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SHARP ESTIMATES FOR TURBULENCE IN WHITE-FORCED

w

GENERALISED BURGERS EQUATION

ALEXANDRE BORITCHEV

Abstract. We consider the non-homogeneous generalised Burgers equation
2
%—l—f’(u)%—y%:n, t>0, z€ S

Here f is strongly convex and satisfies a growth condition, v is small and positive,
while 7 is a random forcing term, smooth in space and white in time. For any
solution u of this equation we consider the quasi-stationary regime, corresponding
to ¢t > T1, where T} depends only on f and on the distribution of 7. We obtain sharp
upper and lower bounds for Sobolev norms of u averaged in time and in ensemble.
These results yield sharp upper and lower bounds for natural analogues of quantities
characterising the hydrodynamical turbulence. All our bounds do not depend on the
initial condition or on ¢ for ¢ > T7, and hold uniformly in v. Estimates similar to
some of our results have been obtained by Aurell, Frisch, Lutsko and Vergassola on
a physical level of rigour; we use an argument from their article.
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1 Introduction
The generalised one-dimensional space-periodic Burgers equation

ou ,, ou 0%u
o T Wa, ~ v

is a popular model for the Navier—Stokes equation, since both of them have similar
nonlinearities and dissipative terms (the classical Burgers equation [Bur74] corre-
sponds to f(u) = u?/2). For v < 1 and f strongly convex, i.e. satisfying:

=0, v>0,zecS' =R/Z (1)

f"(x) >0>0, zeR, (2)

solutions of (1) display turbulent-like behaviour, called “Burgulence” [BF01,BK07].
In this paper, we are interested in qualitative and quantitative properties of the
Burgulence.

The mean value in space is a conserved quantity for solutions to (1). Indeed,
since u is 1-periodic in space, we have:

% u(t,z)dr = —/f’(u(t, x))ug(t, x)dr + I//um(t,x)dac = 0.
St St

S1

To simplify presentation, we restrict ourselves to solutions with zero mean value in
space:

/u(t,x)dw =0, Vt>0. (3)

In [Bir01], Biryuk considered (1) with f satisfying (2). He studied solutions u for
small values of v and obtained the following estimates for norms in Lo of their mth
spatial derivatives:

T
), < o@D, Ll = 0, mz iy <w @)
0

Note that the exponents for v in lower and upper bounds are the same. For fixed m,
the constants vy, C, ¢ and T depend on the deterministic initial condition ug. This
dependence cannot be removed. Indeed, (1) is dissipative for the Ly norm of u, so no
non-trivial lower estimate can hold if we take 0 as the initial condition. Moreover,
as t — 400, the solution of the deterministic Burgers equation tends to 0 uniformly
in ug, so we have no hope of getting a non-trivial lower estimate which would hold



1732 A. BORITCHEV GAFA

uniformly in time. In a recent preprint [Bor|, we formulate the dependence of the
estimates (4) on ug in a simpler way.

To get results which are independent of the initial data and hold uniformly
for large enough t, a natural idea is to introduce a random force and to estimate
ensemble-averaged characteristics of solutions. In the article [Bor13], we have consid-
ered the case when 0 in the right-hand side of (1) is replaced by a random spatially
smooth force, “kicked” in time. In this article we consider the equation

ou ,, . Ou Pu
E+f(u)87x_yﬁ_n’ (5)

where 1 is a random force, white in time and smooth in space. This force corre-
sponds to a scaled limit of “kicked” forces with more and more frequent kicks. All
forces that we consider have zero mean value in space.

Study of Sobolev norms of solutions for nonlinear PDEs with small viscosity
(with or without random forcing) in order to get estimates for small-scale quantities
such as the spectrum is motivated by the problem of turbulence. This research
was initiated by Kuksin, who obtained lower and upper estimates of these norms by
negative powers of the viscosity for a large class of equations (see [Kuk97, Kuk99] and
references in [Kuk99]), and continued by Biryuk [Bir01] for the Burgers equation. We
use some methods and ideas from those works. Note that for the Burgers equation
considered in [Bir01,Borl3,Bor] and in the current paper, estimates on Sobolev
norms are asymptotically sharp in the sense that viscosity enters lower and upper
bounds at the same negative power. Such estimates are not available for the more
complicated equations considered in [Kuk97, Kuk99].

In this work, after introducing the notation and setup in Section 2, we formulate
the main results in Section 3. In Section 4, we begin by estimating from above the
moments of max du/dx for solutions u(t, z) of (5) for ¢ > 1. Using these bounds, we
obtain estimates of the same type as in [Bir01, Bor13], valid for time ¢t > T} = Ty +2.
Here, T is a constant, independent of the initial condition and of v. Actually, for
t > T1, we are in a quasi-stationary regime: all estimates hold uniformly in ¢, and
in the initial condition wug.

In Section 5 we study implications of our results in terms of the theory of Bur-
gulence. Namely, we give sharp upper and lower bounds for the dissipation length
scale, increments, flatness and spectral asymptotics for the flow u(t,x) for t > T.
These bounds hold uniformly in v < vy, where v is a positive constant which is
independent of uyg.

The results of Section 5 rigorously justify the physical predictions for space in-
crements of solutions wu(t,x) and for their spectral asymptotics [AFLV92,Cho75,
EKMS97,Kid79,Kra68]. Our proof of Theorem 5.9 in this section uses an argument
from [AFLV92]. Note that predictions for spectral asymptotics have been known
since the 1950s: in [Kra68], the author refers to some earlier results by Burgers and
Tatsumi.
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The rigorous proof of the asymptotics predicted by a physical argument, even for
such a relatively simple model as the stochastic Burgers equation, is important since
for the 3D or 2D incompressible Navier—Stokes equation there is no exact theory of
this type, corresponding to the heuristic theories due to Kolmogorov and Kraichnan.
Note that since we study the generalised equation (5) and not only the equation
with the classical nonlinearity wu,, we cannot use the Cole-Hopf transformation
[Col51,Hop50).

In Section 6, we prove that the stochastic Burgers equation admits a unique
stationary measure u, and we estimate the speed of convergence to pu as t — +oo. It
follows that the estimates in Sections 4-5 still hold if we replace averaging in time
and probability with averaging with respect to pu.

We are concerned with solutions for (5) with small but positive v. For a detailed
study of the limiting dynamics with v = 0, see [EKMS00]. Additional properties
for the limit corresponding to ¢ — +o0o in both cases v = 0 and v > 0 have been
established in [GIKP05,IK03].

The results of Sections 5-6 also hold in the case of a “kicked” force, for which we
have estimates analogous to those in Section 4 [Borl3]. We would also like to note
that similar estimates hold in the case of the multidimensional potential randomly
forced Burgers equation (see [BK07] for the physical predictions). Those estimates
will be the subject of a future publication.

2 Notation and Setup
Agreement: In the whole paper, all functions that we consider are real-valued.

2.1 Sobolev spaces. Consider a zero mean value integrable function v on S*.
For p € [1,00], we denote its L, norm by |v|,. The Ly norm is denoted by |v], and
(-,-) stands for the Ly scalar product. From now on L,, p € [1, 00|, denotes the space
of zero mean value functions in L,(S'). Similarly, C* is the space of C*°-smooth
zero mean value functions on S*.

For a nonnegative integer m and p € [1, 00|, W™P stands for the Sobolev space
of zero mean value functions v on S' with finite homogeneous norm

d™v

[l Tom

mp

p

In particular, W9 = L, for p € [1,00]. For p = 2, we denote W™?2 by H™ and
abbreviate the corresponding norm as [[v||,,, -
Note that since the length of S! is 1, we have

[0]1 < |vloo < |0l11 < 0100 <o < U1 < Voo <.

We recall a version of the classical Gagliardo—Nirenberg inequality (see
[DGI5, Appendix]):
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LEMMA 2.1. For a smooth zero mean value function v on S!,

0 1-6
’v|ﬂ,r < C’U‘m,p‘v‘q ’

where m > (8 > 0, and r is defined by

126—9(m—;>+(1—9)

r

1
q7

under the assumption 0 = /m if p=1 or p = 0o, and 3/m < 6 < 1 otherwise. The
constant C depends on m,p,q, 3, 0.

For any s > 0, H® stands for the Sobolev space of zero mean value functions v
on S! with finite norm

1/2
o]l = (2m)° (Z\kl%lﬁk\Q) : (6)

kEZ

where 9* are the complex Fourier coefficients of v(x). For an integer s = m, this norm

coincides with the previously defined H™ norm. For s € (0, 1), ||v|, is equivalent to
the norm

1/2

1
v\xT — U\ 2
ol = (S/ [ ) )
1 \D

(see [Ada75, Tay96]).

Subindices ¢ and x, which can be repeated, denote partial differentiation with
respect to the corresponding variables. We denote by v(™) the mth derivative of v
in the variable z. For shortness, the function v(¢,-) is denoted by wv(t).

