Integr. equ. oper. theory 63 (2009), 127-150
(© 2008 Birkhduser Verlag Basel/Switzerland .
0378-620X/010127-24, published online December 22, 2008 Integral Equations

DOI 10.1007/s00020-008-1645-y and Operator Theory

Anisotropic Operator Symbols Arising From
Multivariate Jump Processes

Nils Reich

Abstract. It is shown that infinitesimal generators A of certain multivari-
ate pure jump Lévy copula processes give rise to a class of anisotropic sym-
bols that extends the well-known classes of pseudo differential operators of
Hormander-type. In addition, we provide minimal regularity convergence anal-
ysis for a sparse tensor product finite element approximation to solutions of
the corresponding stationary Kolmogorov equations Au = f. The computa-
tional complexity of the presented approximation scheme is essentially inde-
pendent of the underlying state space dimension.

Mathematics Subject Classification (2000). Primary 45K05, 60J75, 47G30;
Secondary 65N30, 47B38.

Keywords. Integral operators, symbol classes, anisotropic Sobolev spaces, Lévy
copulas, jump processes, sparse tensor products, wavelet finite elements.

1. Introduction

On R"™, n > 2, consider the integrodifferential equation
Au = f, (1.1)

where A denotes an integrodifferential operator of anisotropic order @ € R™, i.e.
A HYR") — L?(R") is continuous. Here H%, s € R™, denotes the anisotropic
Sobolev space

n ~
> 1+ f

=1

HE(R™) = {feS’(R") :

< oo}.
L2(R™)

We assume that the operator A is a pseudo differential operator with symbol
p:R®" xR"” — R, i.e.

Au(z) = Ayu(z) = — / G p(r, )i(E)dE, we SRY).  (1.2)

n
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In [21, 39], it was shown that such integral operators occur as infinitesimal gener-
ators of certain Lévy copula processes X. In this case (1.1) can be regarded as the
stationary part of the Kolmogorov equation of X. Such equations occur, for in-
stance, in the field of asset pricing in multidimensional Lévy models as introduced
in [21, 34, 39, 47].

In terms of Bessel potential spaces corresponding to a continuous negative
definite reference function (-), symbols arising from rather general stochastic
processes have been studied in [19, 20, 26, 27, 30, 45]. For an overview, we refer to
the monographs [31, 32, 33]. However, classical numerical analysis of (1.1) is based
on a Sobolev space characterization of the operator A. To this end, we shall see
below that the infinitesimal generators of Lévy copula and certain Feller processes
give rise to a new class of pseudo differential operators with symbols that extend
the classes ST, m € R, of Hormander (cf. e.g. [28, 48]). The operators in this class
act continuously on anisotropic Sobolev spaces and their symbols admit a more
complex singularity structure than classical pseudo differential operators.

The structure of anisotropic symbols and their corresponding distributional
integral kernels has been analyzed by many authors since the 1960s: Extending
the fundamental results of [8, 9] that were obtained for homogeneous singular
operators, in [17, 18] a symbolic calculus is constructed for certain anisotropic
operators with kernels of mixed homogeneity, spectral asymptotics are considered
in [3, 5, 43] and the references therein. Furthermore, for the closely related analysis
of hypo- and multi-quasi-elliptic operators we refer to [1, 3, 4, 6, 22, 25, 42, 41].
Even though the focus of this work lies on classical Sobolev- and hence L2-based
results, note that a great number of £P-boundedness results for (different classes
of) anisotropic integral operators can be found in [10, 16, 29, 40, 46] and the
references there.

Finally, in order to obtain numerical solutions of (1.1) we shall also extend
the numerical analysis of [7, 21, 24] to obtain a minimal regularity finite element
discretization of (1.1) with essentially dimension independent convergence rates
for the class of anisotropic operators under consideration. For related numerical
analysis we also refer to [23, 49] and the references therein. In addition, the symbol
estimates provide the basis for further numerical analysis such as wavelet compres-
sion techniques, see [37, 38].

The outline of this work is as follows:

In Section 2 we recall the fundamentals of Lévy copula processes and their
characteristic exponents.

Section 3 provides the new classes of anisotropic symbols and some examples.

In Section 4 it is shown that symbols of infinitesimal generators of certain
Lévy copula processes are indeed contained in these new symbol classes. These
symbols are in general not contained in the classes of Héormander-type.

Finally, in Section 5 we show that the (stationary) Kolmogorov equations for
operators with such anisotropic symbols can be discretized very efficiently using
a wavelet finite element scheme. Based on the symbol estimates of the previous
sections, a priori convergence analysis is provided.
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2. Motivation: Infinitesimal generators of Lévy copula processes

Based on [21, 34, 47], in this Section we briefly introduce Lévy copula processes
and characterize their infinitesimal generators. Recall that a stochastic process
L = (L;)t>0 with state space R™ and Ly = 0 a.s. is a Lévy process if it has
independent increments, is temporally homogeneous and stochastically continuous.

The characteristic function ®;, and the characteristic exponent ¢* of L are
defined by

(I)L(g) = eXp(—t¢L(§)) = ]E(eXp(Z<£, Lt>))7 5 € Rn7 t>0.

