Extremes (2006) 8: 171-189
DOI 10.1007/s10687-006-7966-9

Extreme values of a portfolio of Gaussian
processes and a trend

Jiirg Hiisler « Christoph M. Schmid

Received: 24 June 2003 /Revised: 1 December 2005 /
Accepted: 2 December 2005
© Springer Science + Business Media, LLC 2006

Abstract We consider the extreme values of a portfolio of independent continuous
Gaussian processes Zf‘:l w;Xi(t) (w; € R, k € N) which are asymptotically locally
stationary, with expectations E[X;(¢)] = 0 and variances Var[X;(t)] = d;t*" (d; € R,
0 < H; < 1),and a trend —ct? for some constants 3, ¢ > 0 with 3 > H;. We derive the
probability P{sup;o Zf;l w;iX;(t) — ct® > u} for u — oo, which may be interpreted
as ruin probability.

Keywords Gaussian processes, Extreme values, Portfolio of assets, Tail behavior,
Ruin probability, Large deviations
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1. Introduction

The tail behavior of stochastic processes is important e.g., for calculating ruin
probabilities in insurance or finance. In this context we consider in this paper
particular Gaussian processes, to determine the probability that a Gaussian process
Y(t) exceeds a certain boundary u € R in an interval 7 € R

P(u) = P{squ(l) > u}
€T
In general, it is almost impossible to find the distribution of this supremum.
Precise formulas are only known for a couple of stationary processes in a finite or
infinite interval (cf. Adler (1990)). The best we can do in general, is to derive the
asymptotic behavior of P(u) when u — oo. This asymptotic behavior is sufficiently
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172 J. Hiisler, C.M. Schmid

interesting for its own. However, we are going to derive the probability that the
Gaussian process Y (t) = X (t) — ct%, with trend, exceeds some boundary u

P{sup(X(t) —ct’) > u},
t>0

as u — oo with ¢, 8> 0. In insurance we may note that X(¢) represents the sum of
the claims up to time ¢, ct? represents the sum of the premium payments up to time ¢
and u the initial reserve of the firm. The ruin occurs if at some time ¢ the sum of the
claims is larger than the sum of premium payments and the reserve.

This problem is investigated for a class of Gaussian processes X (¢) (including frac-
tional Brownian motion and self-similar Gaussian processes) in Hiisler and Piterbarg
(1999) and for integrated Gaussian processes in Debicki (2002) as well as Hiisler
and Piterbarg (2004). In these cases the probability P(u) is approximated by
exceedances of Y(¢) in a small neighborhood of a unique point where the boundary
(u + ct?)/o(t) has smallest value. This boundary is the result of usual standardization
of the process X (t) by o(t) where o?(¢) denotes its variance. Often, only the (unique)
point of maximal variance plays the important role. Here the trend has to be
considered also, which results in the mentioned minimal boundary value.

In this paper we deal with another particular class of Gaussian processes. We
think that a portfolio consists of many different processes X;(-) which can be
modelled e.g., as fractional Brownian motions with E[X;(#)] = 0 and Var[X;(t)] =
dit*"i and possibly different parameters H; € (0,1) and d; > 0. Therefore, we
consider X (1) = %, wiX;(r) as the portfolio of all risks at time ¢, with w;(€ R)
some weights. As mentioned, the biggest liability of the firm after its start of
economic activities at time ¢ = 0 is then denoted by sup,. (X (¢) — cz”). Thus

k
P{sup (Z wiX;(t) — ctﬁ) > u}
>0 \ ;4

will be investigated. We assume that the X;(-) are independent processes. This
probability is well-defined if H; < ( for all i. As mentioned above, the minima of the
boundary function (u+ ct”)/o(t) have to be analyzed together with the path
behaviour of X (¢) in the neighborhood of possible minima.

Note that X (¢) is thus a centered Gaussian process with variance

k k
Var[X(t)] = Z wld;*1 = Z Wt
i—1 =1

where W; = w%di. Hence, we might set w.l.o.g. di=1 or w; =1, since in the
following only the W;’s are used. It is not necessary to assume that the Gaussian
processes X;(+) are fractional Brownian motions. But certain regularity conditions
will be assumed. E.g., we assume that the Gaussian processes are asymptotically
locally stationary (see (8) in Condition (A1)) for large u. The processes with largest
H; are important. Hence, let wl.o.g. H = Hy > H, > ... > Hj and define m(> 1) as
largest index such that H,, = H.