2.2 Random setting. @ We provide each space W""P with the Borel o-algebra.
Then we consider an Lo-valued Wiener process

w(t) =w*(t), we ), t>0,

defined on a complete probability space (2, F, P), and a filtration {F;, ¢ > 0},
admissible with respect to w(t). We assume that for each m and each ¢ > 0,
w(t) € H™, almost surely. That is, for (,y € Lo,

E((w(s), ¢) (w(t), x)) = min(s, ) (Q¢, x) ,

where @) is a symmetric operator which defines a continuous mapping Q : Lo — H™
for every m. Thus, w(t) € C° for every t, almost surely. From now on, we redefine
the Wiener process so that this property holds for all w € Q. We will denote w(t)(z)
by w(t,z). For m > 0, we denote by I, the quantity

I = Tram(Q) = E[lw(1)]2,.
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For more details on Wiener processes in Hilbert spaces, see [DZ92, Chapter 4]
and [Kuo75].
For instance, we can consider the “diagonal” Wiener process:

w(t) = V2 Z brwy(t) cos(2mkx) + \@Z brwy(t) sin(2wkx),

k<—1 k>1

where wy(t), k # 0, are standard independent Wiener processes and for every m > 0,

I, = Z b2 (27k)?™ < oo.
k>1

From now on, the term dw(s) denotes the stochastic differential corresponding to
the Wiener process w(s) in the space Lo.

Now fix m > 0. By Fernique’s Theorem [Kuo75, Theorem 3.3.1], there exist
Am, Cpe > 0 such that

E exp ()\m IIw(T)||3n/T) <Cp, T>0. (8)

Therefore by Doob’s maximal inequality for infinite-dimensional submartingales
[DZ92, Theorem 3.8. (ii)] we have

p p
E sup [lw@|l}, < (—25 ) Elw(D)], <+, (9)
t€[0,7 p

for any 7" > 0 and p € (1,00). Moreover, applying Doob’s maximal inequality to
exp(a ||lw(T)|,,) and maximising in «, we prove the existence of Cj, > 0 such that

P( sup [Jw(t)][,, = )\> < exp(—=A\?/2C! T), T,\>0. (10)
t€[0,T]

Note that analogues of (9-10) still hold, uniformly in 7, if we replace
supefo,r] [[w(t)ll,, by subelrriq [[w(t) —w(T)|,, -

2.3 Preliminaries. @ We begin by considering the free Burgers-type parabolic
equation (1). Here, t > 0, z € S' = R/Z and the viscosity coefficient satisfies
v € (0,1]. The function f is C*°-smooth and strongly convex, i.e. it satisfies (2). We
also assume that its derivatives satisfy:

VYm >0, 3b>0, Cp >0: |f™(2)] < Cn(1+ |z))?, 2z eR, (11)

where h = h(m) is a function such that 1 < h(1) < 2 (the lower bound on h(1)
follows from (2)). The usual Burgers equation corresponds to f(x) = z2/2.

The white-forced generalised Burgers equation is (5) with n* = dw“/dt, where
w“(t), t >0, is the Wiener process defined above.
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DEFINITION 2.2. We say that an H'-valued process u(t,z) = u¥(t, ) is a solution
of the equation

ou” 1wy Ou” Pu
AT (12)

for ¢t > T if:

(i) For every t > T, w +— u®(t,-) is Fi-measurable.
(ii) For every w and for t > T, t — u®(t,-) is continuous in H' and satisfies

+w?(t) —w*(T), (13)
where

B(u) =2f'(wWug; L= —0ga-
For shortness, solutions for ¢t > 0 will be referred to as solutions.

When studying solutions of (12) for ¢ > T, we always assume that the initial
condition ur = u(T,-) is Fr-measurable and (except in Section 6) that 7" = 0 and
the initial condition is C'*°-smooth. For a given up, (12) has a unique solution, i.e.
any two solutions coincide for every w. For shortness, this solution will be denoted
by w. This is proved using a straightforward modification of the arguments in [DZ96,
Chapter 14].

Since the forcing and the initial condition are smooth in space, the mapping
t — wu(t) is time-continuous in H™ for every m, and t — u(t) — w(t) has a time
derivative in C*° for all ¢. In this paper, we always assume that up satisfies (3).
Consequently, since the mean value of w(t) vanishes identically, u(t) also satisfies
(3) for all times.

Solutions of (12) make a time-continuous Markov process in H!. For details, we
refer to [KS12], where a white force is introduced in a similar setting.

Now consider, for a solution u(t,x) of (12), the functional Gy, (u(t)) = ||u(t)]|
and apply It6’s formula [DZ92, Theorem 4.17] to (13):

2
m

t

O, = o, ~ [ (20 [u(s) iy + (L7 u(s), Bla)(s) ds

T

(= T) L +2 / (L™u(s), dw(s)) (14)
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(we recall that I, = Tr(Qy,)). Consequently,

d
pril lu()7, = —2vE [u()ll5,41 — B (L™u(t), B(w)(t)) + L. (15)
As (u, B(u)) =0, for m = 0 this relation becomes
d
LBl = Iy - 2B Ju(0)}. (16)

2.4 Agreements. From now on, all constants denoted by C' with sub- or su-
perindexes are positive and nonrandom. Unless otherwise stated, they depend only
on f and on the distribution of the Wiener process w. Moreover, all quantities in
the paper implicitly depend on those two parameters. By C(aq,...,a;) we denote

A71y...5Qp
constants which also depend on parameters aq,...,a;. By X < Y we mean that

X <C(ai,...,ap)Y.

A1y...,QF
~

Y stands for

A1,...,0k A1,...,0k

Yy < X < Y

The notation X

In particular, X <Y and X ~ Y mean that X < CY and C7'Y < X < CY,
respectively. All constants are independent of the viscosity v and of the initial value
Uugp.

We denote by u = u(t,x) a solution of (12) with an initial condition ug. For
simplicity, in Sections 4-5, we assume that ug is deterministic. However, we can
easily generalise all results to the case of an Fy-measurable random initial condition
independent of w(t),t > 0. Indeed, for any measurable functional ®(u(-)) we have

E®(u()) = [ E(B())/u(0) = uo) ),

where u(up) is the law of ug, and all estimates in Sections 4-5 hold uniformly in ug.
Moreover, for 7 > 0 and wug independent of w(t) — w(r), t > 7, the Markov
property yields:

E®(u()) = [ B(B(u(r +)lu(r) = uo) uldu).

Consequently, all estimates which hold for time ¢ or a time interval [t,¢ + T for
solutions u(t) to (12) actually hold for time ¢ + 7 or a time interval [t +7,t + 7+ T
for u(t) which solves (12) for ¢ > 7, uniformly in 7 > 0.

We use the notation g~ = max(—g,0) and g* = max(g,0).

For T > T7 > 0 and a Sobolev space W™P, we denote by C(T1,Ty; W™P)
the space of continuous functions v from [T7,T5] to WP equipped with the norm

SupSE[ThTz} |U(S) |m7p‘
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2.5 Setting and notation in Section 5. For an observable A, i.e. a real-
valued functional on a Sobolev space H™, which we evaluate on the solutions u“(s),
we denote by {A} the average of A(u“(s)) in ensemble and in time over [¢,t + Tp]:

t+T()
1
{A} = T / EA(u®(s))ds, t > Ty =Ty + 2.
i
The constant Tj is the same as in Theorem 4.16.

In this section, we assume that v < vy, where 1 is a positive constant. Next, we
define the intervals

Jl = (0, Cll/]; JQ = (Clu, 02]; Jg = (CQ, 1]. (17)

In other words, J; ={{: 0 <l Sv}, Jo={l: vSL<S1), Jy={{: {~1}. For
the values of vy, C; and Cs, see (52).

In terms of the Kolmogorov 1941 theory [Fri95], the interval .J; corresponds to
the dissipation range, i.e. for the Fourier modes k such that |k|=' < Cyv, {|0¥|?}
decreases super-algebraically in k. The interval J, corresponds to the inertial range,
where layer-averaged quantities such as the energy spectrum E(k) defined by:

E(k) = {Z|n|e[M1k,Mk] IQN|2} "

2 pnleM-1k, MK L

behave as a negative degree of k. Here M > 1 is a large enough constant (cf. the proof
of Theorem 5.14). The boundary Cjv between these two ranges is the dissipation
length scale. Finally, the interval Js corresponds to the energy range, i.e. the sum
>{|a*|?} is mostly supported by the Fourier modes corresponding to |k|~! € Js.
Actually the positive constants C; and C5 can take any value, provided

) < %K‘Q; 5K? < g; < ,/10 (19)
Here, K is a positive constant, chosen in (51). Note that the intervals defined by
(17) are non-empty and do not intersect each other for all values of v € (0, 1], under
the assumption (19).
By Theorem 4.16 we have {|u|?} ~ 1 and (after integration by parts) {|a"|?} <
{|u|%1} /(2mn)? ~ 1/n?. We recall that we denote by 4" the complex Fourier coeffi-
cients of u. Thus, the ratio

Einl-1e, [0
EnEZ’ﬂnP

tends to 1 as C9 tends to 0, uniformly in v. Since there exist couples (Ci,C3)
satisfying (19) such that C5 is as small as desired, we may for instance assume that

S ) = o S ().

