Let M™ C RY be a smooth submanifold. Let X1, ... , X, be smooth vector

fields on R? such that the subspace of TyR? spanned by the commutators of order at most s has
dimension d at each x € R?. Then HE (X (M™)) = 0.
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Proof. Tt suffices to show that for each p € M™, there exists an open neighborhood U of p in
M™ such that H (Z(M™)NU) = 0. Fix p € M™. Let V be an open neighborhood of p in R4
andletg : V — RY be a diffeomorphism such that p(M™"NV)=R" ={x e R¢ | x, =0, m <
v < d}. Let us write i',- = d¢(X;) and let us observe that for each multiindex I € {1, ... ,d)t
of length |I| = £, we have il = de(Xy). In particular,

spang {X;(x) | |1} < s} = T,R?

at each x € R%. Thus, if x € e(Z(M™) N V), then ii(x) e ,R* i = 1,...,n, and
X1(x) & T,R™ for some I with |I| < s. We have HE(9(Z(M™) N V)) = 0 by Lemma 6.2, and
consequently, HE (S (M™)N V) =0. 1

Lemma 64. LetG = (Rd, *) be a Carnot group, C C R? an h-convex subset such that
0ecRd \ C. Then there exist smooth submanifolds M 1 M2, ..., M? inR? such that

(i) M™ C B(0,m/d),
(i) HP(M™) < by < +00 and
(i) HEM™\C)>cn >0

form=1,...,d. M", by, and c,, are independent of C.

Proof. Let (Xi,...,Xg4,) be a basis of the first layer in the given stratification of the Lie
algebra of left-invariant vector fields on (Rd , *). Given xg € R4 \V\Cand 1 < j < dy, let
Vi : R— R? denote the integral curve of the vector field X ;j which passes through x at time
0. By definition of h-convexity,

Vixg((—00,0DNC =0 or yjx[0,+00))NC=9. 6.1
Choose 1 > 0 such that y; o((—7, 1)) € B(0, 1/d). By (6.1), we have
7,0((=n7,0DNC =0 or ye(0,n)NC=0.
Welet M' = y1,0((=n, n)), by = H(M") and
c1 = min {H (y1,0((=n, 0))), Hp (r1,0(0, M)} -
Clearly My, by and c; have the required properties.

Let 1 < m < d. Suppose we had already constructed smooth submanifolds
M, M2, ... . M™ which satisfy our claims. Define A™ = M™ \ C. For1 < j <dj, k € N,
denote by F ]'.f‘k the closed set consisting of points p € M™ such that

=1

X;(p) my L _
ax {((Xj(p), X, ()7 Y(P)) i Y(p) € (T,M™)™, (Y(p), Y (p)) = 1} <

Let i = ﬂ‘;;l F j”‘k By Theorem 6.3, we have

Jim M () = (ﬂ F,:") — 3z (5 (") =0,
eN

1 by
= (—2" 1),
m 2<bm+cm/d1+)
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Then
HE (M™)
Heg (M™) + ¢y /dy

<gm<1. (6.2)

There is a least k € N such that H (F") < (1 — gm)cm. This implies that H’ (A™ \ F*) >
gmCm, Whence

Hy (A" \ FP%) 2 gmem/di 63)
for some 1 < j < dj. There exists Q;" € M™\ F;f’ , such that
Hy () = anip (M™\ L) -
Hence,
Hy (M \FR)\27) < (1= gm)Hy (M \Fp)
It follows that
HE (A"’ N sz;?') > HE (A"‘ \ ;'}k) — (1 —gm)HE (M”’ \ }f‘k) : (6.4)

Given p € Q;f‘, lety;p:R— R be the integral curve of X j which passes through p at time 0.
When e;." > 0 is sufficiently small, the smooth mapping

. d —
&7 x (=€l er) > RY, OT(p,1) =,()
is bi-Lipschitz for some constant 0 < L']T' < 400 and
m+1l __ gm m _m _m
Mj = @] (ij( ej,ej))

is a smooth submanifold.

With the help of <D'J?‘, using (6.1) and the estimate

a(m+1)

m+1
HE  (AxT)> a—(m)a(l)

(A HL)

(see [9, 2.10.27)), valid if I € R is an interval and A € R™ is an arbitrary subset, it follows that
there exists a constant A;f’ > 0 such that

! (@’; (Q'; x (—e;", e;.")) \c) > AN (A'" N 97) . (6.5)
Combining (6.4) and (6.5), we obtain
Hpt (M C) 2 (e (A™\ FJ) — (- gm)Hg (M™\ FIL))
Let M™+! = M7*!. Then, from (6.2) and (6.3), we get

HoH! (M"’“ \ C) > A7 (gmem/di — (1 — gm)HE(M™)) > cmi1 > 0. U
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Proof of Theorem 1.3.  As usual, we assume (as we may) G = (R?, x). We have to show
that there exists 0 < ¢ < 1 such that
HE(B(xo,r)NC) _
HE(B(xo, 1))

(6.6)

forall0 < r < 400, whenever C C (R, %) is an h-convex, measurable subset and xp € 9C is a
point on its boundary.

Fix 1 < 1 < (HL(B(0, 1))/ (HL(B(O, 1)) — cd))l/Q, where c, is the constant appearing
in Lemma 6.4. Pick x e R4\ C sufficiently close to xg, in such a way that B(xg, r) C B(x, Ar).

The set C = 81/(r) © Lx(C) is h-convex, measurable and does not coBtain 0. By Lemma 6.4,
there exists a smooth submanifold M? C B (0, 1), such that "H‘Iis (M d \C ) > ¢4. Thus,

HEBo,NNC)  _ HE(L 08, (BO, N C)) _ A2H2(B(0,1)NC)
H2(B(xo, 1)) T HP(yo08(B(O,1))  HE(BO,1)
_,o_ AQ’H‘jg(B(o, D\ C)
HE(BO, 1)

’

and the claim follows with ¢ = A2 (1 — ¢ /HL(B(0, 1))). O

6.2. Local Lipschitz continuity of measurable h-convex functions

In this subsection, we use Theorem 1.3 to prove the following more general version of
Theorem 1.4.

Theorem 6.5. Let G be a Camnot group, Q@ € G an h-convex, open subset andu : @ — R an
h-convex function. Suppose there exists a sequence {by}yeN of real numbers such that by — +o0
and {g € Q| u(g) < by} is measurable for all k € N. Then u is locally Lipschitz continuous
with respect to any intrinsic metric on G.

Proof. LletG, Q, u and {b )N satisfy the hypotheses of the theorem. Fix gg € Qandr > 0
such that B(go,2r) € Q. Fork € N, let C; = {g € Q | u(g) < b}. Then each Cy, is h-convex
and measurable. Take k € Nlarge enough, in order to guarantee u(gg) < by, whence gg € Cy, and
suppose that B(go, 7) \ Cx # @. By connectedness of B(go, r), we can find g € B(gg, r) N dCs.
We have

HOB(.N\CO |
HO(B(g,r)) ~

by Theorem 1.3, where 0 < ¢ < 1 does not depend on k. Hence,

H2(B(go, 2r) \ Ci) Jl-c
HO(B(go,2r)) ~ 29

On the other hand, by hypothesis,

H2(B(g0,2r) \ Cy)

—0 as k— +o00.
H2(B(go, 2r))
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It follows that B(go, r) \ Cx = 0 for large enough k € N. Thus, u is locally bounded above in 2.
The local Lipschitz continuity now follows from Lemma 3.1 and Proposition 3.2. ]

The author does not know whether there exist h-convex functions u : Q@ — R which fail to

satisfy the hypotheses of Theorem 6.5.
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