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Abstract Sinc interpolation is a very efficient infinitely differentiable approx-
imation scheme from equidistant data on the infinite line. We give a formula
for the error committed when the function neither decreases rapidly nor is
periodic, so that the sinc series must be truncated for practical purposes. To
do so, we first complete a previous result for an odd number of points, before
deriving a formula for the more involved case of an even number of points.
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1 Introduction

Approximating a function f from a sample at equidistant abscissae is a
classical problem in engineering that gives rise to interesting mathematics
and recurrently leads to the publication of survey papers and books, such as
[6,7,10, 11, 17]. One approach to Shannon’s sampling theory takes advantage
of the Lagrange property

I, k=0,

sinc(km) = 0. ke 7Z\(0)
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of the sinc function

. sin x
sinc(x) (= —
b

at the integer multiples of 7 to construct the cardinal interpolant

o0

Cf =Y sinc[%(x—x,,)] £ 1.1)

n=—0oo

from the sample values f, := f(x,) at the bi-infinite sequence of equidistant
arguments x,, = nh (therefore including zero). If f decays rapidly enough at
infinity, Shannon’s sampling theorem asserts that C(f, h) = f for h sufficiently
small if f is the restriction to R of a function of exponential type (Paley—
Wiener class, [15, p. 22 ff.]), while one has exponential convergence of
C(f, h) when f is analytic in a horizontal strip about R ([15, p. 35] or [19,
p. 136]). These facts make C( f, h) unarguably the most important infinitely
differentiable interpolant between equidistant points on the infinite line and
on the circle, where it is the trigonometric interpolant [1].

When applying (1.1) in practice, one must restrict oneself to finite sums,
which we shall take here to be symmetric about 0 and make longer and longer
to improve accuracy. We shall consider a fixed interval [- X, X], X € R*, and
at first choose as in [3] some 4 such that X = Nh for N € IN to approximate
C(f, h) of (1.1) with the finite interpolant

N "
Cv(Em@ =Y. fesine[T—xn].  xo=nh.  h=X/N,

n=—N
(1.2)

where the double prime denotes that the first and last terms are halved, as
usual in Fourier methods (see [5, p. 95]). This permits to write C as a function
of the difference of two classical quadrature formulae, see Section 3. We are
interested in the error Cy( f, h) — f as a function of & for f € C![— X, X] for
some g € IN. After completing the error term for a formula given in [3], we
derive in Section 4 the corresponding one for an even number of x,,.

2 Preliminaries on numerical quadrature

As in [3], our analysis rests on the study of errors in numerical quadrature.
We shall use the notation 1“1 := [ f(y)dy for the usual definite integral
and [l¢b1:= PV fab f(Tyy)dy for the Cauchy principal value integral. A classical

formula for approximating the integral I1%%1 from an equispaced sample f, :=
f(x,) of fatx, :=nh, h:= %, is the trapezoidal rule T),(1"X1) := hZflV:O” -
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if fe C¥*1[0, X]and f®"+? is absolutely integrable on [0, X], m € IN U {0},
then its error is given by the Euler-Maclaurin formula

OXh 0x] S e Y B x
T = 100 = 3 e = /O FOD ) Poia (5 ) d.
= (2k—1) X (2k—1) 0 21
1= SE A0 - FA0). 2.1)

where P, denotes the 1-periodic continuation of the Bernoulli polynomial of
degree ¢ [2, 9] and the constants B, are the Bernoulli numbers [2, 18]. If
f € C**2 the two terms in A*"*2 may be combined to yield >}, axh* +
O(h*™2) [13].

If the abscissae do not include the endpoints, as with x, 4= (n+ %)h,
n=0,...,N—1, then a possibility is the midpoint rule M;,(I">X)) :=h.
SN 41, whose error is

[0, X] [0, X] = -2k 2% B2t
M, (1™ — Y = — 1—-2"7 h = —
h( ) E ( )azy am )]

X = I x
X / FCMED (x) Pyyin (— — —) dx, (2.2)
with the same ay as in (2.1) [8, p. 139] .

