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Abstract: We study the Complex Ginzburg-Landau initial value problem
du=(+ia)u+u—1+ip)ulu?, wux, 0 =ux), (CGL)

for a complex field u € C, with o, 8 € R. We consider the Benjamin—Feir linear
instability region 1 + af = —&? with ¢ < 1 and a? < 1/2. We show that for all
e < O(W1—2a2 LO_ 32/ 37), and for all initial data ug sufficiently close to 1 (up to a
global phase factor ¢! %0, ¢ € R) in the appropriate space, there exists a unique (spa-
tially) periodic solution of space period L¢. These solutions are small even perturbations
of the traveling wave solution, u = (1 + a? s) e 08 ¢i® 7 and s, n have bounded
norms in various L” and Sobolev spaces. We prove that s ~ —% n” apart from O(g?)
corrections whenever the initial data satisfy this condition, and that in the linear instabil-
ity range L l<e< O(L, 32/ 37), the dynamics is essentially determined by the motion
of the phase alone, and so exhibits ‘phase turbulence’. Indeed, we prove that the phase
n satisfies the Kuramoto—Sivashinsky equation

2 /
on = —(H'To‘) Azn — 82A17 —(1+ 012) (n )2 (KS)

for times 7y < (’)(8’52/ 5 La 32/ 5), while the amplitude 1 + a? s is essentially constant.
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1. Introduction

1.1. Generalities about the Ginzburg-Landau equation. The Complex Ginzburg-
Landau equation (CGL) admits explicit traveling wave solutions of the form

u(x, 1) =c(p) exp(i(¢o +px —w(p) ) , (1.1)

with g9 € R, p € [—1,1], ¢(p) = /1 —p? and w(p) = a p?> + B (1 — p?). For
all o, B with 1 + o B > 0, there exists a parameter pg = pg(a, ), with pg — 0
as 1 +a B — 0% such that traveling wave solutions (1.1) with |p| > pg(a, B) are
linearly unstable, a phenomenon called ‘sideband’ or ‘Eckhaus’ instability, while those
with |p| < pg are linearly stable (see e.g. [CH93] and the references therein). When
1 + af < 0, all traveling wave solutions are linearly unstable, a phenomenon called
‘Benjamin—Feir’ or ‘Benjamin—Feir—Newell’ instability (see e.g. [BF67] and [New74]).

In this paper, we consider the case 1+« 8 = —s2. When ¢ is small enough, numerical
simulations on finite domains (see e.g. [MHAM97] and the references therein) indicate
that the dynamics of the phase is turbulent, the phase evolving irregularly, (with fluctua-
tions of order £ around the global phase ¢), while the amplitude of u is constant up to
O(&*) corrections. This type of behavior is called ‘phase turbulence’. The persistence of
phase turbulence on infinite domains is not known, while its existence on finite domains
is, to our knowledge, not proven rigorously.

As ¢ increases (or the domain is larger), ‘amplitude’ or ‘defect’ turbulence occurs,
the amplitude of u vanishing at some instants and places, called ‘defects’ or ‘phase slips’
(see also [EGW95]). Note that ‘phase’ and ‘amplitude’ turbulence may coexist at the
same time in the ¢, B parameter space, depending on initial conditions, in which case
one speaks of ‘bichaos’.

The ‘amplitude’ turbulence regime is technically difficult because the phase is not
well defined when the amplitude vanishes. In this paper, we concentrate on the easier
phase turbulence regime and prove that for the particular case! p = 0, phase turbulence
occurs for small initial perturbations of the traveling wave e’ ®~#  on domains of size
Lo for all «®> < 1/2 and for all ¢ < g9(Lg, @) with g9(Lg, @) — 0 as Lg — oo or
a? — 1/2,see Fig. 1.1. We restrict ourselves to even perturbations for concision, though
general perturbations could be treated as well (see Remark 2.4 below). We believe that
the restriction > < 1/2 could be weakened to some extent (see the discussion at the
end of Sect. 1.4), at the price of unwanted additional technical difficulties.

! The case p # 0 should give a similar result but is more challenging.
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Fig. 1.1. Parameter space for (CGL). Linear instability occurs for 1 + « 8 < 0, and phase turbulence is
shown in this paper to occur in shaded region

1.2. Setting. We consider perturbations of the solution e’ P0—iB 1 of (CGL) which are of
the form?

u, 1) = (14 a? s(x, 1)) e P07t glantn (1.2)
for (small) s, € R. To state our results, we introduce the following scalings’

nx.1) =18 A&7, (1.3)
s(x, 1) = 84 5@R, 1), (1.4)

with x = ﬁ,é:\/%s,)? :éxandf:%é‘*t.