The characteristic exponent % (¢) is also called Lévy symbol. The infinitesimal
generator A of L and the associated bilinear form £(-,-) are given by

Aulw) == [ SEOuL©aEE ue OF R, (2.)

E(u,v) = (Au,v) = —(2m)" wL(f)ﬂ(f)@d& u,v € S(R™). (2.2)

Rn

Furthermore, the characteristic exponent 1” admits the Lévy-Khinchin represen-
tation

VO =it + QO+ [ (a-et HOD) ) ey, (23)

R\ {0} 1+ |2
where Q(&) denotes the quadratic form %6 TQ¢ with a symmetric, nonnegative
definite matrix Q, a drift vector v € R™ and the Lévy measure v(dz) which satisfies

/n(l Alz*)v(dr) < . (2.4)

Any Lévy process L is completely determined by its characteristic triple (Q,~y,v)
n (2.3). We speak of a pure jump Lévy process if Q =0 and v = 0.

We shall now define a pure jump Lévy copula process. It is denoted by X:
For each i = 1,...,n the i-th marginal Lévy measure of X is given by v;(dz;) =
k% (x;) da; with densities k7 : R\ {0} — R. These densities are defined by

—Bilzil
Bi(y . €
ki (zi) = ci PEE (2.5)
where 0 < a1,...,040 < 2 and f,..., 5, € R>g are governing the Lévy densities’

tail behavior and ¢; > 0 are constants. The strongest singularity of all marginal
Lévy measures is given by

@ = || = max{a; : i=1,...,n} < 2. (2.6)

To characterize the dependence among the margins, let F : R* — R be a Lévy
copula as defined in [21, 34] that is homogeneous of order 1, i.e. F(t&,...,t&,) =
tF(&,...,&,) forallt > 0 and £ € R™.
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By Sklar’s Theorem, [34, Theorem 3.6], we know that if the partial derivatives
01 ...0,F exist in a distributional sense, then one can compute the Lévy density
of the multivariate Lévy copula process by differentiation as follows:

v(dey,...,dzy) = [01... 0, F) (Ur(z1), ..., Up(xn))a(dz1) . .. v (day),  (2.7)

where vy (dx1), ..., vn(dzy,) are the marginal Lévy measures defined above and Uj,
i =1,...,n, denote the corresponding marginal tail integral
yi([mi,oo)), if x; > 0,
Ui(z;) = .
— vi((—o00, z;]), if x; <0.

Herewith, one obtains

v(day,. .. dey)=[01...00F) (Us(x1), ..., Up(@n))kS (21) ... kP" () day . . . day,
(2.8)
and this can be written as

v(day,. .. dey) = kK221, ... 20) dey .. day, (2.9)

with 8 = (81, .., ). To define the copula process X we specify its characteristic
exponent using the Lévy-Khinchin representation (2.3). Since we are interested in
pure jump processes, the characteristic exponent %X of X is given by

— (&Y M
v = [ (e« T8y

_ . ei( \Y) Z<£7y> Ié]

with k2 as in (2.8) and (2.9). Herewith the Lévy copula process X is completely
determined (see e.g. [44, Section 2.11]).

Definition 2.1. The Lévy copula process X is said to have a-stable margins if its
marginal Lévy densities in (2.5) are of the form

. 1
kfl(wi)zcim> foralli=1,....n,
ie. fpr=...=0,=0in (2.5). If 5; >0 for all i = 1,...,n then the Lévy copula

process X is said to have tempered stable margins.

Lemma 2.2. For any Lévy copula process X with marginal Lévy densities as in (2.5)
there holds

¥© = [ (1= cose )Ry, (211)
Proof. The symmetry of (2.5) implies that the density k2 is symmetric with respect

to each coordinate axis. A simple change of coordinates in (2.10) implies that X =
X, ie. X is real-valued. Thus, the result follows from [31, Corollary 3.7.9]. O
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Since, by (2.11), the characteristic exponent ¥% is real-valued it obviously
satisfies the so-called sector condition (cf. e.g. [31]). From [2, Theorem 3.7] one
therefore infers that £(-,-) defined in (2.2) is in fact a (translation invariant)
Dirichlet form. In the important case that X has a-stable margins, i.e. §; = 0
forall i = 1,...,n in (2.5), the domain D(&) of the Dirichlet form £(-,-) is well

known:

Proposition 2.3. The domain D(E) of the Dirichlet form associated to the generator
of a Lévy copula process with a-stable margins can be identified with the anisotropic
space HE/2(R™) with a = (avq, ..., o) as in (2.5).

Proof. [21, Theorem 3.7]. O

From Proposition 2.3 one infers

Corollary 2.4. The domain D(A) of the infinitesimal generator of a Lévy copula
process X with a-stable margins can be identified with HE(R™).

We conclude this section by an example of a Lévy copula that shall be of
reference throughout this work:

Example. The cardinal example for our purposes is the Clayton family of Lévy
copulas taken from [34, Example 5.2]: Let n > 2. For 6 > 0, the function Fy defined
as

n -1/6
FQ(ulv BRRE) un) = 22”(2 |ul|0> (Ul{ulunzo} - (1 - n)l{u1~~un<0}) ;
=1

(2.12)
defines a two parameter family of Lévy copulas which resembles the Clayton family
of ordinary copulas. It is a Lévy copula homogeneous of order 1, for any 6 > 0 and
any n € [0, 1].