In the next section we introduce the sufficient conditions on the Gaussian process
X(t) and the main result which is proved in the third section. For its proof we need
to investigate the local behaviour of the boundary function in the vicinity of the
points with minimum value. This will be combined with the behavior of the
weighted sum X (¢) of Gaussian processes in these vicinities.
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Extreme values of a portfolio of Gaussian processes and a trend 173

2. Weighted sum of Gaussian processes and main result
The portfolio X (¢) is modelled as weighted sum of centered independent Gaussian

processes X;(t) with Var[X;(t)] = *'i with the mentioned numeration H = H; >
H, > ... > Hy. Defining the standardized process

X(t) = X()//Var[X ()] = zk: wiXi(f) / zk: W,H:,
i=1 i=1

we analyze
P{sup(X(t) — ) > u} - P{Elt >0:X(1) >}fu(t)} 7
>0
where
~ u+ct’ u+ct’
fu(t) =

k - VWeERH 1 w-1 W,tZ(H,-—H)
1 / Z W, r2H; \/ +j§1 !
i=1

is the boundary function and

w=>"W. (1)

i=1

We make an appropriate time transformation such that the points where the
boundary values are minimal, remain finite as u — oco. Let for each u

s = Wy it (2)
The transformed centered Gaussian processes, depending on u, are denoted by

X"(s) = Xi(wWns), i<k, G)

k
X (s) =" wiX"(s) = X (W), (4)
i=1

The time transformation results in the corresponding boundary function f,(s):
fuls) = FuWss) = u!=v(s)(1+ bu(s)) (5)

consisting of three factors where

14-¢s?
v(s) = — (6)
and
-3
bu(s) = (1 +y u/jWJu3<HfH>s2<HfH>> -1 (7)
j>m

with &= cW~. Note that 6u(s) — 1 as u — oco. The boundary f,(s) may have
several points with minimal value, depending on u. The smallest of these points is
denoted by sj = inf{argmin f,(s)}. We will show that these points with minimal
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174 J. Hiisler, C.M. Schmid

value converge to the point of minimal value of v(s). Hence we have to investigate
the approximation of the probability:

f{mmxm—a%>u}:P@nﬂniww>ﬂ@&,
>0
where X (s) = X (s) //Var[X1(s)] denotes the standardized process X “(s).
We need the following assumptions for the main result:
(A1) We assume that each X!"(s) = x (s)/+/ Var[X"(s)] is asymptotically
locally stationary for i < k, i.e., there exists a function K?(+), regular varying
(at 0) with parameter «; € (0,2), such that

. EXM(s) - X))
lim
u—00 K7 (|s = ')

=D; (8)

uniformly for s,s" € S, = [sif — e(u),si + e(u)] with D; > 0, e(u) = u%’]log u
and s# denotes the smallest point with minimal boundary value: s =
inf{arg min f,(s)}.

This condition implies that each Gaussian process X;(+) has continuous
paths in the crucial interval. We could assume this regularity condition to
hold for all s, but this is not necessary.

For the variance of the increments of X (s) we consider the weighted
sum of the regularly varying functions K;(+). By (A1) there exists K*(-), reg-
ularly varying at 0 with index oz = min{«;}, such that for some positive W

> WiDiK;(|s — s'|)
Ii i<m _ g )
R T R

We denote the inverse of K(+) by K~!(+) where K~!(y) = inf{s : K(s) > y}.
Since K(+) is regularly varying at 0 with index «/2, K~!(+) is regularly
varying at 0 with index 2/a.

Note that for fractional Brownian motions with Hurst parameter H;, we
have a; = 2H; and K?(h) = |h[*"™.

(A2) Forj>m,let K;(-) be such that lim sup,, ,K;(h) /K (h) < oo, as u — oo.
This condition implies that o < o also for j > m. Note that (A2) holds for
j < m also by (A1). We use in the following Pickands constant defined by

H, =lim %E{exp (max X(t))}7

T—o0 0<t<T

where x(f), t >0, is a fractional Brownian motion with drift E[x(¢)] = —*
and covariance function Cov[x(s), x(t)] = t* +s* — |t — 5|*, hence with Hurst
parameter H = «/2. Note that here the fractional Brownian x(-) motion has
variance 2¢“.

Now we can state our main result on the extreme values of a portfolio of
the Gaussian processes Xi(") (s)(i=1,...,k) as defined in (3). Condition (A1)
restricts the behavior of these processes in the small interval S,. For the
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Extreme values of a portfolio of Gaussian processes and a trend 175

other time points s we suppose a quite common Holder condition for the
increments. We assume that for each i < k

2
lim sup E[Xi<”) (s) — x (s’)} < Gils — ' 9)
holds for any s, s’ with |s — 5’| < C, for some G;,~; > 0 and some large C. For
the asymptotic expression we use the constants A and B:

H
B

4= (6(571&1))_ 7

B_<5(H—H)) H6,

which are v(sp) and v"(sy), respectively, with sy = argminv(s) = (H/(¢(6—
H ))1/ 7 the unique point of minima of v(+) (see Lemma 3.3 below). We can
now state the main theorem.

