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Abstract: In this paper we construct Birkhoff coordinates for the focusing nonlinear
Schrodinger equation near the zero solution.

1. Introduction
Consider the focusing nonlinear Schrodinger equation (fNLS)
iy =~y = 21y Py (LD

with periodic boundary conditions, i.e. ¥ (x + 1,7) = ¥ (x, ) for x,¢ € R. The fNLS
equation (1.1) is integrable and admits a Lax-pair formalism — see [14]. It can be written
in Hamiltonian form as follows. Let L2 := L%(T, C) denote the Hilbert space of
L’-integrable complex-valued functions on the circle T := R/Z and let £? := L? x L?.
For C'-functionals F and G introduce the Poisson bracket

1
(F, G} (¢) = i/o (8, F 95, G — 8y, F 3, G) dx, (1.2)

where ¢ = (¢1, ¢2) and 9y, I denotes the L?-gradient of F with respect to ¢;,i = 1, 2.
The Hamiltonian system with Hamiltonian

1
HEwa=A(mwmm+%%wx (13)

is then given by
0 (@1, ¢2) = i(—=0p, H, 3y, H). (1.4)
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Equation (1.1) is obtained by restricting (1.4) to the invariant subspace
if% = {(tm,wz) el = —@2}.
With (1, ¢2) = (i, —¥) one has
O = idy Hy = idgy + 2|y Y, (1.5)
where
1 - -
He(Y) = /0 (=Y i + Y79 7)d. (1.6)
When restricting (1.4) to the invariant subspace
L = {(901,@2) €L’ = @z}

of £? one obtains the defocusing nonlinear Schrodinger equation (ANLS). With
(¢1, 92) = (¥, ) one has

b = —idy Ha =03y = 2ily Py, (17)
where

1
Ha(¥) = /0 @3V + Y29 2)dx.

Equation (1.4) admits the Lax pair representation

9 L(p) =[A(p), L(@)], (1.8)
where ¢ = (¢1, ¢2), L = L(¢) is the Zakharov-Shabat operator (ZS operator)
_.(10 0 ¢
L(p) ._1(0 —1)8"+(<p2 O) (1.9)

and

202+ 0192 —0r91 — 2010y
A =1 x .
@) (3x<ﬂz +200 207 — o192

Birkhoff normal form. The theory of normal forms of integrable (or near integrable)
systems aims at representing such systems in coordinates which are particularly suited
to integrate them as well as to study their (Hamiltonian) perturbations. The most simple
case is arguably the normal form of such systems near an isolated equilibrium solution.
It goes back to Birkhoff and is usually referred to as Birkhoff normal form.

Assume that the origin 0 of R” x R" is an isolated equilibrium of some Hamiltonian
system with real analytic Hamiltonian H and standard symplectic structure. It means
that 0 is an isolated singular point of the corresponding Hamiltonian vector field X .
For simplicity, we assume that H admits an expansion of the form

1 - 2 2
szzgxi(qi+pi)+~--,
1=
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where z = (g, p) denotes a point near 0 € R” x R” and the dots stand for terms of
higher order in z. The real numbers Ap, ..., A, are referred to as the frequencies of the
linearized system. They are said to be nonresonant up to order m, if

n n
> kiki # 0 whenever 1 < > |ki| <m,
i=1 i=1
where ki, ..., k, are arbitrary integers and m > 1. They are nonresonant if they are
nonresonant up to any finite order. A Hamiltonian A is in Birkhoff normal form up to
order m if it is of the form

H=Ny+Ng+---+Np+---,

where the Ni, 2 < k < m, are homogenous polynomials of order k, which are actually
functions of q,f + p,%, 1 <k < n,and where . .. stands for terms of order strictly greater
than m. If this holds for any m, the Hamiltonian is said to be in Birkhoff normal form.
Birkhoff showed that if the frequencies A1, ..., A, are nonresonant up to order m > 3,
then there exists an analytic canonical transformation ® = id + - - - near 0 such that

Ho®d=Ny+Ns+---+Npy+---

is in Birkhoff normal form up to order m. If the frequencies A1, ..., A, are nonreso-
nant up to any order, then this normalization process can be carried to any order. The
resulting symplectic transformation, however, is in general no longer convergent in any
neighborhood of the origin and can only be given the meaning of a formal power series.

If some canonical transformation into Birkhoff normal form were convergent, then
the resulting Hamiltonian would be integrable in a neighborhood of the origin, the
integrals in involution being q12 + p%, e q,% + pﬁ. It turns out that a certain converse
is true. If a Hamiltonian with a nonresonant elliptic equilibrium admits n functionally
independent integrals in involution, then the formal transformation into Birkhoff normal
form is convergent, hence the Hamiltonian itself is integrable. Such a result was proven
by Vey [13] and then improved by Ito [7] and Zung [15]. Note that the normalizing
transformation is typically only defined in a neighborhood of the elliptic equilibrium.
In case the transformation is defined on all of phase space, one refers to the Birkhoff
coordinates as global Birkhoff coordinates.

In the last decade, normal form theory has been extended to Hamiltonian PDEs. In
particular, Birkhoff normal forms of finite order have been studied for Hamiltonian PDEs
and applied to obtain results on long time asymptotics for solutions near an equilibrium
— see e.g. [2] and references therein. As in Hamiltonian systems of finite dimension,
in the case of integrable PDEs one expects stronger results to hold. First results in this
direction were obtained for the KdV equation and the defocusing nonlinear Schrodinger
equation — see [8], respectively, [6].