In|<Cy! n€Z
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For p,a > 0, we consider the quantity

Spalt) = (S/ u(z + ) — u(z)|Pdz

The quantity Sy 1(¥¢) is denoted by S, (¢): it corresponds to the structure function of
pth order, while the flatness F(¢), given by

F(€) = 84(6)/83(0), (20)

«

measures spatial intermittency (see [Fri95]).

3 Main results

In Section 4, we prove sharp upper and lower estimates for a large class of Sobolev
norms of u. A key result is proved in Theorem 4.1. Namely, there we obtain that for
k>1,

kg
E ( max maxum(s,x)) S1, t> 1L (21)
s€ft,t+1] z€S?
The main estimates are those in the first part of Theorem 4.16. There we prove that
for m € {0,1} and p € [1,00] or for m > 2 and p € (1, ],
4T 1/a

1 m,p,o  _

T /E]u(s)ho‘np ~NvTh a>0,t>To+2, T > Ty, (22)

t
where v = max(0,m — 1/p), and T is a constant.

In Section 5 we assume that v € (0, 1y, where vy € (0,1] is a constant. Then,
we obtain sharp estimates for analogues of quantities characterising hydrodynamical
turbulence. Although we only prove results for quantities averaged over a time period
of length Tp, those results can be immediately extended to quantities averaged over
time periods of length T' > Tj.

As the first application of estimates (21-22), in Section 5 we obtain sharp esti-
mates for the quantities S, o, o > 0. Namely, by Theorem 5.10, for ¢ € Ji:

pa [P, 0<p<l.

and on the other hand for £ € Js:

b, gapa 0 S p S 1.
Spall) ™ {Ea, p>1.

Consequently, for £ € Jo the flatness function F(£) = Sy(¢)/S3(¢) satisfies F(£) ~
¢~ Thus, solutions u are highly intermittent in the inertial range (see [Fri95]).
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On the other hand, we obtain estimates for the spectral asymptotics of Burgu-
lence. Namely, for all m > 1 and k € Z, k # 0 we have:

{la"P} S (kv) 7",

and by Theorem 5.14 and Remark 5.15 for k such that k~! € J5 we have:

etk [0 a2 s
> inlelM -1k, MH) L

for large enough values of M > 1. In particular, in the inertial range the energy
spectrum satisfies (k) ~ k2.

Finally, in Section 6, we prove that (12) admits a unique stationary measure f.
Consequently, all upper and lower estimates listed above still hold if we redefine the
brackets as averaging with respect to p, i.e.

()} = / F(u)pld).

Moreover, as t — —+oo, the rate of convergence to u in the Lipschitz-dual distance
for Borel probability measures on L is at least of the form Ct~1/13, where C does
not depend on the initial condition or on the viscosity v.

4 Estimates for Sobolev Norms

4.1 Upper estimates. The following theorem is proved using a stochastic ver-
sion of the Kruzhkov maximum principle (cf. [Kru64]).

Theorem 4.1. Denote by X; the random variable

X; = max maxug(s,x).
s€ft,t+1] z€S?

For every k > 1, we have

k
EXF<1, t>1.

Proof. We take t = 1, denoting X; by X: the general case follows by the argument
exposed in Section 2.4.
Consider the equation (12) on the time interval [0,2]. Putting v = v — w and
differentiating once in space, we get
Ovy

o + f”<u)(vac + ww>2 + f’(u)(vx + Wy )z = V(vz + Wy ) o (23)

Consider ¥(t, ) = tv,(t, ) and multiply (23) by 2. For t > 0, ¥ satisfies

toy — 0+ f"(u)(0 + th)2 +tf (u)v, + t2f’(u)wm = Utlpy + vt Wepe. (24)
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Now observe that if the zero mean function v does not vanish identically on the
domain S = [0,2] x S, then it attains its positive maximum N on S at a point
(t1,21) such that t; > 0. At (¢t1,21) we have v, > 0, 0, = 0, and 0, < 0. By (24),
at (t1,z1) we have the inequality

() (0 + twe)? <0 — 2 F (W)W + V2 Wers. (25)
Denote by A the random variable

A= t
ggﬁd)

3,00+

Since for every t, tv(t) is the zero space average primitive of o(t) on S1, we get

max |tu] <  max  (|tv| + [tw])
t€[0,2], z€S?t t€[0,2], z€St
< N +2 max |w(t)|eo < N + 2A.
t€(0,2]
Now denote by ¢ the quantity
§=2—h(1). (26)

(cf. (11)). Since 6 > 0, we obtain that

max 2 (W wee| <A max  O2 0 (u
t€]0,2], ngl' Fu)wre] < t€[0,2), z€St )l

<A max t(tul +t)*7?
t€l0,2], z€St

< CA(N + 24 +2)>7°.

From now on, we assume that N > 2A. Since v € (0,1] and f” > o, the relation
(25) yields

o(N —24)? < N+ CA(N + 24+ 2)>7° + 4A.

Thus we have proved that if N > 2A, then N < C(A + 1)!/9. Since by (9), all
moments of A are finite, all moments of N are also finite. By definition of ¥ and S,
the same is true for X. This proves the theorem’s assertion. O

REMARK 4.2. Actually, using (10), we can prove that there exist 3, 3 > 0 such that

Eexp(fX7) < Eexp (ﬁ’(m[ax} w(®lseo +1%) S1, > 1.
te|0,2

COROLLARY 4.3. For k > 1,

k k
TS t>1

E max |u(s)
sE[t,t+1]
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Proof. The space average of u,(s) vanishes identically. Therefore

fus(s)] = 2 [ (ua(s)t < 2maxus(s,z). 0
Jiin=2]

zeS
Sl
COROLLARY 4.4. For k > 1,

E max |u(s)|® <1, pell,o0], t>1.
sE[t,t+1]

Now we recall a standard estimate of the nonlinearity (L™u, B(u)) (see Sec-
tion 2.3 for the definitions of L and B).

LEMMA 4.5. For every m > 1 there exist Cy, > 0 and a natural number n’ = n'(m)
such that for w € C'°,

Nin(w) = (L™w, B(w))| < Cpn(1 + [wl,)"™

Wy 0] - (27)
Proof. Fix m > 1. Denote |w|, by N. Let C’ denote various expressions of the form

Crn(14 N)™™) . We have
Non(w) =2 (w0, ()| = 2| {w™ D, ()™

ccmy Y [ et 1)

< O(m) max  max(f(a),... Frm (@)

X Zm: Z / Jw(@) . (@) (mF1)]
k=1

ISy <--<ar<mg
ay+-tag=m

Using first (11), then Hélder’s inequality, and finally Lemma 2.1, we get
Ny (w) < Cm)(1 + Nymax(e(1)..h(m)

X i Z / \w(al) .. .w(“’“)w(m+1)|

k=1 1<a;<--<ap<mg:
ai1+--+ar=m

s (e

k=1 1<a1<--<ap<m
ay+-+ar=m

<Nl > (Ul ol

k=1 1<a;<--<ap<m
a1+-Far=m

X (hwllge /™ fwl o™

e ‘w(a"')

ol )

2m/ay 2m/ay

[e.9]

<1+ N)"Hwlly, [wlgr = C Hwlly, 1wl - =



GAFA TURBULENCE IN WHITE-FORCED GENERALISED BURGERS EQUATION 1743

LEMMA 4.6. For m > 1,

E |u(t)lly, S v, t>2.
Proof. Fix m > 1. We will use the notation

2(s) =Eu(s)lly,; y(s) = E Ju(s)ll -

As previously, it suffices to consider the case ¢t = 2. We claim that for s € [1,2] we
have the implication

x(s) > C'y~@m-1)

—oa(s) < —(2m — 1)(a(s))*™/ Y, (28)

where C’ > 1 is a fixed number, chosen later. Below, all constants denoted by C' are
positive and do not depend on C’, and we denote by Z the quantity

Z — C/V7(2m71).

Indeed, assume that z(s) > Z. By (15) and Lemma 4.5, we have

%3«"(8) < =20y(s) + CB (1 + [u(9)] o)™ () [1(5) ] 51) + Lo,

with n’ = n/(m). Since by Lemma 2.1 applied to u,, we get
2m 1)/(2m+1 2/(2m+1
[u(s)ll,, < C lluls) [y E Y u(s) 2 (29)

we obtain that

x(s) < —2vy(s) + CE((l + Ju(s)|y )7+ D)

4 2m+1)
< ()l ) + Lo

ds

Thus by Holder’s inequality and Corollary 4.3 we get

Sals) < (“20y() VT +.C) (y() O 4 1,

On the other hand, (29), Holder’s inequality and Corollary 4.3 yield

#(5) < Cly(s) B/ (Blus) )%
< c(y(s))(2m—1)/(2m+1)7

and thus

(y(s)/ ) > C(a(s))H/m=D),
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Consequently, since z(s) > C'v~2m=1) for C' large enough we have

%x(s) < (—cc/@m=1) 4 0 (x(s)2m/m=D) 4 1,

Thus we can choose C' in such a way that (28) holds.
Now we claim that

x(2) < Z. (30)

Indeed, if z(s) < Z for some s € [1,2], then the assertion (28) ensures that x(s)
remains below this threshold up to s = 2: thus we have proved (30).
Now, assume that z(s) > Z for all s € [1,2]. Denote

i(s) = (z(s)) YD se1,2].