We shall frequently write a < b to express that a is bounded by a constant
multiple of b, uniformly with respect to all parameters on which a and b may
depend. Then a ~ b means a < b and b < a.

3. Anisotropic operators and their symbol classes

Recall that for any symbol p : R® x R™ — R, the corresponding operator A, is
defined by

Agulo) = = [y ae)de, e SR, (31)
Furthermore, denote the axes in R” by A := {& € R® : z; = 0 for some i €
{1,...,n}}. Herewith we can define a suitable class of anisotropic symbols and

corresponding operators.
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Definition 3.1. A function p : R™ x R” — R is called a symbol in class T'2(R"),
a € R if p(-,&) € C®°(R") for all £ € R”, p(z,-) € C®(R™\A) N C(R™) for all
x € R™, and for any 7,7’ € Nj} there holds

0F orp(e, )] < T &l S (1416 %, forall o, ¢eR”,  (3.2)

= KET,

where we set Z, := {i : 7, > 0}. The multiindex « is called the (anisotropic) order
of the symbol p and the operator A,,.

Some possible realizations of operators A with symbols p € T'%(R") are:

Ezample. If for any 7 € Njj the function p € C*°(R™\A) N C(R") satisfies

n

‘8510 ‘ S+ l6) T, forall € € R,

i=1

then p € I'*(R™) and A, is admissible in this setting.

Ezample. Consider a symbol p : R" x R"” — R in the Hormander class ST, with
non-negative order a, i.e. there exists some oo € R>( such that for all 7 € N" there

holds .

()| S (1+1¢%)
Then p € T(R"™) with @3 = ... = a,, = a. To see this, one may use that for
7 € N there holds

for all £ € R™. (3.3)

Ti
P

[Ta+le?)? < H(1+Z|£J|2)2 (1+1?)®
=1

i=1 =

and thus

|7

<+ 1EP) ‘%. (3.4)

i=1

(1+[¢1?)

Furthermore,
n
o

1+ 5 (L a+ieP)) s>+, (35)
=1 =1

since a > 0. Clearly, (3.4) and (3.5) imply that (3.2) holds for any symbol p €
C>(R™) that satisfies (3.3). Note that this statement does not remain true if & < 0
n (3.3).

Ezample. Also, symbols of the following structure belong to I'*(R™) with suitable

a € R™:
M
2,8) =Y bi(x)e;(€)
j=1

for some M € N. Here it is assumed that each ¢; : R” — R satisfies (3.2).
The functions b; : R®" — R>o are assumed to be C*-functions with bounded
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derivatives. Note that similar symbols have already been studied in terms of the
symbol classes 57 of [27], see e.g. [26, 30].

It is straightforward to see that if a symbol p : R™ — R" is independent
of the state variable z, then the order @ € R"™ of p € I'“(R™) has a natural

interpretation in terms of mapping properties of the corresponding bilinear form
E(u,v) == (Apu, v):

Lemma 3.2. Let p € T%(R™) be independent of x and let A, be the corresponding
pseudo differential operator. Then the bilinear form E(-,-) = (A,-,-) corresponding
to A, acts continuously on the anisotropic space Ha/? (R™), i.e. there exists some
constant ¢ > 0 such that

£, 0)| < ellullgaran [0l arnguny. for allu,v € HEP@®Y). (3.6)

Proof. For u,v € H%/?(R") there holds

E(u,v) = (2m)" / p(€)a(€)F(x)de.

n

Thus, by (3.2), the Cauchy-Schwarz inequality yields
(2m) 7" [E(u, v)]

-/ 5201+ ke Per2 [ e | de
R™ =1

2

s(/ Z(1+I£k|2)“’“/2|ﬁ(€)2d€> (/ Z<1+|5k2>“k/2|6<£)2d£>
" k=1 R™ p—1
= [lull ga/2@n)l[V]| gar2 @ny- U

From Lemma 3.2 one immediately infers

Corollary 3.3. Let p € I'*(R"™) be independent of x and let A, be the corresponding
pseudo differential operator. Then A, maps the anisotropic space HA(R™) contin-
uously into L?(R™), i.e. there exists some constant ¢’ > 0 such that

[Apull 2 (gny < A ull gaqmny,  for all u € HH(R").

Remark 3.4. In order to prove the continuity of general operators A,, with -
dependent symbol p € T'*(R™), further smoothness assumptions on p are required.
For instance, the Calderén-Vaillancourt Theorem can be employed to obtain the
desired estimates if the partial derivatives 6_%/ agp, |7, || < 3, exist and are con-
tinuous on the whole R™ x R™, see e.g. [32, Theorem 2.5.3]. However, since in this
work we are mainly interested in symbols arising from Lévy processes (which are
stationary) we omit such considerations here.
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4. Anisotropic symbol estimates

In this section, we prove anisotropic symbol estimates for the characteristic expo-
nent ¥% : R” — R of a Lévy copula process defined by (2.10). We will see that
indeed X € T'%(R") with a;, i = 1,...,n, given by (2.5).