Denote by HY = HY (T, C) the Sobolev space of complex valued functions on the
circle T,

HY(T,C) := {yr(x) = D ¥ (k) : Iy < oo},
keZ

where for N > 0,

1

Iyl = (Z(l + |k|>2N|xﬁ(k)|2) :

keZ
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and ¥ (k) = fol W (x)e 2" dx, k € Z, denote the Fourier coefficients of 1. Further
let léz be the Hilbert space

180 =1%(Z.C) x (Z,C), (x,y) = (X, Ykez-

We endow 1(2cz with the standard Poisson bracket for which {x;, yv} = — {yr, 2k} = 1

for any k € Z whereas all other brackets between coordinate functions vanish. It induces
the standard Poisson brackets on the real subspaces

lg, == 1*(Z,R) x *(Z,R) and ilg, :=I*(Z,iR) x [*(Z,iR).
More generally, for any N > 0, introduce

13 =13(Z,C) := {x = (x))jez| x € I*(Z,C), | x|ly < o0},

where

Ixlly = [ D@+ 1D x> | < oo
JEZL
The main result of this paper is the following
Theorem 1.1. There exist a neighborhood Wy of 0 € iL2%, a neighborhood Ur of

0e ilﬂzgz, and a map

Sr:Wr— Uy
such that

(i) @y is -1, onto, bi-analytic and preserves the Poisson bracket.
(ii) The coordinates (xi, y)rez, = P (@) are Birkhoff coordinates for the focusing

NLS equation, i.e. for ¢ € i,C%2 N(H' x HY), the Hamiltonian Hyo <I>;1 depends
only on the action variables Iy = %(x,% + y,%), k eZ.
(iii) Forany N > 0, ® r maps W N (HN x HN) diffeomorphically onto Uy ﬂ(llz\, X lizv).

Remark 1.1. Statement (iii) of Theorem 1.1 remains valid if the Sobolev space H N
is replaced by the weighted Sobolev space H® with subexponential weight @ and,
correspondingly, the sequence space l/2v by the weighted sequence space lf) — see [9].

Theorem 1.1 can be used to obtain a KAM-result for the focusing NLS equation of
the type obtained in [5] for the defocusing NLS equation. In the case of fNLS it is valid
in a neighborhood of 0 of the invariant subspace of i L%z U (HY x HN) consisting of
odd potentials. It improves on the KAM theorem established in [10] and can be proved
in the same way as the corresponding result in [5].

To prove Theorem 1.1 we use that the defocusing NLS equation admits global
Birkhoff coordinates. More precisely, in [6] it is shown that there exists a real ana-

lytic canonical map @ : E%z — lﬁz which associates to a potential ¢ in E%z its Birkhoff

coordinates (xx(¢), Yk(¢))rez. The map ® extends analytically to a map W — léz,

defined on an open neighborhood W of 5%2 in £2. In order to provide Birkhoff coordi-
nates on a neighborhood of 0 for the focusing NLS-equation, we will show that there
exists a neighborhood of 0 in i E%z N W so that the restriction of ® to this neighborhood
has all the properties listed in Theorem 1.1. The main point consists in verifying that

OLR NW) Cilg,.
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2. Set-up

In this section we introduce some more notations, recall several results needed in the
sequel and establish some auxiliary results.

2.1. Spectral properties of L() and its discriminant. For ¢ = (1, ¢2) € L2, consider
the ZS operator L(¢), defined by (1.9). For any A € C, let M = M (x, A, ¢) denote the
fundamental 2 x 2 matrix of L(¢p),

L(@)M =AM,

satisfying the initial condition M (0, A, ¢) = Ida«2. The entries of M are denoted by
M;j,(1<i,j<2).

Periodic spectrum. Denote by Spec,,..(¢) the spectrum of the operator L = L(¢)
with domain

domyer(L) := {F € H}, x HL | F(1) = £F(0)}.

This spectrum coincides with the spectrum of the operator L(¢) considered on [0, 2]
with periodic boundary conditions. The following proposition is well known—see e.g.
[6], Prop. L.6.

Proposition 2.1. For any ¢ € L2, the set of periodic eigenvalues of L(¢) (listed with
multiplicities) consists of a sequence of pairs (A (@), A3 (¢)), k,f (¢) € C, satisfying

M) =k + (k)

locally uniformly in @, i.e. ()L,jf (@) — km)kez, € I1>(Z, C) and the sequences are locally
uniformly bounded.

We say that two complex numbers a, b are lexicographically ordered, a <X b, if
[Re(a) < Re(b)] or [Re(a) = Re(b) and Im(a) < Im(b)].

Proposition 2.2. (i) For ¢ = (Y, ) € L%, the periodic eigenvalues (A,f((p))kez
are real. Moreover, they can be listed (with multiplicities) in such a way that

...AZ_1<A;§)LZ<)L]:+1~'. 2.1)

(ii) For potentials ¢ = (Y, =) € iﬁ%2 the periodic eigenvalues ()\,f (@) kez can be
listed (with multiplicities) in such a way that Im(A;) > 0Vk € Z, and (A} (¢))kez,
is lexicographically ordered. In addition, for any k € 7Z, A is given by

A=A

Proof. (i) For ¢ € L%, the operator L(¢) with periodic boundary conditions is self-
adjoint, hence its spectrum is real. The sequence of inequalities (2.1) follows from [6],
formula (I.20). (ii) The claimed statement follows from Proposition 2.1 and the fact that
if F = (Fy, F») is a periodic eigenfunction with eigenvalue A, then F = (—F>, F)) is
a periodic eigenfunction with eigenvalue A. 0O
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Dirichlet spectrum. For ¢ € L2, denote by Specg;.(¢) the Dirichlet spectrum of the
operator L(¢), i.e. the spectrum of L(¢) considered with domain

domgir(L) := {F = (F1, F) € H'([0, 1], ©)*| F1(0) = F2(0), Fi(1) = F>(1)}. (2.2)

Note that the Dirichlet spectrum is discrete. The following results are well known—see
e.g. [6] Prop. 1.9, formula 1.22.