We consider the initial value problem (CGL) with n(x,0) = no(x) and s(x,0) =
so(x), where ng and sg are even periodic functions of period L, or equivalently, in terms
of the ‘hat’ variables, 7jg and §g are even periodic functions of period L = & L. To state

our conditions on the initial data §o and 7)o, we introduce the Banach space W)  obtained

by completing Coo.([—L /2, L/2], R)under thenorm || llo = IIll2 1.2, /21 - W0
where || - [lyy » is a sup norm with algebraic weight (going like |k|° at infinity) on the

Fourier transform, see Sect. 2.3 for details. Essentially Wy , consists of functions in
L2([—L/2, L /2], R), whose Fourier transform decays (at least) like |k|~ as |k| — oo

2 The « factors in front of s and 7 are only a convenient normalization.
3 They will be justified in the next subsection.
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(this is a regularity assumption). Since we consider only real valued functions, we
will from now on write L>([—L/2, L/2]) instead of L>([—L/2, L/2], R). We will also
often use the shorthand notation L? for L2([—L /2, L/2]), while we will always write
L2([—Lo/2, Lo/2)) to avoid confusion.

We postpone the precise definition of the class C of admissible initial conditions to
the end of Sect. 2.3 (see Definition 2.8). At this point, we will only say that if 79 and So
are admissible initial conditions, then 7, € Wp » and §o € Wo 51, and

a2 an
A A/ A € SO 3
n00) =0, liglle =cng . |fo——=|  =cxp, (1.5)
forp =K L85, and
a2 an Al a2 (nAIN\2 A
&Sy my | € () (8)2 2 3
S0 — — <A — ) &“¢ . 1.6
0 5 2 D LS 2,0 % so 0 (1.6)

The class C of admissible initial conditions is characterized by the different parameters
in (1.5) and (1.6), which we now describe. The parameter L is the (space) period (in
the scaled variables) of the solution. The constant K is essentially the same as that of
[CEES93] in their discussion of the Kuramoto—Sivashinsky equation,

. . A
&m=—ﬁc—Am—;%f, (1.7)

where it appears in the bound lim A5G, t)ll2 < K L¥3 for symmetric periodic solu-
00

tions. Therefore, K is independent of &, ¢ and L. The parameters « and & are those of

(CGL), with 8> = —2 lliiaf, while &g is the maximal value of & for which our results
hold. The parameters c¢;, and ¢y, measure the size of the initial perturbation. Note that
only 7, and 7jo(0) appear in the conditions. We can motivate this by noting that (CGL)
has a U (1) symmetry (the global phase factor e/ %0). Expressing all constraints in terms
of 7, and 7)o (0) is a convenient way to take this invariance into account. The condition
n0(0) = 0 can always be satisfied, up to a redefinition of the global phase ¢¢. Further-
more, this condition is preserved by the evolution (see e.g. (1.17)). We will prove that if
1o and ¢ are in the class C, the (CGL) dynamics (which has a complex function as initial
condition) is increasingly well approximated as € — 0 by the Kuramoto—Sivashinsky
dynamics (1.7), which has a real function as initial condition. For this to hold, 5y and 7jo
have to be tightly related as € — 0. This relation is quantified by (1.6), which says that,
up to O(e*) corrections, §o and 7y are related by

R 2 .,
G iy — = G (7p)?,

fo=-
3

0| —

where G is the operator with symbol G(k) =(1+ % k%71, i.e. the inverse of the

.. 22
(positive) operator 1 — % 8}%.
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1.3. Main results and their physical discussion. Our main results are twofold. We first
have an existence and uniqueness result for the solutions of (CGL), see Theorem 1.1
below, and then an approximation result in Theorem 1.2.

From now on, we will denote generic constants by the letters C and c¢. We will use the
letter ¢ with different labels to recall the quantity on which the bound is. By constants,
we mean quantities which do not depend on «, &, L and o in the ranges

0<é<1, a’><1/2, L>27r ando <oy

for some finite oy > %

2 11 (2 1=202
Theorem 1.1. Let a® < 1/2, 0 > 5, ¢y > 0, ¢y > 0, A10 < mm(g,w),

A2,0 > 0and L > 2 m. There exist constants K and c. such that for all m, > 4, for any

& <8y =ce V1 —2a% p~™ and for all fig and Sy in the class C, the solution of (CGL)

; _ _24+(14e®H & . . ;
with parameters a and B = —=———— exists for all times, is of the form (1.2) and

satisfies
sup [AC D) lle <cy o supllSC, Dllo—t < ¢ p°, (1.8)
>0 =0
A 2~ L N/ ‘232 Ao a2 ~ g‘ 4
wp |3, + 2 G '+ G| =(5) ep (19
P 8 32 2~ \&o

with p = K L33, ¢y > 1+ ¢y and cg > cg. This solution is unique among functions
satisfying (1.8).

Our results are valid for any & < &y = ¢ +/1 — 22 p~* and for any L > 2 7. Since
L =¢Loand p = K L8/, we see that the applicability range is

CLy' <e <CV1-2a2 157
The lower bound is the linear instability condition.