4.1. Symbol estimates for processes with stable margins

At first, we consider the generator A of a Lévy copula process X with a-stable
margins. Its symbol is denoted by ¢X ’. The following two lemmas provide the
necessary estimates:

Lemma 4.1. There holds,

n

VX6 S A HIGIDF, forall (&1, &) €R™

i=1

Proof. By [21, Theorem 3.3], wXO : R" — R is an anisotropic distance function
such that for any ¢ > 0,

WX Ry, Lt e =t X (€, &), forall EER™. (4.1)
Since all anisotropic distance functions of the same homogeneity are equivalent,

0
d)X (515 cee agn) ~ |§1‘a1 +.o 4+ |£n|ana
and the result follows. O

To state the following lemma, recall that for 7 € N we denote
I, ={ie{l,...,n}: 7, >0}, (4.2)
and let S"~! be the unit sphere in R™.

Lemma 4.2. Let T € Nij. Suppose there exists some constant ¢ > 0 such that

6§wx°<f>\gc~ﬂ|&wi~Z<1+|§k|2> T, forallge ST (4.3)

i€Z, k¢TI,

Then there holds,

o (©) < TT lal™™ - 30 (1 +1a®) (4.4)

= k¢TI,

for all € € R™ such that || > 1 if i € Z;.

Proof. Without loss of generality one may assume that 7; > 1 for at least one
i € {1,...,n}. Otherwise, the claim in (4.4) coincides with Lemma 4.1. By differ-
entiation of (4.1) one obtains,

O’ (€)| = 5T R (17, 1), £ 0,6 ERY
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By [15, Lemma 2.1, (iv)], the mapping t — |(t$§1,...,tf¥%§n)\, & # 0, maps
(0, 00) onto itself. Thus, one can choose t = t(£), such that
1 o
[(tor &y, ..., ton &) = 1.
By (4.3) one obtains
XD
oFe ™" (€)|

<ot ] e

L o
S (e

ieIl k¢11
t 23 _ T 1 o
S TN | § e B SN A G Dk
i€, keI,
= et T gl ST @+ e e
i€, keI,

Since there exists some i € {1,...,n} with |&] > 1, tﬂ%fqu . .+t%§% = 1 implies
1

tor < ﬁ < 1. Thus, t < 1 and the result follows. O
Remark 4.3. The technical assumption (4.3) is satisfied by all common examples of
anisotropic distance functions (cf. e.g. [15]). Furthermore, using the Lévy-Khinchin
representation (2.11) it can be shown that (4.3) is satisfied if the underlying Lévy
copula is of Clayton-type as in (2.12). Nonetheless, to prove the validity of (4.3)
in general, one requires further analytical properties of the Lévy copula.

The combination of Lemmas 4.1 and 4.2 implies ¥X° € T'%(R") with ay,
t=1,...,n, given by (2.5). In the following section, we extend this result to the
case of tempered stable margins.

4.2. Symbol estimates for processes with tempered stable margins
Let X be a Lévy copula process as defined in Section 2. Suppose that the marginal
densities of X are given by (2.5) with 1, ..., 8, > 0. The structure of the density
k2 of X is illustrated in Figure 1. Throughout, we denote by z/JXO : R™ — R the
symbol of a Lévy copula process X° with a-stable margins corresponding to X.
In particular, X and X° share the same a;, ..., a, in (2.5). The Lévy density of
XY is denoted by k° : R* — R>o.

Denote by k2 : R" — R>g the Lévy density of X defined in Section 2. Since
for any 7 € N7 there holds (1 — cos(x,&))o%(z]' ... a7 k2(z)) € L'(R™) for all
¢ € R", one may apply integration by parts to obtain,

g oR ()] =

Do | et ok )

(4.5)

/n(l — cos(z, £))0% (x7 ... a7 kﬁ(l’)) dz

)
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FIGURE 1. Illustration of a two-dimensional density k2 under a
Clayton-type Lévy copula with marginal densities defined by (2.5)
With01:1702:1,51=2,ﬂ2:2.

where f is either cos or sin depending on whether || is even or odd. By the
Riemann-Lebesgue Lemma, the singularity structure (and strength) of

K (z) = OT(a] ... a7 kS ()

governs the behavior of [£]* ...5;"6‘5711/1)((5” as |{] — oo. To study this struc-
ture, from now on, we make the following technical assumption on the underlying
copula F'.

Assumption 4.4. Assume for any T € N the underlying Lévy copula F' satisfies

CO|
OZ(0r...0,F(2)) =01 ...0,F(x) - H e b-(x), forallzeR" (4.6)
i=1 """

where b, : R™ — R is uniformly bounded.
Herewith, one obtains the following crucial result:

Proposition 4.5. Under Assumption 4.4, for any = € N§ and x € R, |z| < 1,
there holds

|0Z (2T .. kB (x, .. Tn))| S EO(xy,. .., m,). (4.7

The proof of Proposition 4.5 is long and technical. It is detailed in Appen-
dix A.