Proposition 2.3. (i) For ¢ € L? the Dirichlet eigenvalues (ju;(¢))iez, can be listed
(with multiplicities) in such a way that they are lexicographically ordered and
satisfy the asymptotic estimates

k(@) =kt +12(k),

locally uniformly in ¢.
(i) For ¢ € L2, the Dirichlet eigenvalues are real and satisfy

A (@) < () < Ap(@).

Discriminant. Let A(A, @) := M11(1, A, ¢) + M2 (1, A, @) be the trace of the funda-
mental matrix M evaluated at x = 1. It is well known that A(4, ¢) is an entire function
on C x £ ( cf. [6], Lemma 1.1 ). Denote by A the partial derivative of A(%, ¢) with
respect to A. The following properties of A(A, ¢) are well known— see e.g. [11] or [6],
Sect. 1.2, Lemma 1.19, Lemma 1.20, and Lemma 1.22.

Proposition 2.4. (i) Forany ¢ € £? and any ) € C,

(M@ = 2) (b (@) = 2)

A0 g) —4=—4 () = 1) (5@ =) [ ] e

k#£0

(ii) Forany ¢ € L2, the A-derivative A of A(, @) has countably many roots. They
can be listed (with multiplicities) in such a way that they are lexicographically
ordered and satisfy the asymptotic estimates

h =k + 12 (k),

locally uniformly in ¢. For any ¢ € L2, A(\, @) admits the following product
representation:

. . Ak — A
A, @) =200 -0 [[=—
k#0 T

(iii) Forany ¢ € iE%2 and ) € C,

A, @) = Ak, @) and A(r, @) = AL, ).
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Proof. The first two items are proved in [6], Sect. 1.6. The third item is well known —
see for example [1]. For the convenience of the reader we repeat the proof here. Let
F = F(x, A, ¢) be the solution of

L(p)F =AF (2.3)

such that F|,—9 = (1,0). Then Fi(x,A,¢) = M;; fori = 1,2. A straightforward
computation shows that

ﬁ(xv )"1 (p) = (_E(-xs )_"7 90)1 Fl(xv )_\'7 (p))

is a solution of (2.3) with F|,—o = (0, 1). Hence, A(A, ¢) = Fi(1, A, ) + Fa(1, &, ¢).
The latter equality proves the statement. O

Spectral properties of potentials in i E%Z near (. Potentials ¢ € i L%z near the origin

have additional spectral properties. To describe them let (Dy);c7 denote the sequence
of disks in C with center k7 and radius 7 /4.

Proposition 2.5. There exists a neighborhood W of 0 in L?, such that, for any
peWn i£2 and k € Z, the following properties hold:

(i) Specpe,(L(¢)) O Dy = {3y, 251
(ii) Crlt(A( 9)) N D = {A};

(i) Specy;, (L(¢)) N D= {miks
(iv) i € R and AGE(9), ) = 2(— Dk,

Proof. The existence of a neighborhood W of 0 in £ so thatany ¢ € W N iﬁ%2 satisfies
items (i) — (iii) follows from the fact that for ¢ = (0, 0),

A =AM == =kn Vk € Z
together with Proposition 2.1, Proposition 2.3 (i) and Proposition 2.4 (ii).
By Proposition 2.4 (iv) the critical points Ay of A are either real or they occur
in complex conjugate pairs. By item (ii) they cannot occur in complex conjugate

palrs Hence they must be real. Further, by a deformation argument, one sees that
A(k (@), ¢) = 2(—DF and item (iv) is proved as well. O

2.2. Branches of the square root. We need to consider different branches of the square
root.
Canonical branch. We denote by {/z (or simply by ./z) the principal branch of the

square root defined on C\ {x € R|x < 0} by J1=1.Givena,b € C with a # b and
a < b, we denote by +/(a — z)(b — z) the standard branch of the square root, defined
on C\[a, b] and determined by

V(@ =2 =2 ocprpay = — V20 — a), (2.4)

where [a, b] denotes the interval {ta + (1 — r)b| 0 < t < 1} in C. Using the pro-
duct representation of AZ(x, ) — 4 (cf. Proposition 2.4 (ii)), we now define, for

L€ C\(Ugezlry , A, and ¢ € L2, the canonical square root \/A2(%, ¢) — 4 by

Jox @) = )65 — 1)
kr '

8200 9) — 4= 20 05 (9) = 0@ - [ ]

k#£0

2.5)
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One easily sees that for any ¢ € L%Z and A € [A, (¢), )»Z((p)] CR,

+ (—D5YA2(L tio, ) —4 > 0, (2.6)

where o denotes a real positive infinitesimal increment.
y-branch. Recall that for any k € Z we denote by (Dy)ic7 the disk in C with center
km and radius 7 /4.

Proposition 2.6. There exists a neighborhood W of 0 in £ so that for any ¢ € Wﬁiﬁ%,
the following properties hold: For any k € Z there exists a smooth arc yy C Dy from
A (@) to A3 (@) such that

@) A, @) eR, forany A € Upeg v
(ii) the orthogonal projection of y to the imaginary axis is a diffeomorphism onto its
image;
(i) yx = yis
iv) M € v NR;
(V) A0, ) —4 < 0 forany i € Uz (e \IAF, A D).

Remark. For related results for non-selfadjoint Hill’s operators see also [12].

