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Abstract We present a formulation of continuum damage in glacier ice that incorporates the induced
anisotropy of the damage effects but restricts these formally to orthotropy. Damage is modeled by a sym-
metric second rank tensor that structurally plays the role of an internal variable. It may be interpreted as
a texture measure that quantifies the effective specific areas over which internal stresses can be transmit-
ted. The evolution equation for the damage tensor is motivated in the reference configuration and pushed
forward to the present configuration. A spatially objective constitutive form of the evolution equation
for the damage tensor is obtained. The rheology of the damaged ice presumes no volume conservation.
Its constitutive relations are derived from the free enthalpy and a dissipation potential, and extends the
classical isotropic power law by elastic and damage tensor dependent terms. All constitutive relations are
in conformity with the second law of thermodynamics.

Keywords Damage mechanics · Induced anisotropy · Constitutive relations · Viscoelasticity · Ice
mechanics

PACS 83.60.Df, 62.20.Mk

1 Introduction

Glacier ice is ordinarily assumed to be an isotropic non-linearly viscous, incompressible medium and thus
qualifies as a fluid. It is usually modeled by a Glen-type flow law [1]. Above a certain stress threshold,
damage, interpreted as the deterioration of the material properties due to the formation of cracks, is
observed in ice. Damage introduces a change of volume [2–4], and this violates the original assumption
of incompressibility. Moreover, formation of cracks is a property typifying a solid. We will thus treat
ice as a compressible solid with viscous and elastic properties, possibly anisotropic, because of the non-
uniform orientation distribution of the cracks. When damage tends to vanish, ice will be considered as an
incompressible viscoelastic solid. The elastic and damage effects will be introduced, such that, if they are
ignored, formally a viscous isotropic fluid like material emerges and the classical Glen-type flow law can
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be restored. Once the constitutive relations for damaged ice are derived, elastic effects may be dropped
as being negligible. With such a viewpoint, the observed formation of cracks can be modeled without
conceptual conflict that a fluid can form cracks.

The failure of ice under creep at low deformation rates is due to the progressive accumulation of
microcracks [5–7]. These microcracks reduce the internal areas over which stress can be transmitted and
thus increase (at a given external load) the effective stress by an amount corresponding to the loss of
this area. If cracks were spherical voids, this loss would be independent of orientation, and it would suf-
fice to account for it by an enhancement factor. This is the situation in isotropic damage models (e.g.,
[3, 4, 8, 9, 10]). However, microcracks orient themselves according to the state of stress and thus give
rise to anisotropic damage. Weiss and Gay [11] found microcrack anisotropy during creep to failure for
uniaxial compression at 3 MPa and 263 K. They quantified the orientation of the microcracks by ana-
lyzing sample-cross sections in planes parallel to the axis of loading. The flow of glaciers or ice caps is
affected by crevasses. Damage theory can also be applied to consider crevasses, which are assimilated
to macrocracks. The damaged ice should be assumed to be anisotropic to consider the different crevasse
patterns. Therefore, for both microscopic and macroscopic damage approaches, damage should be con-
sidered to be anisotropic. Damage, in this paper will be described by a second rank tensor variable for
which an evolution equation, i.e., a balance law (without flux tensor) will be postulated. A critical step in
this postulation is the choice of the objective time derivative of this damage tensor, which is not unique.
This tensor appears in the theory as a linear mapping between the stress, interpreted as the traction per
unit geometric area and the effective stress, interpreted as the traction per unit damaged area (geometric
area minus void area). We will postulate that this mapping is formally the same in the reference and
present configurations. This requirement will -as we shall see- fix the objective time derivative to be used
when the balance law for the damage is postulated.

The above interpretation appears to be new, as is the thermodynamic setting that we employ.
Parametrization of damage, on the other hand, is not new [3–10, 12].

2 Notations and definitions

In what follows, vectors are denoted by overhead arrows, second order tensors are underlined and fourth
order tensors are doubly underlined. We use general tensor notation and employ the summation con-
vention according to which summation is understood over doubly repeated indices that stand above and
below. Covariant (contravariant) components are written as sub- (super-) scripts. Components of vectors
and tensors in a basis of the reference configuration will be denoted by capital Latin indices (A, B, C ,
. . . ), those in a basis of the present configuration will be denoted by lower case Latin indices (i , j , k, . . . ).

Let �x = �̃x(t, �X) represent the position of the material point of the body in the present (i.e., time
t) configuration relative to its position �X in the corresponding reference configuration. Let F(t, �X) =
(∂ �̃x/∂ �X)(t, �X) be the deformation gradient tensor, �v(t, �x) = (∂ �̃x/∂t)(t, �X(t, �x)) the spatial velocity
vector, L(t, �x) = (∂ �v/∂ �̃x)(t, �x, �X(t, �x)) the velocity gradient tensor, d = 1

2 (L + LT ) the stretching or
strain rate tensor1 and W = 1

2 (L − LT ) the spin tensor. The scalar and dyadic products of two vectors
�a, �b will be denoted by �a · �b and �a ⊗ �b, respectively, and the inner product of two symmetric second
rank tensors A , B is given by A · B = Tr(AT B) = Tr(A BT ). Moreover, the Lie [, ] and Jacobi 〈, 〉
brackets of two second rank tensors are defined by [A, B] = A B − B A and 〈A, B〉 = A B + B A,
respectively. Formulations relative to the referential system are called Lagrangian, those in the present
(spatial) description are denoted Eulerian.

3 Continuum damage mechanics

3.1 Effective stress and damage effect tensor

Let σ be the Cauchy stress tensor, i.e., the force in the present configuration, per damaged (ice plus
voids) surface area. Let, moreover, the effective stress, i.e., the force in the present configuration, per

1 We use d instead of D because, later on, D will be reserved for damage.
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unit undamaged area (ice without voids) be σ̃ . In a linear mapping L : σ → σ̃ , that accounts for the
anisotropy, this yields

σ̃ i j = Zi j
kl σ kl . (3.1)

Z has the following properties: symmetry kl ↔ lk, since σ is the symmetric and the pair symmetry
(i j)(kl) ↔ (kl)(i j), which makes the mapping path independent; that is, Z can be derived from a
potential. By assuming the symmetry of σ̃ , Z possesses also the symmetry ij ↔ ji. Z is finally postulated
to be non-negative definite. The fourth order tensor Z is called the damage effect tensor. It is related to
damage as will become apparent in the course of our study, and it allows for arbitrary induced anisotropy.
However, in glaciology most models restrict themselves to orthotropy [13, 14] by choosing

Zi j
kl = 1

2

(
Zi

k δ j
l + Z j

k δi
l
)
. (3.2)

From the pair symmetry of Z , it follows that Z is symmetric, i.e., Zi
k = Zk

i . This orthotropic reduction
yields for (3.1)

σ̃ i j = 1

2

(
Zi

k σ k j + Z j
k σ ki ), σ̃ = 1

2
(Z σ + (Z σ)T ), (3.3)

where (.)T denotes transposition.

3.2 Balance laws

Ice is known to be incompressible. However, because of the opening of the cracks, an adequate continuum
model is likely not density preserving,2 so that the balance laws of mass, linear momentum and energy
take the forms

M := ρ̇ + ρ vi ,i = 0,

V i := ρ v̇i − σ i j , j −ρ bi = 0i , (3.4)

E := ρ ε̇ + qi ,i −σ i j di j − ρ r = 0,

in which ρ, vi , σ i j , bi , ε, qi , di j = 1
2 (vi , j +v j ,i ), r are the density, velocity, Cauchy stress, body

force vector, internal energy, heat flux vector, stretching (strain rate) tensor and the enery supply rate
density of the damaged ice.

