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Abstract The concept of finitely additive supermartingales, originally due to
Bochner, is revived and developed. We exploit it to study measure decompositions
over filtered probability spaces and the properties of the associated Doléans-Dade
measure. We obtain versions of the Doob—Meyer decomposition and, as an applica-
tion, we establish a version of the Bichteler and Dellacherie theorem with no exoge-
nous probability measure.
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1 Introduction

In the classical theory of probability one often encounters situations in which count-
able additivity fails. Broadly speaking, these fall into two main classes of problems:
those involving duality on the space L and those in which the underlying o algebra
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needs to be extended, e.g., to overcome the lack of measurability of some random
quantity. Both situations are well documented in applications. [18] is a recent exam-
ple of the former kind of situations arising in mathematical finance. In the area of
weak convergence it is well known that even the classical empirical process is not
Borel measurable in the space D[0, 1] when the latter is equipped with the nonsep-
arable topology induced by the supremum norm. Dudley [14] illustrates a number
of situations relevant for empirical processes in which measurability fails. To over-
come these drawbacks, a new approach, based on outer expectation, was developed
by Hoffmann—Jorgensen and, in a systematic way, in the book by van der Vaart and
Wellner [24]. More recently Berti and Rigo [4] have shown that such a notion of weak
convergence has an exact translation in the language of finite additivity.

In this paper we fix an algebra A of subsets of some set {2 and an increasing fam-
ily (A; : t € Ry) of subalgebras of A, a filtration (F and F; will hereafter denote the
o algebras generated by .4 and 4;, respectively). To illustrate our topic, consider the
quantity m(f;), where f = (f; :t € Ry) is an adapted process, and m a finitely ad-
ditive probability on .4, that is, m is a positive, finitely additive set function on A (in
symbols m € ba(A)y), and m(§2) = 1. When dealing with finitely additive expecta-
tion, of special importance are the structural properties of m such as decompositions,
particularly the one of Yosida and Hewitt [25]. In our setting, however, what matters
are the properties of m conditional on A;, and the focus then shifts from the finitely
additive measure m to the finitely additive process (m; : t € Ry), where m; = m|Ay;
oreven (mg :t € Ry), where m{ and m,L designate the countably and purely finitely
additive components of m;, (in the sequel the spaces of countably and purely finitely
additive set functions on an algebra G will be indicated with the symbols ca(G) and
pfa(G), respectively, while P(G) will be used to designate full, i.e., countably addi-
tive, probabilities on G). The inclusion A; C A, for u > ¢ implies m¢|A; < m; and
mt L mE|A; ie., mS|A =m; A (mS|A) <mé + (m- A (mS|A,)) = m¢, a conclu-
sion which extends to any decomposition m, = m¢ +m! such that m! 1 mé| Ay see,
e.g., Lemma 2. (m; : t € R}) and (m{ : t € Ry) turn thus out being finitely addi-
tive supermartingales, a concept introduced by Bochner in a number of little known
papers—[6—8]—and later revived by Armstrong in [2, 3].

More formally, a finitely additive stochastic process & = (&§; : t € R}) is an ele-
ment of the vector lattice nteR+ ba(A;) endowed with the order induced by each
coordinate space. £ is a finitely additive supermartingale if

E(F)>&,(F), FeA, t<u. (1.1)

The symbol & designates the set of finitely additive supermartingales such that
€1l = sup,er, lI& ]l < co. Without loss of generality, we put Ag = ﬂtdh A; and
A=U,cr, Ar and define, for F € A and G € Ay, &oo(F) = infj;:re 4,1 & (F) and
£0(G) = sup,; & (G), a choice that will allow us to replace R by Ry =Ry U {oo},
when necessary. We also use the symbols 2 = 22 x Ry and F = F ® {@, R_}.

We use repeatedly the following corollary of the Hahn—Banach theorem (see, e.g.
[5,3.2.3(b) and 3.2.10]).

Lemma 1 If o C ¥ are algebras of subsets of some set S and 119 € ba(X)+, then
there exists u € ba(X)4 such that u|Xo = .
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Although all processes in this paper are indexed by R, we often do not use but
the order properties of the real numbers so that some of the results that follow carry
over almost unchanged to the case of a linearly ordered index set.

2 Finitely Additive Conditional Expectation

The absence of a satisfactory concept of conditional expectation in the finitely addi-
tive setting, a major argument in favor of countable additivity, is a direct consequence
of the failure of the Radon—-Nikodym theorem. The operator defined hereafter, e.g.,
provides an extension of such a fundamental concept, which is suitable for many
analytical purposes but lacks some of the properties which matter for the sake of
its statistical interpretation (a different proof of the following result appears in [10,
Proposition 2.1, p. 27]).

Theorem 1 Let H be an algebra of subsets of §2, G a sub-o-algebra of H, and
€ ba(H). Let 1|G decompose as A+ 1 with A € ca(G)+, m € ba(G)+,and A L
and define

I, ={G € G:n(G) =0}. 2.1
If fe L! (u), there exists a unique u( f1Z;) € LY()\) such that
w(f1) =pn(w(fIZH1) =rMu( fIZ)1), 1€, (2.2)

and

w(fllZz) =pn(flZx)lg, Geg (2.3)
w(-1Zz) : LY () — LY()) is a positive linear operator with || (| )| = 1.