Using the implication (28) we get dZ(s)/ds > 1. Therefore Z(2) > 1. As v < 1 and
C’' > 1, we get 2(2) < Z. Thus in both cases the inequality (30) holds. This proves
the lemma’s assertion. O

COROLLARY 4.7. For m > 1,

m,k
E|lu@)lf, < v D20 >0 1> 2.

)

Proof. The cases k = 1,2 follow immediately from Lemma 4.6.

For k > 3, we consider only the case when k is odd, since the general case follows
by Hélder’s inequality. Setting N = ((2m — 1)k +1)/2 and applying Lemma 2.1, we
get

kR k—1
[u®)llm < @y lu@)i; -
Therefore, by Holder’s inequality, Lemma 4.6 and Corollary 4.3 we get

m,k

E|u(t)|f, < (13||U(t)H§J)1/2(13\u(t)|?ﬁ_2)1/2
ok L (N=1/2) _ | ~k(@m—1)/2. 0

~

LEMMA 4.8. For m > 1,

2 m
E max [u(s)|?, Sv @D ¢ >2
sE[t,t+1]

Proof. We begin by fixing m > 1. As previously, we can take ¢t = 2. In this proof, the
random variables ©;, i € [1,5] are positive and have finite moments. All constants
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denoted by C are positive and only depend on m. We denote w(t) — w(2) by w(t),
and u(t) —w(t) by u(t). By (9), it follows that it suffices to prove the result with u
replaced by .

By (13), for s > 2 we have

S

Jats)12, = 3@ — [ (L), 2Luls) + Bu(s)))ds
2

— Ja@)|2 - / (Lmu(s'), wLu(s) + Blu(s)))ds'
2

4 / (L™i(s'), 2wLu(s') + Blu(s)))ds'

2
s

— @12 = [ (20 + Eus), Bla)ds ()
2

+/ <2V<Lm+1ﬁ)(8/), u(s)) —2(Lmu~}’(s’), f(u(s’))>>ds’. (32)

2

Let
0.=1 ! ;
1 +Srg[a2ux3]‘u |11+S,€[2%f);651|f(u(3a$))|a
) o 2m=1) |59\ (12
© =1+ Snel[%}é] (s’ ‘2m+2,1 ; O3 =l Ma@)|3, - (33)

Using Corollary 4.3, Corollary 4.4 and (11), we obtain that the random variable
©1 has all moments finite. Finiteness of moments for ©y follows from (9). Finally,
finiteness of moments for O3 follows from Lemma 4.6, since we have u(2) = @(2).
Now denote by A;(s) and As(s) the right-hand sides of (31) and (32), respectively.
As in the proof of Lemma 4.6, by Lemma 4.5 and Lemma 2.1 we get that for s € [2, 3],
we have respectively

(L™ u(s), Bu(s)] < C(L+ u(s)oo)™ ™ [[u(s) |, (5] ir
< O+ lu(s)1,0)" ™ Ju(s) [} Jus) o/

n'(m)+2/(2m 4m/(2m
< ¢y BT |, <>Hm+/f v (34)

and

lu(s) 1241 = Cluls)]yy @™V [lu(s)||(mr2/@m=1) (35)
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Now we claim that there exists a positive random variable of the form
04 = ce™

such that

dAl(S)
ds

u(s)Z, > O m ) — <0. (36)

Indeed, by (35), if ||u(s)||$n > ©4v~m=1 then we have

u(s )||m+1 > co; 4/(2m— 1)@4(12m+1)/(2m71)y_(2m+1)’

and therefore by (34) we get:

) )2 — (D), Bu(s))
< Ju(s) [l 2D (=2w [Ju(s) |28 4 coy M ), —am
< H (S)annj_/12m+l ( 061—4/(4m2 1)@}1/(2m—1)+C@?'(m)+2/(2m+1))1/72m.

Moreover, if we define the random variable G5 by

05 = (V01 + 6,)?,

then we have
()7, = ©50~ "~ = fju(s)[7, > O~ (37)
Indeed:
lu(s)Ily, = lla(s) + @ ()7, )

> (ViaoE, - 1o, -

Now consider the stopping time 7 defined by
7= {infs € [2,3] : |[a(s)|?, > Oz~ @D}

By convention, 7 = 3 if the set in question is empty. Relations (36-37) yield that

2 < a A
ng[gg]HU( s)|12, < lla(r)|I2, +Srél[§>§] 2(s)

< max(0s, 05y~ "1 4 / ‘

s'e[2,3]

dA2 (S/)
ds’

‘ds’. (38)
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To prove the lemma’s assertion, it remains to observe that we have:

3 3
dAQ(SI) 5
/ ‘ ds’ dS/ S / (2]/ ‘w(s/)‘2m+271 |u(5/)|oo
2 2

+2 }ﬁ)(s’) ‘2m+171 géz?f | f(u(s, x))\) ds’

< (C0O10s. 0

Repeating the proof of Corollary 4.7 we get that for m > 1,

m,k
E max [u(s)|f < vFCmD20 k> >0 (39)
s€t,t+1]

Denote v = max(0,m — 1/p).
Theorem 4.9. For m € {0,1} and p € [1,00], or form > 2 and p € (1, 0],

l/a m7p7a
E max |u(s)|> S v o a>0,t>2.
< se[t,t+1]| ( )|m’p> ~ 7 T
Proof. We consider only the case when « is an integer: the general case follows by
Holder’s inequality.
For m > 1 and p € [2,00], we interpolate |u(s)]
and [[u(s)||,,,;- By Lemma 2.1 we have

between |[|u(s)||

m,p m

()%, S () IS0 (lu(s)]1S,1)° 6=

N
=

Then we use (39) and Hoélder’s inequality to complete the proof.

We use the same method to prove the case m = 1, p € [1,2], combining the
inequality (39) and Corollary 4.3. We also proceed similarly for m > 2, p € (1,2),
combining Corollary 4.3 and an estimate for [ul|g; , for a large value of M and some
p =2

Finally, the case m = 0 follows from Corollary 4.4. O

Unfortunately, the proof of Theorem 4.9 cannot be adapted to the case m > 2
and p = 1. Indeed, Lemma 2.1 only allows us to estimate a W' norm from above
by other W™! norms: we can only get that

m,n,k
|Wlm1 S le,%_k)/(”_k)\w ,(fnfm)/(”_k), 0<k<m<n,

~

|t 14 for any B > 0. Consequently, the theorem’s statement holds for m > 2 and
m7p?a m,p,a,A

p =1, with v replaced by v+ A, and < replaced by < , for any A > 0.

~ ~

and thus the upper estimates obtained above cannot be used. However, |u|p, 1 <
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4.2 Lower estimates. For a solution u(t) of (12), the first quantity that we

s Hu(s)H?, wheret > 1 and T > 0

estimate from below is the expected value of % :

is sufficiently large.

LEMMA 4.10. There exists a constant T > 0 such that we have

T 1/2
1

/‘mm@ﬁ S a1, T

T
t

Proof. For T > 0, by (16) we get
t+T

Elu(t + T)]* = E(fu(t + T)* — u(t)]*) = TIy — 2v / E [u(s)].
t

On the other hand, by Corollary 4.4 there exists a constant C’ > 0 such that
E |u(t + T)|* < C'. Consequently, for T > Ty := (C' + 1)/ I,

v TIy—C’ 1
1 2 0— -1 0 -1
— | E >0 F st 0
T / lul)l = —7—v" 2 gy
[
which proves the lemma’s assertion. O

This time-averaged lower bound of the H' norm yields similar bounds of H™
norms for m > 2.

LEMMA 4.11. Form > 1,

t+T 1/2

1 m
r[BlGE ] Evemns iz ren
t

Proof. Since the case m = 1 has been treated in the previous lemma, we may assume
that m > 2. By Lemma 2.1, we have

_ 4m—4)/(2m—1
el S lall2Cm = us) /0,
Therefore by Holder’s inequality and Corollary 4.3 we get

(B () 2" S (B Ju(s)12,) (B Ju(s)} )2

S E u(s)]3 - (40)
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Integrating (40) in time, we get

t+T t+T
1 2 M1 2\2m—1
i [ EGIEE [ @R
t t
t+T
m 1 9 2m—1
£ (7 [ Blue?)
t
Now the lemma’s assertion follows from Lemma 4.10. O

The following two results generalise Lemma 4.11. We recall that v = max(0, m —

1/p).
LEMMA 4.12. For m =0 and p = oo, or for m > 1 and p € [1, 0],

4T 1/2

1 ) meo
T E[u(s)|, v, t>2,T>1T.

t

Proof. In the case m = 1, p > 2, it suffices to apply Hélder’s inequality in place of
Lemma 2.1 in the proof of an analogue for Lemma 4.11.