In writing down the balance laws (3.4), it is implicitly assumed that the ice in focus is cold. With little
formal change, a continuum damage model can also be developed for temperate ice. It would involve an
additional mass balance equation for the moisture content, and the energy balance would serve as an
equation determining the specific melting rate rather than the evolution of the temperature. We present
here the theory for cold ice, because it is slightly simpler.

Equations (3.4) constitute 5 partial differential equations for the variables ρ, �v and θ . Here θ is the
empirical temperature. So, quantities for which constitutive relations must be formulated are σ, ε and �q.

Since these constitutive quantities may depend on the damage, i.e., on the second order tensor Z , the
above balance laws must be complemented by an evolution equation for the damage tensor Z , which we
postulate to have internal variable structure

Z i
j := �

Zi
j − f i

j = 0i
j , (3.5)

where � denotes a spatially objective time derivative. The symmetric tensor f is a production term called
the dynamic function of damage. A justification of (3.5) will be given below. Here it may suffice that (3.5)
is a structural equation and therefore of constitutive nature.

2 For damaged ice, we do not use the term “incompressible” because the ice may still preserve its own density, whilst
the composite “ice plus cracks” does not.
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For thermodynamic reasons, we also complement the balance laws (3.4) and (3.5) by an entropy
inequality

G := ρ η̇ + φi ,i −ρ s ≥ 0, (3.6)

where η is the specific entropy, �φ its flux and s its supply, in which η and �φ are constitutive quantities,
whilst s is a source. Thus,

C = (σ , ε, �q, f , η, �φ), (3.7)

are the constitutive quantities. They are assumed to depend on a number of independent constitutive
variables (to be specified below in (4.1)).

3.3 Damage evolution

Let carets identify quantities referred to the reference configuration. If σ̃ is the effective Cauchy stress,
then ˆ̃σ is the effective second Piola-Kirchhoff stress. Since both are derived from surface tractions via
Cauchy’s lemma, they transform according to (e.g., [15])

ˆ̃σ = J F−1 σ̃ F−T , ˆ̃σ AB = J (F−1)Ai σ̃ i j (F−1)B j , (3.8)

where J = det F and F−T = (F−1)
T

. This shows that the “pull back” of doubly contravariant tensor
components in the present configuration is accomplished by F−1 and F−T , respectively. Strains trans-
form differently: their “pull back” operations are FT and F , respectively, since they are expressed as
doubly covariant tensor components in the present configuration. Equation (3.2) clearly evidences Z
to be mixed, contravariant-covariant. The following transformation rule is postulated to apply between
Z , f in the present and reference configurations

{Ẑ , f̂ } = Jβ F−1 {Z , f } F , {Ẑ A
B, f̂ A

B} = Jβ(F−1)Ai {Zi
j , f i

j } F j
B, (3.9)

in which β is yet a free exponent. This transformation leads to non-symmetric tensors Ẑ and f̂ .
We now postulate the materially objective evolution equation for the damage variable as follows

d

dt

∫

V
Ẑ dV −

∫

V
f̂ dV = 0, (3.10)

valid for all body parts V . Localization then yields

d

dt
Ẑ − f̂ = 0. (3.11)

With the transformation (3.9), the balance of damage in the Lagrangian description (see (3.11)) takes in
the Eulerian description the form of (3.5), with the time derivative given by3

�
Z = Ż + [Z , W ] + β Zdiv�v, (3.12)

where W is the spin tensor and the material derivative is given by

Ż = ∂ Z

∂t
+ gradZ · �v. (3.13)

�
Z is spatially objective. With β = 0, the time derivative (3.12) corresponds to the Jaumann derivative.

3 Since Ẑ and f̂ are non-symmetric tensors, the time derivative derived from (3.9) and (3.11) is a non-symmetric tensor.
To preserve the symmetry of Z (which has been postulated above), only the symmetric part of the time derivative is
considered in (3.12).



Anisotropic damage mechanics for viscoelastic ice 391

Remark 1 Let Zi
j = Z δi

j , where Z is a simple scalar, then (3.5) and (3.12) imply

{
Ż − f = 0, if β = 0,

Ż + Z div�v − f = 0, if β = 1,
(3.14)

as evolution equations for the scalar damage variable Z . They correspond to the global balances
{

d
dt

∫
v
ρZ dv − ∫

v
ρ f dv = 0, if β = 0,

d
dt

∫
v

Z dv − ∫
v

f dv = 0, if β = 1.
(3.15)

Remark 2 The arbitrary mapping L : σ̃ = Z σ in the Eulerian description implies ˆ̃σ = J−β Ẑ σ̂ . Thus

σ̃ = Z σ → ˆ̃σ = Ẑ σ̂ ⇐⇒ β = 0. (3.16)

This implies that Z and Ẑ have the same properties in both configurations if β = 0. So, the scalar damage
variable Z should be interpreted as a damage per unit mass according to (3.14)1 and (3.15)1. We shall
see that the choice β = 0 also has formal advantages.

The transformation properties stated in Remarks 1 and 2 can serve as motivation to choose the trans-
formation rule (3.9) with β = 0 as those defining the physical properties of the damage evolution equa-
tion. In the further developments, we will set β = 0.

4 Constitutive theory

As stated earlier, constitutive relations are needed for the constitutive quantities C in (3.7). We require
the constitutive quantities (3.7) to be functions of a set of independent constitutive variables4

S = (ρ̂, B, θ, Z , �g, d). (4.1)

A dependence on the left Cauchy-Green tensor B = F FT accounts for the dependence of the equilib-
rium stress on strain. With the density ρ̂ in the virgin (reference) configuration, it may automatically ac-

count for the density of damaged ice at equilibrium (which equals ρ̂ (det B)− 1
2 ). θ and �g = grad θ model

thermal and heat conducting effects, Z accounts for the effects of the cracks on the material behavior and
especially the anisotropy induced by them, and d describes viscous effects. In postulating (4.1), the ice
is assumed to be cold.

The second law of thermodynamics requires the entropy inequality (3.6) to hold for all thermody-
namic processes, i.e., those processes for which the balance laws (3.4) and (3.5) with C = C(S) are
satisfied. It follows from the work of Liu [16] that this requirement is satisfied if the inequality

ρ η̇ + div �φ − ρ s − 
MM − �
V · �V − 
E E − 
Z · Z ≥ 0, (4.2)

holds true for arbitrary smooth fields. In inequality (4.2), the mass, momentum and energy balances as
well as the damage evolution equation are inserted in the inequality by multiplying the respective equa-
tions: M = 0, �V = �0, E = 0 and Z = 0 with Lagrange multipliers 
M, �
V , 
E and 
Z , respectively.