Theorem 2.1: Let X;(t),t>0,(i=1,...,k) be independent centered continuous
Gaussian processes with variance dit*™i and —ct® a trend where 3,c,d; > 0 and 0 <
Hy <... <H; <min{l,3}. Let w; € R denote the weights. Assume the conditions
(A1) and (A2) with 0 < o < 2 and (9). Then, the tail behavior is given by

)

>0 i=

. (\/%A):HQT% exp{—3/2(s¥)}
P{Sup (Z wiXi(t) = cr&) - u} )
1

AVABU T K1 (u%q)

as u — oo, where o = min;<p,cy, m the number of H; = H, f,(s) defined in (5) and
s = inf{argmin f,(s)}.

Remark 2.1: In some particular cases we have explicit expressions for si and
fg(SZ) For example, if k =1, we have H=H;, a=«y, K(+) = Kl(-),HV[Z/ =W, =dwi,
W = WiDy, A — (H/(e(8— H))) #8/(6— H) and B = (H/(3(8 — H)))"T HB. K\(s) is
regularly varying at 0 with index 2/a (0 < a < 2) and f,(s) reduces to f,(s) = u ~Fv(s).
Hence f2(sy) = > #v2(s0) = > #A%. We note that & = cW—37 = c(dyw?) ™ = ¢, by
choosing d; = w; = 1. Hence

)

} (\/D1A)‘2_‘Hu2*%exp{ - %Azuzf%}
AVABU K (u%fl)

which is the result of Hiisler and Piterbarg (1999). But this result holds also for a
more general Gaussian process, not only for a fractional Brownian motion, if the
stated assumptions (A1) and (9) hold.

P{sup (X(1)—ct’) >u

>0

Remark 2.2 Further Examples: Let us consider some other simple examples
with X (¢) satisfying the conditions of the theorem. We do not need to assume that
Xi(t) are fractional Brownian motions.
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176 J. Hiisler, C.M. Schmid

We begin with two processes X;(¢),i =1,2. Let H = Hi > Hy. Tt implies that
m=1and W= W;. Also K(-) = K;(+) with « = oy and W = W;D; and the same
result holds as in Remark 2.1.

This simple situation holds also with more than two processes, if Hy = Hy = ... =
H, (k=m>2)and oq < a;,j>1. Then W = WDy, a =«; and K = K; in the
asymptotic formula.

If in addition to H; also some of the «;’s are equal to oy = «, then the result
depend on the possible domination of one of the K;’s. For example, let H; = Hy, for
all j<m=k, and a1 = o; for j <m' <m with oy <aq; for j>m'. In addition,
assume that K;~¢K; for j< m’ and some ¢ >0, as h—0. Then W=
ngm, W;Djc; with ¢; = 1, and the result of Theorem 2.1 holds with K = K, a =
ap and W = Zj Wi

If one of the K;’s (j < m') dominates the others, by renumbering let this be Kj,
then this would mean that ¢; =0 forall 1 <j < m’. The result holds then also with
such ¢;’s.

3. Proof
Idea of the proof:

Applying the time transformation (2), the original problem gets

P{Sul(f;(X(f) —ct’) > u} =P{3t>0: X(t) > u+ct’}
>
- P{Ht >0:X(t) > fu(z)}
= P{Hs >0: X (s) >fu(s)}.
In Proposition 3.2 we show that all minima of f,(s) occur in the interval

[si — (1), s0], where s = inf{argmin f,(s)}. Therefore we split P{3s > 0 : X((s) >
fu(s)} into the probabilities

P{Els €8, X(s) >fu(s)} and P{Els Z S, X" (s) >fu(s)}.
where S, = [s§i — e(u), s + €(u)]. Then we will show that for u — oo

P{Els g8, XW(s) >f,,(s)} = O(P{Els €8, : XW(s) >fu(s)}).

We choose €(u) = u%l_llogu, since we need later that e(u)ul_% — 00 (U — o0).

Hence it remains to analyze the asymptotic behavior of the leading probability term,
where s € §,. For this proof we need to know the behavior of the portfolio process
X®(s) or X®(s) and the boundary function f,(s).
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Extreme values of a portfolio of Gaussian processes and a trend 177

3.1. Properties of the portfolio process

By the definition of the portfolio process its behavior can be characterized as
follows.

Lemma 3.1: For i < k, the means and variances are given by

E[X” ()] = E[)S (s)] =0,
Var[Xl“ (s)] = durwls?H for i <m
Var[X] (s)] = ds*iw- Tt = o(ustH) forj>m
Var[XW(s)] = uH/B2H (1 4 6,(s)) "% = uH/052H (1 + O(u%(H’"‘“H)))
as u — oo.