In terms of the original variables, Theorem 1.1 shows that solutions of (CGL) of the
form (1.2) exist, and that (see Appendix G for details)

sup [17C. ) lL2 - ro/2.00/2p < C &7/27 1™, (1.10)
>0

Sug IsCo Ol q—ro/2,002n = € g/2=3/me (1.11)
[

sup sup  n(x,0)] < C g2 /Eme) (1.12)
t>0 xe[—Lo/2,Lo/2]

sup sup Is(x,1)] < C e=4/me (1.13)

t>0 x€[—Lo/2,Lo/2]

The inequalities (1.12) and (1.13) quantify the ‘physical intuition’ n = O(¢?) and
s = O(e), see Sect. 1.1.

Inequalities (1.8) or (1.10)—(1.13) also show that the solutions belong to a (local)
attractor, while (1.9) shows that on that attractor, the ‘amplitude’ s satisfies s = —% n" +
O(&?). The attractor is thus well approximated by the graph s = —% n” in the s, n space.
This result was discovered at a heuristic level by Kuramoto and Tsuzuki in [KT76].
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Fig. 1.2. Numerical results for & = 1073, =102 and Lo = 10* - 27

We do not expect the bounds (1.8) and (1.9) to be optimal. Numerical simulations
show that i’ and § are uniformly bounded in space and time, at least for a large range of
L = & Ly. This suggests that ||7'[|;2 and ||§|| 2 should both scale with L like VL and
not like L35 and L?*/3, hencAe we should have p ~ +/L. In the upper panel of Fig. 1.2,
we display as a function of 7 € [0, 200] (by decreasing size) the typical behavior of
I7C, Dlias 15¢, Dz and 43¢, ) + § G #7¢.D + 5 G (193¢, Dl in units
proportional to /¢ L.

We now show that the dynamics of the phase on the attractor is well approximated
by the Kuramoto—Sivashinsky equation.

Theorem 1.2. Under the assumptions of Theorem 1.1, there exists a constant ¢; such
thatif i < ¢; ,0_4, then for all ty > 0,
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N VAP £\2
sup AC o+ = e, D'z = () en (1.14)

0<f<fy
where fj. satisfies the Kuramoto—Sivashinsky equation (1.7) with fi.(%, 0) = H(X, fo).

In physical terms, Theorem 1.2 says that on each time interval [#g, fo+11 ], the distance
between 1 and the solution of the Kuramoto—Sivashinsky equation with initial condition
n(tp) is small compared to the size of the attractor (see (1.14)), at least for time intervals
of length #; of order ™ p=% = ¢732/5 Ly 32/3 This result gives a rigorous foundation
to the heuristic derivation in [KT76]) of the Kuramoto—Sivashinsky equation as a phase
equation for the Complex Ginzburg-Landau equation near the Benjamin—Feir line (see
also [Man90]). Furthermore, if ¢ is sufficiently small, the amplitude 1 + > s does not
vanish by (1.13). This proves that the solution exhibits phase turbulence for all times,
the solutions of the Kuramoto—Sivashinsky equation being believed to be chaotic.

The bound (1.14) for 7; < ¢; p~* is again certainly not optimal. Numerical simu-
lations show that 7] scales like L2 (this is in agreement with p ~ V'L). In the lower
17 C.D=Ae Gl 2

17 G2
(large times are displayed in small inserted plot in absolute units).

In the remainder of this section, we derive the dynamical equations for § and 7, then
we discuss informally these equations to motivate the analytical treatment that we will
present in the next sections. In particular, we will explain the particular choice of the
scalings (1.3) and (1.4). We will treat the phase dynamical equation in Sect. 2, while the
treatment of the dynamical equation for s is postponed to Sect. 3, s being ‘slaved’ to 5
by that equation.

panel of Fig. 1.2, we show in the large plot in units of &2 for short times

1.4. Derivation of the amplitude and phase equations. The ansatz (1.2) leads, after
separation of the real and imaginary parts of equation (CGL), to

s =s"—2s —n" — (n')2 —a? (352 +a?s3 + 2s'n 4+ sn” + s(n/)2> , (1.15)
2s'n’ o’ss”
l+a2s  1+a2s
Since these equations preserve the subspace of functions that are even in the space var-

. . . 2
iable, we restrict ourselves to that particular case. We also use «, —1% as parameters

instead of «, 8 as it allows to emphasize the dependence on the small parameter ¢.
Finally, as the right-hand sides of (1.15) and (1.16) contain only (space) derivatives of
the function 7, we introduce the odd function u (the phase derivative) by

an=n"+a%" —2aBs — 012((7]’)2 +aps? — ) . (1.16)

X
n(x,r) = fdy w(y, 1), (1.17)
0
and obtain
ds=s"—2s—pu —p>—a? <3s2—|—2s’,u+s w +s u2+a2s3> ,(1.18)
p=p" +a?s" +2(1+e%) s —a (1)