Z is a symmetric tensor. The Lagrange multipliers are functions of the constitutive variables S, of the
velocity �v and of the supply rate densities r and �b. In the exploitation of the entropy inequality, the bal-
ance laws (3.4) and (3.5) serve as constraints. Since the constitutive relations C(S) cannot depend on r
and �b and inequality (4.2) is a relation to constrain the constitutive relations, the external source terms in
inequality (4.2) must add to zero, implying that

−s + �
V · �b + 
E r = 0. (4.3)

4 The set (4.1) accounts for the fulfillment of the rule of material frame indifference.
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To exploit the imbalance (4.2), we introduce the generalized Gibbs relations by [17]

ρ dη = 
E ρ dε + dP and d �φ = 
E d�q + d �F, (4.4)

where5

dP = Pρ̂ dρ̂ + (PB)i j dBi j + Pθ dθ + (PZ )i j dZi j + (Pg)i dgi + (Pd)i j ddi j ,

dF i = (Fρ̂ )i dρ̂ + (FB)i jk dB jk + (Fθ )i dθ + (FZ )i jk dZ jk + (Fg)i j dg j + (Fd)i jk dd jk .
(4.5)

In particular, PB and P Z are symmetric tensors. Substituting (3.4), (3.5) and (4.4) into inequal-
ity (4.2) and accounting for (4.3), results in a new inequality that can be written in the following
form6

�α(S) · �a + π(S) ≥ 0 ∀ �a. (4.6)

�α and �a are vectors formed by scalars and components of vectors and tensors. Also �a does not depend on
the variables forming the set S but on the spin tensor and certain higher space and time derivatives of �v,
σ and S. π(S) is the so-called residual entropy production. It reads

π(S) = (〈PB, B〉 + 
Eσ + 
Mρ̂ (detB)−
1
2 I − �g ⊗ �Pg

) · d + �Fθ · �g + �
V · div σ + 
Z · f , (4.7)

where I is the second order unit tensor. Evidently, inequality (4.6) is linear in �a, and since �a may have
any arbitrarily assigned value, it would be violated unless

�α(S) = �0 and π(S) ≥ 0. (4.8)

The identities (4.8)1 constitute relations between (η, ε), ( �φ, �q) and the Lagrange multipliers �
V and

Z . From them we may deduce


M = 0, �
V = �0 and 
Z = P Z . (4.9)

Moreover,
[P Z , Z ] + [PB, B] = 0. (4.10)

Finally, dP and d �F reduce to

dP = PB · dB + P Z · dZ and d �F = �Fθ dθ. (4.11)

According to the “differential” approach by Liu [19] (see also [17]) and since C(S) are isotropic
functions of their arguments,7 it follows that

�φ = 
E �q and 
E = 
E (θ). (4.12)

It can be shown that (e.g., [18])


E (θ) = 1

θ
. (4.13)

This identifies θ with the absolute temperature. So, the classical equation “entropy flux equals heat flux
divided by absolute temperature” has been deduced. With (4.3) and (4.9)2, the relation “entropy source
equals heat source divided by absolute temperature” can also be established.

5 Since we restrict ourselves to Cartesian tensors, we do no longer differentiate between upper and lower indices.
6 We only sketch the ensuing computations, but do not show the heavy details, since these computations are relatively

routine for specialists and uninteresting for others. About exactly the situation dealt with here, we know of no explicit
reference, but a paper close to this is [17], and analogous computations have also been done in [18], chap. 7. Whereas
the derivation of the results is technical, they are important to guarantee a consistent thermodynamic model, even when
temperature will eventually be left out of consideration.

7 All constitutive quantities (3.7) and constitutive variables (4.1) are objective under Euclidean transformations, so if Q
is an orthogonal transformation, then Q∗ C

(
B, θ, Z , �g, d

) = C
(
Q B QT , θ, Q Z QT , Q �g, Q d QT

)
, where Q∗ is the

(push forward) action of Q on C. The fact that C(S) is taken as an isotropic function set does not imply that effects of
anisotropy are absent. These are accounted for by Z .
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With (4.4)2, (4.11)2, (4.12) and (4.13) there follows

�Fθ = −�q 1

θ2
. (4.14)

Moreover, from relations (4.4)1, (4.11)1 and (4.12)2 one may deduce that η and ε cannot depend on �g
and d, but only on B, θ, Z ; explicitly,

η = η(B, θ, Z), ε = ε(B, θ, Z). (4.15)

Equations (4.4)1 and (4.15) imply that PB and P Z are equally functions of only B, θ, Z . In fact, as
evident from (4.4)1, PB and P Z play the role of thermal equations of state that can be derived from the
Helmholtz free energy

ψ = ε − θ η = ψ(B, θ, Z). (4.16)

Indeed, if ε is eliminated between (4.4)1 and (4.16), the Gibbs relation (4.4)1 (with (4.11)1) is identically
satisfied, if

∂ψ

∂ B
= − θ

ρ
PB,

∂ψ

∂θ
= −η,

∂ψ

∂ Z
= − θ

ρ
P Z . (4.17)

Thus ψ is a thermodynamic potential for − θ
ρ
PB , −η and − θ

ρ
P Z . If we define

� := ∂ψ

∂ B
= − θ

ρ
PB, Y := ∂ψ

∂ Z
= − θ

ρ
P Z , (4.18)

with � = �(B, θ, Z) and Y = Y (B, θ, Z), then the Gibbs relation takes the form

dη = 1

θ
(dε − � · dB − Y · dZ). (4.19)

In this form, � is, clearly, a stress exhibiting elastic properties and Y is the tensorial energy release rate,
the conjugate force (a symmetric tensor) to the damage variable Z .8

The Helmholtz free energy ψ is an isotropic function of a scalar θ and two symmetric tensors, B and
Z , of which a complete set of invariants is given by IAα

, IIAα
, IIIAα

, with

IA = Tr A, IIA = 1
2 ((Tr A)2 − Tr (A2)), IIIA = det A (4.20)

and

A1 = B, A2 = Z , A3 = 〈B, Z〉, A4 = 〈B2, Z〉, A5 = 〈B, Z2〉; (4.21)

that is,

ψ = ψ(θ, IAα
, IIAα

, IIIAα
). (4.22)

Once a functional relation for ψ is selected, PB and P Z are known and must satisfy (4.10). With this,
the exploitation of (4.8)1 is now complete.

8 Y denotes in the literature the conjugate force of the damage variable D (see Sect. 7.4). We would like to call attention
that Y is here conjugate to the damage effect variable Z .
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5 Thermodynamic equilibrium

The next step is to exploit the residual entropy inequality (4.8)2. With (4.7), (4.9), (4.11), (4.13), (4.14)
and (4.18), it becomes

θ π(S) = (−ρ 〈�, B〉 + σ) · d − �q · �g
θ

− ρ Y · f ≥ 0. (5.1)

The results to be derived below are based on the conditions of thermodynamic equilibrium. We therefore
assume the existence of a thermodynamic equilibrium. If �e = (ρ̂, B, θ, Z) and �n = (�g, d), then any
dependent constitutive quantity C can be represented in the form

C(S) = C(�e, �n) = C|E(�e) + C|N (�e, �n) (5.2)

with C|E(�e) = C(�e, �n = �0) and C|N (�e, �n) = C(�e, �n) − C|E(�e) its equilibrium and non-equilibrium parts,
respectively. π |E = 0 must necessarily hold, for otherwise entropy would be produced in thermodynamic
equilibrium. Therefore, from (5.1),

f |E = 0. (5.3)

An isotropic expansion of f (S) following the superposition principle by Betten [20] yields

f = ϕ0 I + ϕ1α Aα + ϕ2α A2
α

+ ϕ1αβ 〈Aα, Aβ〉 + ϕ2αβ 〈A2
α, Aβ〉 + ϕ3αβ 〈Aα, A2

β〉
+ ϕ4αβ 〈A2

α, A2
β〉 + ϕ3α 〈�g ⊗ �g, Aα〉 + ϕ4α 〈�g ⊗ �g, A2

α〉,
(5.4)

in which I is the second order unit tensor and summation is over α, β = 1, 2, 3, α > β and A1 = B,
A2 = Z , A3 = d. The equilibrium part is given by

f |E = ϕ0|E I + ϕ11|E B + ϕ12|E Z

+ ϕ21|E B2 + ϕ22|E Z2 + ϕ112|E 〈B, Z〉
+ ϕ212|E 〈B2, Z〉 + ϕ312|E 〈B, Z2〉 + ϕ412|E 〈B2, Z2〉.