In the case m > 2, the proof is exactly the same as for Lemma 4.11 for p € (1, 00).
In the cases p = 1, 00, Lemma 2.1 does not allow us to estimate |u(s) 7271,17 from below
using \u(s)ﬁl and ||u(s)||?. However, for p = oo we can proceed similarly, using
lu(s)|?, and \u(s)ﬁm, since for these quantities we already have estimates from
above (Corollary 4.4) and from below, respectively. On the other hand, for p =1 it
suffices to observe that |u(s)|,, 1 > [u(5)],,_1 oo

Now consider the case m :71, p € [1,2). By Hoélder’s inequality we have

t+T 4T 2/p
1 2 1 2
B, (5 [ Bl
t t
T (r-2)/p

1 2
<7 [ Bl

t

Using Lemma 4.10 and Theorem 4.9, we get the lemma’s assertion.

We proceed similarly for the case m = 0, p = oo. Indeed, by Lemma 2.1 we have
[u(s) o <C |u(s)\(1>é2 lu(s) 5/020 Thus, the lemma’s assertion follows from Holder’s
inequality, the case m =1, p = oo and Theorem 4.9 (case m =2, p = ). O
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LEMMA 4.13. For m =0 and p = oo, or for m > 1 and p € [1, o],

t+T /e

1 « m’p7a _
T/E|u(s)|m7p z v, a>0,t>2 T>T,.
t

Proof. As previously, we may assume that p > 1. The case a > 2 follows immediately
from Lemma 4.12 and Holder’s inequality. The case @ < 2 follows from Holder’s
inequality, the case o = 2 and Theorem 4.9 (case o = 3), since we have

t+T t+T 3-a
/E|u o 2 T/E!a( [
a—2
Ik
E u($) ] . O
Now we prove that for every p € [1,00), in a certain sense, E|ul, is large if and

only if E|u|~ is large.

LEMMA 4.14. For t > 1, denote by A the quantity E|u(t)|%,. Then there exists a
constant C' > 0 such that for p € [1,00] we have

3A 342 9
g '=min | — < < A
g(A) := min ( g 160’) <E[u(t), <A

Proof. We may take p = 1. Denote by [ the quantity
[ = min(+/A/2C", 1),

where C’ is the upper bound for E X? in the statement of Theorem 4.1. Consider
the random point = x; where |u(t,-)| reaches its maximum. If this point is not
unique, let z be the leftmost such point on S! considered as [0,1). Let I be the
interval [x,z + 1] if u(t,x) < 0, and the interval [z — [, z] if u(t,z) > 0, respectively.

We have
E|u(t) </|u (t,y) dy)
2
>E (z <|u(t)|oo = lmaxfe; uw(t)))

2
> (iE|u(t)\2 - iiE((maxux(t)f)).

zeS?t
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By definition of A, C’ and I, we get

201 2
:314_35(,*)23514:9(14). -

Blu(t)}} > z2< = -

Finally we prove the following uniform lower estimate.

LEMMA 4.15. We have

Elut)[ 21, t>Ty+2, pe[l,o0].

Proof. We can take p = 2. Indeed, the case p € (2, 00| follows immediately from the
case p = 2. On the other hand, the case p € [1,2) follows from Hélder’s inequality,
the case p = 2 and the upper estimate for E|u(t)|5, in Theorem 4.9, in the same way
as in the proof of Lemma 4.13.

Let C" denote various positive constants. From Lemma 4.12 (case m = 0 and
p = 00), it follows that for some ¢ in [2, Ty + 2] we have E|u(t)|%, > C’. Then by
Lemma 4.14 we get E|u(#)|? > C’. Thus it suffices to prove that

‘ 2
o0

d
Elu(t)]* < x = %E|u(t)\2 >0, t>2

where k is a fixed positive number, chosen later.
If E|u(t)|* < &, then by Lemma 4.14, E|u(t)|2, < §~!(k). On the other hand, by
Holder’s inequality and Lemma 2.1, we have

E [|u(t)|} < Elu(t)]f o)/ (Elu(t)
< C'(Blu(t)2) Y (Blu()3 o)/ (Blu(t)]F 1)1/

2 \1/2
1,1)/

Therefore, by Theorem 4.9, E |Ju(t)||? < C’(§7'(x))/*v~", and thus by (16), we get:
d __
$E|U(t)\2 > Iy —2C" (57 (k)™

Since g~ (k) — 0, choosing x small enough so that

20/@—1(&»1/4 <1
proves the lemma’s assertion. O

Since |u(t)|1,1 > |u(t)|oo, an analogue of Lemma 4.15 also holds for |u(t)]q,1.
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4.3 Main theorem. The following theorem sums up the main results of Sec-
tion 4, with the exception of Theorem 4.1. We recall that v = max(0,m — 1/p).

Theorem 4.16. For m € {0,1} and p € [1,00], or for m > 2 and p € (1, 00|, we
have

+T 1/a

1
T / Elu(s)lp,, | "0 a>0 12T =T +2,
t

T > T, (41)

Moreover, the upper estimates hold with time-averaging replaced by maximising
over [t,t + 1] fort > 2, i.e.

E o VUL 0, t > 2 42
9 > ) — *

(B max lus)lr,) " 5 v o (42)

On the other hand, the lower estimates hold for all m > 0 and p € [1,00]. The

asymptotics (41) hold without time-averaging if m and p are such that v(m,p) = 0.

Namely, in this case,

1/
(Eyu( e ,p> "B a>0, t>Th. (43)

Proof. The upper estimates for all cases, as well as the lower estimates in (41) for
all cases and in (43) for the case a = 2, follow from the lemmas and theorems above.
For av > 2, the lower estimates in (43) follow immediately from the lower estimates
for @« = 2. For a < 2, these estimates are obtained from Holder’s inequality, the
lower estimates for a = 2 and the upper estimates for a = 3 in the same way as in
the proof of Lemma 4.13. O

This theorem yields, for integers m > 1, the relation
{[lull?,} = v~ m=b. (44)

By a standard interpolation argument (see (6)) the upper bound in (44) also holds
for non-integer indices s > 1. Actually, the same is true for the lower bound, since
for any integer n > s we have

{2} = {2y 7}~ 2 0o,

In all results in this section as well as in Section 5, the quantities estimated for
a fixed trajectory of the noise, such as

max u”
sE[t,t+1], €S
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or maxima in time of Sobolev norms, can be replaced by their suprema over all
smooth initial conditions (taken before considering the expected value). For instance,
the quantity

E max [|u“(s)

’Oé
sE[t,t+1] mp

can be replaced by

E sup max |u“(s)
ugeC'>® 86[t,t+1]

[y

For the lower estimates, this is obvious. For the upper ones, this follows from the
following pathwise version of Theorem 4.9, and analogous pathwise versions of The-
orem 4.1 and of the upper estimates in Section 5. To prove these statements, it
suffices to recast the original proofs in a pathwise setting (i.e., to work for a fixed w
instead of using the expected values). O

Theorem 4.17. For m € {0,1} and p € [1,00], or for m > 2 and p € (1, 00], there
exist constants 3(m,p), m'(m,p) > 0 such that we have:

m7p /8
max |u“(s < (14 max |w“)|., | v
[0, S (14 a6 ) v,

t>2, we . (45)

On the other hand, in the results of this section and of Section 5 the expected
values (and not the quantities themselves) can be replaced by their infima over all
smooth initial conditions. For instance, the quantity

E ma u(s
sE[t,tir(l]| ( )‘m’p

can be replaced by

inf E max |u(s .
upEC se[t,tfu‘ ($)lm.p

5 Estimates for Small-Scale Quantities

In this section, we estimate small-scale quantities which characterise Burgulence in
physical space (increments, flatness) as well as in Fourier space (energy spectrum).
We fix t satisfying ¢ > T3. Its precise value is not important, since all estimates
in Section 4 hold uniformly in ¢ provided that ¢ > T} and the same is true for all
estimates in this section. For the notation used here, see Section 2.5.
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5.1 Results in physical space. = We begin by proving upper estimates for the

functions Sj, o(¢). In the proofs of the two following lemmas, constants denoted by
C depend only on p, a.

LEMMA 5.1. For a > 0 and ¢ € [0, 1],

po (o, 0 <p<1.
Sp,oz(g) S {gapy—a(P_1)7 p > 1.

Proof. We begin by considering the case p > 1. We have

Sp.a(l) = (S/ lu(x + €) — u(z)Pdx

< max lu(z + £) — u(z)[P~? / lu(x 4+ £) — u(x)|dx
Sl

«

By Holder’s inequality we get
apy 1/p

Sp.a(l) < / |u(z + £) — u(x)|dx

(b-1)/
x { max [u(z + £) — u(x)|°‘p} o

Since the space average of u(z + ¢) — u(x) vanishes, we obtain that

apy 1/p
Sp.a(l) < 2/(u(x +70)— u(az))+dx
Sl
x{ max [u(z + 0) — u(:z:)|°‘p}(p71)/ :
< oL masfua + 0~ u(z) ) (46)

where the second inequality follows from Theorem 4.1. Finally, by Theorem 4.16 we
get

(r—1)/p

Spa(l) < CS (Llulteo) < Crery—o(p=1)
p’ 9

The case p < 1 follows immediately from the case p = 1 since now Sp o (£) < S1.q4p(),
by Hoélder’s inequality. O

For ¢ € J5 U J3, we have a better upper bound if p > 1.
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LEMMA 5.2. For o > 0 and { € Jo U J3,

P[P 0<p< 1.
Sp,a(g) 5 {ga p> 1.