Proof Being closed with respect to finite unions, Z, is a directed set relatively to
inclusion. Since A L 7 and G is a o -algebra, for each € > 0, there exists / € Z; such
that A(/€) < e: ie., M(G) =limjez, A(IG), G €G. Let f € L'(w). Any solution
p(f) € L'(X) to (2.2) must then satisfy

H(p(H)lg) = lim Mp(Hlonr) = lim u(floan. Geg

and is therefore unique P a.s.: by considering f+ and f~ separately we can (and
will) thus restrict to the case where f € Ll(u)+.
Let pu r € ba(G)+ be defined implicitly by letting

nyr(G) = ,‘S}l n(flenn), GEeG. 2.4

The limit in (2.4) exists uniformly with respect to G € G. In fact, I € Z, implies
mr)=p(f1y)and lim;ecz, 1 yr(1°) =0, so that

0<puf(G) —u(flonD) = pup(G) —pur(GNI) < ps(I€).
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Let (G,),en C G be such that lim, A(G,) =0 and I € Z,. Then lim, u(G, N 1) =
lim, A(G,NT) =0, sothatlim, u(f1g,nr) = 0, by absolute continuity of the finitely
additive integral [15, II1.2.20(b)]. Then [15, 1.7.6]

li G,) =lim li 1 = lim li 1 =0
1rflnl/~f( n) lplé%u(f G,nI) Ié%, lr{nu(.f GnnI)

ie., ur KA. (2.2) follows by letting wu( f1Z;) € Ll(k)Jr be the corresponding
Radon—Nikodym derivative; (2.3) follows from /G € Z, whenever I € Z; and
G €G. u(-|Z;) is linear and positive as p is. If f € Ll(y,),

A 7 < lim A I:)1;) = 1li 1;) <
(| f1 n)l)_lér%; ((1f 11 Zx)1;) Iér%iu(lfl 1)< IfI
with equality if f is the indicator of some I € 7, i.e., |u(-|Z;)|| = 1. [l

Referring to w(-|Z;) as “conditional expectation” is just a convenient abuse of
terminology as the law of total probability w(f) = u(u( f|Z;)), which is at the
basis of the statistical interpretation of this concept [17, p. 1229], will in general not
hold unless 1|G € ca(G)'. Of course, if u € ca(H), the above concept of conditional
expectation would coincide (by uniqueness) with the traditional one.

3 The Doléans-Dade Measure

In the early works of Doléans-Dade [12], Follmer [16], and Metivier and Pellaumail
[20], supermartingales were associated with measures over predictable rectangles.
We address this issue in the present setting. The claims and the proofs of this section
remain true if we replace R, by any linearly ordered index set.

Denote by R the collection of all sets of the form

N
Fox{O}UUan]tn,oo[ (3.1

n=1

where Fp € Ag, N €N, and, foreach N >n>m>1, F, € A;, and F, N F, = @.
R is closed with respect to intersection and contains §2 and &. We denote by P the
algebra generated by R: each F € P takes then the form of a disjoint union

N
Fo x {0} U |_J Fu Xty up] (3.2)

n=1

with Fy € Ao, t,, un, € Ry, F, € A;,. We also denote by P the collection defined as
in (3.2) but with A, replaced by A for each r € R Let

I 2\ . limz —
M =[5 ba(22), :lim7(@x]r, o0l) =0]. (3.3)

I The failure of this property for reasonable definitions of finitely additive conditional expectation is well
known since the work of Dubins [13].
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Theorem 2 & € G if an only if there exists X € MM and ) € ba(As) such that
§(F)=MF)+x(Fx]t,o0) teRy, FeA. 3.4)

Proof Assume that £ € G and, replacing & with & — £, assume also that &5, = 0.
For each Fy x {0} U U;11V=1 Fu x1t,, oo[€ R, define the quantity

N N
x(Fo x {0} U | Fu 1, oo[) = &, (F. (3.5)
n=1

n=1

Let F = Fo x {0}UJ_, Fu x1ty, ool and G = Go x {0}U|Jj—, G xlu, ool be sets
in R. To prove that R is a lattice, write F; = Fo N G, G, = Go and, for n,k > 0,
F’/l = Fn N ﬂ{k>0:uk§tﬂ} Gi and G;{ = Gk N m{n>0:t,,<uk} F’,(i. We Obtaln

N K
FUG = (FjUG}) x (0}U (U F,gx]z,,,oo[> U <U G, xuy., oo[) eR.

n=1 k=1

Rearrange the collection {t,,u;:1 <n <N,1 <k <K} as (y,-)i’=1 with ¥; > Y41
and set conventionally &, =0.For 1 <i <1, let 1/}i be a positive extension of (§,, —
&y,_1)| Ay, to A and é]/i = lezl &j‘ Then, é]/i |Ay;, =&y and é%‘ﬂ z éyi =0, ie,
éz,l > éuk whenever t, <up.For0 <k <K, Uiv:l(Gk N Fy)xug, t,] C FEN G (as
F,NF, =9 forn>m>0). Then G C F implies Gy N F, =@ forall 1 <k <K
and 1 <n < N such that u; < t,, thatis, Gy = U{mn Suk}(Gk N F,). Therefore,

K
> £ (Gr) = > £, (Gi N Fy)
k=1 {1<n<N,1<k<K:t, <uy}
N
< > £, (GiNF) <) & (F).  (36)
{1<n<N,1<k<K:t,<up} n=1

The set function x defined in (3.5) is then monotonic and a fortiori well defined. If
F = &, then Ur]:]=1 F, = &, so that x(F) = 0; moreover,

K
&, (F)) + Y &4, (GY)

k=1

x(FUG)

&, (Fy) — > &,(F,N Gy

SA=IN,I=R=

N
n=1
N
n=1

K
+> £ (G - > £u, (Fu N G)

k=1 {1<n<N,1<k<K:t,<ui}

SRZ=IN,1IZR
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N K
=Y &, (F)+ Y £ (G — Y Evu (Fa N GR)
n=1

k=1 k,n>1
=x(F)+x(G) —x(FNG).