(5.5)

For this to vanish at equilibrium, the restrictions

ϕ0|E = 0, ϕ11|E = 0, ϕ12|E = 0, ϕ21|E = 0, ϕ22|E = 0,

ϕ112|E = 0, ϕ212|E = 0, ϕ312|E = 0, ϕ412|E = 0,
(5.6)

must identically hold for consistent modeling. In general, the scalar coefficients in (5.4) are functions
of the scalar invariants of S. Notice that the dependence in these, as well as (5.4), is quadratic in �g.
Since π = π(S), its representation in terms of the invariants of S is also quadratic in �g. This implies, in
particular that

∂π

∂ �g
∣
∣∣
∣

E

= �0, and
∂2π

∂ �g ∂d

∣∣
∣∣∣

E

= 0(3), (5.7)

with 0(3) the zero third order tensor.
Now consider once more the imbalance (5.1). Because π(�e, �n) assumes its minimum value, namely

0, at �n = �0, necessary conditions to guarantee this minimum are

∂π

∂ �g
∣∣∣
∣

E

= �0,
∂π

∂d

∣∣∣
∣

E

= 0, (5.8)
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and, by simplifying with the aid of (5.7)2

H =



∂2π/∂ �g ∂ �g 0

0 ∂2π/∂d ∂d





∣∣
∣∣
∣∣

E

is non-negative definite. (5.9)

The first of (5.8) is fulfilled because of (5.7)1.
Next, consider (5.8)2; it implies

(σ |E)i j = ρ 〈�ik, Bkj 〉 + ρ Ykl
∂ fkl

∂di j

∣∣
∣∣

E

. (5.10)

The first term on the right-hand side is the elastic contribution and accounts for the fact that the cracks
may yield the material to become compressible, even though the virgin material may be incompressible.
The second term on the right-hand side accounts for anisotropic equilibrium stresses due to damage.

Remark 3 If we let ψ depend only on the determinant of B and define

ψ = ψ1(r) = ψ2(ρ), r = ρ̂

ρ
= (det B)

1
2 , (5.11)

by using ∂det B/∂ B = (det B) B−T it is straightforward to show that

ρ 〈�ik, Bkj 〉 =
〈
ρ

∂ψ

∂ Bik
, Bkj

〉
= −ρ2 ∂ψ2

∂ρ
δi j = −pthermo δi j , (5.12)

in which pthermo agrees with the thermodynamic pressure. Therefore, the first term of the equilibrium
stress (5.10) would be the thermodynamic pressure tensor. Similarly one may show that in this case
PB · dB in (4.5) would be

PB · dB = ρ pthermo d

(
1

ρ

)
, (5.13)

as would be expected if the material in its damaged state possesses properties of an elastic fluid.

With (5.10), we may introduce the irreversible stress σ |N according to (5.2). Note that (σ |N )|E = 0.
With (5.10), the residual entropy inequality (5.1) takes the form

θ π(S) = (σ |N )i j di j − qi gi

θ
− ρ Yi j

(
fi j − ∂ fi j

∂dkl

∣∣
∣∣

E

dkl

)
≥ 0. (5.14)

6 Free enthalpy formulation

For glaciologists, it is more common to express the deformation as a function of the stress. Therefore,
we consider the deformation, B and d as dependent and � and σ |N as independent constitutive variables.
Thus, (4.1) is replaced by

SG = (ρ̂, �, θ, Z , �g, σ |N ). (6.1)

Introducing the free enthalpy function

G = ε − θ η − � · B = G(�, θ, Z), (6.2)

the Gibbs relation (4.19) is then identically satisfied, if

∂G

∂�
= −B,

∂G

∂θ
= −η,

∂G

∂ Z
= Y , (6.3)
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with B = B(�, θ, Z) and Y = Y (�, θ, Z). Furthermore, by accounting for (5.2), the entropy inequal-
ity (5.1) takes the form

θ π(S) = (−ρ 〈�, B〉 + σ |N + σ |E) · d − �q · �g
θ

− ρ Y · f ≥ 0. (6.4)

If we let now �e = (ρ̂, �, θ, Z) and �n = (�g, σ |N ), then, according to the definition of thermodynamic
equilibrium (5.2), π |E = 0 must hold. Therefore, from (6.4),

d|E = 0 and f |E = 0. (6.5)

This then yields relations for d and f as tensorial isotropic functions analogous to (5.4), (5.5) and (5.6),
in which the variables B and d are replaced by � and σ |N , respectively. We refrain from writing them
down explicitly. Since, moreover, π assumes its minimum in equilibrium, we necessarily have

∂π

∂ �g
∣∣
∣∣

E

= �0,
∂π

∂σ |N

∣∣
∣∣

E

= 0, (6.6)

and

H =



∂2π/∂ �g ∂ �g 0

0 ∂2π/∂σ |N ∂σ |N





∣
∣∣∣
∣∣

E

is non-negative definite. (6.7)

Since π is quadratic in �g, (6.6)1 is automatically fulfilled. Alternatively, with (6.5)1, (6.6)2 may be written
as

[(σ |E)kl − ρ 〈�km, Bml〉] ∂dkl

∂(σ |N ) i j

∣∣∣
∣

E

− ρ Ykl
∂ fkl

∂(σ |N ) i j

∣∣∣
∣

E

= 0. (6.8)

If the six matrices (∂dkl/∂(σ |N )i j )|E (k, l = 1, 2, 3 are fixed and k ≤ l) are invertible in the sense that

∂dkl

∂ (σ |N ) i j

∣∣
∣∣

E

∂ (σ |N ) i j

∂dpq

∣∣
∣∣

E

= δkp δlq , (6.9)

then (6.8) becomes

(σ |E) pq = ρ 〈�pm, Bmq〉 + ρ Ykl
∂ fkl

∂(σ |N ) i j

∣
∣∣∣

E

∂ (σ |N ) i j

∂dpq

∣
∣∣∣

E

. (6.10)

which corresponds to (5.10) in the earlier formulation. Finally, the entropy inequality in the “enthalpy”
formulation now takes the form

θ π(S) = (σ |N ) i j di j − qi gi

θ
− ρ Yi j

(
fi j − ∂ fi j

∂(σ |N ) kl

∣
∣∣
∣

E

∂ (σ |N ) kl

∂dpq

∣
∣∣
∣

E

dpq

)
≥ 0. (6.11)

which is analogous to inequality (5.14). This completes the thermodynamic analysis in the free energy
and enthalpy formulations.