1 2

2s" a?ss”\

2 2y 2

1 — . 1.19
e (( +eDs +1+oc2s l+als (1.19)
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We expect 3;s, 5" < s, u’ < u < 1 when ¢ < 1. We then have

s =s" =25 —pw =+ fils, ), (1.20)
/
= —(s”—Zs—,u'—uz) +(1+a?)s" +26%5
=2 (1+a?) p i + fuls, m), (1.21)

where f; (s, u), respectively f,,(s, ), is defined as the function appearing in the second
line of (1.18) resp. (1.19). The —2s term in (1.20) strongly damps s, which therefore
is ‘slaved’ to u. Indeed, as we will show in Sect. 3, for given u satisfying appropriate
bounds, the map u +— s(u) defined by the (global and strong) solution of (1.20) is well
defined and Lipschitz in . Furthermore, to third order in ¢, the map is given by the
solution s1 of s{ — 251 — p/ — w? = 0, which can be represented as

1
sl ==3 G (W+u?) (1.22)
where G is the operator of convolution with the fundamental solution G of G(x) —
%g/ "(x) = 8(x). Note that G acts multiplicatively in Fourier space, with symbol (1 +

%)’1, in particular, G f has two more derivatives than f. As we will also show in
Sect. 3, s(u) will have the same structure as s1 (1), that is, the G—convolution of another
map with the same regularity as p'. As such, s(u) is once more differentiable than ,
due to the regularizing properties of G, and s(u) = s(n') is as regular as 5. This is
reasonable, since from u = (1 + o? 5) e# 1+1®" we see that s and 5 should have both
the same degree of regularity as u.

Inserting (1.22) into (1.21) and neglecting f,, leads to the (modified) Kuramoto—
Sivashinsky equation for the phase

Op = =G — G — 20+ yup’ — E2G(Y — G, (1.23)

from which we recover the Benjamin-Feir linear instability criterion 1 + a8 < 0.
Namely, linear stability analysis in Fourier space (set u = &g e+ with g9 < 1)
gives the dispersion relation

272 g4 (142 _ 2 _ 14 (1+a?
)»(k):gklk(Z): (1+aB)k k(z)_

+& 1+ &

This shows that there are linearly unstable modes for |k| < ¢ < 1, growing at most like

¢!, This suggests that the dynamics of (1.23) should be dominated by the dynamics
of the Fourier modes in the small |k| region, the high |k| modes being slaved to them.
For |k| < 1, we have G &~ 1, and neglecting the last two terms of (1.23), we get the
Kuramoto—Sivashinsky equation in derivative form

Qe =222 )" — 2 — o4 up (1.24)
Defining
u(x, ) =148 @i, (1.25)
with x = Hf‘az,é =JViei=éxandi=2 &% 1, we get from (1.24)

—Aap, (1.26)
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which is the original Kuramoto—Sivashinsky equation in derivative form. This justifies
the scalings (1.3). Equation (1.26) possesses an universal attractor of finite radius in
L2([-L /2, L/2]) with periodic boundary conditions (see e.g. [CEES93]), hence we can
expect j to be of size &3 times a typical solution in that attractor.

From (1.22), we get (the u—dependence of s is implicit here for concision)

a4
st == 6 (4G D+ 26D =8 niwh . a2)
where G is the convolution operator with the fundamental solution GofG (x)— % G’ (x) =
8(x). As above, G acts multiplicatively in Fourier space, with symbol é(k) =(1+
#)’1. Equation (1.27) motivates the scalings s(x, 1) = &* §(%, f) we introduced for
sin (1.4).

We now apply (1.25) and (1.4) to (1.20) and (1.21). From now on we drop the hats.
Then s and p satisfy the following equations:

2
s = =25 Los+ 5 n(w = SGEQ u+su) + By (1.28)

= —Lyp—pp' + &> Fols, ) +&* x Ly 15, (1.29)

where L, £,, and £, , are multiplicative operators in Fourier space, with symbols given
by

2,2
ek
Ls(k) =1+ 7
k* — k2
L (k) = IW ) (1.30)
2
242 (1+a?) —a?e?k?
Lyrk)y=2 e , (1.31)
I+ =
while ry, rp, F3 and Fy are defined by
1
ri) = - (4’ + eu?) , (1.32)
roori(u)
n=g - (1.33)
Fi(s, 1) = —xa? (gs2 + el Lsu’ + “{a“ﬁ) , (1.34)
’ 2,20
2 5 o 2 S'u—2¢ea"ss
Fil 0 = 1 ((2+ k) + e )
_ZGMZ - ZG(MZ)// , (1.35)
where the auxiliary variable r and the operator G are defined by
Gk) = —5—~, (1.36)
I+

r=s—5s", (1.37)

and satisfy s = G r.
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We will prove that (1.28) defines a map p + s(w) for all  in an open ball of W,
and that this map has indeed ‘the same properties’ as G r1(u), e.g. in terms of regularity.
This is so essentlally because for & <« 1, we have £L; > 1, so that by Duhamel’s

formula, s ~ L Lri(uw) + 0" = G ri(p) + (9(84) (see Sect. 3). At the same time,
as a dynamical variable, r, satisfies

1
ory = G Ly + ,u Lurrh + 7 Fe(s, ), (1.38)
where £, is the multiplicative operator in Fourier space with symbol

L) =1+ (3 +e2(H2)) e k24 (152) e &,

and
Fos. ) = L5 (Fa(s. )+ Fas. ) + Frls. ) + Fs(w) . (139)
Fa(s, 1) = — g4 i+ 1)) (1.40)
82 2
Fits. ) = = (0 + 50) (Fots. ') (141)
1 &’ 12 ’
Fg(s, n) = —3 (9x + T)(L“ M-I-MM) .