Proof. Forany A € C, write A = u +iv withu, v € Rand let A = A| +iAj, where
A1(u, v; @) :=Re(A(u +iv, ¢)) and Ay (u, v; @) := Im(A(u +iv, ¢)). For any given
Q€ iﬁ%z we want to study the zero level set of Ax(&, ¢) = Az (u, v; @) in C. To this
end, consider the function

F(u,v; ) := Ax(u,v; 9)/v. 2.7)

By Proposition 2.4 (iii), A(, @) is real-valued on R x iﬁ%. Hence, A (u, v; ) =0
for A € R, and thus, for any ¢ € iﬁ%,

1
F(u,v; ) = / (0yA2)(u, vt; @) dt . (2.8)
0

As A(A, @) is an analytic function on C x L2, Fisareal analytic functionon R xR xi £,
hence has an analytic extension to a neighborhood of R x R x i E%z inC x C x £?

which we again denote by F. Note that for any given ¢ € iﬁ%, the functions F (-, -; ¢)
and Aj(+, -; @) have the same zeroes in R x (R\{0}), hence it suffices to study the zero
level sets of F. To this end consider the following map:

F:B® x (—=1,1) xiLy — I® =1"(Z,R) (2.9)

defined by F = (Fi)rez With
Fr(u, v; @) := F(k + ug, v; ¢), u:= (up)iez. (2.10)
Here B® := {u € | ||lullec < 1}.! It follows from (2.8), Cauchy’s inequality (see
e.g. Lemma A.2 in [8]) and Lemma 1.2 in [6] that F : B*®® x (—1, 1) x iﬁ%2 — [
extends to a locally bounded function F¢ : Vo — [*°(Z, C), where V¢ is an open
neighborhood of B> x (—1, 1) x ilj%2 in (B® x (—1,1) x iL%) ®C. Asforany k € Z

1 More generally, for any § > 0 let Bg® :={u el®||ulloc < 8}.
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the component Fj is analytic on V¢ (cf. (2.8)) we conclude from Theorem A.3 in [8]
that F is real analytic on B® x (—1, 1) x iﬁ%z.
Note that A(A, 0) = 2cos A and A, (u, v; 0) = —2sin u sinh v. Hence,

Flu=0,v=0,p=0 = (=2 8inkm)cz =0

and

oF .
= lu=0.0=0,9=0 = 2 diag((— 1))z

By the implicit function theorem there exist an open neighborhood Wi of ¢ = 0ini E%z’
& > 0, and a real analytic function

G:(—&,8) x Wi =17, G=(8ez
such that for any v € (—¢, ¢) and any ¢ € W1,
F(G, ), v;9) =0.
Moreover, there exists § > 0 such that the map (—¢, &) x W| — B x (—¢, &) x Wy,
v, )~ (G, 9),v,9),

parametrizes the zero level set of F in Bg’o X (—¢, &) x W. In particular, for any ¢ € Wy
and any k € Z, the intersection of the zero level set of F with

D{ :={r € C||Re(}) —kmr| <8, |Im(A)| < &}
is parametrized by zx : (—e, &) — Dy,
vi> kr+gr(v, @) +iv.

Let yx := Image(zx) C D,ﬁ. By definition (2.7) of F, yx\R coincides with the intersec-
tion of the zero level set of A, with D,‘i\R. As A(A, p) isreal for A € R, we see that the
intersection of the zero level set of A, with D,i coincides with

Zy = ka(Dl‘i NR)CC.
Hence, for any ¢ € Wy and any k € Z, any complex number A € Dy satisfies
Ad,p) eRE= L e Z;. (2.11)

Recall that at ¢ = 0, AIQ—L =y = kx and A()»,:—L) = 2(—1)¥. Hence, by Proposition 2.1
and Proposition 2.4 (ii) there exists an open neighborhood W of ¢ = 0 in £? such that
Wﬂiﬂ%2 C Wj and for any ¢ € Wﬂiﬂ%zandanyk e,

AE(@), hi(p) € Df and AL (), @) = 2(—=DF.

Using that A()\f{t(w), Q) = 2(=D¥ as well as the symmetry A, @) = A(A, ) one
sees that forany ¢ € W N iﬁ%2 and any k € Z,

I (@), hi(p) € Zi.
Now one easily sees that for any ¢ € W NiL2,,
e = N{reClIAMW] =2}

has the claimed properties. O
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Let W be a neighborhood of 0 in £ as in Proposition 2.6. For ¢ in W N ill%2 we now

define the following modification V\k/()»; () — M) (Af (@) — 1) of the standard branch of
the square root defined by (2.4): first define it for A € C\ Dy by

VOg (@) =05 (@) =) = \‘/(?»k_ (@) =M (p) — ), (2.12)

and then extend it by analyticity to C\yx. The y-root of A2(%, ¢) — 4 in C\ Ugez v is
defined by

Yy (@) = VDA (@) — 1)
km '

YD 9) — 4= 2 Y05 (@) = D050 — M ]
k40
(2.13)

Similarly as for the canonical root of AZ(A, ¢) — 4 for ¢ € £2,, one verifies that for any
@ e WNil2%,keZand A € y, we have

+ (=D i YA20. £0,90) —4 > 0, (2.14)

where o denotes a real positive infinitesimal increment.

2.3. Action variables for ANLS and their analytic extensions. Let g € E% be a potential
of real type. Following [6], Sect. II.1, we associate to ¢ the k™ action variable
1 AGh, 9)
Ii(p) == — | &

——d),
T Jre AN, @) — 4
where I'y is a counterclockwise oriented contour in C around the interval [A, (¢), )L,Jg (©)].

The I'y are chosen so small that together with their interiors they do not intersect each
other. Alternatively, I; can be written as

1 ,
L(g) = ;/F log [(—1)k (A(A,w)—:/ A2(A,<p)—4)]d/\. (2.16)
k

(2.15)

By [6], Theorem II1.2 and [6], Prop. II1.21, we have the following results:

Proposition 2.7. There exists a neighborhood W of E% in £ such that for any k € Z,
the action variable Iy analytically extends to potentials ¢ € W and

(1) (2.15)—(2.16) hold on W,
(ii) {Ij, Ik} = 0forany j, k € Z.