7 Damage model for ice

The proposed damage model for ice will be expressed in the enthalpy formulation and so constitutive
quantities are functions of SG. What remains is to propose explicit expressions for the heat flux �q, the
free enthalpy G, the dissipative strain rate d and the dynamic function of damage f .
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7.1 Heat flux

�q is assumed to depend on SG according to the Fourier law of heat conduction

�q = −κ(SG) �g, with κ(SG) positive definite. (7.1)

κ is the heat conductivity. For ice, it is reasonable to restrict the function κ = κ(SG) to κ = κ(ρ, θ, Z).
According to (4.12)1 and (4.13), the entropy flux becomes then

�φ = −1

θ
κ �g. (7.2)

7.2 Free enthalpy

Let us assume for undamaged ice at thermodynamic equilibrium a linear dependence between (B − I )
and � of the form

�i j = Ai jkl (Bkl − Ikl), (7.3)

with A a stiffness tensor. Assume, moreover, stability of relation (7.3); that is, A is positive definite

Ai jkl (Bi j − Ii j ) (Bkl − Ikl) > 0 ∀ (Bi j − Ii j ) �= 0. (7.4)

By considering (6.2) and neglecting thermoelastic effects (i.e., coupling), the free enthalpy G for linear
and initially isotropic material at equilibrium will be postulated in the form (see also [21])

G(�, θ, Z) = −1 + a2

2a1
I

Z (�D)
2 − 1 − 2a2

2a1
ξ IZ I 2

� − I� −
∫ θ

θ0

Gθ (ϑ) dϑ, (7.5)

with a1 and a2 the only two parameters characterizing A for isotropic undamaged material, z > 0 a
parameter similar to that introduced by Lemaitre et al. [21] to differentiate the effect of damage on the
deviatoric and the hydrostatic parts of the free enthalpy (the first and the second terms, respectively, on
the right-hand side of (7.5)), Gθ (θ) a thermal function and θ0 a reference temperature. The superscript
( )D refers to the deviatoric part of a second order tensor. The first three terms on the right-hand side
describe the elastic deformation and the forth term accounts for the thermal behavior of ice. With (6.3)1,
B becomes

B = 1 + a2

a1
�̃

D − a2

a1
I
�̃

D I + I , (7.6)

where9

�̃
D = 1

2
〈Z T , �D〉D + ξ IZ I� I . (7.7)

Considering (6.3)3, the tensorial energy release rate Y reads

Y = −1 + a2

2a1
(�D)

2 − 1 − 2a2

2a1
ξ I 2

� I . (7.8)

Using (4.18), (7.6) and (7.8), it can be shown that the free enthalpy as proposed in (7.5) automatically
satisfies the thermodynamic condition (4.10). For isotropic undamaged material, by assuming a1 > 0,
the stability condition (7.4) reduces to the requirements

(1 + a2) > 0 and (1 − 2a2) > 0. (7.9)

9 By deriving B from G, the transpose of Z appears in relation (7.7). Since � and �̃ are covariant tensors, it can be
observed in (7.7) that Z is contravariant-covariant. Therefore the objective time derivative (3.12), i.e., the whole thermo-
dynamic analysis, is also valid for the damage tensor Z as introduced in the free enthalpy. Since we restrict ourselves to
Cartesian coordinates, we do no longer differentiate between Z and Z T .
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Therefore, using (7.8), one can show that

Y is negative definite. (7.10)

This is an important result, which will be discussed later when a damage production rate function f will
be proposed.

According to (6.3)2, the entropy takes the form

η = Gθ (θ). (7.11)

Let us now express the purely thermal part Gθ (θ) of the free enthalpy as

Gθ (θ) = cv ln

(
θ

θ0

)
+ Gθ

0, (7.12)

with cv the specific heat at constant volume and Gθ
0 a constant. With the aid of (6.2), (7.5), (7.6)

and (7.11), the internal energy becomes
ε = εel + εth, (7.13)

with εel and εth the mechanical and thermal parts of ε expressed as

εel = 1 + a2

2a1
I

Z (�D)
2 and εth = cv (θ − θ0) + Gθ

0 θ0. (7.14)

7.3 Dissipative strain rate

Let us assume a dissipation potential ϕ(SG) for the dissipative stress σ |N , with the property that

d = ∂ϕ(SG)

∂σ |N

. (7.15)

Assuming that ϕ is a function of θ , Z and σ |N only and omitting explicit terms in Z2, (σ |N )2 and of
higher order, (7.15) can be shown to take the form

d = (δ11 + δ12 Iσ |N ) I − δ12 σ |N + δ13 IIIσ |N (σ |N )−1

+ 2
(
δ21 + δ22 I〈Z , σ |N 〉

)
Z + δ23 III〈Z , σ |N 〉 〈Z , 〈Z , σ |N 〉−1〉

+ 2
(
δ31 + δ32 I〈Z , (σ |N )2〉

) 〈Z , σ |N 〉 + δ33 III〈Z , (σ |N )2〉 〈σ |N , 〈Z , 〈Z , σ |N 〉−1〉〉, (7.16)

with

δα1 = ∂ϕ(SG)

∂ IAα

, δα2 = ∂ϕ(SG)

∂ IIAα

, δα3 = ∂ϕ(SG)

∂ IIIAα

, (α = 1, 2, 3), (7.17)

and
A1 = σ |N , A2 = 〈Z , σ |N 〉, A3 = 〈Z , (σ |N )2〉. (7.18)

The condition of thermodynamic equilibrium for d (see (6.5)1) leads to

δ11|E = 0, δ12|E = 0, δ21|E = 0, and δ22|E = 0. (7.19)

According to (3.3), the quantity 1
2 〈Z , σ |N 〉 appearing in (7.16) is defined as the effective dissipative

stress and labeled as

σ̃ |N = 1

2
〈Z , σ |N 〉. (7.20)

Since σ |N or σ̃ |N can be zero, d, as given in (7.16), is not in general invertible. To guarantee invertibility
we must necessarily have [22]

δ13 = 0, δ23 = 0, δ33 = 0, (7.21)
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and so, (7.16) simplifies to

d = (δ11 + δ12 Iσ |N ) I − δ12 σ |N

+ 2
(
δ21 + δ22 I〈Z , σ |N 〉

)
Z + 4

(
δ31 + δ32 I〈Z , (σ |N )2〉

)
σ̃ |N . (7.22)

The usual form of the dissipative stress of damaged ice consists of the first and the last terms on the
right-hand side. δ11 + δ12 Iσ |N is then the volumetric (bulk) fluidity (chosen such that ρ ≤ ρ̂) and 4(δ31 +
δ32 I〈Z , (σ |N )2〉) is the shear fluidity. Both depend on stress, damage and temperature.

We still wish to further simplify. So we will suppose that the dissipative flow of damaged ice is
independent of the pressure. Such an assumption is tantamount to ignoring the bulk fluidity (Stokes
assumption).10 The constitutive variables are in this case

SD
G = (

ρ̂, �, θ, Z , �g, σ |D
N

)
. (7.23)

Note that we have above assumed that d does not depend on � and �g. Considering the property

d = ∂ϕ
(
SD

G

)

∂σ |N

=
(

∂ϕ
(
SD

G

)

∂σ |D
N

)D

, (7.24)

relation (7.22) simplifies to

d = −δD
12 σ |D

N + 2
(
δD

21 + δD
22 I〈Z , σ |D

N 〉
)

Z D + 4
(
δD

31 + δD
32 I〈Z , (σ |D

N )2〉
)
σ̃ |D

N , (7.25)

with

δD
12 = ∂ϕ

(
SD

G

)

∂ IIσ |D
N

, δD
21 = ∂ϕ

(
SD

G

)

∂ I〈Z , σ |D
N 〉

, δD
22 = ∂ϕ

(
SD

G

)

∂ II〈Z , σ |D
N 〉

, δD
31 = ∂ϕ

(
SD

G

)

∂ I〈Z , (σ |D
N )2〉

, δD
32 = ∂ϕ

(
SD

G

)

∂ II〈Z , (σ |D
N )2〉

,

(7.26)
and

σ̃ |D
N = 1

2

〈
Z , σ |D

N

〉D
. (7.27)

The thermodynamic condition (6.5)1 is satisfied if δD
21|E = 0 and δD

22|E = 0. By assuming that the first
two terms on the right-hand side of (7.25) are negligible, (7.25) becomes

d = η−1
visc(σ , Z , θ) σ̃ |D

N , (7.28)

in which ηvisc = 1
4 (δD

31 + δD
32 I〈Z , (σ |D

N )2〉)−1 is the shear viscosity, which depends on stress, damage and

temperature. For damaged ice, Pralong and Funk [14] proposed11

ηvisc(σ , Z , θ) = A(θ)−1 ( − IIσ̃ |D
N

+ κσ

) 1−n
2 , (7.29)

where A(θ) > 0 is the fluidity parameter for ice, n > 1 is the power law exponent and κσ > 0 is a
parameter guaranteeing a finite viscosity law [1]. Note the particular form of the effective dissipative
stress (7.27), which is a function of the deviatoric part of σ |N . Equations (7.28) and (7.29) reduce to the
classical Glen-type flow law for Z = I .