Euler—-Maclaurin formulae have been given for Cauchy principal value inte-
grals I1%X1 as well. Restricting himself to analytic f’s, Hunter [12] subtracted
an analytically integrable X-periodic function with the behavior of ﬁ at x
and so that the endpoint values of each of its derivatives coincide to obtain
an asymptotic series for T, (11%X1) — [I%X] Tyness [16] later noticed that the
subtraction function could simply be taken as % f(x) cot[% (x — y)] and gave
the O(h?) term for f € C4, g € N—see (4.6) below. Elliott [9] fixed a slight
error in Lyness’ assumptions. The formulae for 7}, and M, are derived under
the hypothesis that f € C*"*! and that "2 is absolutely integrable. For T},
the formula is

" ml

T, (10X = Z f L = 19 4 7 f(x) cot %x + Y au(h™
Xn k=1
h2m+2
_ (2m+2)
G / FO2 () Poyz (3 ) dy,

B (2k—1) (2k—1)
o = 25 [ (£2)™ " o0- (22) ).

)
FO == - e po-n]. (2.3)
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Hunter also gave the corresponding formula for the midpoint rule, which
with the integral term by Lyness reads

m+1

n T
My (1951 = Z +2 = 1% _ 7 £(x) tan 7 > = 2" ay (xoh?*
k=1

— 1 y
- FO" D () Pypin | = — = ) d 2.4
(2m+2)!/0 ()’)2+22 n)® (2.4)
with the ax(x) and F(y) of (2.3). (Our signs do not match those of [12, 16] or
[9] for we integrate % instead of %, which changes all signs, including that
of the residue in [12].)

We shall be concerned with formulae for symmetric integrals I

PV f XX f (yy)dy. To obtain them, we shall modify the interval to [0,2X] by
changing the variable to 7:= y + X and defining for every function s(?) its

shifted 5(¢) := s(t — X), so that IL-*%1 becomes PV fZX +f§? —L7—dt. Then by (2.3)

h2m+2

[-X.X]

m+1

Tp(I-X X0 — [-XX = 7 B 4 X) cot [%(x + 0]+ D@+ X0
k=1

2 2X i) = "
/ Fy"72(0) Py (}_z) dt,

CCem+2)!
Bu | (T \*" Fo \* "
— by J@ N AY)
@) = (x_t> 2X) (x_t> o |
= fo = 7 -
But & 2X = N, thus &£ =ﬂ,so that

2

N m+1A
Ty (1) — 175X = 7 f(x) cot [hx+ En} + ZaZk(x + X)n

J2m+2 (2m+2) y N
m/ (y+X)P2m+2 <h+5)dy’
= . B fit—X) @k—1)
ap(x) = (2k)! |:(x —X—(— X)) 2X)
fe—X) @k=1)
B (m) o |,
R+ %= +Xf+”y—x - I far e[ y)].
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If N is even, the m-periodicity of the cotangent and the 1-periodicity of P>
have formula (2.3) still hold with — X in place of 0 and double interval length:

m+1
Th(IL’X’X]) - IL’X’X] = 7 f(x) cot %x + ZaZk(x)th
k=1
h?m+2 (2m+2) y
m/ F; (Y)P2m+2 <h)dy’
_ Bu [ f) N\ F) &Y
a(x) = ey [(m) (X) — (m) =X |,
Fy(y) = f(TY)y - —f(x) cot [—(x - y)] (25)

This remains true for the error of the midpoint rule.

When N is odd, the derivative-free term becomes r f(x)cot[7x + 7] =
—7 f(x) tan 7 x; moreover, F2m+2(% + %) = 132,,,”(% — %), since the Bernoulli
polynomials with even degree are even with respect to 1/2. (We call a
function s even with respect to a when s(a — x) = s(a + x).) Those are the
corresponding expressions in the error of the midpoint rule. The same calcula-
tion leading to (2.5), but for the midpoint rule, results in the derivative-free
term—mx f(x) tan[ 7 (x + X)] = 7 f(x) cot(%x) and 132m+2(%) of the trapezoidal
error. These expressions therefore exchange place in the formulae for the two
rules when N is odd.