Proof. By Theorem II1.2 in [6], I} and I; are real analytic functions on 5%3- Hence by
Proposition II1.24 in [6], {Ik, Ij} is real analytic as well and {Ik, Ij} |£%2 = 0. This

shows that {Ix, I;} = 0 in some neighborhood of L% in£2. O
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2.4. Angle variables for dNLS and their analytic extensions. Letg € E% and denote by
(@) the curve (@) = {(A, 2) : 22 = A%(p, A) — 4} C C2. In view of definition (2.2),

for any Dirichlet eigenvalue px of L(¢) one has
(M1 + M)t = (Mo + M) 1,y - (2.17)
Using (2.17) and the Wronskian identity det M (1, A) = 1, it follows that

A*(pr, @) —4 = (May + Mi2)fy .-

The latter identity allows us to choose a sign of the root v/ AZ(ux, @) — 4,

VA2 (g, @) — 4 = (May + Mi2)1, s

and hence the point 1} on X (¢)

Wy = (.U«k, VA2 (g, @) — 4) = (k, (Ma1 + M12)j1,,) -

We refer to ,uz as a Dirichlet divisor. Following [6], Sect. III.3, we can associate to

(S E% for any k € Z with A, < Af, the k™ angle variable 6 (¢), defined by the
following path integral on X (¢):

K ()
Ok (@) = § / — 22 d) mod 27, (2.18)
JEZL iV AZO‘) —4

where x,(A) = xn (A, @), n € Z, is a family of analytic functions on C x L%z uniquely
determined by the normalization conditions

1 Xn(A)

— | 2 =g,
27 Jr, A2 — 4 "

Each angle variable is real-analytic modulo 27 on the (dense) domain E%\Dk, where

Vj.nel. (2.19)

Dy :=1{p € L] 3 (9) = A (@)} (2.20)

In fact, the right-hand side of (2.18), when taken modulo 7, analytically extends to
W\Dy, where W is a (sufficiently small) neighborhood of £%, in £* which is inde-
pendent of k (cf. Theorem III.10 in [6]). By Theorem III.10, Proposition II1.24, and
Proposition II1.25 in [6], the following results hold.

Proposition 2.8. There exists a neighborhood W of ﬁ%z in L2 so that for any k € 7,
Xk extends analytically to C x W and 6y, when taken modulo w, analytically extends to
WA\ Dy, satisfying the following properties:

(1) relations (2.18) and (2.19) hold for any k, n, j € Z;
(i) {Ij, Gk} =8 on W\Dy forany j, k € Z;
(iii) {Gj, Gk} = 0o0n W\(Dy UD)), foranyk, j € Z.
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2.5. Birkhoff coordinates for dNLS and their analytic extensions. In [6], Chapt. IIL, it is
shown that the map

DLy = g, @ P9) = (@), Yk (@)kez
given by

[ V2I(9) (cos Ok (@), sin Ok (@) if ¢ € L2\ Dy

defines global Birkhoff coordinates. More precisely, the following theorem holds.
Theorem 2.1. The map

(O ;C%—\;{ — l]]2§2
is a diffeomorphism with the following properties:

(1) ® is bi-analytic and preserves the Poisson bracket.

(i) The coordinates (xi, yi)rez, = P (@) are Birkhoff coordinates for the defocusing
NLS equation (and its hierarchy), i.e. for ¢ € E% N(H' x HY), the push forward
Hy o @~ of the ANLS-Hamiltonian Hy depends only on the action variables
Iy = %(x,% +y,%), k € Z.

(iii) Thedifferential at0, dy® : E% — lﬂéz, is the Fourier transform (cf. [6], Prop. I11.20).

More precisely, for any f = (f1, f2) € L2, the image (£,1) := do®(f1, f>) is
given by
A=k + k) . fi(=k) = fk)
= — 2.21
(&ks k) ( 7 Ji 7 ) (2.21)
or
(&, m) = —(V2Re fo(k), v/2Im fr(k)). (2.22)

(iv) Forany N > 1, ® maps C%z N(HN x HV) diffeomorphically onto lﬂéz N (l,z\, X lizv).

By Theorem 2.1, the map P : ﬁ%a — l]sz extends to an analytic map on a neighborhood
of L‘% in £2 with values in lézz
Proposition 2.9. There exists a neighborhood W of 0 in £, and a neighborhood U of
0 in [2, such that ® analytically extends to a map W — U, which we again denote by
D, satisfying the following properties:
(i) ® is 1-1, onto, bi-analytic and preserves the Poisson bracket.
(ii) The push forward H o ®~' of the Hamiltonian (1.3), restricted to U N (l% X l%),
depends only on the action variables I;, = %(x,f + y,?), k € Z.
(iii) The differential at 0, dy® : L*> — léz is the Fourier transform and is given by the
formula (2.21) for arbitrary elements (fi, f>) € L>.
(iv) For any N > 0, the restriction of ® to W N (HN x HN) is a diffeomorphism
WnHY x HY) > Un @} < 13).

Proof. By Theorem 2.1,
(do®)| 2 = do(®lp2) : L7 — I
is a linear R-isomorphism given by formula (2.21). As & is real analytic it then follows

that do® : £> — [2, is a C-linear isomorphism given by formula (2.21). The claimed
statements then follow from the inverse function theorem and Theorem 2.1. O
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3. Actions

In this section we want to show that the action variables for ¢ in a neighborhood of 0
in i £2, are real valued. Let W be a neighborhood of 0 in £ such that Proposition 2.5,
Proposition 2.6, and Proposition 2.9 hold. The main result of this section is the following
one.

Proposition 3.1. For any ¢ € W N iﬁ%z, the action variables (2.15) are real valued.

Proof. We have to show that for any k € Z, I = Ir. By (2.15), and Proposition 2.7 (i),
1 A
AW (*)

T Az()\.)

where we chose I' to be the (counterclockwise oriented) circle in C of center k7 and
radius /4. Then

Iy = (3.1

I = l/ P DRy (3.2)
Ty

JAZ(L) —4

Ash, = k_,’g by Proposition 2.2, it follows from the definition of the standard branch of
the square root (cf. Sect. 2.2), that

Joi =008 =0 =yog - Dog -,
and thus by (2.5),

VA2 —4 == A2 — 4.