In other words, x is a strongly additive set function on a lattice of sets which contains
@ as well as £2: as such [5, 3.1.6, 3.2.1 and 3.2.5], it admits an extension x to P. If
F € Pisasin (3.2), then

N
R(F) =Y {x(Fyxtn. 00l) = x(Fyx1un V tn, 00[)}

n=1

X is thus unique and, in view of (3.6), positive. But then, ¥ admits a positive extension
% to 2%, by Lemma 1. If X € M and A € ba(As) are given and £ is defined as in
(3.4), then it is clear that £ € G with &5, = A. O

If £ € G, then denote by 2(£) the collections of those x € 9 meeting (3.4).
Each x € M(&) will be referred to as a Doléans-Dade measure associated to &. Dis-
regarding the apparent arbitrariness implicit in the existence of a multiplicity of such
measures, there are several remarkably simple implications of Theorem 2 on such rel-
evant issues as the decomposition and extension of supermartingales that are spelled
out in the next corollaries where the following notation is used: let 99t"¢, 9*P C M
consist of measures m such that m|F € ca(F) and m|F € pfa(F), respectively. We
set

G" ={€ €S :&x €calA), ME) NM“#2}  and
(3.7)
6"’ ={t €S :éx € pfa(A), C M7},

A supermartingale belonging to G“¢ (resp. &*”) will be called uniformly countably
additive (resp. uniformly purely finitely additive).

Corollary 1 Any & € G admits a decomposition

f=p—a (3-8)

where  is a finitely additive martingale, and o a positive, finitely additive increasing
process (as defined in [2, p. 287]). Moreover, the following are equivalent:

(i) E c GLlC;
(i) w and a in (3.8) may be chosen such that [, Qs € ca(A) (and thus so that u
and o are countably additive processes);
(iii) there exists A € ca(A) 4+ such that |&| < A|A; for eacht € R,..
Proof Let x € M (&), and define

pi(F) =Eo(F) + X(F x Ry) and o (F)=x(F x[0,1]), FeA. (39
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Then (3.8) follows from (3.4). In fact, i is a finitely additive martingale, while «
extends to an increasing family (&; : t € Ry) of measures on A such that inf; ||&; || =
llo|l = 0. If (i) holds, then upon choosing & € M(&) N M“C such that x| F, (3.9)
implies (ii). If (ii) holds, let A = |ftoo| + 2. Then in restriction to A; we obtain
€] < 1€ool 4+ (5t — §o0) = Mool + oo + (@oo — @) < A, and (iii) follows. Assume
(iii), then &0 € ca(A). Let U = {0 =1; <--- <1y}, and define ¢! € ca(A); to be
an extension of &, — &x|A;, to A dominated by A — £, and set ét% =& + C,l]{,;
likewise, for n < N, let Etf,] € ca(A) 4 be an extension of &, — & .| A, to A dom-
inated by A — £V and set £ =&V + V. Define £V =Y | £U1y;, ., a map
from R to ba(A). One easily establishes that £, < &Y < A for each t € R, ie.,
EV € [Exo, MR+, that £V is decreasing, and that £V | A, = & for t € U. If ba(A)R+ is
equipped with the product topology obtained after endowing each coordinate space
with the weak* topology, we conclude that [£, A]®+ is compact and that the net
(EYYyey, with U denoting the collection of finite subsets of R directed by in-
clusion, admits a cluster point &. Then necessarily, & is decreasing and & |A, = &
for each ¢ € R;.. The same argument used in the proof of Theorem 2 shows that
the quantity Y (&, — &,,)(Fy), where Fy x {0} U U, F, x1ty, uy] € P, im-
plicitly defines a measure on P which admits an extension X € (&) such that
F(F x Ry) = (&0 — £x0) (F) < A(F) so that X|F € ca(F). O

Corollary 1 establishes a general version of the Doob—Meyer decomposition. In
addition, it characterizes exactly those processes £ admitting a countably additive
version of such a decomposition. This characterization implies a condition hinging
on the uniform countable additivity of the process £ or, equivalently, a weak form of
countable additivity of the Doléans-Dade measure, namely %|F € ca(F). We shall
return on this issue in the following sections.

The existence of Doléans-Dade measures easily translates into that of extensions
of finitely additive supermartingales, a result which may prove useful in problems
involving changes of the underlying filtration. For H C £2, let H,, denote the section
{treR):(w,t) e H}.