Proof: The processes are obviously centered. For any i <m and j > m, the
variances are simply

VarlX"(s)] = di(wWms)* = duFW-H | for i < m
Var[ u)(s)] _ dj(u%W*#S)ZH/ dqu/fW Hj/H g2H; _ o(u ,)

as u — oo, and

VarlXW(s)] = 3 wiVarlX{(s)] + X w?Var[x\" (s)]
i<m j>m
= uist (1 LYWW %<IJJH>SZ<H1H>>
j>m

M%SZH(l + by (s))72
us (1 +0 (u%(H'”“’H)))

The correlation of X™(s) is given by the regularly varying function K2(-), in
the interval S,,. [ |

Lemma 3.2: Assume the conditions (Al) and (A2). Then the correlation

function of X" (s) = (s)/\/Var[X®(s)] is for small lags, for s,s' € S,

1 — Corr[X"W(s), X" (s")] = %E[)?“‘)(s) — X )] ~ %Kz(\s —5'|).

Proof: Using the fact that X (s) and X f") (s) are standardized, we get

2

T Swxe)
S(u S nl? i—1
E[X) - X = E SVarX@(s)] \/Var

2
k VarlX\" (5)] < VarlX\" ()] s,
—EZW?( Va7 ) |
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178 J. Hiisler, C.M. Schmid

To derive the claim, we split the sum Y% | into >icm and 3. . Using Lemma

3.1, we see that for i < m and u — oo

VarlX(s)]  [d;
Var[X®(s)] @(1 +8u(5))

and get
W ’
Var S (u) Var[Xi (S’)} ),
T i (8)
Var[X®(s)] Var[X® (s')]
2

= [(1+6u( ))(Xf“>(s) - ylw(s/)) (64() — 6u(s")) X<u>(s,)}
= %(1 + 511(5))2E [)?l(”)(s) — )?l(u)(sl)}z W ((5 ( ) _ 614(5’/))2

T z%a 8,0 (Buls) — 8uls N E[ (X5
gz - 20w

3
=
=
|
o
=
P
h\
NS
N——
=
=
S
h\
NG
i

where for the last step we used that X (s) is asymptotically locally stationary with
€(0,2) and that 8u(s) — 8u(s)) = (s — )64(n) = (5 — 5 )O(ud mH—H)) for some

7 6 (s’ ,S).
For j > m we use Lemma 3.1 again to derive

Var[X:" (s)] \/’ W 2Hu //i/( H/fH( + 8u(s))” )

Var X<” (s)]
”j
= SRS 5,(6)) = ()

and
)
= g%(u,s)E[X(”)(s) —X]@ s’)} + (gj(u,s) — gj(u,s )) + 2g;(u,s)

_@_ Springer



Extreme values of a portfolio of Gaussian processes and a trend 179

as u — oo, where we used that gj(u,s) = O(u 3~ )y and gi(u,s) — gj(u,s') =
(s —5")g/(w,n) = (s —s")O(w’ SH—H) )) for some 7 € (s',5), as well as

2811, )(g(u,5) — (1, s ) E[(X["(s) — X" (s') X" (5))]
= 0 (s — o |K2(|s — ]))

Putting the various terms together results in

E[X9(s) ~ X)) = (1 +0(1) w2 (dWE [X1(s) = X151 2)

+320(H I s — )} K s~ o),

j>m

using that for all j > m
2(Hj—H) 32 _ 2 /
o(w K2 (ls — |)) = o(K2(Js — 5']))

since H; < H and K;(h)/K(h) = O(1) for h small.
Hence for u large, the correlation function of X (s) behaves for s — s’ as

W oo
oy K2 = 1),

1 — Corr[XW(s), X1 (s')] = %E [x099) ~ X (s)] '~

3.2. Behavior of the boundary function

We need to analyze the behavior of the boundary function. Examining 6,(s),
we see that limy_o6,(s) = —1, lim,_,,.6,(s) = 0 and s>~ strictly decreases to zero,
as s — oo, since H; < H for j > m. Hence ¢,(s) strictly increases from —1 to 0. With
so = argmin v(s), it is straightforward to prove the following lemma (given also in
Hiisler and Piterbarg (2004)) which implies the next proposition by (5).

Lemma 3.3: We get s = (H/(CN(ﬂ—H)))13 as well as V'(s) <0 for s <sy and
V(s) > 0 for s > so. Hence sy is unique as point of minimal value of v(-). Further

Proposition 3.1: For u — co we get

fulso) = uFA(L + bu(s0)) = u=FA (14 O (=) )
Y(s0) = u'#B(14 0w H))),

taking the derivative w.r.t. s.
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180 J. Hiisler, C.M. Schmid

Hypi —H))

Proof: Taking derivatives (w.r.t. s), we get (1+6u(s))/:0(u%( and

1+ 6u(s)" = O(u%(H”’“’H)) for s on a compact interval C (0, c0). Thus
2 (5) = Y () (14 84(5)) + 20/ ()(1 4+ 8u(5)) + v(s) (1 + 8u(s))"]
= u Y (s) [1 + O(u%(H”‘“_h'))}7

as u — oo, for s € (so — 6,50 + 6) with & > 0 such that v’(s) > 0. Together with Lem-
ma 3.3 the statements follows. u

Remark 3.1: The boundary function f,(s) is continuous, has the limits lim,_g
fu(s) =lim;_ f,(s) = oo and at least one minimum, tending to oo, as u — oo.
Unfortunately, f,(s) is a non-algebraic function and thus explicit solutions for the
minimum points of f,(s) do not exist in the general case k > 1. Further it is unclear
whether the global minimum is unique.