Once s is considered as a given map u +— s(u), (1.38) defines the map u +— ra(u)
through a linear equation for r». By the same mechanism as for s, we have rp, ~
(G L)~ " Fs(s, ) ~ G Fe(s, p) if a® < 1 (see Sect. 4). The restriction o? < 1
is necessary here to make £, positive definite. For technical reasons, we have in fact
to restrict &> < 1/2 to prove theorems 1.1 and 1.2. We believe that the results of these
theorems could be extended to part of the o> > 1/2 region by exploiting the following
argument. If &> > 1, Eq. (1.38) for r, is linearly unstable at high frequencies. However,
the linear coupling of > to u through (1.29) stabilizes r;. To see this, we introduce the
vector v = (i, r2), and consider (1.29) and (1.38) simultaneously, as a vector dynamical
system of the form

v =_Lyv+ fV), (1.42)

for a (nonlinear) vector map f, where L is the operator with (matrix) symbol

B _ﬁﬂ(k) S X ‘CM r(k) ik
Ly (k) = <_$ Lutk) ik —%4GL (k) )

The stability of (1.42) at high frequency is then determined by the eigenvalues A4 (k) of
Ly (k) for large k. Since®

k2

Ax(k) > —(1 Lila]) =

as k — o0, (1.42) is stable at high frequency, the real part of the eigenvalues A (k) of
L(k) being negative for large k. However to exploit this would force us to solve (1.29)
and (1.38) simultaneously, which is technically (and notationally) more difficult, see

4 This is the analogon of (1 + i) u” in (CGL).
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[GvBO02] for a similar problem. Instead, in our approach the system (1.28), (1.29) and
(1.38) is considered as a ‘main’ equation, (1.29), of the form

==Ly p— '+ F(u) (1.43)

supplied with two ‘auxiliary’ equations, (1.28) and (1.38), which can be solved indepen-
dently.

We will first study (1.43) for a general class of map F () in Sect. 2 below, because
it explains the choice of the functional space, and which properties of the solutions of
the amplitude equations (1.28) and (1.38) are needed. Then, in Sect. 3 and 4, we will
show that the solutions of the amplitude equations (1.28) and (1.38) exist and satisfy the
‘right’ properties.

2. The Phase Equation

2.1. Strategy. Having argued that r» = rp(u), we rewrite (1.29) as

Opo=—Lyp—pp' +& F(u),  px,0)=pox), 2.1)

where ( is a given (odd) space periodic function of period L for some given L. Since
(2.1) preserves the mean of p over [—L/2, L /2], and since pug is the space derivative
of a space periodic function, we restrict ourselves to pg which have zero mean over
[—L/2,L/2].

We will show that the term &2 F(u) is in some sense negligible. If ¢ = 0, then
L, = 3+ 32 = L, and (2.1) is the Kuramoto-Sivashinsky equation. If F = 0
and & > 0, (in this case, £,, is of smaller order than 3} + 92), this situation can still
be easily handled by the techniques of [CEES93] or [NST85], which show that equation
(2.1) possesses a universal attractor of finite radius in LZ([—L/2, LR2)ift F=0A
key ingredient of that proof is the observation that the trilinear form [ dx w? ' vanishes
for periodic functions. However, in general, g2 f dx p F ()" will not vanish, and might
even not exist at all for u € L2

We will explain precisely below how we circumvent this, but the mechanism is
indeed quite simple. If the n'" Fourier coefficients of y were vanishing for all n > g

with 1 « 8 < 1/e, we would havee.g. [|i[|;2 < 8% |||l 2, which would (presumably)
give &2 fdx uw F(u) ~ e282 ||M||iz. For ¢ sufficiently small, this would only give a
small blur to the attractor of the true Kuramoto—Sivashinsky equation.

Evidently, we cannot expect the high-n Fourier modes to vanish, so we will have
to treat them separately. On that matter, we want to point out that contrary to the ‘true’
Kuramoto-Sivashinsky equation (1.26), where the linear operator £, . acting on p on
the r.h.s. is of fourth order, £, is only of second order due to the regularizing proper-
ties of G. From the point of view of derivatives of u, it is easy to see that g2 §{ and
g2 §{ contain at most first derivatives of j, hence we expect e2 F(u) to contain at
most second order derivatives of u, and we see that at high frequencies, (1.43) is more
similar to the well studied equation & = u” + f(u, u’, u”) (see e.g. [BKL94]) than to
the Kuramoto—Sivashinsky equation.