When combined with Proposition 2.4 (iii), formula (3.2) becomes

1 /_\ A 7
—VA2(1) —

Parametrize 'y by A(t) = km + %e” with 0 < ¢ < 2. Then A(r) = A(—t) and
dr = —iT”e’i’dt, and thus

_ 1 /2” A=)
\/‘AM( 1) —4 5

1 A A(A(s)) LT

- - T eisd
O A

= I,

Iy =

l( t)dt

where for the latter identity we used again (3.1). O

In fact, one can show that for p € W N i L2 , the action variables are nonpositive.

Proposition 3.2. Let W be the neighborhood of 0 in £ as in Proposition 3.1. Then for
anyk € Z.and ¢ € W NiL3, we have I < 0.
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Proof. Tt follows from Proposition 2.7 (i) that for any k € Z,
1
1) = [ o[ -1f (800 - VA0 = 4)|dr 6
T Ik

If A, = A{ then (3.3) shows that [z (¢) = 0. So for the rest of the proof we assume
that A, # Af. By (2.5), (2.12), and (2.13) one has \/A2(A) —4 = J/AZ() — 4 for
A € Ugez Tk and by (2.14), forany k € Z, A € yi\ {1, Af}, and € € {—1,+1},

e(—=DKi Y A2 +€0) — 4 > 0. (3.4)

Hence, by Proposition 2.6 (v),

(=DM Y AL +€0) — 4 = V4 — A2(), (3.5)

where o denotes a real positive infinitesimal increment. In addition, it follows from (3.4)

that for any A € [Jpez (% \{A}, A, }) the imaginary part of {/A%(A £ 0) — 4 does not
vanish. Hence, the sign of this imaginary part remains constant. As a consequence, for

A € yi\{A}, Ay }, the principal branch of the logarithm

log [(-1)" (A(A) — YA £0) — 4)]

is well defined. By shrinking the contour 'y to y%, and assuming that yj is oriented,
issuing from A, and ending at A}, we can write

L(p) = %/yk log [(—1)" (A(k) — YN0 +0) —4)]dx
—% log [(—1)" (A(A) — YA~ o) —4)]dx.

Yk

As by (3.5), for any € € {—1, +1},
(=DFYA2(h+€0) —4 = —€i4 — A2(0),

it then follows that

Li(g) = %/ log [(-1)%(}\) +iva_ AM)] dx
Yk
1 g [(—1)%@) —iJa- A2(x)] . (3.6)

T Iy

Using that for A € y,
‘(-1)%(1) +iva— Az(k)‘ - ‘(—l)kA()L) —iJa— A2

one sees that

Re (log [(—1)’<A(,\) +iva_ AZ(A)]) — Re (log [(—l)kA(A) 4z Az(k)]) .

’
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Moreover, as A(X) is real valued and —2 < A(X) < 2 for A € y,, one has

Im (log [(—1)"A(/\) +iv4— AZ(A)D = —Im (log [(—l)kA(A) —iva— AZ(A)]) .

Hence (3.6) leads to the identity
2 . k -
L(g) = —/ i Im (log [(—1) AG) +iv/4— Az(k)]) dh.
T Jy

To evaluate the latter integral, parametrize the path y by the imaginary part. By Propo-
sition 2.6 (i7) this is possible, i.e. there exists a Cl-curve 1 — a(t) so that

At) =a(r)+ti, || <ImAf.
Then, with a(t) = %a(r),
dx = (a+i)dt.

As the action variables are real valued by Proposition 3.1, we get

2 ImA;
L(p) = —;/I ‘ Im (1og [(—1)’%@(;)) +iJ4— Az(k(t))]) dr.

mi;

Since for any |f| < ImA},

Im ((—l)kA(k(t)) +iv4— Az(k(t))) = V4= A2(0()) > 0,
one concludes that

Im (1og [(—l)kA(k(t)) +id4— Az(m))]) € (0, 7).

Thus we have shown that I; () < O forany k € Z with A, # A{. O

Foro e W N iﬁ%z, Proposition 3.2 can be used to obtain a formula for the Birkhoff
coordinates (xi, Yk)xe7z provided by Proposition 2.9. It follows from the construction in
[6], II1.4, that for any ¢ € W\ Dy,

A —A A — A
xkzﬁék% cos @, and ykzx/iék k k

2

sin 6y, 3.7)

where 0 is defined by formula (2.18) and where

& 1= AL/ O — Ap)? (3.8)

is a real analytic non-vanishing function defined on W (cf. Theorem III.3 in [6]). On
WA\Dy, the angle variable 0y is analytic modulo 7. When taken modulo 27, 6; might
not be continuous. In fact, continuous deformations of ¢ in W\ Dy could lead to dis-
continuities of A, and A} due to the imposed lexicographic ordering 1, < A}, and
hence to an increment £z on the right-hand side of (2.18). It follows from Proposi-

tion 2.2 (ii) and Proposition 2.5 (i) that for continuous deformations of ¢ in the smaller
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set (WnNi ,C%Z)\Dk, the eigenvalues A, = )1; and )L,’; change continuously. Hence, for
pe(Wn iE%a)\Dk the angle variable

o )
O () = / ——— dAmod 27 3.9)
je% T VAL ) —4

is an analytic function on (W N i[%)\Dk and by (3.7), (3.8), and Proposition 3.2 we
get that

X =i~/ =2l cosO, and yp =i/ —2I sinf (3.10)

forany ¢ € iE%z\Dk.

4. Even Potentials

To prove Theorem 1.1, the notion of even potentials will play an important role. In this
section, we assume that W is a neighborhood of 0 in £2, chosen in such a way that
Propositions 2.6, 2.7, 2.8, 2.9 and Propositions 3.1, 3.2 hold. Denote by U the image of
W by the bi-analytic map ® of Proposition 2.9, U = & (W).