3 The error formula for an odd number of nodes

We now turn to our aim, namely that of finding a formula for Cy(f, h) — f.
One immediately sees that C( f, #) may be written as [1, 14, 20]

Cn(f. h)(x) = —sm xZ (— 1)" Jn (3.1)

The right-hand expression may be interpreted as a difference of quadrature
formulae of Section 2 with step 2A:

Cn(f h)(x) = —sm( )( DN (T (I5%X) = My (I5XX)) 0 (3.2)

(the factor (—1)V takes care of the sign at the extremal nodes in dependence
on the parity of N). But, with

h:=2h
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and if N is even, so that T;; and Mj, cover an even number of intervals,

m—+1
Ty XXy = [=XX 4 £ cot %x + 3 anh*
k=1

E2m+2
—/ F™ () Popyia (%) dy,

2m + 2)!
p m—+1
M (17X Xy = [2XXT _ 7 £(x) tan 7 2(1 — 2172y () h2K
k=1

E2m+2 1 y
— | F"P3)Pyia |z —2)d
(2m+2)'/ (V) Pomy2 277 y

with F; as in (2.5). For odd N the exchange of the derivative-free terms and of
the values of Emﬂ between 73 and Mj, introduces another factor —1 = =DV
in their difference.

Subtracting Mj, from T3, using the trigonometric identity tana 4 cota =
2/ sin 2«, and simplifying yield the first version of the error formula for 2N + 1
nodes,

_1 N ) m+1 -
) sin Tnx Z b (x)h**
h o

Cn(fix) — fx) =

Z2m+2 /‘ F(2m+2) ) Q Yy
(2m+2)‘ y 2m+2 E

, ey Ba [ (F)\FY
bk (x) :=2(1—4 k>(2k)! [( - ) (X)—(

dy,

2k—1)
) (=X )]

(3.3)

with Qk(2) := (=DN(Pi(2) = Pi(5 = 2)).

The oscillatory sine-factor in front of the sum vanishes at every x,, reflecting
the interpolation property. On the other hand, it complicates the practical
interpretation of the formula. For a given x, it is namely possible to pick a
sequence of A for which the factor is growing toward 1 from a value close to 0.

To avoid this, one may take a factor ki in front of the sine to get

m+1
CN(f, h)(x) — f(x) = (—1)Nxsinc <27T[X> (Z bzk(x)ZZk—l + O(h2m+l)> )

k=1
(3.4)

Now, since smc( T x) — 0 as i — 0, the effect just mentioned asymptotically
disappears: the polynomlal part of the error decays with % at least like a
constant times sinc(7x)h.
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Summarizing we have the following.

Theorem 3.1 Let f e C*"[—X, X], X € RY, with f®"*2 absolutely inte-
grable be interpolated on the interval [- X, X] by the sinc interpolant Cn( f, h) in
Bl)with Ne NN, h = 1)\(/ h := 2h and x,, = nh. Then the difference Cn(f, h) —

f is given by formulae (3.3) and (3.4) with F, from (2.5).

4 Sinc interpolation between an even number of nodes

In sinc interpolation, the case of an even number of points is certainly less
common than that of an odd number. It might however have its importance,
for instance when f is periodic [1] or with one-sided sinc interpolation [4]. The
finite cardinal series

"

N
COf h)(x) = Z f(x,_1)sinc [%(x - xn_%)] , Xyt = (n _ l) h,

=—N+1
(4.1)

with # =2X/(2N — 1) then does not interpolate at 0.

The main difference with the case of an odd number of points is the fact that
the weights in the extreme terms of the sum now carry opposite signs. One may
again write the sum as the difference of quadrature formulae for equidistant
points, but these formulae are then asymmetric as one extremity is not a node.

We shall transform the interpolation problem into one with an odd number
of nodes by first changing the variable and moving the points. For that purpose,
consider again to every function s on [— X, X7 its shift 5(x) := s(x — X), with
domain [0, 2.X], and to every shifted§i§ unshifted s(x) = $(x + X). The sum
in (4.1) is an expression in terms of the f(x,): recalling & = 2h, we have

"

. sin[Fx — (n — ‘)”]
© _n 1 h
CY () = nnz_ZN:H R

ﬁ (—1)”

= — x f( n—* o
21 2N:-H g
E 2N—1" 1)n—(N=1)

T S T

— X (N-1)

and, since (N — $)h = X,

"’ 2N-1"

CY (£ (x) = (=DM~ 1—cos—xZ Foon—=

x+X—x,
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To transform the problem into one with an odd number of points, we now
extend f(x) and ){(Tyy) to [-2X, 0] as even functions, the latter by defining