Note that the term F (i)’ is ‘irrelevant’ due to its prefactor 2, while p p/ is certainly
not. Indeed, it would be catastrophic to solve (2.1) by successive approximations, begin-
ning with the solution of the equation with —uu’ 4+ &2 F () = 0, inserting that solution
into the nonlinear terms and solving again the linear inhomogeneous problem. This
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would lead to (apparently) exponentially growing modes, because the linear operator
L, is not positive definite at small frequencies. Solving (2.1) iteratively as

Ot thnt1 = _ﬁu Mn+1 — MH+1M;/1+1 + &’ F(Mn)/ s

for n > 0is a much better choice. We therefore consider the following class of equations

Op=—Lyp—pp' +6 g, plx, 0 =px), 22)

for some given time dependent and spatially periodic perturbation g and periodic initial
data po.

From this (informal) discussion, we see that we should treat the small n Fourier
coefficients with an L2-like norm as in [CEES93] or [NST85], and the hi gh n modes as
in e.g. [BKL94]. In the next three subsections, we implement this idea. We first show
L2 estimates for (2.2) in Subsect. 2.2. Then in Subsect. 2.3 we define functional spaces
similar to those of [BKL94], and prove inequalities in these spaces, which will allow us
to prove the ‘high frequency estimates’ in Subsect. 2.4. In Subsect. 2.5, we will prove
that the full phase equation has a solution if © +— F(u) is a well behaved Lipschitz
map, and finally, in Subsect. 2.6, we will show how the phase equation relates to the
Kuramoto—Sivashinsky equation.

2.2. Coercive functional method, L? estimates. The initial value problem (2.2) is glob-
ally well posed in L2([—L/2, L/2]) if the perturbation g is periodic and in L? for all
t > 0. The local uniqueness/existence theory follows from standard techniques (see e.g.
[Tem97]), whereas the global existence follows from the a priori estimate

e 012 < e IuG 012 +26* (¢ —1) sup lIgC. o)1 . (2.3)

0<s<t

Namely, denoting by | the integral over [—L/2, L/2], using Young’s inequality, inte-
gration by parts and the fact that | w?u' = 0 by periodicity of i, we have

|
at/ﬂzf_Z/MLMM+§/(M/)2+284/g2§/M2+284/827

from which (2.3) follows immediately. As a much stronger result, we can in fact prove
that the L2—norm of the solution stays bounded for all # > 0. To do this, we adapt the
strategy of [NST85] and [CEES93] to our setting. We first need a technical result.

Proposition 2.1. Let (v, w) = fvw, v, w)yp = f v(L, +yoHw and

Lotk = [3 1 (2.4)
2

Forall L > 2w, there exist a constant K and an antisymmetric periodic function ¢ such
that for all y € [}1, 11and ¢ < L™2/3, and for every antisymmetric periodic function v,
one has

3
7 Lo Low) = W, 0)yp < 19 lloo (v, 0) + (7,07,
@.¢)yp <K L'° and ($.¢)<3L>.
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The proof, which follows closely [CEES93] is relegated to Appendix A. We then
have the

Theorem 2.2. There exists a constant K such that the solution u of (2.2) is periodic,
antisymmetric, and satisfies

supll (-, DIz < p + llztoll2 +4 &2 supl £, g 1) Il
>0 t>0

where p = K L33, if o and g’ are antisymmetric (spatially) periodic functions of
period L,

Proof. Note first that E;l 9, is a bounded operator on L? with norm < 2 (see LemmaF.1
in Appendix F), then local existence in L? follows from the above argument. Next, fol-
lowing [NST85] with the modifications of [CEES93], we write i (x, ) = v(x, 1)+ ¢ (x)
for some constant periodic function ¢ to be chosen later on. Denoting by |/ the integral
over [—L/2, L/2], using integration by parts, that f v?v’ vanishes because v is periodic
and the inner products defined in Proposition 2.1, we get from (2.2)

1
S, 0) ==, )2 = (v, )y +e% (v, g). (2.5)

Next, we use that (£, v, £, v) > %(—W) (v, v) = ¢ (v, v), Young’s inequality
and Proposition 2.1 to get from (2.5),

3 (v, v) < =2 (U, Vg2 + 20, V) + 3@, g +2 % (v, &)

—t (0, 0)pa+ 3D, D)p +26% (v, )

—(Ly v, Ly ) + 3, P +262 (Lyv, L7 &)
2

C
—5 .0+ 3. 0) +26 1L, I 2.6)

IATA

IA

Since v(x, t) = u(x,t) — ¢(x) we conclude that

4 ¢* B
—sup 12, gL 0)II7 -
v t>0

3
G t) = dOIEs < llwo — SlI7, + 2@, 0)p +

Finally, since % < 4, we have
v

suplle(-, )2 < lluollz +p +4 &2 sup 1251 g, 0)|ly2
>0 >0

where p = 2 ||l 2 + 4 \/(¢, $)g. Furthermore, by Proposition 2.1, we have p < oo,

since |[@ll 2 = +/(¢,¢) < oo and (¢, $)y < oo. This completes the proof of the
theorem. O