Remark 4.6. Assumption 4.4 is often satisfied in practice. For instance, in dimen-
sion n = 2, the Clayton-type Lévy copulas Fy given by (2.12) satisfy (4.6) for any
6 > 0 with bounded function b, (x1,z2) of the form

—1 —1
712: 722 [ak |21 [F10 |20 (b, |2 |? — by, |21]%) die, |1 |*1 0 di, |o|*2°

Ck
et (a7 + Jaa 77t E{lanl? -+ Joal? 5 |
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where k = (k1, k2) and ay, by, , ¢, d, # 0 for k; =0,...,7, — 1,4 = 1,2, are some
suitable coeflicients depending only on 6 and k;.

With Proposition 4.5 one obtains the desired symbol estimates.

Theorem 4.7. If the Lévy copula F satisfies Assumption 4.4 then there holds

n

[WXOISD_A+IG) T, forall £€R™ (4.8)
i=1
Furthermore, for T € Ny there holds,
X)) s TT Il Y+ la ¥, (4.9)
i€z, k¢TI,

for all € € R™ such that |&;| > 1 if i € Z;. Here, as above, T, = {i : 7, > 0}.

Proof. Let X ’ be the characteristic exponent of the a-stable copula process X°
corresponding to X, i.e. the margins of both processes share the same aq, ..., a,
in (2.5). We split the integral

g ort ()| <

/ (1 — cos(¢, :E})kg(x)dac
B1(0)

+

b

/ (1 — cos(&, w})kg(x)dm
R7\B1(0)

where B;(0) denotes the unit ball in R™. Since K e LY(R™\B;(0)), by the
Riemann-Lebesgue Lemma, for each 7 € N there exists some constant D > 0
such that

< D, forall £ € R™ (4.10)

/ (1- cos(f,x))kg(x)dx
R\ B1(0)

Thus, using Proposition 4.5, there exists some constant C7; > 0 such that

Tgr Nz an

/ (1 — cos(&, z))k°(z)dz| + D
B1(0)

<Cy ~wXO(§) +D
<O -Co- Y (46T + D,
i=1
where the last line follows from Lemma 4.1 with some suitable constant Cy > 0.
Merging the constants thus implies

Dogr 0RO S (1), foral g eR™

i=1
Hence, setting 7 = 0 € Nj} implies (4.8). For any 7 € Njj, estimate (4.9) follows
from division by |£1]™ ... [€|™. O
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5. Sparse Tensor Product Approximation of Anisotropic Operators

In this section we study the numerical solution of the original integrodifferential
equation (1.1),

Au = f,

with A = A, p € T%(R") for some o € R™. For the numerical solution of (1.1), we
restrict the state space R™ to a bounded subdomain [0 := [0, 1]*, say, and employ
the Galerkin finite element method with respect to a hierarchy of conforming trial
spaces ‘7] C ‘7]+1 c...C HQ/Q(D), where

He?2(O) = {u||:| L u € HY2(R™), ulgmp = o}.

For an analysis of the error introduced by the localization of R™ to [, we refer
to [39, Section 4.5]. Now, the variational problem of interest reads: Find u; € V;
such that,

S(UJ7UJ) = <AUJ, UJ> = <f, UJ> for all vy € ‘7}. (51)

The index .J represents the meshwidth of order 277. In order to ensure that there
exists a unique solution to (5.1), in addition to the continuity (3.6) of £(-,-) we
assume that the bilinear form satisfies a Garding inequality in H2/2, i.e. there
exist constants ¢ > 0, ¢/ > 0 such that

E(u,u) > cl|ull3asz — |ul72, for all u € H/?, (5.2)

The nested trial spaces YA{; C ‘7J+1 we employ in (5.1) shall be sparse tensor
product spaces based on a wavelet multiresolution analysis described in the next
sections.

5.1. Wavelets on the unit interval

On the unit interval [0, 1] we shall employ scaling functions and wavelets based on
the construction of [12, 13, 35] and the references therein.

The trial spaces V; are spanned by single-scale bases ®; = {¢;r : k € Aj},
where A; denote suitable index sets. The approximation order of the trial spaces
we denote by d, i.e.

d:sup{sestup

{inijGVj HU B Uj||0
j=0

277%|v]|s

} < 00, VveHS([O,l])}. (5.3)

To these single-scale bases there exist biorthogonal complement or wavelet bases
U, = {¢;r : k € V;}, where V; := Aj1\A;. Denoting by W; the span of ¥,
there holds

Vigi =Wjra @V, forall j >0, (5.4)
and

Vi=Wod...eW;, forall j>0. (5.5)
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Crucial for the following analysis is that the wavelets on [0, 1] satisfy the following
norm estimates (cf. e.g. [13, 14], for the one-sided estimates we refer to [50]): For

an arbitrary v € H'([0,1]), 0 < ¢ < d, with wavelet decomposition

oo
u=2 > itk

=0 kevV;
there holds the norm equivalence,
Z 22tj|uj,k|2 ~ Hu”iﬁ([o,u) , H0<t<d—1/2,
(4,k)
or the one-sided estimate,
> 29kl S Mullfe oy > ifd—1/2<t<d.
(4,%)
In case t = d there only holds,

, 5 )
Z 22tj|uj,k|2 SJ ||“HHt([o,1]) , ift=d.