0=<y=2X,

&y = (4.3)

_7.)6_7_)17 _2X5y505

which, by our shift convention, implies g.(V) = gvrx(y + X) = f(y)/(x — y)
on [—X, X]. Then

o

_N—lN —1)"
cotmm =" T o[ T Few S

2 2 h My X+ X+ x,
aN-1"
(=D"
+ Z f(xn) X+ X —x, ’
IN—1/
-DN-1  m .
= cos —x h Z (=D "Gyt x(x2)
T n=—@N-1)

(the double value at 0 eliminates the prime there) and with 1[-2X2X] .—
PV % 8x(y)dy

N-1
= O o T (I - TIF). @)
since the signs at the extremal nodes are now the same.

One may not continue as in (3.4), however, for now f rolled up on a
circle of diameter 4X [2], has two jumps instead of only one at 2X = —2.X:
its derivatives usually are discontinuous at 0. We thus need a generalization
of Hunter’s and Lyness’ theorem for functions with several jumps, which will
follow from modifying the proof in [2] along the Lyness—Elliott lines [9].

First we introduce some notation. Let f be piecewise CI~![-X, X], i.e.,
(g — 1)-times continuously differentiable on [— X, X] except at interior jumps,
at which the limits of f and its ¢ — 1 derivatives exist on both sides. Denote
by ¢y the point —X = X and by cj, j=1,..., J, the other jumps, and let f be
redefined at c; as the middle of the jump,
f@%zﬂq);f@ﬂ’
where, as usual, f(x+£) :=1limc_,o f(x £ €),and f(cox) :=lime_¢ f(FX £ €).

We shall give the Euler-Maclaurin formula for equidistant Riemann sums

j=0,....J,

N
R,(h) :=th(—X+(n+t)h)=th(—X+(n—1~|—t)h), 0<t<l,
h.=— 4.5)
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of a Cauchy integral on the interval [— X, X] (or, equivalently, on a circle of
radius %), where the integrand may have several singularities to be integrated
in the principal value sense, as g, at x + X and —(x + X) in (4.4). t = 0 yields
the trapezoidal rule, t = 1/2 the midpoint rule. fy := ¢ obviously is the relative
distance from the jump —X = X to the following integration node. Similarly,
we determine for every other jump c; the interval that contains it, i.e., the
indexn;,0 <n; < N—1,suchthatc; e [-X + (n;+0Dh, —X + (n; + 1+ Dh],
j=0,...,J; this determines ¢; := @4
respect to the following node.

the relative location of c¢; with

Theorem 4.1 (Generalized Euler-Maclaurin formula for Cauchy integrals)
Let f be piecewise C17'[— X, X], g e N, q > 2, let cj j=0,...,J, denote its
jumps and f(c) and t; be defined as above. Suppose that 9 is integrable
on the intervals between two jumps. Let [— X, X) be partitioned into L disjoint
L
intervals Ky = [c;,cj), £ =1, ..., L, such that [-X, X) = ZL—JI K, and g is given
on Ky by g(y) = xi(y;, KisX #—-X+Wm+Hh,n=0,...,N—1. Let R,(h)
be any Riemann sum (4.5) of PV fj(X g(y)dy.
Then the integration error may be written as

-~ q
Ri(h) — PV / gydy = (-)x Z f(®) [n (% - t)] + ) aght
J
- + X
- —/ 95y P, (z,-— YT> dy (4.6
j=0

with

cot, N even,
cta :=
tan, N odd,

J
0, t;=0,
a = E 0;P1(1)) [g(c;—) — glc; D], 0;:= :1 ! 0
P , tj#0,

J
=3 = (tf) (8% V(cj=) —g* V(e h)]. 2<k=q.

j=0 k!

Far() =800 — 55 Z [ cot| 55 ® - )|

and where Py again denotes the 1-periodic continuation of the Bernoulli poly-
nomial of degree k.