Corollary 2 Consider an increasing family (A : T € T) of algebras of subsets of $2,

where T C 2% is ordered by reverse inclusion, and let & € G and X € M(E). There

exists a finitely additive supermartingale £* on (A; : © € T) such that x € M(E*). As

a consequence,

() Ift(t)y=2x]t,o0le T and F € A; N Ay, then g;(,)(F) =& (F)

() Ift,veT, FC R and Fr, ={we F :v, C1,} € A; N Ay, then £ (Fr ) >
&, (Fr.u).

Proof Fix x € MM(£) and define £ € ba(A;) implicitly by letting
EX(F)=Ex(F)+%((F xR NT), FeA (3.10)

where éoo is an extension of £y to 252 (i) is immediate from (3.5). Given that <
v is equivalent to v C 7, then F € A; and v < v imply £(F) > £}(F), so that
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&* is a finitely additive supermartingale on (A; : T € T). Moreover, if F C £ and
Fry € A N Ay, then & (Fr ) > & (Fr ) is equivalent to X((Fr,, x Ry) N7) >
X((Frv x Ry) Nw), which follows from x being positive. O

Whenever 7(¢) € T and A, C Ay, for all r € R, Corollary 2 suggests that any
& € G may be consistently extended to any filtration indexed by T. Corollary 2 is an
illustration of the importance of finite versus countable additivity.

4 Two Decompositions

We shall prove in this section that all finitely additive supermartingales have a com-
ponent that may be represented as a classical supermartingale with respect to some
P € P(F). It should be highlighted that the probability measure P involved here
emerges endogenously, rather than being given from the outset, as in the classical
theory. We start with a preliminary result.

Lemma 2 Let G C 'H be two algebras of subsets of §2, and denote by ca(G, H)
and pfa(G,H) the subspaces of ba(G) consisting of set functions which admit a
countably additive extension to H and whose norm preserving extensions to H are
all purely finitely additive, respectively. For each ) € ba(G), there exists a unique way
of writing

A=A+ AP 4.1)
where A° € ca(G, H) and AP € pfa(G, H), and ¢, AP > 0 if and only if » > 0.
Proof With the aid_of the Radon—_Nikodym theorem it is easily seen that A € ca(G, H)
if and only if A <« 1|G for some A € ca(o'H) and, thus, that ca(G, H) is an ideal. Let
(Aa)qea be an increasing net in ca(G, H)4 with \/,cp e = A € ba(G). Fix a; € A

arbitrarily, and, for given o, 1, let &, > a1 be such that Ao, (£2) > A(£2) = 27" If
Feg,

A(F) = 1lim A, (F) = A(£2) — lim A, (F€) = A(82) — A(F€) = A(F).

But then, A < ), 27"Ay, € ca(G, H), ie., A € ca(G, H). We obtain from Riesz
theorem the decomposition ba(G) = ca(G, H) + ca(G, H)*. The inclusion pfa(G,
H) C ca(G, H)* is clear. To prove the converse, let A € ba(H) be a norm pre-
serving extension of A € ca(G, H)™. Then there exists G, € G such that [A(GS) +
IA[(G,) <2 " IfG € G,

|A(G)| =1lim|A(G N G,)| =lim|AH(G NG| < [AH(G)
n n
ie, |A] 4+ [IA1 ] = |4 = 1Al < [[A1]]. In other words, A € pfa(G, H). O

Lemma 2 is a slight generalization of the classical decomposition of Yosida and
Hewitt (by uniqueness the two decompositions coincide for G = H). It has though an
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important implication here as it implicitly suggests that finitely additive supermartin-
gales may admit a component that can be represented as a classical supermartingale
with respect to some P € P(F).

Proposition 1 Let &£ € &,. For each t € Ry, let & = £f + &} with &€ € ca(A;, F)
and €' € pfa(A;, F), and set £ = (§¢ 1t € Ry) and €7 = (€] :t € R}.). Then

§=§°+¢&" (4.2)

is the unique decomposition of & such that £¢ € G4 may be represented as a classi-
cal P supermartingale X for some P € P(F),*> while P is positive and orthogonal
to all finitely additive processes admitting such a representation. We say that &€ is
representable and that the pair (P, X) is a representation of £°.

Proof The inclusion £¢ € G4 was shown in the Introduction. As &7 is clearly or-
thogonal to any classical stochastic process, we only need to prove that £¢ admits
a representation. Define the function 7' (t) = ||| and the set J ={r e Ry : T(¢) >
sup,~, T (u)} (with sup@ = —o00). As T is monotone, J is countable; let C be a
countable subset of R such that T[C] is dense in T[R.]. For each t € R, either
t € J, or there is a decreasing sequence (fx)ieny in C such that limy 7' (1) = T'(¢). Let
(t2)nen be an explicit enumeration of D = C U J, and choose éti € ca(F) such that
EC| A, =& .fix Qe P(F),andlet P= Q0+ ,27"&f and P = || P||~' P. Clearly,
P eP(F)and P> étfl for each n € N. By construction, for all t € R} and k > 0,
thereis 7 € D suchthat 7 <7 and (§f —§7)(§2) < 2~k Remark that (éf —é,f{)lo.At €
ca(o Ay) is the (unique) countably additive extension of & — & | A, to 0 A, and is
therefore positive. We conclude that £¢(F) = limy éti (F) for each F € 0 A;. By the
Vitali-Hahn—Saks theorem and its corollaries [15, I11.7.2-3], éflo.Al L Plo A, e,
&¢ is representable. O

Uniformly countably additive supermartingales play a special role in the following
section.