Because of Remark 3.1 we need an upper and a lower simple approximation
function of f,(s). Let us define

i
Koy = Z W//,W*Fju%(Hf_H).
j>m
For e(u) > 0, we introduce the functions

(s) =t Tv(s)(1 + Sulso + e(w)) (s > 0)

u

and for some small s; < min{1,s) — e(u)}
Fia(s) = ' Ho(s) (1 + mu2 D) (0 <5 < sy)
Fo(9) =< fir(s) = ! Fv(s)(1 + du(s1)) (s1 <5 < 50— e(u))
Fus(s) = ! Fv(s) (1 + 8u(so — e(w))) (s > 50 — e(u)).

The constant s; is chosen such that f,(s) is strictly decreasing in (0,s1). This
holds because

T

0 ._ ul~
gfu.l(s) = m

x [ BesH2H 4 Bk, M — HPH — Hywy? — CHS2H — eH s 2]
is negative if &(3 — H)s**2H-H0 1 &k, (3 — Hy)s? — Hs>M~H) — Hyk, < 0, which

is true if s < 51 for some s; > 0 small enough.
Since 1 + 6,(s) is strictly increasing, we have

fu () < fuls) < fi/(s) if s€ (0,50 + €(u)) (10)
for any e(u) > 0, and
fuls) 2 f,/(s) > £, (s) if s € [so+ € (w),00), (11)

with equality for s = s + €(u).
@_ Springer
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Lemma 3.4: The global minimum/minima of f,(s) is/are in the interval (s1,so].
Proof: Since f,(s)is strictly increasing for s > sy, we have ming,f,(s) = fu(so)
hence the minima are smaller than so. Now f,-, (s) is strictly decreasing in (0,s;) and
fia(s) — oo for s — 0. Since 51 < sop we have with (10)

min (£,(s)} < min{f,.1(5)} < min{f,(s))}

s<s0 §<s1
for any u, which finishes the proof. u

Even if there are more than one point with minimal boundary value, they all
converge to sp which is shown next since this holds for the smallest of these points,
denoted by s7.

Proposition 3.2: We have sj; — sy for u — co. Hence the global minimum/minima
points are in (si,sg).

Proof: Lemma 3.4 guarantees that s <so. It remains to show for any 6 >0
that if there exists a sequence u(i) — oo such that s;k(,») < so — 6 leads to a contra-
diction. Because sy minimizes v(s) and since sy < so — & we have v(si)/v(so) >
14 A(6) for some A(6) > 0. Further we know that (14 6,4 (sii)))/ (1 + 6u)(s0)) =
1+ o0(1) since é,(;(+) = o(1), as u(i) — oo. Hence

NE RN V(i) (1 + Sugiy (Sii))
uto Suto) = 00) =30y 155,40 50)
> Fu50)(L+ AB)(1 + (1)

> fu(i) (50)-

So we get fu; (si‘(i)) > fu(i(S0), which cannot be true since s;"(i) is the smallest of
the possible minimal points. u

Combining the proof of Proposition 3.1 with the above Proposition 3.2 gives

Proposition 3.3: For u — oo we get

3.3. Tail behavior of X® (s) for s € S,

We derive the probability that X (s) exceeds £, (s) for s € S, by applying a result of
Briker (1993a), given also in Briker (1993b), similar to Hiisler and Piterbarg (1999).
This probability will be the major contribution to the investigated probability,
asymptotically. Bréker’s result (formulated below) is given for locally stationary
Gaussian processes, being not dependent on u. So a further approximation step is
necessary since X (s) depends on .
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182 J. Hiisler, C.M. Schmid

Proposition 3.4: Assume (Al) and (A2). Then with the correlation function
K(-) of X" (s) we have for u — oo

2
(V#a) H2texp(-brzc)
AVABUE K1 (ﬁ—l) ~

P{3s € 8,: X(s) > fu(s)} ~

Proof: To apply Briker’s Theorem (Briker, 1993a), we need to approximate
X®(s) by Gaussian processes U, (s) and U_(s) which are independent of u. The
original probability will then be estimated applying Slepian’s inequality (Adler, 1990).