(4:k)
isJ

For concrete examples of wavelet bases we refer to [11, 21].

5.2. Sparse tensor product spaces

For x = (z1,...,2,) € [0,1]™, we denote,

V() == V) by @ - @V ke, (T1s- - T0) = Uy gy (T1) Y, k,, (T)-

On [0,1]" =: O, we define the subspace V; ¢ H2/?(0) as the (full) tensor product

of the spaces defined on [0, 1]

VJ = ® VJ,
i=1
which can be written using (5.5) as

Vy=span{¢jx : ki e V;,0<5;, < J,i=1,...,n}

J
= > W, e...aW,.

J1y--3dn=0
We define the regularity v > |a|co/2 of the trial spaces by
vy=sup{seR: V;cC H(O)}.

The sparse tensor product spaces ‘/Z] are defined by,

1% s=span {Yjx : ki €Vy,i=1,...,n;0<|jls < J}

= Z Wi ®...0W;,.

0<|jh<J

(5.9)

(5.10)

(5.11)
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One readily infers that N, := dim(Vy) = O(2"/) whereas N; := dim(V;) =
0O(27.J7~1) as J tends to infinity. However, both spaces have similar approximation
properties in terms of the finite element meshwidth h = 277, provided the function
to be approximated is sufficiently smooth. To characterize the necessary extra
smoothness we introduce the spaces H2([0, 1]™), s € N, of all measurable functions
w: [0,1]" — R, such that the norm,

1/2
lullre :=( > ||31a1~-~85f"u|%2(u)> ,

0<a;<s;,
i=1,...,n

is finite. That is

H([0,1]") = Q) H* ([0, 1]). (5.12)
i=1
For arbitrary s € RY,, we define H* by interpolation. By (5.9), one may decompose
any v € L*(0) into

w@)= > D updix@) = DD itk (@1) sk, ().

Jiz0 k,€V, Jji=0 k,€Vy,
i=1,...,n i=1,...,n
In this style, the sparse grid projection P 72 L2(0) — ‘7j is defined by truncation
of the wavelet expansion:

~

(Pru)(z):= Y Y uadik(e), (5.13)

0<|jl1 <J kEV;

where Vj = V( le X ... X an.

J1seendn) T

5.3. Convergence rates

Denoting by u and w; the solutions of (1.1) and the corresponding variational
problem (5.1), we need to analyze the error

v —uslle ~ lu—wsllgaroy-
For this, at first we derive an anisotropic version of the approximation property of

the sparse tensor product projection P 7, see [49, Proposition 3.2] for its isotropic
properties.

Theorem 5.1. Fori=1,...,n suppose 0 < T < and let G < t; < d with v and
d given by (5.10) and (5.3). For u € H%/?(0) there holds

— (@ #O0or
2ED |l if {

Ju— ﬁJUHHg/z(D) S ti #d foralli,  (514)

—1

o(g=t)J g3

llulley — otherwise,

An

where we denote t = (t1,...,t,) and (§ —t) = max{S —t1,..., 5 —t,}.
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Proof. At first recall that, as shown in [36], in contrast to the tensor product
structure of

HE = ®H3i([0, 1)),

for each s € R™ the spaces H%([J) admit an intersection structure
n
H*(O) = () H (D),
i=1
in the sense of equivalent norms. Therefore, due to the norm equivalences (5.6)
one infers that if 0 < s; <, 7 =1,...,n, there holds for each v € H%,

oo
0]y ~ Z (1422000 4 4 2%8nin)
jl:"'vjn:()

1Qj, ®...@Q;.v|*  (5.15)

where the mappings Q;, : L*([0,1]) — W;,, i = 1,...,n, denote the projections
onto the increments spaces W;, defined in Section 5.1. Furthermore, because of
the tensor product structure of H4(O), for each v € HY(O) there also holds the

one-sided estimate
oo

Z 222?:1 tiji
J1seJn=0
provided that ¢; < d for all ¢+ = 1,...,n. Combining (5.15) and (5.16), setting
s = a/2, and writing w; = Q;, ® ... ® Qj, u, one obtains in case t; < d for all
1=1,...,n,

Qi ®---®Q,vl* < vli3e), (5.16)

lu = Prulf3ae

S D0 (209 2%y

ljl1>J
< Z (2*22?:1 tiji 4 9le1—2t1)j1 L 2(an*2tn)jn)22 i1 tidi wj”2
lil1>J
< =230 tidi (a1 —2t1)j1 (an—2t5)jn 2
S ‘Jﬂni}f]{@ +2 +...+2 )}HUHHL(D)
1

S 2(0(7216)‘]““”%-&([])7

with (a — 2t) = max{a; — 2t1,...,a, — 2t, }. In case the set
IT:={ie{l,...,n} : t; =4d},

is non-empty, one may assume without loss of generality that for each ¢ € 7 there
holds o; = @ and

a—2t=a—-2d=o; —2t; forallieZ, (5.17)
because otherwise one can replace ¢; with some suitable t; < t; = d and argue

as above to obtain the same convergence rate and smoothness requirements on u,
since H'([0,1]) c H%([0,1]).
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Because for each coordinate direction i € 7, i.e. t; = d, there only holds the
weaker one-sided norm estimate (5.8), instead of (5.16) one obtains

X Qi ® Qidp,1v

i€T i¢T

2

22 ez tids < [0l @) (5.18)

with 7, := ¢; if i € Z and 7; := 0 otherwise. Here id[p,1) denotes the identity on
L?([0,1]). Employing the stronger norm estimates deduced from (5.6) and (5.7) in
all directions i ¢ T first, one infers exactly as above,

lu = Prul7e,.