Corollary 2.3. The antisymmetric solution of the Kuramoto—Sivashinsky equation with
periodic boundary conditions on [—L/2, L /2]

"

p=—p" —pu" —pu, px, 0 =pex), 2.7

stays in a ball of radius O(L33) in L? as L — oo.
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Proof. This result was already established in [NST85] and [CEES93]. To prove it, we
only have to note that (2.7) corresponds to (2.2) with ¢ = 0, and that Theorem 2.2 is
uniformly validine < 1. 0O

Remark 2.4. The proof of Theorem 2.2 is the only point in this paper where we need s,
respectively u, to be spatially even, resp. odd, functions. The theorem holds also in the
general (non symmetric) case. The proof can be obtained as a straightforward extension
of the result of [CEES93] for the Kuramoto—Sivashinsky equation in the non symmetric
case.

If ¢ = 0, Theorem 2.2 shows that the solution of (2.2) stays in a ball in L2, centered
on 0 and of radius ||uollp2 + o for all + > 0, with p = O(L¥%) as L — oo. When

& # 0, the radius of the ball widens to lowest order like 2 sup||g(-, 1) 2.
t>0

2.3. Functional spaces, definitions and properties. In this section, we explain how to
treat the high frequency part of the solution of (2.2). This development is inspired by

[BKL94] (see also [GvB02] for similar definitions).

Let L > 2mr and g = ZT” < 1. We define the Fourier coefficients f,, of a function

f:[-L/2,L/2] - Rby

1 L2 . .
_ —ignx _ ignx
fn—L/_dxe f(x), sothat f(X)—E e fu,

L2 nez

and P., P-, the projectors on the small/high frequency part by

Pofx)= Y €"f . Pf)= Y &,

) 3
<= 2
Inl<2 In|>2

where the parameter § > 2 will be chosen later. We also define the L? and [” norms as

L/2
LI =/ dx [FP, IfI =D 1hlP s 1l = sup | ful
L/)2 neZ

- neZ

and || fllLe = esssup |f(x)|. We will use Plancherel’s equality || fl;2 = JL £ N2

xe[—L/2,L/2]
without notice. Finally, for o > 0, § > 2, we define the norm | - ||nr,c by
1fIve = L sup(1+ (Z7)F |1,
neZ

With a different normalization, the norm || - || ;7 » Was introduced in [BKL94] to study
the long time asymptotics of solutions of & = u” + f (u, u’, u”), where f is some (poly-
nomial) nonlinearity. From the point of view of the nonlinearity, our situation is similar
to the case treated there, but our linear operator £, is not positive definite as —A was

in their case. The potentially exponentially growing modes correspond to |n| < %, and

we saw in Sect. 2.2 that their /> norm was bounded. Since there are only a finite (but
large) number of linearly unstable modes, changing the definition of the || - || o7 ,—norm
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on these modes to an />~like norm will give an equivalent norm which is better suited

to our case. Thus we define the norms || - [lyy » and || - || by
1 fllw.e =22 sup (14 (22 1ful . (2.8)
)
|n|>E
I flle = I1fll2 + 11Lflhw,o - (2.9)
While || - [lyy,¢ is clearly not anorm, || - ||, is a norm which is equivalent to || - || o7, for

o > 1. Indeed, easy calculations lead to || f||s < (1 + \/E) Il flia,e and

Iflne =vV27 L& fli+ 1 fllwe < (1++v27 L) I fllo -

We point out also that if ¢ > %, the || - [y, s—semi—norm is a decreasing function of §.
Indeed, we have (here the norms carry an additional index to specify the value of §)

1
a 0—73
1 Iwosy <25 ()7 1 Iwos, (2.10)

for all §; > 8o > 2. As § will be fixed later on, the additional index is suppressed to
simplify the notation. On the other hand, || - ||, is an non—decreasing function of o,
since, for all o7 > oy,

I fllog = 1 flloy - (2.11)

We now define the functional spaces

Definition 2.5. Denoting by C(‘f’per([—L /2, L/2], R) the set of infinitely differentiable
periodic real valued functions on [—L /2, L /2], we define the (Banach) space Wy - as
the completion ofcgfper([—L/l L/2], R) under the norm || - ||, and Bo 5 (r) C Wo.»
the open ball of radius r centered on 0 € W 5.

Up to now, we considered functions depending on the space variable only. We extend
the definition 2.9 to functions f : [-L/2, L/2] x [0, o0) — R by

I/ lle = supllf (s Dllo -
>0

The same convention applies for L” and /? norms. Finally, we make the following
definition.

Definition 2.6. Let @ = [—L/2, L/2] x RT and C%2.(22, R) denote the set of infinitely

per
differentiable functions on Q compactly supported on RY and satisfying f(—L/2,t) =
f(L/2,t) for all t € R*. We define the (Banach) space Wy as the completion of
ngr(Q, R) under the norm || - ||, and By (r) C Wy the open ball of radius r centered
on0eW;.