Proposition 2 Each & € G admits a unique decomposition & = "¢ + £"P | where
£1C € G and E"P € G"P.

Proof Let x € MM(§), and let )E;:_ and x ;-__ be the countably and purely finitely additive
parts of X|F, respectively. Define X’ € 9t by letting

¥ (H) =x% (x(H|I—¢)) HcCQ.

Then, by (2.3), )Z ]:_ so that x” € 9"¢. Letting I, € Z— be such that x]_-( 9 <

27" we have

x (H)—llmx (1 x(H|I—l))_11mx(I H)<x(H), HcC .

2The property defined here was called the Kolmogoroff property by Bochner [8, p. 164].
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Clearly, x” = x — x’ € 9“P. Thus the set M* (&) = {y € M¥“ : y < x for some x €
M (&)} is nonempty, and, we claim, it admits a maximal element with respect to the
partial order > 7 defined by letting y > 7 y" whenever yz > y’]:_. In order to apply
the Zorn lemma, consider an increasing net (y*),c4 in M*(£), and let x* € W(&)
be such that 7% < X for all « € A. Define x°(H) = LIMycax®(H), H C £2, where
LIM denotes the Banach limit functional introduced in [1]. By linearity, x° € 9t(§).
The inequality x°(H) > liminfyca X*(H) > liminfyca y* (H), which holds for any
HC 2, implies that x° >F y* for all ¢ € A, i.e., that x° is an upper bound for
(y*)qea- Let x4¢ be a maximal element of I*(£), let x* € M(£) be such that "¢ <
x*, and define X" = x* — x"“ € M. Let £§““, £"P € G be uniquely defined by the
condition x"¢ € M(£4), x"P € M(E"P), ELE = &5, and gr = Solo. By construction,
g4¢ € G"¢. Decompose y € M(EHP) as y' + ¥, where y' € 94 and y” € M"P, as
in the first step of this proof. From k%€ 4 ' < x"¢ + 3 € M (&) and the fact that x*¢
is > 7 maximal, we deduce that ¥y = 0 or, equivalently, £“? € &GP, If & = k"¢ +
k"P were another such decomposition and k"7 and k"¢ the associated Doléans-Dade
measures, then from k*? < x"¢ 4 x"P and the Hahn—Banach theorem one may find
k“P € 9MM(k*P) such that kP < X" + x"P. However, since k"7 L x"¢, this implies
k"P < x4P while the converse is obtained mirrorwise. In other words, «*” and gup
induce the same Doléans-Dade measure; in addition, kas = &t = £%. The claim
follows from Theorem 2(iii). [l

5 Increasing Processes

Fix P € P(F), and let 2A(P) denote the set of processes (A; : t € Ry) such that
Ax € LI(P) and PO=Ap<A; <A,)=1foreach 0 <t <u < 00. Of course, if
A € A(P) and A’ is a modification of A (i.e., P(A; = A;) =1 for all r € R}), then
A’ € A(P). Put A = Upep(f) A(P).

Lemma 3 Let A € A(P). Then there is F € F with P(F¢) = 0 and a modification
A’ of A such that, for each t <u, 0= A < A; < A}, on F.If in addition P(A;) =
lim,, P(A;p-n), then A’ and F may be chosen to be right continuous at each t € Ry
and for each w € F.

Proof As in the proof of Proposition 1, there exists a countable subset D of R
with the property that, for all r € Ry and € > 0, there is d € D such that d > ¢ and
P(A;) > P(Ay) — €. Define F = m{d,d/e]D):d>d’}{Ad > Ay} clearly, P(F¢) =0. Let
D(t)={d eD:d >t} and A; = infzep() Aq. By definition of D, A} > A; P a.s. but
P(A}) = P(A;), so that P(A; = A;) = 1. If A is right continuous in mean, the same
conclusion holds even if we replace D(¢) with DT (t) ={d € D : d > t}. However A’
is right continuous on F, since D (1) = J,,-, DT (u). O

For H = (Fy x {0}) U Uflvzl(Fn X1ty un]) € P and A € A(P), the integral
f 15 d A has an obvious definition, namely Zflv:] 15, (Ay, — Ag,). In the following
theorem we obtain an extension of this integral together with a characterization of
increasing processes in terms of their Doléans-Dade measure.

Theorem 3 Let x € 9. The following are equivalent:
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(1) There exists P € P(F) and, given P, a unique (up to modification) A € A(P)
such that

)E(H):P/lHdA, HeP; (5.1

(i) x € M““ and x({0}) =0;
(iii) There exists P € P(F) such that, for each h € LY(%), the equation

X(bh) = P(bIz(h)), beB(F) (5.2)

admits a unique solution Iz (h) € LY(P) such that I; (140)) =0.

Iz : L'(¥) — L'(P) as defined in (5.2) is a positive, continuous, linear func-
tional such that || Iz|| = |x|| and lim, I;(h,) = O whenever sup, |h,| € L'(x) and
lim, P*(h} > n) =0 for each n > 0, where h; = sup, |h, ;| and P* is the outer mea-
sure generated by P.