S Y @2 g 2% Q, ®... ® Qg ull?
ljli>J

@iji—23 tkik
< max {2 ¢TI

[jl1>J
i (5.19)
2
% Z 2maxk{akjk} ‘ ® ij ® ®id[011] u }
Jr:k€T k re o

S o {200 Buarteie 5 gy MRl
Jiii¢T Jk:k€T

where in the last line (5.17) was employed in conjunction with (5.18). To estimate
the remaining sum one may now proceed as in the proof of [49, Proposition 3.2].
If @ > 0, herewith one obtains

Z g@maxy{jr}9—2d3 " ik < ax {Q(H—M)ijk}) (5_20)
JkkeT - Jrikel

where the j, run through the set of all indices that are admissible in the last sum
of (5.19). Finalizing the argument one obtains

lu = PrullFa 2

< max {2maxi¢1{aiji}_22kgz tkjk2(5—2d)2kezjk} Hu”%{‘(ﬂ)
lila>J B
< max {QZMZI ke =22 gz trik g(@—2d) Zkezjk} ||“||§it(D)
ljl1>J -
< max {2(0‘72”2221“} ul|7,:
[§li>J | ||’H7(EI)
< 2(0472”‘]”“”%—(2(]])-
In case @ = 0, instead of (5.20) one obtains
gamaxgiy{jit9—2d 3, ji < o(@=2d)3=, ji ALY 5.21
jge:I S max (zi:ﬁ) (5.21)
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Then analogous arguments as in the case @ > 0 yield the required result. O

Herewith one immediately obtains the desired minimal regularity sparse ten-
sor product convergence result:

Proposition 5.2. For a Lévy copula process with tempered stable margins defined
by (2.5) and @ as in (2.6) the solutions v and uy of (1.1) and (5.1) satisfy

lu—uglle ~ l[u—wsllgarz@y S 279D ullyem), (5.22)
provided u € H2(O). The smoothness parameter p € R is given by
Q;

-5 (5.23)

i=d-
p ( 3

2o | Ql

foreachi=1,... n.

Proof. With this choice of p there holds (o — 2p) = a; — 2p; for all i € {1,...,n}.
Hence the smoothness requirement on u in each coordinate direction is minimal
and the result follows from Theorem 5.1. O

Remark 5.3. In case a; = @ for alli = 1,...,n, Proposition 5.2 coincides with the
sparse tensor product convergence result for isotropic operators (cf. [49]).

Appendix A. Proof of Proposition 4.5
The goal of this Section is the proof of
Proposition 4.5. Suppose for any T € N the underlying Lévy copula F' satisfies

br(z), forallz eR", (A1)

b1
i=1 """

where by : R" — R is uniformly bounded. Then for any 7 € Njj and x € R",
|x| <1, there holds

|8£(:c? .. .a:,Tl"kg(:rl, . ,:cn)) ’ < ko(zl, R (A.2)
By the quasi self-reproductive structure of the derivatives of F' in (A.1), it suffices
to show that for any ¢ = 1,...,n there holds
’a;c—; (I:Lkﬁ(mlv s 7In))| 5 ko(xlv s 71'")7 |I’| S 1.
Without loss of generality we assume ¢ = 1. The proof comprises of the following
lemmas. Throughout, we assume z1 # 0. Since we are only interested in derivatives
with respect to z1, we simplify some notation and assume that zo,...,z, € R are

fixed unless indicated otherwise. With the tail integrals Ufl, ..., UP asin (2.7),
we set

G(z1) :=G(x1,...,2p) =01 ... 0 F(z1,...,2),
H(zy) := H(zy,...,2,) = GU (z1),...,U" (2,)).
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Furthermore, we denote by G*), H(¥) the k-th derivative of G and H with respect
to 1. In order to estimate the derivatives of

K21, . ) = H(xy,. . wn)KP (1) . kD (2,),
we begin by analyzing the marginal tail integral Ulﬁ T
Lemma A.1. Let s € N. For anyv; €N, p; € Ng, j =1,...s, the derivative
S
0, ( [ up )pJ) 7
j=1

of UP' is a linear combination of terms of the form s-l, ori P i, with
1 j=1 1

s’ s s’ s
D= P D mm =14 vipj.
j=1 j=1 j=1 j=1
Proof. The claim is proved by induction on s. For s = 1 there holds