The stress σ appearing in the balance laws (3.4) is determined by the relation σ = σ |E + σ |N . The
non-equilibrium stress σ |N is given by (7.28) (or by a more general relation d = d(σ |N , . . .) derived in
this section) and the equilibrium stress σ |E by (6.10), where f is still to be found.

10 Here, this assumption does not mean that the damaged ice is intrinsically density preserving, but that the density
variation (the influence of the pressure, respectively) is neglected in the flow law of damaged ice. This is analogous to a
Stokes-Kirchhoff gaz.

11 The negative sign in the bracket accounts for the definition of the second invariant given by (4.20)2, which is the
negative of the second invariant commonly used by glaciologists.
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7.4 Dynamic function of damage

Finally we write a constitutive relation for f (SG). Let us first analyze the entropy inequality. Suppose
that d does not depend on �g. Using (6.2), (6.3)3, (6.5)2, (7.10), (7.29), and since f is quadratic in �g, one
can show that the term

−ρ Yi j

(
fi j − ∂ fi j

∂(σ |N ) kl

∣∣
∣∣

E

∂ (σ |N ) kl

∂dpq

∣∣
∣∣

E

dpq

)
, (7.30)

appearing in inequality (6.11), takes its minimum, namely 0, at thermodynamic equilibrium, if
(∂ f /∂σ |N )|E = 0 and f is concave with respect to σ |N and �g. The condition of concavity is sufficient
but not necessary ((6.7) is always satisfied, not only at equilibrium).

By considering (7.1), inequality (6.11) becomes

(σ |N ) i j di j + κi j

θ
gi g j − ρ Yi j

(
fi j − ∂ fi j

∂(σ |N ) kl

∣
∣∣
∣

E

∂ (σ |N ) kl

∂dpq

∣
∣∣
∣

E

dpq

)
≥ 0. (7.31)

With (7.1), (7.28), and (7.29), the first two terms are non-negative and d|E = 0. The thermodynamic
restrictions π ≥ 0 and π |E = 0 are therefore always satisfied if (6.5)2 is respected, (∂ f /∂σ |N )|E = 0
and f is concave in σ |N and �g.

Now, let us postulate an explicit constitutive relation for the dynamic function of damage as follows

f = ϕ22 Z2 + ϕ̃223 Z 〈Z , σ |N 〉 Z , (7.32)

where ϕ22 and ϕ̃223 are scalar parameters. We introduce the variable change

Z := (I − D)−1, (7.33)

where D is the classical damage tensor. Applying this variable change to (3.12), the objective derivative
of D reads

�
D = Z−1

�
Z Z−1 + I β div�v − 2β Z−1div�v. (7.34)

This equation proves the convenience implied by choosing β = 0 as stated earlier. By considering the
balance of damage for D, i.e.,

�
D − f d = 0, where f d = Z−1 f Z−1, and setting β = 0, (7.32), with the

aid of (7.20), becomes
f d = ϕ22 I + 2ϕ̃223 σ̃ |N . (7.35)

Using the spectral decomposition of the symmetric tensor σ̃ |N , one obtains

f d = ϕ22 I + 2ϕ̃223

3∑

i=1

(σ̃ |N )i �ν(i) ⊗ �ν(i), (7.36)

with �ν(i) the normalized eigenvectors associated with the eigenvalues (σ̃ |N )i . Considering only the in-
fluence of the maximum eigenvalue (σ̃ |N )1 and choosing ϕ22 = f 1 (1 − γ ) and 2ϕ̃223 (σ̃ |N )1 = f 1 γ ,
(7.36) reduces to

f d = f 1 Rd, (7.37)

where f 1 is a scalar function, γ is the anisotropy parameter and

Rd = [(1 − γ ) I + γ �ν(1) ⊗ �ν(1)]. (7.38)

f 1 must satisfy condition (5.6), i.e.,
f 1|E = 0, (7.39)

since ϕ22 does so. Equations (7.37) and (7.38) constitute the orthotropic creep damage evolution law by
Murakami and Ohno [23].
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The usual form of the function f 1, when it is applied to describe cracking in creep material, is given
by

f 1 = Bf 〈〈χ〉〉r f IZ
k f , (7.40)

with Bf , r f and k f evolution parameters, χ an equivalent stress (stress measure) and

〈〈χ〉〉 =
{

χ, if χ ≥ 0,

0, if χ < 0.
(7.41)

The equivalent stress is given for example by Hayhurst’s criterion [24]

χ(σ̃ |N ) = αH(σ̃ |N )1 + βH

√
−3 IIσ̃ |D

N
+ (1 − αH − βH)Iσ̃ |N , (7.42)

where σ̃ |N is the effective dissipative stress as defined in (7.20). It combines linearly the effective max-
imum principal stress (σ̃ |N )1, the first invariant Iσ̃ |N and the second invariant IIσ̃ |D

N
of the deviatoric

part of the dissipative stress. The parameters αH and βH characterize the material behavior. Pralong and
Funk [14], on the basis of experiments conducted by Gold [25, 26], Duval [27] and Mahrenholtz and
Wu [6], proposed αH = 0.21 and βH = 0.63 for ice close to the melting point and subjected to low
deformation rates.

The function f 1 satisfies condition (7.39). The concavity for f 1 is given by r f ≥ 1 and the condition
(∂ f /∂σ |N )|E = 0 by r f > 1. A stress threshold σth accounting for damage nucleation can be introducing
as follows [12]

f 1 = Bf 〈〈χ − σth〉〉r f IZ
k f . (7.43)

σth was quantified for ice subjected to low deformation rates by Pralong and Funk [14]. This formulation
considers the influence of the crack activation energy by simply shifting the function f 1 to the right. The
function (7.43) satisfies also condition (7.39). It presents formal advantages for σth > 0. The concavity
condition is, as emphasized before, a sufficient condition, for the entropy inequality to be satisfied. If f is
concave in �g (for example in the dependence of Bf on �g), the term (7.30) assumes its minimum, namely
zero, at thermodynamic equilibrium for every value of r f ; that is, the thermodynamic restrictions (π ≥ 0
and π |E = 0) are always satisfied.