Proof Let us start remarking that one may easily identify F with F, as we shall now
do. Under (i), x({0}) = Pfl{o}dA =0and x(F) =x(Fx]0,00[) = P(1rAs) for
any F € F. Assume (ii) and fix P = (]| Q|| + 1X1D~1(Q + x| F) for some Q € P(F).
By Theorem 1, for each s € L! (x), we may define

Iz (h) :)E(h|]:')dj—l|f eL\(P).

By (2.2), Iz (h) is a solution to (5.2); moreover the operator I is positive, linear
and has norm [|x||, by Theorem 1; x({0}) = 0 implies I3 (1(0y) =0, P a.s. Any other
solution J (h) € L'(P) to (5.2) satisfies P(bJ (h)) = P(bIz(h)) for all b € L®(P),
ie., P(J(h) = Iz(h)) = 1. Assume (iii) and define A, = Iz(1j0,1)), A =(A; : t €

R.), and let H = (Fo x {0}) UJ"_, (F,x1ty, us]) € P. Then A € A(P) and, up to
a P null set,

n=1

dxl]-'

L(y) = Zx(anx ol 1) =

n=1

dx|F
= Z 15, % Uy 11 F) = '

N
= Z an (Aun - Atn)

n=1

:/lHdA.

But then (5.1) follows from (5.2). If B € A(P) also meets (5.1), then, for h = 1r )0,/
and F € F, we conclude that P(FA;) = P(F B;), from which we deduce the unique-
ness. It is clear from (5.1) that /5 is linear and positive and that || Iz || = || x||.
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If (h,),en 1s a sequence in L1(%) with the above properties, then so is (|,]),en-
Given that I; is positive, it is enough to prove the claim for 4, > 0. Observe
that x(h, > n) < x(h} > n); moreover, )E|]:' <« P implies that, in restriction to
22 {5, R}, x < P*. But then, h, converges to 0 in X measure and, by [15, The-
orlem I11.3.6], in L'(X). Given (5.2), this is equivalent to Iz (h,) converging to O in
L' (P). O

The equivalence of (i) and (ii) establishes a correspondence between 2l and 9“¢
which compares to the classical (and well-known) characterization of increasing
processes as measures given by Meyer [11, VL.65, p. 128] (see also [21, p. 6]).
Meyer’s result, which ultimately delivers the Doob—Meyer decomposition, focuses
however on the countable additivity over F ® B(R); we rather require this property
relatively to . In Theorem 4 below we show that indeed this is enough to obtain
a suitable version of the Doob—Meyer decomposition. Although there are connec-
tions between these two properties, it is noticeable that the latter is independent of
the given filtration. On should also remark that we do not assume the existence of an
underlying probability P € P(F) but rather deduce it.

Each x € 9T may be considered in restriction to special classes of functions such
as the set C of functions f : 2 — R with continuous sample paths and bounded
support (i.e., such that f(¢) = 0 for all ¢ larger than some T'). Let C be the o algebra
on §2 generated by C.

Lemma 4 Let x € 9MC. There exist a¢ € ca(C)y, P € P(F), and A° € A(P) right
continuous such that

i(f):cx“(f):P/fdAc, feLENC. (5.3)

Proof In order to apply the Daniell theorem, consider a sequence (h,),cn in the
vector lattice L(x) N C decreasing to 0, and fix T such that x(|h; — h1T|) < €,
where T = h, 15071 Let h* = sup, AT (). A simple application of Dini’s theorem
for each w € £2 guarantees that the sequence (h7"*),cn converges to 0 pointwise;
moreover, by continuity of the sample paths, hI* is in fact F-measurable. Thus
Theorem 3 implies that lim, X(h,) < € + lim, X(h]) = € + lim, P(Iz(h])) = €.
In other words, the restriction of x to C is a Daniell integral and as such it ad-
mits the representation as the integral with respect to some «¢ € ca(C). Observe
that Fx]t,o0[€ C for all F € F and t € R,. Fix P € P(F) as in Theorem 3(i)
and define of € ba(F) as a“(Fx]0,1]) for each F € F. Since af < xz K P, de-
note by A{ the Radon—Nikodym derivative of «f with respect to P. We deduce that
P((AC — AD1p) = a(Fx]t,u]) = x(Fx]t,u]) > 0, so that A € A(P) and that

lim,, P(lp(Aerz,,, — A7) =lima“(Fx]t,t +27"]) = 0 (by countable additivity)
for each F € F so that A7 =lim, A} 4p-nuptoa P null set. By Lemma 3, we obtain
that A¢ admits a modification which 1s right continuous. (|

Theorem 4 Let £ € S. Then &€ € G¥C if and only if there exist P € P(F), M €
LY(P), and AP € U(P) which is adapted, right continuous in mean, and such that

E§(F)=P(1p(M —A})), teRyand F e F, (5.4)
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and that
P(b/hdAp) = P/M(b)_hdA/’, beL®(P), heB(oP) (5.5

where M (b) = (P(b|F;) :t e Ry).