A version of this theorem for the interval [0, 1] and with J = 0 is described
in [16]. When all jumps coincide with nodes (t; =0, all j > 0), then for the
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trapezoidal rule (t = 0) all the coefficients a; with odd k vanish: for k = 1,6; =
0 for all j, and P (0) = By = 0for odd k > 3;(2.5) then is a special case of (4.6)
with N even, J = 0 and L = 1. With the midpoint rule (t = 1/2), Pr(1/2) =0
for every odd k and (4.6) again becomes the formula corresponding to (2.5)
when J =0and L = 1.

When q is even and f € CY, the last two terms of (4.6) might be combined
into a single O(h?)-term.

We may now continue with (4.4). Here Tj and Mj; cover the odd number
2N — 1 of intervals. On the circle of diameter ﬁ the extended f has two
jumps, ¢ =2X = —2X and ¢; =0. For T}, ¢ 1s at a node (f, =0, 6, = 0)
while ¢, lies in the center of an interval (¢, = 1/2, §; = 1). a; = 0 in view of
P(1/2) = 0 and the a; with odd k > 3 vanish too, for P(0) = Px(1/2) = 0.
Thus in (4.6)

T3 = Ro(h)

_ F-2X.2X)
Ix+X

— {— f(= @+ X)) tan [—

nx—i:.ﬂ+f(x+X) tan |:nx _%Xi“

2 Pax(O
2 lEen -ae)
k=1

Poi(1/2 ~,
z(kz(k)/' )[Aﬁfxl)(o - fg\ﬁcxl)(OH]} kL O

(the second negative sign in front of F(x + X) comes from the definition (4.3)

of gy).
For Mj, ¢, is between two nodes (ty = 1/2, 6y = 1), while ¢, is at a node
(ty = 0,6, = 0). Thus, again, ax = 0 for every odd k and

M(TL2%2X) = Ry 5(h)

X
= IX[HZ(XZX] T {—j?( — (x4 X)) tan |:7'[ (_x—%X — %>j|

+ f(x—l—X)tan |:71 (x—%X ;)j”

2 Pa(1/2
P en g o)
k=1

P2 (0) k-1 k1) o y
* (2k)! I:HX 0-) - Ex+rx (0+)]}h2 +O(h2 +2).
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But with f and g even (thus their odd order derivatives odd),

X —~
Ty (T12252X0) — TI2X2X _op [n (xt )] Fox+ X

x+X x+X

s Z[PZk(O)A&k DX - P2k(1/2)/~(2k 1)(0_’_)} Tk

k) Extx k)1 Seex
+ O(h2m+2)
M x[+§(xzx1) _ I]([+)2(X 2X1 oo cot[ <x —|;X>] f(x-l— X)
Py(1/2) P(0)
ZZ[ —apr Bax @0 = "5 50E Affzle)(OjL)] "
+ O(h2m+2)
and (4.4) becomes
_1\N-1
Cg\e])(f’h)(x)z ( 2_[ cos% {4JTf(X+X)/Sm|:27T< —;X)]
Py (1/2 B
+2 Z DL g o + 325 e i
+ O(h2m+2)-
Now sin [277 (*£5)] = sin [z (55)] = sin [fx + (N — 1/2)m)] = —(=D)N cos {x,

fla+X) = f(0, 825" 04) = g2 V(= X), 815" 2X) = g2 V(X) and we
have the following formula.

Theorem 4.2 Let f e C*"[—X, X], X € RY, with f®"*2 absolutely inte-
grable be interpolated on the mterval [— X, X] by the sinc interpolant C (e)( fih)
in (41) with NelN, h= 2N T and X, 1 =(n— —)h Then the difference

Cﬁf,) (f, h) — fis given by the formula

— Py (1/2
CE?(f,h)(x)—f(x):( Z B (2k2)",( 2
k=

X [g)(CZkfl)(_X) + g§2k71)(X)] hzk
+OE™), @7)
with gx(y) = f(y)/(x — y) and h=2h.
By— Py (1/2)

The factors o are the same as in formula (3.4) for the case of an

odd number of points. The sole changes from that formula (besides in the rest
term) are the replacement of the sine by the cosine, and of the differences of
end-point derivatives by their sums.
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One may again take a factor # in front of the sum to annihilate a possible
increase of the cosine for particular (decreasing) sequences of 4.

In [4] we give first applications of formulae (3.4) and (4.7). Here we just
notice that they cannot be used directly for evaluating and/or correcting the
error at x too close to the endpoints — X and X of the interval: the derivatives
of ){(Ty; become much larger than 1 /Z there.