As in Hiisler and Piterbarg (1999), standardized Gaussian processes U, (s) and
U_(s) exist by the assumptions in Lemma 3.2 such that

lim

s—s'

1+v)

E[UL(s) - Us(s)P] _ W
K%(Js — s'|) w

for any v > 0, with correlation function given by

1 — Corr[Ux(s), Us(s")] ~ % 1+ v)K*(|s —5),

for s — s'. By construction we have for s,s' € S, and u large
Corr[U(s), U+ (s')]S Corr[ X (s), X (s")]
for any v > 0, since e¢(u) — 0 for u — co. Applying Slepian’s inequality we get
P{as €S, XW(s) > fu(s)} <P{Is€S,: U.ls) > fuls)}

P{Els €8, X(s) > fuls)} = P{As € Sy s U-(s) > fulo)}-

We now calculate the two probabilities
Pi(u)=P{3s €S, : Us(s) > fuls)}

for 5,5’ €S, and show that P, (u)= (1+O(v))P_(u) for u — oo. Hence the
probability P{3s € S, : X" (s) > f,(s)} is asymptotically equal to P, (i) or P_(u),
letting v — 0. u

3.3.1. The calculation of P, (u) and P_(u)

We have to verify that f,(s) satisfies the assumptions (f1), ..., (f5) of Bréker’s
Theorem (Briker, 1993a) (or Briker, 1993b), for the derivations of P (u) and P_ (u).
We consider only P, (u), since the other term is derived in the same way. Briker’s
result states that if the following conditions (f1), (f2), (f3), (f4) and (f5) hold, then
the P, (u) can be asymptotically approximated by the expression given bellow in 12.

(f1): Being an elementary function, f,(s) is continuous, which is the condition (f1).
(f2):  Since lim,_.f,(s) = oo for any s > 0, we have lim,_.infses, f, (s) = oo which
is condition (f2).
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(£3):

(f4):

(£5):

Set G(x) = K-'(1/x), (x > 0), and

Au(s):G< W“W*”)u(s)) for s € S,

With 9(x) = exp(—=x?2/2)/v/2¢x ~ ¥ (x) =1 — d(x) as x — oo, condition
(f3) assumes that for any € > 0

Uls) [
s, Auls) “ 0

for u — oco. Because S, is bounded, (f2) holds and K~'(+) is regularly varying
at 0 with index 2/a, as mentioned, hence (f3) follows.

With (s, 7) = [fu(s + TAL(s)) — fu(s)]f.(s), condition (f4) states that (,(s,T)
converges uniformly to a function ((s, ) for s € S, and 7 < 6, some 4 > 0.
This holds since we show that for u — oo, |7 < 0,0 <6 < oo and s € §,

|Cu(s, 7)[—0.
For some ¢ € (s,s + 7A,(s)) we have

! _ fu(s+7-Au(s))7fu(s)
o = [HE ]

and thus (s, 7) = T7AL(s)fu(£)f.(s). Now for A,(s) we get

- o 1 \2e w 1
o (W(HV)) <fu(s)) L(%J‘u@))

= (14 8,5) FLA/Als) ).

as u — oo with L(-) a slowly varying function.
To estimate f;(¢) we use that f}(s}; ) = 0 and Proposition 3.3:

Fal€) = fulsi) + f (i) (& — su) + o(§ — si)
= o(ul—%(g - s;")) — O(log u),

since & — 53 < e(u) for £ € S, by the choice of e(u).
Putting together the estimations of A,(s) and f;(s) we have

|Gu(s, T)| = O(ITAu(s)fu(E)fu(5)])
- o(u“*%)“*@u +6,(5)) FL(1/fu(s)) log u) =o(1).

since « <2 and > H. Hence the sequence (,(s,7) converges to
¢(s,7) = 0 for u — oo, for any 7 bounded.
(f4) implies that the |(,(s,7)] — 0, hence is finite for all 7 € R, which is
condition (f5): sup,|¢(s, T)| < oo for any 7.
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Thus we can apply Briker’s Theorem since the considered stochastic process
U, (s) is a locally stationary Gaussian process with index a € (0,2), is independent
of the parameter u and the sequence of boundary functions f,(s) satisfies the
conditions (f1), ...,(5). Brikers’ result states that

lim - P35 €S, Us(s) > fuls)} = lim T+ _ 1) (12)

U—0o0 u U—00 Au

where A, = [¢ A s, Au(s)ds since g(s,7) = 0 and where for s € S,

H,2 5 (f(s) Ho2 5(fu(s))

6(VEne) & (1/(V ) )

We derive the behavior of the integral A, as u — oco. Since K~!(-) is regularly
varying with index 2/« it follows uniformly for s € S,

/K (1/ ( Wfdﬂ)) ~ <\/~w ) SR W

Since f,(s)/fu(so) — 1, as u — oo, uniformly for s € S,,, we derive with Proposi-
tion 3.1

, S?H—e(u)
/ Au(s)ds = Ha27/ Y(fuls) (1/( V) Wu(s )))ds
Su S —e(u)

2

_1 W(1+l/)
) Js

e 2
V2r AU K (WY e

Au(s) =

~

We expand the exponent of the integrand for s — s;

fi) = ( “’”+f/<S*><s—s*>+1f”<s*><s—s*>2+0(<s—s*>2)>2
u u u u u u 2 u u u u
= F2(55) + FulSE)R! (55 (s — 55)7 (1 + 0(1)).