7.5 Healing

The concavity in �g is a strong restriction for f . It forces the term (7.30) to never be negative. Let us now
assume that f is not necessary if concave in �g and rewrite inequality (7.31) as

(σ |N ) i j di j + κi j

θ
gi g j − ρ Yi j fi j + ρ Yi j

∂ fi j

∂(σ |N ) kl

∣∣
∣∣

E

∂ (σ |N ) kl

∂dpq

∣∣
∣∣

E

dpq ≥ 0. (7.44)

The first and the second terms on the left-hand side are related to the energy production supplied by vis-
cous dissipation and heat conduction. They have been shown to be non-negative for the parameterization
given by (7.29) and (7.1). The last two terms can be associated with a dissipative crack power. Suppose
that f grows with σ near thermodynamic equilibrium, i.e.,

∂ f

∂σ |N

∣∣
∣∣

E

is non-negative definite. (7.45)

This is likely satisfied because of the positive feedback observed between damage and stress. By con-
sidering (7.28), ∂σ |N/∂d is positive definite. Regarding (7.10), the fourth term in (7.44) is then positive
when d is negative definite. Therefore, f may be negative definite without violating inequality (7.44). A
negative term corresponds to crack healing and a positive term to crack growth. Crack healing is observed
in glaciers. It leads to the closure and the localization of crevasses [10].
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Healing could be considered by subtracting a healing rate function f
heal

from the dynamic function
of damage, in a way similar to Krausz and Krausz [28],

f = f
crack

− f
heal

, (7.46)

where f
crack

= Z f d
crack

Z is a cracking rate function. f d
crack

can be approximated, for example, by (7.37).
f

heal
is, however, not known for ice. In an attempt to model healing, we propose

fheali j = C f

[
(σ |N )kl dkl + κkl

θ
gk gl

] (
δi j − Z−1

i j

)s f , (7.47)

where C f ≥ 0 and s f > 0 are the parameters of the healing function. This function depends on the
viscous dissipation and on the heat conduction which provide the energy of healing. The dependence on
Z leads to f

heal
= 0 for Z = I (no damage) and prevents damage to decrease for virgin ice.

Let us now assume the parametrization (7.43) for f
crack

and suppose that f
crack

is concave in �g.12 Let
us, moreover, assume that d does not depend on �g, that n ≥ 3 and that σth > 0. With the help of (7.10)
and (7.29) and since f is quadratic in �g, κ is positive definite, κ does not depend on σ |N and �g, and (6.5)1
is fulfilled, the residual entropy production achieves its minimum, namely 0, at equilibrium if

1 + C f ρ Yi j
(
δi j − Z−1

i j

)s f ≥ 0. (7.48)

The thermodynamic restrictions π ≥ 0 and π |E = 0 are in this case always satisfied.

8 Numerical example

In order to present the effect of damage induced anisotropy on the flow of ice, we apply the above damage
model to the case of a plane gravity driven flow down an inclined plane surface.

8.1 Assumptions

For this computation, the following assumptions are made:

1. Constant temperature (isothermal condition) (∂ θ = 0)
2. The elastic stresses are small as compared to the viscous stresses (� → 0; see (7.6) and (7.8))
3. Acceleration terms are neglected in the momentum balance (ρ �̇v → 0)
4. Plane strain flow (∂/∂ y = 0 and vy = 0; flow in the x − z plane)
5. Parallel sided slab subject to zero longitudinal changes (∂/∂ x = 0) and steady state geometry
6. Density variations are neglected for the ice flow (∂ ρ = 0)
7. No healing (C f = 0)

To model glaciers or ice caps in two dimensions, the first four assumptions are usually made in glaciol-
ogy. The parallel sided slab hypothesis is assumed for simplicity. Since a parallel sided slab deforms in
shearing, the cracks are assumed not to open. The density variations of the damaged ice are therefore
inactive and corresponding terms vanish. Finally, healing is not considered since proposal (7.47) has not
been validated.

12 This condition might be too restrictive (see Sect. 7.4)
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8.2 Model

Hypothesis 1 implies that the energy balance need not be considered. Hypothesis 3 reduces the momen-
tum balance to div σ + ρ �b = �0. From assumption 2 and (7.8), it follows that Y = 0 and therefore
with (6.10) that σ = σ |N . With hypothesis 6, the mass balance reduces to div �v = �0 and relation (7.28)
can be used to model the dissipative strain rate. Using identity σ = σ |N and (7.27), relation (7.28)
becomes

(Z σ D)
D = ηvisc(σ , Z , θ) d, (8.1)

with Z described by (3.2) and ηvisc given in (7.29). Z is here a function of Z . This dependence is explicitly

proposed in [13]. By considering the relation σ D = σ + p I with p the pressure, (8.1) becomes

σ = −p1 I − p2 Z−1 I + ηvisc(σ , Z , θ) Z−1 d, (8.2)

where p1 and p2 are two distinct pressures resulting from the two deviatoric indices of (7.27). They
reduce to p = p1 + p2/Z for isotropic damage only. To bypass this problem, one could express the
dissipative deformation by using an alternative dissipation potential

σ |N = ∂ϕ̃(Sz)

∂d
, (8.3)

with Sz = (ρ̂, B, θ, Z−1, �g, d).13 Assuming that ϕ̃ is a function of θ , Z−1 and d only, omitting explicit
terms in Z−2, d2 and of higher order, guaranteeing invertibility of σ |N and assuming that damaged ice is
density preserving, we found

σ
∣
∣D

N
= −δ̃D

12 d + 2
(
δ̃D

21 + δ̃D
22 I〈Z−1, d〉

)
Z−D + 4

(
δ̃D

31 + δ̃D
32 I〈Z−1, d2〉

)
d̃

D
, (8.4)

with

δ̃D
12 = ∂ϕ̃(Sz)

∂ IId
, δ̃D

21 = ∂ϕ̃(Sz)

∂ I〈Z−1, d〉
, δ̃D

22 = ∂ϕ̃(Sz)

∂ II〈Z−1, d〉
, δ̃D

31 = ∂ϕ̃(Sz)

∂ I〈Z−1, d2〉
, δ̃D

32 = ∂ϕ̃(Sz)

∂ II〈Z−1, d2〉
,

(8.5)
and

d̃
D = 1

2 〈Z−1, d〉D
. (8.6)

By neglecting the first two terms on the right-hand side of (8.4), using the identity σ = σ |N and consid-
ering the relation σ D = σ + p I , the dissipative stress becomes

σ = −p I + ηvisc(d, Z , θ) d̃
D
, (8.7)

where ηvisc(d, Z , θ) = 4(δ̃D
31 + δ̃D

32 I〈Z−1, d2〉) can be expressed as

ηvisc(d, θ) = A(θ)−
1
n (−IId + κd)

1−n
2n , (8.8)

with the finite viscosity parameter κd > 0. For isotropic damage and if κσ , κd → 0, (8.2) and (8.7) can
directly be transformed to one another.

Hypothesis 4 leads to dxy = dyz = 0. With (8.2) or (8.7) and the proposed dynamic function of
damage (relations (7.37) and (7.38)), it can be shown that σxy = σyz = 0 and Zxy = Z yz = 0. The stress
and the damage tensors both can therefore be expressed by a plane representation as the strain rate. We
define a Cartesian frame, in which the x- and z-axes are parallel and normal to the slope of the slab. z = 0

13 The dependence on Z−1, instead of Z , is universally valid, since Z−1 can be regarded as a function of Z .
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Fig. 1 Geometry of the glacier, as used in the numerical example

defines the bed and z = H the free surface of the glacier slab, where H is the ice thickness (Fig. 1). The
boundary conditions then are

vx (z = 0) = vx0, vz(z = 0) = 0,

p(z = H) = 0, σxz(z = H) = 0.
(8.9)

With assumptions 4 and 5, (8.7) and (8.9), the balance laws, integrated over z, reduce to

vz = 0,

1

2
ηvisc(d, θ)

[
1 − 1

2
(Dxx + Dzz)

]
∂vx

∂z
= ρ bx (H − z),

p = −ρ bz (H − z) − 1

3
ρ bx (H − z) Dxz

[
1 − 1

2
(Dxx + Dzz)

]−1

.