Proof We use the notation of Lemma 4 and the inclusion o P C C. Letd ={t] <t <
--- <ty} be a finite sequence in R, and define

N-1
PUHY =D PUlFd s and 2 =%(PU(f), f:Ry—L'(P).

n=1

(5.6)

Denote by a? the restriction of ¥¢ to F ® 2%+, On the one hand, it is easily seen
that )Ej:_ « P so that, as in the proof of Theorem 3, we can associate to i a
process A¢ € 2A(P), by letting Afd P = /(1y0,1)|F)dx%. On the other hand, (5.3)
implies P [ fdA? =x(PY(f)) = a®(P4(f)). Consider the case where f = bh with
b € L°°(P) and h bounded, adapted, and left continuous. Let d, = {k27" : k =
o,..., 22”}, and observe that, by [11, VL2, p. 67], there exists a P null set F' € F
outside of which lim,, P% (b); = M (b),_ and lim, P% (h); = h, for each t € R, (as
h is left continuous and adapted). Given that «¢ is countably additive in restriction to
C, we conclude

lim P <b / h dAd"> = lima®(P% (bh)) =lima* (P (BYP™ (h)) = a“ (M (b)h).
n n n
(5.7)
Define then a” € ba(F @ 2%+) implicitly as a” (H) = «“(M (1g)—). Then from (5.7)
we deduce that (a9 ),cn converges to a? and, by [15, II1.7.3, p. 159], that a;_ < P.

Let AP € 2((P) be the increasing process associated to a”. Thus, for every bounded,
adapted, and left continuous process & and every b € L>°(P), we have

P(b/hdAP) = (M (b)-h) =a*(M(b)_h) = P/M(b),hdAp

which delivers (5.4) if we only let M = d&~,/d P + AL b=1p with F € F,and h =
1y 00[- In addition, if F e F,s <tand hp; =1p — P(1p|F;), then M(hFp,)s— =0,
so that

t
P(hpAP) =aP(hp dj.) = P/O M(hp,)_dA? =0,

Therefore, replacing Af with P(Af]|}",), we may assume that AP € A(P) is
adapted. Eventually, letting h, = 1 ;42-»], we conclude that 0 = lim, a“(h,) =

lim,, P(Af’ o Af ) and, thus, that A? is right continuous in mean. It is obvious
that (5.4) implies & € G"¢. O
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With a complete filtration Theorem 4 implies that A” may be chosen to be adapted
and right continuous.

We want to emphasize that the existence of the decomposition (5.4) does not de-
pend on the underlying filtration.

Corollary 3 Let & € &, and let D C Ry be such that & = sup;cp ) &4\ As, where
D(t) ={d € D:d > t}. Then, & admits a Doob—Meyer decomposition if and only if
eD = (&, : d € D) does.

Proof Given that, by Theorem 4, the Doob—Meyer decomposition is equivalent to
& € 6%, the direct implication is obvious. As for the converse, choose iPe SLTI(ED)
to be countably additive in restriction to F ® {&, D}. If t € R4 and F € A, then

|&1(F) < sup |£al(F) < |&0ol (F) + 7 (F x D) = A(F). (5.8)
deD(r)
The claim then follows from Corollary 1. (]

Corollary 3 makes clear that decomposition (5.4) is a property that involves any
subset D which is dense for the range of £, and we know from the proof of Proposit-
ion 1 that this may be taken to be countable. The class D property may thus be
replaced by the corresponding property, the class D, in which the stopping times
are restricted to have countable range, see [9].

6 The Bichteler—Dellacherie Theorem without Probability

Let f : £2 — R be adapted to the filtration, define f* = sup;er, | fil, and let 7 be
such that f* is F-measurable. The starting point of this section are the sets

K:{/hdf:hisPsimple, |h|§1} and C=K—B(F)4. 6.1)

Bichteler and Dellacherie start from the assumption that K is bounded in LO(P) for
some given P € P(F) and that f is right continuous with left limits outside some
P null set. These two properties are then shown to imply that for given n > 0, there
exists § > 0 such that d1f ¢ C1f for all F € F such that P(F) > n. We take in-
spiration from this separating condition to define a concept of boundedness suitable
for our setting. To this end we denote by U/ a collection of subsets of 2 with the
following properties:

Assumption 1 There exists Ay > 0 such that
My:A=x}NnCly=9, Uel. (6.2)

Moreover, U,V € U imply that U C {f* < n} for somen and UUV €U.
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A violation of (6.2) indicates that the set /C is unbounded relatively to some U € U.
Both sets in (6.2) are convex subsets of B(2Y), and 1;,C contains —1; as an internal
point. By ordinary properties of the support functional [15, Lemma V.I.8(f), p. 411],
the Hahn—Banach theorem and [15, Lemma V.IL.7, p. 417], we conclude that for
each U € U, there is my € ba(2Y) such that sup,c1,c My (x) < 1= Aoy (U). The
inclusion —B(2Y), C 1yC implies that sty > 0. By defining my € bay implicitly
by

we have completed the proof of the following:
Lemma 5 Let f: 2 — Ry satisfy Assumption 1, and define the set

Mz{meba+:||m||=1, supm(x)fko}. 6.3)

xeC
For each U € U, there exists my € M such that my (U) = 1.
Fix now m € M (so that f* € L'(m)), and let £¢ and £” be the components of
the finitely additive supermartingale (m|F; : t € R;) as of (4.2). Set also Z; = Ig,"
(see (2.1)), let (P, X) be a representation for £¢, and observe that —£” € G and that

M(EC) = M(—EP). Fix an extension &y € ba(F) of £ to F and X € M(£°), and
define

§'(F)=EL(F) —x(Fx]t,00) FeF.