Then we change the variable x = +/f,(si )fi/ (sii )(s — s ). The bounds s; + e(u)
are replaced by

+e(u)r/ fu(si)fr(sE) ~ +(log u)VAB — 00 (u — 0).

Hence, the integral is by this transformation

st te(u) 1y Ll
/ b0 gg oD _ [ et >>de—V2W”S”>7
sy —c(u) Fu(si )fll (s ) /- ABu'~7

@_ Springer



Extreme values of a portfolio of Gaussian processes and a trend 185

and we get for P, (u) the approximations

2
o

Hasz( H”)A) 26T
AVABZTK 1wy

Po(u) ~ / Aal(s)ds ~
Su
In an analogous way we get the same approximation for P_(u), replacing +v by
—v. Taking the limit v — 0, finishes the proof of Proposition 3.4. u
3.4. Tail behavior of X®(s) for s ¢ S,

The probability of an exceedance outside of S, is bounded by the sum of the
following four terms:

P{Els €S, )~(<”)(s) >fu(s)}
< P{Els € (0,51] : X (s) > ﬁ,(s)} + P{Els € (sp,s8 — e(u)) : X (s) > fu(s)}
¥ P{as € (53 + e(u),55) : X (s) >fu(s)} +P{Els > 550 X (s) >ﬁ,(s)}.
for some large s,.

Now we make use of the Holder condition (9) which holds for each X; <“>( -). This
implies by applying similar derivations as in the proof of Lemma 3.2 that also

. (u) (u) (! 2 1y
hmsupE[X (s) — X (s)] <Gls—s,

U—0Q

for any s, s’ with |s — s/| < C where v = min{~;} > 0 and G > 0 a suitable constant. It
means that the Holder condition (9) holds also for X (-).

Proposition 3.5: For s; and the lower bound f,(s) of the boundary function
introduced in Section 3.2, we get '

P{Els € (0,51] : X (s) > fu(s)} < Cosjuhw (f;l(sl)),
as u — oo with Cy only depending on ~ and G.
Proof: For 0 <s <s; we have min{f,(s)} > min{f,(s)} = £, (s1) since £, (s) is

strictly decreasing on (0, s;]. By Theorem 8.1 of Piterbarg (1996) we get

s€(0,s1]

P{as € (0,51] : X (s) > fu(s)} < P{sup X (s) > f,,(sl)}
< Cosyu '~y (fu_l (51))

for some C; only depending on v and G. u
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For the second and third interval (s1,s}; — e(u)) and (s; + €(«),s2), respectively,
we apply the same arguments since they are also bounded intervals. But we need the
appropriate smallest boundary values. Therefore let

s = inf{argmin f,(s)|s € (s1,s5 — e(u))} (13)
5 = inf{argmin f,(s)|s € (s§ + e(u),s2)}. (14)
Proposition 3.6: For u — oo we have

P38 € (515t — () : K9(9) > £9)} < Cutd Dra(fs)

P{3s € (sit + ew),52) : X(s) > fuls) } < Cou PP (£ul51)
where Ci, C, depend only on v and G.

The last interval is unbounded but is split up into bounded subintervals where the
same idea is applied again.

Proposition 3.7: For any s, > so + €(u), u — oo we have
P{Hs > 50 XW(s) > fu(s)} = 0(u(lf’—b(%f])67%5235(’%")<1+5"<SZ)>2“272’#).

Proof: We split the interval [s;, 00) into subintervals I; = [s; +j— 1,50 +j), j > 1,
and apply again Piterbarg’s theorem for every subinterval /;. We assume for sim-
plicity that C in (9) is larger than 1, otherwise we would select smaller subintervals
or adapt the constants in (9). Since |s —s'| < 1 for all J;, |[;| = 1, we have

P{as el XW(s) > fu(s)} < Cu "R (fy(s2 +j — 1)),

using that f,(s) is strictly increasing for s > s9, where Cs depends also only on ~ and
G, not on j. Hence

P{Hs > 5t XW(s) >fu(s)} < P{Hs el X (s) >fu(s)}

M 10

Cu " PU(f (s +j - 1)

I
T

CutHED

V2rv(s2) (1 + 6,4(s2)) ,zzl

o3 sati=1)

IA

To derive an upper bound of the sum, we use that
Vvi(s) = (1 + 2857 + 2527 /5?1 > 220 H),

14 6u(s2) <14 bu(s2+j—1).
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Let C(u) = @(1 4 8u(52)) "> to get

o0
Y e “3fis2+i-1) <y e’ V2 (s2+j-1) (148u(s2))?
j=1

OC 71C(u)x2(‘3’”) 71C(u)sz(‘37H)
< e 2 dx +e? 2

()2(3H

< ¢ 2T (Cu (5~ H) + e

where the last term is the dominating term which implies the statement. Here we
use that for a, S > 0 and / — oo the integral is of order

/ e ™dx ~ eSS ().
s

3.5. Dominating probability

To prove that

P{ sup (X (1) — ct’) > u} ~ P{Hs €8, X(s) >fu(s)}

>0

it remains to show that
P{Els eJ: XW(s) > fu(s)} - o(P{as €8, XW(s) > fu(s)}) (15)
for the intervals J = (0,s1], (s1,s5 — e(u)), (si + (u),s2) and [s2, 00).