Definition 4.1. An element ¢ = (@1, ¢2) in L2 is said to be even if
) =¢1(1 —x) aexecR.

Note that ¢ = (Y, ¥) € L, is even iff y(x) = ¥/ (1 — x) a.c. whereas ¢ = (¥, —V) €
i[i%z is even iff ¢ (x) = —y (1 — x) a.e. . Denote by £2 [£2.. ] the set of even

R, even even
potentials in 5%2 [£?]. Then i Lz& even 18 the set of even potentials in i C%z'

Definition 4.2. An element (x, y) = (Xk, Yk)kez in léz is said to be even iff y, = 0 for

any k € Z.
Denote by 12, the even elements of /2,. Then i/2, is the set of even elements
R2, even R R?, even
of il3,.
) .10 . . . .
Lemma 4.1. dy®|; L lER‘ even > lle, oven 150 R-linear isomorphism.

Proof. The claimed statement follows easily from formula (2.21) of Theorem 2.1. O

Next we want to show that (W N i L2 ) Cil?

R,even) S UR2 even® For this we first need to
establish a few auxiliary results.

Lemma 4.2. For any k € Z, (W N i L3 )\Dy is dense in W N i L2

R, even R, even®

Proof. First note that by formula (2.15), W 0Dy is contained in the zero set of the action
variable Iy,i.e. WNDy C {p € W | Ix(¢) = 0}. Assume that the claimed statement does
not hold. Then there exists k € Z and a non empty, open set U € W so that Iy vanishes

onUnNi E%z even- Note that L2 =G E% even) @ C and recall that I is real-valued
on WnN iﬁ%2 even- 1t then follows from 1k|Uﬂi£?R = 0 that [z = 0 on a non empty

2

connected component of W N Lz, ..,

contradicting Theorem 2.1. O
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Lemma 4.3. For any ¢ € W N Egven, wk(p) € {AZ((p), A (@)} Yk € Z.

Proof. Letg = (¢1, ¢2) € L2NW be an even potential. Let F = (Fy, F) be a Dirichlet
eigenfunction associated to the kth Dirichlet eigenvalue 1 (¢), i.e.

[ i0xF1+o1Fy = ik @1

—i0x 2+ o1 = ui ko

and F1(0) = F2(0), Fi(1) = F2(1). Let F(x) := (F>(1 — x), Fi(1 — x)). Note that
F satisfies the same boundary conditions as F. To see that F is a solution of (4.1),
interchange the two equations in (4.1) and evaluate them at 1 — x. As (0, F;)(1 —x) =
—0x(Fj(1 —x)), one gets

iy (F2(1 =x)) + (1 =x)Fi(1 —x) = weFo(l —x)
—i0x(Fi(1 —x) +o1(1 —x) F2(1 —x) = e Fi (1 — x).

Using the assumption that ¢ is even, one then concludes that

| i0:F1(x) + 1 () B2 (x) = puFi(x)
—10x F2(x) + 92(x) F1(x) = pr F2(x).

Hence F isan eigenfunction for the Dirichlet eigenvalue ;. We now distinguish between
two cases: If F = F, then

(F1(0), F2(0)) = (F2(1), Fi(1)).

Since F satisfies Dirichlet boundary conditions, F1(0) = F>(0) and Fi(1) = F>(1), it
satisfies periodic boundary conditions as well. If F # F, then F — F is a non-trivial
solution of the system (4.1), which satisfies anti-periodic boundary conditions, i.e.

(F — F)(1) = —(F — F)(0).

In other words we have shown that (@) € {)»Ji (), j € Z}. Lemma 4.3 then follows
from Proposition 2.5 (i) and (iii). O

Lemma 4.4. ®(W NiL2 ) Cil

2
R, even R2, even®

Proof. Letg € Wi L2 By Proposition 2.8 (i), forany k € Z with A} (¢) # A, (¢),

R, even®

the angle variable 6k (¢) is well defined by (2.18) and the normalizing condition (2.19)

Xk (A)

A g
r; VAL — 4

is valid. Shrink the contour I'; to the arc y;, given by Proposition 2.6, to get, in view of
formula (2.19) and Proposition 2.8 (i),

A =2md

Xk (X)

vi VAX(L) —4

dxr € {£m8ji}.
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By Lemma 4.3, ;. € {A; (¢), A} ()} for any k € Z. Hence for any k € Z with
M (@) # A (@),

O (p) = Z/:’ XC) 45 ¢ 10,7} mod 2.

VAZ() —4
By formula (3.10) for (x, y) = ®(¢) it then follows that for such k’s,

xi (@) =iy —2I(p) and yr(p) =iy =21k () sinbi(p) =0

on (WNilZ )\Dy. It then follows by Proposition 3.2 that x; € iR. By Lemma 4.2,

JEL

R, even
WwWni E%’ even) \ Dk is dense in W N i /.1% even+ BY the continuity of x; and yi it then
follows that x; € iRand yy =0on W N E%Z even- Lhis shows that

(W NiLl3 ) Cil3

‘R, even R2, even
as claimed. O
Proposition 4.1. By shrinking W and U if necessary, it follows that

tWNiL% en — UNilg

R2, even

o 2
| Wml[’R, even

is a diffeomorphism.

Proof. In view of Lemma 4.1 and Lemma 4.4 the claimed statement follows from the
inverse function theorem. O

5. The Real Symplectic Subspace iL%z

Recall that we have introduced the real subspace £%2 of £2 = L*(T,C) x L*(T,C)
given by

L =lo=w. 9l velrm o).
Note that i [,% is a real subspace of £ as well and for any ¢ = (¢1, ¢2) € £ one has
peilk iff ¢ =—¢. (5.1)

The subspace iﬁgz can be identified with L>(T, R) x L>(T, R) in a natural way. To this
end introduce the C-linear isomorphism 7 : L*>(T, C) x L*(T, C) — £?,

1
V2

In a straightforward way one shows the following lemma.