Proof. The calculations are almost the same as in the previous lemma. The only
difference is that we use another upper bound for the right-hand side of (46). Namely,
we have

(v-1)/
Spall) < Ct*{ max fu(z + ) — (@)}

(r—1)/

< Cea{(2|u|oo)ap} "< o,

where the third inequality follows from Theorem 4.16. O

To prove lower estimates for S, ,(¢), we need a lemma. Loosely speaking, this
lemma states that with a probability which is not too small, during a period of time
which is not too small, several Sobolev norms are of the same order as their time-
averaged expected values. Note that in the following definition, (47-48) contain lower
and upper estimates, while (49) only contains an upper estimate. The inequality
[u(s)|oo < maxuy(s) in (47) always holds, since u(s) has zero mean value and the
length of S is 1.

DEFINITION 5.3. For a given solution u(s) = u“(s) and K > 1, we denote by L
the set of all (s,w) € [t,t + Tp] x © such that

K1 < ju(s)]oo < maxug(s) < K (47)
Kt <ju(s)ieo < Kt (48)
[u(s)|2,00 < Kv2. (49)
>

LEMMA 5.4. There exist constants C, K1 > 0 such that for all K > K, p(LK)

C.
Here, p denotes the product measure of the Lebesgue measure and P on [t, t+ 1] x Q.
Proof. We denote by Ak, Bx and Dy the set of (s,w) satisfying

“The upper estimates in (47-49) hold for a given value of K7,

“The lower estimates in (47—48) hold for a given value of K”
and
“The lower estimate in (48) holds for a given value of K”,

respectively.
Note that for K < K', L C Ly, and similarly for A, Bx and Dg.
By Lemma 2.1 we get |u|oo > C’ u!2_<1x3|uﬁoo for some constant
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C’ > 0. Thus, for K > max(C’,1)K?, we have A N Dy C B, and therefore:
Ax N Dy C Az NBr = L.
Consequently:
p(Lg) = p(Ak) + p(Dk) — To.

By Theorem 4.1, Theorem 4.16 and Chebyshev’s inequality, the measure of the set
Ap tends to Tp as K tends to +00. So to prove the lemma’s assertion, it remains
to show that there exists C' > 0 such that for K large enough we have p(Dg) > C.
Using the upper estimate for {|u|} ..} in Theorem 4.16, we get

{Jul1,001(Jul1,00 > Kv™H} < CK 'L

Here, 1(A) denotes the indicator function of an event A. On the other hand, we
clearly have

{Jul1,001(Juf1,00 < K~} < KWt
Now, for Ko > 0, consider the function
9y = [0 (K v < Juli o0 < Kovh).
The lower estimate for {|u|i o} in Theorem 4.16 and the relations above yield
{9k, } > (C - CKy ' — Kyt > Cov™!

for some constant Cp, uniformly for large enough values of Kg. Since g, < Kov ™!,
we get

p(gr, > Cov™'/2) > Co Ky To/2.
Since gk, < |u]1,00, We obtain that
p([ul1,00 = Cov™"/2) > CoKy ' To/2,
which implies the existence of C”, K” > 0 such that p(Dg») > C” for K > K". O

DEFINITION 5.5. For a given solution u(s) = u“(s) and K > 1, we denote by O
the set of all (s,w) € [t,t + Tp] x © such that the conditions (47), (49) and

K ' < -—minu, < Kv! (50)
hold.

COROLLARY 5.6. If K > K and v < Kl_Q, then p(Ok) > C. Here, C, K, are the
same as in the statement of Lemma 5.4.
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Proof. For K = K; and v < K 2, the estimates (47-48) tell us that for (s,w) € Ly,
max u,(s) < K1 < K7™ < Jug ()] o-
Thus, in this case we have O = L, and therefore
p(Ox) = p(Lk) = Co.

Finally, we observe that since increasing K while keeping v constant increases the
measure of O, the corollary’s statement still holds for K > K; and v < K 2.0

Now we fix
K=Ky, (51)

and choose

1 1 1
—-K2 (0,=>-K2% (Cy=—K* 52
1%0] 6 5 1 4 5 2 20 ( )

In particular, we have 0 < Cyvy < Cs < 1: thus the intervals J; are non-empty and
non-intersecting for all v € (0, ).

LEMMA 5.7. For a > 0 and ¢ € Jq,

o [ gop, 0<p<l
Sp,oc(g) Z {gapy—a(P—1)7 p>1.

Proof. By Corollary 5.6, it suffices to prove that the inequalities hold uniformly for
(s,w) € Ok with S, (¢) replaced by

«

[ e +0) ~ u@)pis

For o # 1, this fact follows from the case a = 1. Indeed, if for (s,w) € Ok, we have
P
/ lu(z + £) — u(z)[Pdz > P (resp. (Pr~P~1),
Sl

then we also have

«

p,x
(g/ ju(a +0) —u(@)Pde | Z €7 (resp. Py~ 07D),

Till the end of the proof we assume that

(s,w) € Ok.
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Case p > 1, a = 1. Denote by z the leftmost point on S! (considered as [0, 1))
such that u/(z) < —K~'v~1. Since |u|2,00 < Kv~2, we have
1 1 1
u'(y) < —§K_11/_1, y e [z— §K_2y,z + §K_2u]. (53)
Since { < Chv = iK 2y, by Hélder’s inequality we get
z—&—iK*QV
[0 -u@pizz [ a6 - u@pds
§ Y
z4+1K v p
>k [ e+ ) - )i
—iK*QV

243K /gy p

—cop| [ [ ) ao
s\

z4+ K2y p
> C(p)v'=? / %U(_lu_l dr | = C(p)v'Per,
-t

Case p < 1, a = 1. By Holder’s inequality we get

/\u z+ L) —u(x)|Pdx > / ((u(x +0) —u(z)")’ dz

&
/ u(z +0) — u(x) (S/ (x4+£) —u(z +d:n)

Using the upper estimate in (47) we get
/ |u(z +0) — u(z)Pdx > /€2K2dm (ﬁ/ u(z +0) —u(x +d,x)

Finally, since [ (u(- +¢) —u(-)) = 0, we obtain that
2—p

/ s+ 0) — u(@)[Pda > C(p)2@=D % / ulz + ) — u()|dz

> C(p)t¥.

The last inequality follows from the case p =1, a = 1. O
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REMARK 5.8. To prove this lemma, we do not need Corollary 5.6. Indeed, in its proof
we could have considered z such that |u/(2)| > K~'v~!: Lemma 5.4 guarantees its
existence.

The proof of the following lemma uses an argument from [AFLV92], which can
be made rigorous if we restrict ourselves to the set Op.

LEMMA 5.9. For a > 0 and { € Js,

pa (g 0 <p<1.
500 % {0 057

Proof. For the same reason as in the previous proof, it suffices to prove that as long
as (s,w) belongs to Ok, the inequalities hold uniformly for o« = 1 and for S o (¢)
replaced by

/ lu(z 4+ €) — u(z)Pda.
Sl

Once again, till the end of the proof we assume that (s,w) € Og-.
Case p > 1, a = 1. Defining z in the same way as previously, we have:

z x4 T+l p
/ (e + €) — u(z) Pz > / / W (y)dy - / W (y)dy| da.
St 27%5 T T

We have ¢ > Cyv = YK~ 2v. Thus, by (53), for z € [z — ¢, 2] we get

4L z—i—éK*zu
— — 1 5
u' (y)dy = uT(y)dy = K
T z

On the other hand, since ¢ < C9, using the upper estimate in (47) we get

T+l
1
T (y)dy < O K < %K*’.

Thus,

/\u(m + /) —u(x)|Pdx > ;E((llf; — 210>K_3> > C(p)t.
Sl

Case p <1, a = 1. The result follows from the case p = 1, @ = 1 in exactly
the same way as in the previous lemma. O
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Summing up the results above we obtain the following theorem.
Theorem 5.10. For o > 0 and ¢ € Jq,

pa [ P, O<p=<l
Spal(l) ~ {gapy—a(p—l), p>1.

On the other hand, for o > 0 and ¢ € J,

b, eapa 0 S p S 1.
Sp.a(f) ™ {Ea, p>1.

The following result follows immediately from the definition (20).
COROLLARY 5.11. For ¢ € Jo, the flatness satisfies F({) ~ ¢~
5.2 Results in Fourier space. By (44), for m > 1 we have
{la"P} < k)72 {|lull7.} = (kv)~*"v.