0., ((0"UP))" = p(@ U)o,

which proves the basis. To show that the validity of the hypothesis for some s € N
implies its validity for s + 1 one finds

s+1 s
s, ( H(auj Ulﬂl)pj> = 0y, ( H(aw Ulﬁl)pj) (8+ Ulﬁl)psﬂ

Jj=1 J=1

S
+ TT@ U2y pea (@0 @ 10,
j=1

(A.3)
Since the hypothesis is valid for s, one obtains that the first summand in (A.3) is
indeed a linear combination of terms of the required form. The sum of its powers
satisfies

s+1

s’ s
Zﬂ'j + Ps+1 = ij +Ds+1 = ijv
j=1 Jj=1 Jj=1

as required. For the weighted sums there holds

al s s+1
Z'uﬂrj FVspaperr =14 Zl’jpj +Vspipsy1 =1+ Z vipj.
Jj=1 j=1 J=1

One readily infers that the second summand of (A.3) can be represented as a
suitable product of derivatives of g. The powers of these derivatives satisfy

s+1

ZP;’ + Ps+1—1)+1= ij'
=

Jj=1
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For the weighted sums one finally obtains
s s+1
Z Vjpj pq+1 — l)l/g+1 + l/qJ'_l + 1 Z Vipj + 1. O

Lemma A.1 enables us to show

Lemma A.2. For any k € N there holds

k
H®(2y) =0k H(zy,...,20) = > axGOUM (1), U (20)) Tk (1),
=1

where
s(l,k)

Jlk—zclkm [T @2mufrypsm, (A.4)
Jj=1
with suitable vjm €N, pjm € NO and constants ci k., ¢ k,m € R. Furthermore, for

each m there holds
s(l,k) s(l,k)

Z Pjm = lv Z VimPjm = K. (A5)
j=1

Proof. We proceed by induction on k. For k =1, with J; ; = 8U1ﬁl the induction
basis is obvious. Assuming the validity of the hypothesis for some k € N one
obtains its validity for k 4+ 1 as follows:

HHD (1) ZcszM(Uﬁl(m) LU () - (DU Ty (1)

=1 (A.6)

k
2 GO @), U () - O, (ig(),
=1
where ¢ 1, 02,  denote some suitable constants. By the hypothesis, J; ;. is a linear
combination of products as in (A.4). Thus, any “pure” summand (i.e. it does not
contain any further sub-summands) in the first summand of (A.6) is of the form
- GUVUT (@), U () - (U T (07U ),

j=1

=:A
where ¢ denotes some constant. Using the validity of the hypothesis for k, the
additional factor A defines Jjy1 41 and satisfies (A.5) for k + 1.

For the second summand of (A.6) one needs to show that foreachl =1,...k
the factor 0y, (J;x(x1)) provides a suitable additive contribution to J; y41. By the
hypothesis, each “pure” summand of J; ;, is of the form

k
F = [J(owuiw

Jj=1



146 Reich IEOT

By Lemma A.1, its derivative 0., F' is a linear combination of terms of the form
[1,(0% U)™ with

k
E Ty = E l/j:l7
J Jj=1

k

Z/LJ"/TJ‘ :ZVjpj+1:k+1,
J

j=1
where in both equations the induction hypothesis was applied to obtain the last
equality. Thus, 0, (Jik(x1)) indeed provides an additional additive term to the
representation of J; ;41 that satisfies (A.5). d

The following lemma will finally enable us to give the proof of Proposition 4.5
below.

Lemma A.3. If (A.1) holds then

1
|8§1H($1,...,xn)‘ S WH(%,...,Q%L
1

for all (zq,...,2,) €R™ |zq| < 1.
Proof. Denoting by ¢; j, some suitable constants, Lemma A.2 implies

|0 H(zq,...,2,)]
k

<Y e [GOOP @), U @) ()

=1
k s(l,k)

<> e |GOWE @), U @) TT @07,
=1 j=1

where the powers p; and the orders of differentiation v; still depend on [ and % in

such a way that 37, p; =l and >, v;p; = k. Note that
) e_/glwl
OO )(@1) = oy - Py (21),

= |$1|Vj+al

where P, is some suitable polynomial of degree v; — 1 in 1 that does not vanish
at 1 = 0. One therefore obtains

|0k H(z1,...,2,)]
k

s(l,k)
1
< ZC;’k . ’G(Z)(Ulﬁl(.’tl), . ,Ug"(xn))’ : H (v tan)

=1 j=1 %1

k
1
<Y |60 ) U )|
=1
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y (A.1) there holds
< GUY (1), U (a0))
- (U (@1))!

for all (x1,...,x,) € R™. Thus, since for each ;1 € R with |z1| < 1 there holds
(U7 (1)) < |op|'*, one obtains

GO (@), U (@)

)

05 Hzr,...,20)| S GUP (1), UL (2)) - for [z1] < 1. O

K
N
Using the above lemmas one can now prove Proposition 4.5:

Proof. Using Leibniz’ rule,

| ( 1'1,...7 |—

Bz, ... ,xn)) o™ (27)

. ]8] xl,...,xn))‘.
Since agl(k’fl(xl)) < |x1|*(7+1+a1 for all ; € R with |z;] < 1, Lemma A.3
implies

‘ ( xl,...7xn))|
n
1
< ZC |x1|jz |21 |z+1+a1 H 5 |zs| 1o O H (-

<SS it T 60 o0, 020 i

<c- Kz, ., xn). O
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