W1, ¥2) = (@1, 902) = (W1 + i, =Y +iYn).

Lemma 5.1. (i) i,C%2 is the image by T of the real subspace L*(T,R) x L3(T, R) of
L*(T,C) x L*(T, C).
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(i1) Tis canonical when its domain of definition is endowed with the canonical Poisson
structure

1
{F,G}o (Y1, ¥2) = /0 (3101 F 3y, G — 0y, F 9y, G) dx

and the target of T with the Poisson bracket introduced in Sect. 1.

Now consider an analytic functional F : W — C defined in a neighborhood W of 0 in

L2
Lemma 5.2. IfF|l.l:%2 is real valued then the Hamiltonian vector field (—idy, F', i3y, F)

is tangent to i L%z'

Proof. Consider the pull back F o T of F. Then F o T is an analytic functional on
W’ := T~! (W) whose restriction to (L?(T, R) x L*(T, R)) N W' is real valued. This
implies that the Hamiltonian vector field (—0y,(F o T), dy, (F o T)) takes values in
L*(T,R) x L*(T,R) on W' N (L*(T, R) x L*(T, R)). As T is canonical,

T (=dy,(F o T), 0y, (FoT)) = (—idy,F,idy F),
and this vector field is tangent to ill%2 on W N iﬁ%a as T maps L>(T, R) x L*(T,R) to

)
IER. O

6. Proof of Theorem 1.1

The idea of our proof can be best explained in terms of the Birkhoff coordinates
(xx, Yx)rez- We consider the sequence of Hamiltonian vector fields

X®x, y) = (—ye x0)8k)1e7,

on ilﬂé2 with Hamiltonian I = %(x,% + y,%) and study their integral curves. For any k € Z,

the solution (xl(k) (1), yl(k) (t)) of the initial value problem

leZ
G, ) = (=yr, X)) S VI € Z, (6.1
(x1(0), y1(0)) = (&, m) € iR* YieZ, (6.2)

is given by

(xl(k)(t), y;k)(t)) _ ’ &) VIF#k

(&x cost — ng sint, & sint + ngcost) [ =k.

2

Clearly, it exists for all time and evolves in i lIZRZ. Actually, it evolves in Iso(&, n) N ile,

where for (x, y) = (Xk, Yk)kez in l(zCz we denote by Iso(x, y) the set of sequences
Iso(x, y) := {(xk, VidkeZ € I(ZC2| ka + yk2 = x,f + y,% Vk € Z} .

We want to show that any given point in Iso(x, y) N i ZI%QZ can be reached from any
other point in Iso(x, y) N il]zRz by concatenating integral curves of the above vector



1106 T. Kappeler, P. Lohrmann, P. Topalov, N. T. Zung

fields. First we follow the integral curve of X© which starts at the point (&, 0), where
£ = (&§)1e7 € iI*(Z, R) is given by

g=iylul>+yl* Vlel (6.3)

until we reach the point (£©, @) where

o O, _ ] &0 ifl#0
& m )_[(xo,yo) it1=0.

Then we continue on the integral curve of X1 until we reach (¢, (1) where

€V 0y = [y i1
Lo (x1,y1) ifli=1.

Next we continue on the integral curve of X~ until we have reached (€=, n(=1)
where

€D 0y = [ Gty i -1
b (1, yo1) ifl=—1.

In this way we construct a sequence of points in Iso(x, y) N ilﬂéz,

(&,0), €O ), D My, &Yy (6.4)

It is easy to see that this sequence converges to the point (x, y). In order to prove
Theorem 1.1 we apply ®~! to such sequences of points and use Proposition 4.1 and
Lemma 5.2 to conclude that their images are in i [,%2.

Proof of Theorem 1.1. By Proposition 2.9 there exist an open neighborhood W of 0 in
L£?, an open neighborhood U of 0 in I(ZCZ, and a diffeomorphism @ : W — U so that

dWN iﬁ%) =UnN ilﬂéz. By Proposition 4.1 we can assume that

D(W Nilf en) = U Nilg

R2, even®

Without loss of generality we may assume that U is a ball. In a first step we want to
prove that

o~ (UNilg,) S WNiLl%k.

Let (x, y) be an arbitrary pointin U N ilﬂéz. As U is assumed to be a ball it follows that
(&€, 0), defined by (6.3), is also in U, hence

(£,0) € UNilg,

,even’

By Proposition 4.1 it follows that ¢ := o! ({&,0)isin WNi E%. As @ is canonical,
the pull backs of the vector fields X ®) by ® are again Hamiltonian vector fields. They
are given by (k € Z),

Y& =i (=8, Ik, 0y, It).
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We recall that [ are analytic functionals on W which are real valued on i ﬁ%z' Hence by

Lemma 5.2, the vector fields ¥ ® when restricted to W N i E%z are tangent to i E%z- It
then follows that the sequence

é-(k) — cp—l(%-(k), U(k))

isini E% where (€, %)) is given by (6.4). As i ll%z is closed in £2 and ® is continuous
one concludes that

lim ¢® = lim @ 1E®, p®) = o 1(x, y)
k— 00 k— 00
is an element in i E%. This shows that
(U Nilg,) € WNiLlk. (6.5)

By Proposition 2.9 (iii), the differential of ® at 0, do® : L2 - 122, is a C-linear
isomorphism. By applying the inverse function theorem and using (6.§C) once more one
then concludes that there exists a neighborhood Uy € U N lfRz of 0in i 1]12£2 and a

neighborhood Wy € W N E% of Oini £%2 so that
D Wy — Uy

is a diffeomorphism. The properties of ® ¢ := ®@|w,, stated in items (i) — (iii) of
Theorem 1.1, now follow from the corresponding properties of the Birkhoff map & :
W — U (Proposition 2.9, items (i),(i7), and (iv)) in a straightforward way. O
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