Thus, for |k| = v~1, {|4*|?} decreases super-algebraically.
Now we want to estimate the H® norms of u for s € (0,1).

LEMMA 5.12. We have

{lul? 5} ~ log vl
Proof. By (7) we have

1
u(x +0) — u(x)|?
l[ully /5 ~ (S/ /| ( 22 (@) de | dx
AN

Consequently, by Fubini’s theorem,

1/2

1
1
Ualfoh~ [ 4 [ lute+0) = uto)Pdo par
0 St

1
S2(¢) S2(4) S2(4) S2(4)
- [ dé:/ 2 d£+/ Sde+ [ 2,
O J1 Jz JS

By Theorem 5.10 we get

Cll/
52(5) 2yt
/ Hdl~ | —gdi~ 1

o

Ji
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and

Cs
Ss(0) ¢
/ 7 dﬂw/gzdﬁwlogl/\,
Cyv

J2

respectively. Finally, by Lemma 5.2 we get

Sa(€) 9
t/€2ﬂ§0@ <c.

J3
Thus,

2
{||U”1/2} ~ [log v|. u
The proof of the following result follows the same lines.

LEMMA 5.13. For s € (0,1/2),
{IlullZ} ~ 1.
On the other hand, for s € (1/2,1),
{ul2) & v,

The results above and the relation (44) tell us that {|a*|?} decreases very fast
for |[k| 2 v~1, and that for s > 0 the sums Y |k|?*{|@*|?} have exactly the same
behaviour as the partial sums -, |k|?$|k|~2 in the limit v — 0T. Therefore we
can conjecture that for |k| < v~ we have {|a*|?} ~ |k|72.

A result of this type actually holds (after layer-averaging), as long as |k| is not
too small. To prove it, we use a version of the Wiener—Khinchin theorem, stating
that for any function v € Ly one has

[o(- +9) —o( )P =4 sin®(wny) "%, (54)
neZ

Theorem 5.14. If M in the definition (18) of E(k) is large enough, then for every
k such that k=1 € Jo, we have E(k) ~ k2.

Proof. We recall that by definition,

(k) = {Zme[Mlk,Mk] " [? }

2 inleM-1k, MK L
Therefore proving the assertion of the theorem is the same as proving that

S P~k (55)

In|€[M~1k,MEk]
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The upper estimate is an immediate corollary of the upper estimate for |u|;; in
Theorem 4.16 and holds without averaging over n such that |n| € [M 1k, ME].
Indeed, integrating by parts we get

{la"?} < (2mn) " H{Jualt} < On™?,

which proves the upper bound. Also, this inequality implies that

> nHlarPy < CeM Tk (56)
In|<M-1k
and
S {larPy< oMk (57)
[n|>ME

To prove the lower bound we note that

2
> n2{|a”|2}z% > sin®(enk {0}

[n|<Mk |n|<Mk
k2
Z 3 > osin’(mnkTD{la Py - Y {la"f*)
neZ |n|>ME
Using (54) and (57) we get
S r ) = A (e + ) — u() ) - M)
~ 42
In| <Mk

]{2

> Sk H—cM k).

Finally, using Theorem 5.10 we obtain that

> e’} = (C - CM Yk,

In|<MEk
Now we use (56) and we choose M > 1 large enough to obtain (55). 0

REMARK 5.15. We actually have

A~ «
etk [0 o 5 —90
~ k7% a>0.
> inleM-1k MK L
The upper bound is proved in the same way as above, and then the lower bound
follows from Holder’s inequality and the lower bound in Theorem 5.14.
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6 Stationary Measure and Related Issues

6.1 A contraction property. Contraction properties for solutions of scalar
conservation laws have been known to hold since the works of Oleinik and Kruzhkov
(cf. [Dafl0] and references therein). In the space-periodic setting, we have the fol-
lowing contraction property in Lj.

Theorem 6.1. Consider two solutions u, u of (12), corresponding to the same re-
alisation of the random force but different initial conditions ug,ug in C°°. For all
t > s >0, we have

u(t) — ()| < fu(s) —u(s)lr-

Proof. We only consider the case s = 0: the general case is proved in exactly the
same way. Consider the function v = v — w and define

fult, ) — f(ult, z))
u(t,z) —u(t,z)

O(t,x) =

Since f is C*°-smooth and u,w are continuous in time and C°°-smooth in space, by
Hadamard’s lemma ® is continuous in time and C'*°-smooth in space. The function
v is a weak solution of the equation

v+ (PV)y = VUgy, v(0) =vg =ug —Tp, 0 <t <T. (58)

Moreover, since u; —w; and u; — wy are C'°°-smooth in space, the same is true for v;.
Consequently, v is the classical solution of (58). Now we consider the dual parabolic
problem

hy + ®hy = —vhyy, W(T,z) = hr(z), 0<t <T. (59)

For a C°°-smooth final condition Ay, this problem has a unique classical solution h,
Cl-smooth in time and C*°-smooth in space [Aub98|. Integrating by parts in time
and in space, we get

((T), hr) = (vo, h(0)) = | {we(t), h(t)) + (v(t), hu(t)) di

(=(®(t)v(t))x + Vg (t), h(t)) di

St — 5 TT—

T
—i—/(v(t),—(;[)(t)hx(t) — Vhye(t)) dt = 0. (60)
0

Now we choose a sequence of C*°-smooth functions A7, n > 0, which approximate
sgn(v(T")) pointwise and satisfy |h/:| < 1. We consider the solution A" to the problem
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(59) for hy = hf.. By the maximum principle [Lan98|, we have |h" (¢, z)| < 1 for all
t €[0,T], z € S*. Now we pass to the limit as n — co. By (60), we get:

[o(T) = Tim ((T), B4 = T (uo, h"(0)) < Juols. 0

6.2 Setting and definitions. Since C'*° is dense in L;, Theorem 6.1 allows
us to extend the stochastic flow corresponding to (12) to the space Lj. Indeed,
consider any Fp-measurable ug € L; and approximate it in L; by a sequence of
smooth functions ug,, n > 1. Let u¥(t) be the solutions to the equation (12) with
the corresponding initial data. By Theorem 6.1, for each w the sequence {u¥(¢)}
is fundamental in the space C(0,T; Ly). Its limit u¥(¢) does not depend on the
sequence ug,. We will call this limit the Li-solution of (12) corresponding to the
initial condition wg. It is straightforward that Theorem 6.1 remains valid for Li-
solutions.

By construction, for every w, t — u“(t,-) is continuous in Li, and solutions to
(12) are Lp-solutions.

Conversely, for any T' > 0, Li-solutions are solutions to (12) for ¢ > T'. It suffices
to prove this in the case of a deterministic initial condition ug. We will use the
following elementary lemma.

LEMMA 6.2. Let X be a Banach space, and let x,, € X be a sequence converging to x.
Assume that f: X — RU{+o0} is a Borel functional such that fi : X — R, k> 1,
is a sequence of bounded continuous functions converging to f pointwise, and

fe(zn) <C, k,n>1.
Then f(z) < C.
Proof. It suffices first to let n — oo, and then to let & — oo. O

Now take 7o > T3 > 0 and consider w € 2, an initial condition ug € L,
and the corresponding smooth approximations ug,, n > 1, as above. Let u and
Un, n > 1, be the corresponding Lj-solution (resp., solutions) to (12). Let X be
the space C(T1,T5>; L1) and consider the functions f; = f o7 with m; the Galerkin
projections on the subspace spanned by z — e%®, |I| <k, and f the Borel functional

2
vi— max ||v(s .
e [o(s)7,
We check that f and the f; verify the assumptions of Lemma 6.2. By Lemma 6.1, we
have u¥ — u* in X. On the other hand, by a time-rescaled version of Lemma 4.17,
we know that there exist constants S(m), m’(m) such that we have:

m7T1 7T2

felup) < flu) S (L4 max [Jw(s)]m) v "0, kn> 1
seft—1,t+1]
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Now Lemma 6.2 yields

m,T1,Ts
f) s (U maxfw(s)]|w) Y.
s€ft—1,t+1]
This proves that for every w, the Li-solutions u®(t) are C*°-smooth for ¢t > 0. More-
over, for every m > 0 and T5 > 17 > 0, the upper estimates in H™ for those solutions
are uniform with respect to ug and with respect to ¢t € [T1, T»]. By interpolation, we
can prove that the Li-solutions are limits of the corresponding approximations in
every Sobolev space H", m > 0. This has two important implications:

e For any 7' > 0, we can pass to the limit n — oo in the relation (13). This
proves that the Li-solutions u(t) are solutions to (12) for ¢t > T.
e We can extend the results of Sections 4-5 to Li-solutions.

As in the case of smooth solutions, the L;-solutions of (12) form a continuous
Markov process in the space L. So they define a Markov semigroup Sf, acting on
Borel measures on Lp. Till the end of this section the Li-solutions to (12) will be
referred to as solutions.

A stationary measure is a Borel probability measure on L; invariant by Sy for
every t. A stationary solution of (12) is a random process v defined for (t,w) €
[0, +00) x Q, valued in Lj, which solves (12), such that the distribution of (¢, )
does not depend on t. Such a distribution is automatically a stationary measure.