Appendix: An alternate proof of formula (4.7)

The proof of (4.7) given above makes a detour through a problem involving an
odd number of points and formula (3.3) and requires a change of variable. We
shall now give a direct proof that brings Riemann sums other than 7" and M
into play.

Let us go back to formula (4.2). Roll the interval [— X, X] up on the right

half circle of diameter % about 0 [2] and consider the functions f(y) and

gy) = ]{(Ty; on that half-circle. Then extend f and g to the left-hand half-circle

as even functions with respect to X (and thus automatically with respect to

—X). By associating the weights 1 and —1 with the points x, on the circle (see

Fig. 1) and using f:;;, + LXX + f;x = ff;x, one sees that in (4.2)

5 N (_1)n ! N N
h Z f(xn_%)ﬁ = 5 [R1/4(h) - R3/4(h)] ) (5.1)

n=—N+1 n—3

Fig. 1 Nodes and weights for
the quadrature rules in
Appendix. When two signs
appear, the top one is for N
even, the other for N odd
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where R,(h) is the Riemann sum given similarly to formula (4.5) by

2N-1
Ri(h):=h Y g(—2X + (n+0h),
n=0

t being again the relative distance from the left extremity of the interval to the
first node. (The factor 1/2 takes care of the fact that R, approaches the integral
I)[C—ZX,ZX] — QIJ[C—X,X].)

The function f now has two jumps ¢; = —X and ¢c; = X (notice that it does
not have any at 0 nor at the extremities —2X = 2X). If N is even, then — X is
not a node of R4, for which it lies at the midpoint of two nodes, but is one for
Rj34; it is the other way around for N odd.

We now apply Theorem 4.1 to R4 and Rj/4. Since g is even, all differences
of even order derivatives, thus all coefficients of odd powers of A, vanish. If N
is even, then, for Ry 4,1 = % and 1, = 0; it is the opposite for R3/4. For x > 0 the
singularities to be integrated in the principal value sense are at x and 2.X — x,
for x <0 at x and —2X —x =2X — x mod 4.X, thus at the same locations.
Thus

R]/4 — I&*ZX,ZX]

el 5] oo (52 )

[ P2 (0) Q- _ v\ _ k=1, _
+;{—(2k)! ¢80 (= ) = g V(= X+
Py(1/2)

el [g(Zk—l)(X_) _ g<2k—1>(X+)]} B2k 4 Oh2+2)

(recall that — f appears in the numerator of the even g on the left half—circle).
But 2X = (2N — 1)hA, thus 2—% =N-1/2 and cot[n(z—‘\;{—x — }1)] = cot[—%x —
3T”] = cot[—%x + 71; moreover, in view of the parity of f and g, f(2X —x) =
f(x) and gPk D (£ X—) = —g@*~D (£ X+); thus

1
Ry = I)[:zx,le + 27 f(x) cot |:JT <% - Z>i|

Y G [Bag™ D00 = Pul1/2)g% D (- X))+ O,
k=1 ’
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Similarly

_ Jl-2X.2X] r 3| _ 21 x 3
R34 = I +nf(x){cot|:7r(}~l 4)} cot|:n<N 277 4)“

- P (0) Qk=1), vy N _ Qk=1),_
+k§{—<2k>’ 62 (=X —) = g V(= x+)]

Par(1/2)
(2k)!

= 27 f(x) cot |:JT <% + i)}

m 2 3
+Z _(Zk)' [PZk(l/z)g(zk—l)(X) — szg(Zk_l)(—X)] h2k + O(h2m+2),
k=1 :

I:g(zk—l)(X_) _ g(Zk—l)(X+)] } ﬁ2k + O(h2m+2)

so that with (5.1) in (4.2)

1 - -
- R [Ri/a(h) — Raa(h)]

- Lol )] G-l

¢ 30 B P12 ok g oy

C§f,)(f, h)(x) = Zi cos Zx

L2k
+Omm),
But cot [n(% + %)] — cot [n(% — )T)] = 2/cos Fx; moreover, when N is

odd the t;’s are exchanged in all formulae, which permutes Py (0) and Py (1/2)
and introduces the factor (—1)" to yield formula (4.7).
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