Lemma 3.5: For s} and s} defined in (13) and (14) we have for any x >0 as
u — 0o

exp (= 3 (2(s0) ~ 2(51) ) = ola).
exp (=3 (7650 - ) ) = o(u ™)
Proof:

1) The definitions of s¥ and s imply £, (s¥) < f,(s¥) and thus v(s¥)(1 + 6,(s¥)) <
V() (14 6,(s5))-

i) If s —s¥ 4 0 for u — oo, we have for some constant C > 0

F2(55) = £2(3) = 0 H (V)L + 84(55))° = V5 (1 + 8u(s))”) =

and thus f2(s%) — f2(s%) > 2y log u for any x > 0 and u large.
i) If s —s* —0 for u — oo, then still s¥ —s% > ¢(u). We use the Taylor
expansion of the function g,(s) = v(s )(1 —5—61,( )) around sj. The first
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188 J. Hiisler, C.M. Schmid

derivative of g,(s) is 0 by definition of s, and the second derivative is
positive (> some positive constant) for all large u, since v”(s;) > 0. Hence

u(s8) = u(st) + g/ (s3) (s — s3)°/2 + o((s — s3)?) and
F2(55) — £2(53%) = P 7 (gulsE) + 8u(s%)) (gu(sE) — gulsi))
28, (53) (8u(85) — gulsE))
2 2H

> u? T g (k)i (55) (5% — 53)°(1+ o(1))

> uP T gu(s)gu (s5)E ) (1 + o(1))
= O((log u)*) > 2xlog u

for any x > 0 and u large. Thus the first statement holds in both cases.

2) The second statement follows in the same way since s& — 5% — 0 for u — oo by
Propositions 3.2 and again

P25 = f2(s5) > u? T gu(si)gu (s5) (s —55)°(1 + o(1))
> 2 g (s5)gu (55)E () (1 + o(1))
= O((logu)*) > 2xlogu

for any x > 0 and u large. u

We now prove Eq. 15 for J = (0, s1] using Propositions 3.4 and 3.5

p{ase (0,51] : X (s) > fuls }/P{ases L X (s) >ﬁ,(s)}
= 0 (u HEal R ) gy o) e () ) )
- 0(z(u%—l)e(lf%)(%ﬂf%)log ue*%((.ﬁll(ﬂ))z*ff(sz“))) =o(1),

as u — oo, where Z() denotes the slowly varying part of K~'(-). The last steps
holds since the exponent

2H

2
(f;1 (sl)) — 2 (s3)=u 7 [12(50) (0 (1)—v2(s0) (1o(1) | 5"

using that v?(s¥)— A% and v?(s;) > A2 + ¢ for some ¢ > 0 and s; > 0 small.
Equation 15 holds in the same way for J = (s1, s§—e«)) by Propositions 3.4 and
3.6,

P{as € (s1, 5% — e(u), 82) : X (s) >fu(s)}/P{3s €S, : XW(s) >fu(s)}
0( 1)(242) - l(ur’?*l)ﬁjl@;)e*%(f;?(;;“)ffﬁ(&i“)))

O(L( 1)e(1—%)(%+1—%)10g u—yx log u) _ 0(1)’

by using Lemma 3.5 with x such that x > (1 = )2 +1-2).
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Equation 15 holds also for J = (s}, + €(u), s2), since Propositions 3.4 and 3.6
imply

P{3s € (st + ew),52) : X(5) > fuls)} /P35 € 8- X (5) > fuls) |
0<u<l D@ g1 (1) (55 ) H RO A2GE) )>

0<L (1) (- (1 )logu—%(ﬁ?(iﬁ)—ﬁﬂs#)))

again by Lemma 3.5.
Finally, Eq. 15 holds for J = [s;, 00) by using Propositions 3.4 and 3.7

P{352523}~((u()>fu }/P{EISGSM Xu)()>fu( )}

= 0( (=G0 1 (1) 4@ ) P fff(su))>
-0 (Z(u%fl)e(lf%) (2+1-2)tog w3 (@3 (148, (2) P2 5 ) (100 5 ”2))

=o(1),

since s; is large and s¥ — sp.
It means that the statement Eq. 15 is proved for all four subintervals which
finishes the proof of the main result.
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