Now we consider the question of existence and uniqueness of a stationary mea-
sure, which implies existence and uniqueness (in the sense of distributions) of a
stationary solution. This fact has been proved in a slightly different setting: see
[IK03] and references therein; see also [EKMS00] for the proof in the case v = 0.
Moreover, we obtain a bound for the rate of convergence to the stationary measure
in an appropriate distance. This bound does not depend on the viscosity or on the
initial condition.

DEFINITION 6.3. Fix p € [1,00). For a continuous real-valued function g on L, we
define its Lipschitz norm as

9l = SUp 9] + 19| Lip

where |g|L;p is the Lipschitz constant of g. The set of continuous functions with finite
Lipschitz norm will be denoted by L(p) = L(L,). We will abbreviate L(1) as L.

DEFINITION 6.4. For two Borel probability measures p1, 2 on Ly, we denote by
|1 — ug\\j‘:(p) the Lipschitz-dual distance:

(P — / 9(v) 11 (dv) — / o(v)a(dv)|.

9€L(p), |glLm<1 A A
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Existence of a stationary measure for (12) can be proved using the Bogolyubov—
Krylov argument (see [KS12]). Let us give a sketch of the proof.

Let u(s) be a solution of (12). For s > 1, E|u(s)|1,1 is uniformly bounded. Since
by Helly’s selection principle [KF75], W1 is compactly embedded in Ly, the family
of measures u; defined by:

1+t

1
= / Sy, ds, t > 1,
1

where p,,, denotes the measure on L; induced by an initial condition ug, is tight in
Ly for any initial condition ug. Thus, we can extract a subsequence pi;, , converging
weakly to a limit p. It is not hard to check that p is a stationary measure for (12)
in Ll.

The main result of this section is the following theorem, proved in Section 6.3.

Theorem 6.5. There exists a positive constant C’ such that we have
1S5 = Spe|lp < CEVE =1, (61)
for any probability measures ji1, fio on L.

COROLLARY 6.6. For every p € (1,00), there exists a positive constant C'(p) such
that we have

IS5 — Sl < O, 4>, (62)
for any probability measures i1, 12 on L.

Corollary 6.6 is proved similarly to Theorem 6.5, observing that by Holder’s
inequality, for any pair of solutions u,u of (12) and p € [1,00) we have

u—alp S (lu =) 7P(ju — o) P12

Note that all estimates in the previous sections still hold for a stationary solution,
since they hold uniformly for any initial condition in L; for large times, and a
stationary solution has time-independent statistical properties. It follows that those
estimates still hold when averaging in time and in ensemble (denoted by {-}) is
replaced by averaging solely in ensemble, i.e. by integrating with respect to u. In
particular, Theorem 4.16, Theorem 5.10 and Theorem 5.14 imply, respectively, the
following results.

Theorem 6.7. For m € {0,1} and p € [1, 0], or for m > 2 and p € (1, 0],

l/cvm o
</|u|ﬁl7pu(du)> LYY= a>o.
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Theorem 6.8. For o > 0 and ¢ € Jq,

p,x Eapa 0 S p S L.
/ (S/ fue + ) — u(@)Pdz | p(du) %S {eapua@”, P>l

On the other hand, for « > 0 and £ € J,

«

B p P (P 0<p<Ll
/ (j ol +0) —uPds | a2 {205

Theorem 6.9. For k such that k~' € J,, we have:

p(du) ~ k=2,

6.3 Proof of Theorem 6.5. To begin with, we need an auxiliary lemma. The
main idea of the proof is similar to that of Theorem 4.1: namely, if the white noise
is small during a certain time, then the solution itself becomes small. The technique
is also similar: we apply the maximum principle to a well-chosen function. We only
give the proof for an initial condition in C*°: the general case follows as above by
considering smooth approximations.

LEMMA 6.10. There exists a constant C > 2 such that if T > C and if for some
t >0 and w € (Q, the trajectory of the Wiener process w* satisfies

K= max |[w”(s) —w”(t)|300 <7 2,
SE[t,t+7]

then the corresponding solution u®(t,z) to (12) satisfies
max ug(t +7,2) < 7 V2. (63)
reSt
In this subsection, from now on we denote by C' various positive constants,
independent of C.

Proof. Assume the converse. We abbreviate w(s) — w(t) as w(s) and we use the
notation

0(s,x) = (s — t)(ugp(s, ) — Wy(s,x)); N = se[t,trfﬁ,xzesl o(s, x). (64)

Since we assumed that (63) does not hold, we have
N>r(r Y2 - K) > r1/2)2, (65)

Now consider a point (¢1,21) at which the maximum N is achieved. In the same way
as in the proof of Theorem 4.1, we show that at (¢1,x;) we have

() (0 + (b — t))? <0 — (b1 — )% /() Wep + v(t1 — t)* Wi (66)
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On the other hand, by (11) (as in the proof of Theorem 4.1, we use the notation
d=2—h(1)) we get

(t— 07 F (ultr,21) < Oty — 17 (1 + fu(tr,a)l)
< -0 (- 1)+ (6~ Dluttran)])
<C'7° (7‘2_5 + (N + TK)Q_(S),
since (t; — t)u is the zero space average primitive of v + (t; — t)w,. Thus we get

o(N—7K)? <N+ C'K (> + (N +7K)*%) + K2

By assumption, we have 7 > C and K <772, and by (65) we have N > 7'1/2/2.
Therefore we have, on the one hand,

o(N —7K)? > C'N?,
and on the other hand,
N+ C'Er’(r*° + (N +7K)* )+ K> < C'N*™°.

Thus, N? < ¢, and for C large enough we have a contradiction with the fact that
N > 71/2, O

To prove the following theorem, we use the coupling method [KS12, Chapter 3].
The situation is actually simpler than for the stochastic 2D Navier Stokes equation,
which is the main subject of [KS12]. Indeed, in our setting the “damping time”
needed to make the distance between two solutions small does not depend on the
initial conditions, and by Theorem 6.1 the flow of (12) is Li-contracting.

PROOF OF THEOREM 6.5. We can take (pu1, p2) = (0u,,dz,); the general case fol-
lows by Fubini’s theorem. Indeed, we have

/mwﬂmww—/wwﬂmuw

1S5 iy — SipellL =" sup

geL, |g|L<1
sup U )85 a0) [ 9108255, o )
9€L lglr<1
sup HSt Ug St Uo”L

uOESupp w1, uoESuUpp o

Now we denote by wu(t),u(t) the solutions of (12) corresponding respectively to
the initial conditions ug, ug. By the definition of the Lipschitz-dual distance, we have

15560, = Sibulli = swp|B gu(t) - E g(@®))|
geL, |lgllr<1
<E  swp o) - g(a)
geL, [lgllL<1

< E(min(z, u(t) — ﬂ(t)|1)>. (67)
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To prove the theorem’s statement, it suffices to obtain the inequality
2\ _C'
P<\u(n13) — (B > 5)

n
for large enough integers n. Indeed, this inequality yields that for large enough ¢ we
have

B (min(2,[u(t?) ~ (")) <B (min( Ju(lt]'™) - (¢ "))

2 o (11— 19y < 2
< 7P (Il ) < )

13y _o(|4|13 2
-WPOMM ) QH)h>UJ

~ l
- 2+20° _ ¢ ’
-t Tt
Here, |t| denotes the integer part of ¢, and the first inequality follows from Theo-

rem 6.1.
By Theorem 6.1, for every n > 1 we have

P (ju(n®®) ~7(n')), > >

n
Thus,

) = P<Vk e[Lnt] s Ju(kn®) —a(kn?)| > %)

P (ju(n'®) — u(n®)), > %) <P(vke [Ln': fu(kn?))s > % or [a(kn?)]; > %)

1 1
< P(he L) - i) > 1),
<P(Vke[l,n"] ;Ié@s)fux(kn ) > ~ o gggfum(kn ) > -
The second inequality holds since the functions u(t,-) and w(t,-) have zero mean
value. From Lemma 6.10, it follows that for n > CY? we can only have

maxgeg Uy (kn?) > % or maxyeg: Uy (kn?) > % if

1

t) —w((k —1)n?)|3.00 > —,

L v w(t) —w((k = 1)n%)ls.00 > —

and therefore we get:
2
13y _ —/ 13 2
P(|u(n ) —u(n?)|; > n)
1

< . - - 2 )
< P(Vk €[1,n] te[(kirf)ﬁg,knﬂ w(t) —w((k—1)n")|300 > n4>

Since the increments of w on the time intervals [(k — 1)n?, kn?] are independent, we
get that for n > C1/2:

P(yu(nl?’) —anB)); > %)

1
< P t) —w((k —1)n?) |00 > — ),
< L P(ms, w0 - w0 > 5)
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and then by the inequality (10) we get:

2 n=8 " y C’
13y —/ 13 2 B —C'n
P(’“(” ) —u(n 7)) > n) < (exp( 2C”n2)> <e < o
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