The collection (5,” :t € Ry) is then increasing with ¢. For all b € B(F) and u > ¢,
F €T, implies ££, (b1f) = X(b1Fx)s,001) and thus

€L (b1p) = EL,(b1F) — X (b1 Fxqu.co) = X (b1 Fx)ru])- (6.4)
Letnowd = {t; <--- <ty},

N-1
P ={Fox {(0}U | Fuxlt. tas1]: Fo € Fo, Fy € F,, lfnsN—l} (6.5)

n=1

and choose F, € Z;, 1 <n < N, and set

N—1 N—1
Fé= U FyXltn,tas1] and  f7= Sfolyoy + Z Stoer Mty 1-
n=l1 n=1

By (6.4),

N-1

N-1 —
Z St[y,)Jr] ((f[n+1 - fln)an) = Z ‘i((fanrl - ftn)an X]ln’thrl])
n=1

=1

=
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N—1
d
le .X< ftannX 1t tn+]]>

n=1

N—1
E(fNpa) + P Y filr,(Xiy — Xy,)

n=1

ie.,
N-1
m(/ledf) = m((ftn+l _ftn)lF»)
n=1
N-1
= (%_T‘:+l +§fi+l)((ftn+l - ftn)lFﬂ) (66)
n=1
N-1

Il
=1

(fdlpd) + P Z an (ftn+|th+| - fantn)'
n=1

Assume that H = Hyloy + U,’,V:jl H,1y, 1,.,1 € P4. Then by (3.5)

N—-1
i(H) = P{lﬂo(xo —Xoo)+ D1y, (Xy, — Xy )

n=1

i.e., x|P¢ is countably additive. Replacing F? with a sequence (F%*);cy such that
limy P(ﬂfl\:ll F,’l‘_l) =1, we thus deduce then from (6.7)

li]£nm</ 1 df) =5(f9) + P(fooXoo — foXo0). 6.7)

Replace f with flpx]t,u]df, where t < u and F € F;, and choose d such that
Fx]t,u] € P4. We also deduce

111?1m(1F/ 1pax df) =P(F(fuXu— i X0) +%(f Vpxyiu)- (6.8)
t

Theorem 5 Let f € R¥ satisfy Assumption 1. Then there exists P € P(F) and a P
positive supermartingale X such that Xf is a P quasimartingale. If there are Q €
P(F) and n > 0 such that Q(f* < o00) =1 and that F € F and Q(FN{f* <k}) >n
imply F N {f* <k} eU, then, for any § > n, the pair (P, X) above can be chosen
such that P(X~ =0) < 6.

Proof By Lemma 5, for fixed n > ny, there is m € M such that m(f* > n) =0, so
that m(f*) < co. By (6.4),

NZ @0 —ED( sup 1fil) =EL( sup Ifyl) =m(f7).

1<j<N 1<j<N
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Let h¢ be the sign of P(f;,,, Xy, 1F) — fi, Xi, and kY =Y, hi1y, . . 1. By (6.8),

P Y P Xt ) = fou Xu| = P Y1y o Xy = fuu X))
n n

= 1i]£nm<f Fékpd df) —x(f'n)

< sup m(k) +m(f*).
kel

Since such a bound is uniform in d, this proves the first claim.

Let Q € P(F) and n be as in the claim. In search of a contradiction, assume that,
for some § > n and all representations (P, X) of £¢, we have P (X, = 0) > §. Fix
€ =38 —n,define P = (1 —€)Q +€P, and let (P€, X€) be the corresponding repre-
sentation. Given that P€ and £, are orthogonal and that F is a o -algebra, there is an
F-measurable subset F of {X5, = 0} such that ££ (F) = m(F) =0 and P¢(F) > §,
so that Q(F{f* < k}) > ‘]S—E = 1 6 for some integer k. We conclude that for each
m € M, there exists h,, € B(F) suchthat0 < h,, <1, Q(h,,) > {hm >0} €U,
and m(h,;,) = 0. Denote by H the corresponding collection. Then

le’

sup 1nf m(h) =
meMheH

Endow B (F) with the norm topology and ba(F) with the weak* topology. One eas-
ily remarks that H and M are convex sets (as U is closed with respect to unions)
and that M, being a closed subset of the unit sphere of ba(F), is compact; more-
over, the function (m, h) — m(h) is bilinear and separately continuous. Sion’s [23,
Corollary 3.3, p. 174] version of the minimax theorem therefore applies, yielding the
conclusion

jnf, s m(h) =
There is then a sequence (/)< in H such that sup,,c v m(h,) < 27". Given that H
is convex, we may equivalently replace %, by a convex combination Zj]'=0 ojhyy .
As a consequence of the Komlos lemma [19, Theorem 1, p. 218] (see also [22, The-
orem 6, p. 184]), there is no loss of generality in assuming that the sequence (%), cn
converges Q a.s. to some h'. By the Egoroff theorem, we can choose F € F such that
hy, converges uniformly to 2’ on F and that, letting h = h'1p,

Q(h) =1im Q(hp1F) = lim Q (h,) — 0(F) > 1 _ne/z -

while

sup m(h) <11m sup m(h,) =0.
meM meM

Both inequalities remain true if we replace h by U = {h > a; f* < 1/a} for a suf-
ficiently small. Then U € U but m(U) = 0 for all m € M, so that Lemma 5 fails,
a contradiction. O
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