(8.10)

The first equation results from the balance of mass and the next two from the balance of linear momen-
tum in the x and z directions, respectively. Relations (8.8) and (8.10)2 furnish the differential equation
for vx , for which the boundary condition is vx (z = 0) = vx0. The pressure is given by the analytic
solution (8.10)3. The differential equations for damage read

∂ Dxx

∂t
− ∂vx

∂z
Dxz = f d

xx ,

∂ Dyy

∂t
= f d

yy,

∂ Dzz
∂t + ∂vx

∂z Dxz = f d
zz,

∂ Dxz

∂t
+ 1

2

∂vx

∂z
Dxx − 1

2

∂vx

∂z
Dzz = f d

xz,

(8.11)

with f d given by (7.37), (7.38), (7.41), (7.42) and (7.43). The evolution of Dyy must be calculated,

since Dyy appears in f d . The initial conditions are given by D = 0. Physically, the eigenvalues of D
must be bounded between 0 (no damage) and 1 (full damage); for Z , between 1 and ∞, respectively.
The equations are integrated by using the finite elements method (Femlab code). The implementation is
performed in one dimension. A decoupling algorithm is used (e.g., [29]); that is, the damage equations
and the flow equations are solved separately. At each time step, the damage problem is solved first
(in space with Lagrange elements of order two and in time with a standard Runge-Kutta scheme). The
velocity and pressure are approximated with the results from the previous time step. The non-linear
equation of the flow model is then solved by iteration on the viscosity. The value of the parameters used
in the model are listed in Table 1.
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Table 1 Values of the parameters used in the model. The damage and flow parameters are given by [14]. The thickness
and the slope of the slab reproduce approximatively the shape of a hanging glacier

A = 6.8 × 10−24 (Pa−n s−1) vx0 = 0
bx = 9.81 sin(40◦) (m s−2) αH = 0.21
bz = 9.81 cos(40◦) (m s−2) βH = 0.63
Bf = 1.7 × 10−9 (Pa−r s−1) γ = free
H = 30 (m) κd = 6 × 10−21 (s−2)
k f = k1(|Iσ |N |)0.5 C f = 0

k1 = 3.75 × 10−3 (Pa− 1
2 ) ρ = 910 (kg m3)

n = 3 σth = 3.3 × 105 (Pa)
r f = 0.43

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

20

40

60

80

100

time (−)

ve
lo

ci
ty

 (
−)

γ = 0
γ = 0.5
γ = 0.75
γ = 1

10
4

10
3

10
2

10
1

10
0

10
0

10
1

10
2

10
3

10
4

10
5

time before failure (−)
ve

lo
ci

ty
 (

−)

γ = 0
γ = 0.5
γ = 0.75
γ = 1

a b

Fig. 2 Relative surface velocity (relative to the initial surface velocity) of the parallel sided slab as a function of the relative
time (relative to the time of failure tf = 46.1 days of the isotropic case) for different values of the anisotropy parameter γ .
a) linear representation, b) logarithmic representation with the time before failure defined as tf − t

8.3 Results

Figure 2a shows the evolution of the surface velocity of the ice slab as a function of time for different
values of the anisotropy parameter γ (see (7.38)). The velocity reaches a finite time singularity; that is, it
increases indefinitely (forming a singularity), while the time tf corresponding to the infinite velocity (time
of failure) is finite. The time of failure of the slab depends on the choice of γ . Finite-time singularities
can be described by Voight’s differential equation [30], which models the temporal evolution of a critical
quantity (here the displacement of a material point at z = H ). The time integration of Voight’s equation
leads to [30]

vx (t, z = H) = a� (tf − t)−m�, (8.12)

with a� and m� the parameters characterizing the acceleration of the unstable ice chunk. Figure 2b
shows the logarithm of the velocity as a function of the logarithm of the time tf − t . In this representation,
(8.12) is described by a straight line.

Figures 3 presents the evolution of the damage for different anisotropies near the glacier bed (at
z = H/100). The vorticity of the flow induces a rotation of the damage tensor (the rotation is modeled
by the Jaumann derivative). For anisotropic damage, the different components of the damage tensor are
thus oscillating around the values of the diagonalized damage tensor. The rotation of the flow increases
with the velocity gradient and leads to accelerating oscillations of the damage components.

Figure 4a depicts the distribution of damage along the vertical axis on the verge of failure (at
t = 0.98 tf) for different anisotropies. The kinematics of the damage accumulation is delayed when z
increases, due to the decrease of χ (see (7.43)) with increasing z. The damage evolution observed along
the t-axis in Fig. 3 appears here along the z-axis. Above z ≈ 0.4 no damage develops, because of the
stress threshold σth introduced in the dynamic function of damage (7.43).

The term 1
2 (Dxx + Dzz), appearing in (8.10)2 and controlling the surface velocity, does not oscillate,

since the oscillating contributions of Dxx and Dzz vanish (Fig. 4b). The prominent discontinuity observed
during the evolution of 1

2 (Dxx + Dzz) for γ = 1 coincides with the period when Dyy �= 0 (Fig. 3d and f).
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Fig. 4 a) Distribution of Dxx as a function of the relative height of the ice slab at t = 0.98 tf for different anisotropies. b)
Temporal evolution of 1

2 (Dxx + Dzz) for different anisotropies at z = H/100. For each curve, the time is normed with the
failure time of the corresponding anisotropy

During that period, Rd
yy (see (7.37)) is first positive and then negative14 forcing Dyy to increase and

decrease, respectively. These variations of Rd
yy are due to the rotation of the principal eigenvector of σ̃ |N .

At the same time, the terms Rd
xx and Rd

zz are also affected by the rotation of the principal eigenvector
of σ̃ |N and induce the discontinuity of 1

2 (Dxx + Dzz). Similar disturbances of 1
2 (Dxx + Dzz) (Dyy ,

respectively) occur also for γ = 0.5 and γ = 0.75. They are smaller and happen closer to the failure
time. No disturbances appear for isotropic ice, since the direction of the principal eigenvector of σ̃ |N is not

14 The negative value of Rd
yy (and f d

yy , respectively) is due to the change of direction of the damage accumulation. It does
not correspond to healing.
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considered in the dynamic function of damage. For anisotropic damage, the disturbances of 1
2 (Dxx +Dzz)

influence the surface velocity. The result is that the surface velocity can be described by (8.12) only until
the disturbances appear. Field measurements, carried out on unstable ice masses with a geometry similar
to that of the model, show that the velocity can adequately be described by (8.12) [31, 32]. However,
these measurements do not cover more than the first order of magnitude of the surface velocity increase
and therefore cannot validate the results of this numerical example.

9 Conclusions

The thermodynamic restrictions to the parameterization of compressible viscoelastic materials with or-
thotropic damage have been derived. Using these restrictions, a model for ice has been proposed. The
ice is considered as a viscoelastic solid where the viscosity and elasticity are influenced by orthotropic
damage. The elastic and damage effects have been derived, such that, if they are ignored, the classical
Glen-type flow law, which describes the viscous deformations of ice, can be restored. The strain (stress,
respectively) equivalence principle, which is commonly used in continuum damage mechanics, emerges
here from the assumption that the strain rate (stress, respectively) can be derived from a dissipative po-
tential depending on the damage and the stress (strain, respectively). The objective time derivative of
the damage tensor has been determined to be the Jaumann derivative. The damage accumulation law by
Murakami appears to be a particular form of the isotropic expansion of our choice of constitutive vari-
ables. Its thermodynamic restrictions are presented. Damage healing, which is crucial for the dynamics of
crevassed glaciers, is not known for ice. A damage healing function, which satisfies the thermodynamic
restrictions, has been proposed. It has, however, not be validated by measurements.
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