The spaces W, satisfy nice properties under derivation and multiplication. Space
deri-vation maps W, to W, _1 essentially with a factor § on the norms, while multipli-
cation maps Wy x W, to W, with essentially a factor /8. Furthermore, in the spaces
W, it is very easy to quantify the regularising effects of the evolution equation (2.2) on
the inhomogeneous term g’ (or the nonlinearity F(u)). For precise statement on these
results, see Lemma B.1, and Propositions B.2 and B.3 in Appendix B. The following
proposition, which follows directly from Lemma B.1 relate W, to more well known
spaces:
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Proposition 2.7. For all 0 > % W, C L®@®R™T, Wp2([—L/2, L/2))), the Banach
space of functions on 2 which are (together with their space derivatives up to order 2)
uniformly (in time) bounded in LZ([—L/Z, L/2]).

We can now define the class C of initial conditions for which Theorems 1.1 and 1.2
hold.

Definition 2.8. We say that no and sq are in the class C ifn6 € Wo,o and so € Wo,o—1,

if
22
i €7 8 3
00 =0. lmlle <cpp. |so———|  =€sp . (2.12)
forp =K L33, Cno > 0and cgy > 0 and if
A2 X Lur £y 0ll2 + 21X Lur £ 50w < Aocyop - (2.13)
_ £\?2
ol + el Ly ol = 20 ) cwr® . @14)
. . 1 a2 2 2
withdy0 > 0, A10 < mln(%, %) andry = s%(so — S50+ %n(’)’ + g—z(né)z).

Note that (2.14) is stronger than (2.13) as ¢ — 0, while it is the contrary as ¢ — ¢&.

2.4. High frequency estimates. By Theorem 2.2, the solution u of (2.2) exists and is
bounded in L2 for all # > 0iif || ol 2 + 1€, ¢'ll;2 < 0o. We will now show that upon
further restrictions on wo and g, the solution has bounded || - ||o—norm for all # > 0.
Namely, setting

4 2 _ 2
co=1+18gle + 5L +

g _ Cucop
£, me=z. e

we have the following theorem.

Theorem 2.9. Let co and & be defined by (2.15), and assume that the initial condition
o and the function g satisfy & < 21;- Then the solution w of (2.2) satisfies

1 - JT—4E
Iillo < (T) cop. (2.16)

Remark 2.10. Note that ¢ is implicitly dependent of § (because the norm || - || is). If rg
and g are given, cq is a non-increasing function of § (see (2.10)). Hence we can surely
satisfy £ < % by taking § sufficiently large.

Proof of Theorem 2.9. Letdy = |||l 2, 00 =0, 01 = % and, for all n > 1, define

{Un+1 ifo,+1 <o

o .
n+l o if o,+1>0

We will now show inductively that d, = [|u|ls, are bounded for all n» > 1, and that
lnlle = lim d, satisfies (2.16). The first step is to note that by Theorem 2.2, we have
n—0o0

do=llullz < p+llrollz +4e2 1L, gl <cop. (2.17)
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To bound [|illyy., we use Duhamel’s representation formula for the solution of (2.2),

t
pw(x, 1) = e Fnlpg + &2 / ds e En=g (x, §) + T(u)(x, 1), (2.18)
0
t
T () (x, 1) = — f ds e £ (up) (-, 5) .
0

Since u 1/ = %(uz)/, using Propositions B.2 and B.3, we get for all n > 1 the bound

1 Cn
1T W lw,ope1 < —=lKlw.e, < —= d .
W,0,+1 «/55 W,o, «/% n

Using again Proposition B.2 and the definitions (2.15), we get for all n > 0 the bound

because p + [|olls, +4e211L7 " ¢/ Iz + a2|||g—'|||w,,,n < ¢o p forall n > 0. Note that
n
since £ < }‘, the (infinite) sequence d,, 11 = 1 + & d,%, do = 1, is increasing and satisfies

d, < limd, = ds = l_vzé_%, hence ||ille < dso o p, from which (2.16) follows
n—oo

immediately. O

2.5. Existence and uniqueness of the solution of the phase equation. Let i € W, and
wo € Bo,g(cpy p) C Wo,o. We consider the equation

o0 f =—Luf —f f+EF@) . fx.0)=pow). (2.19)

By Theorem 2.9, f exists if [|uolle + 1L, F(2)ll2 + 1L, F()'llw.e < 00, in
which case, we define the map (i, no) — F (&, no), by F(i, o) = f. We will show
that for fixed wo, it — F(ji, no) is a contraction in the ball By (¢, p) if the following
condition holds.

Condition 2.11. There exist constants 1 < 1 and X2 > 0 such that for all ¢, > %,

there exists a constant gy such that for all ¢ < gy and for all u; € Bs(cy p) the following
bounds hold:

- F(u)
4¢? |||£:U1 F(ui) llp2 + &’ H‘L—lm <Aicyp, (2.20)
m W,o
- AF’
1Ly AF I+ | shllm—mlo . @2
‘C//« W,o
- £\2
ol + 62 1L Fu' e <22 (1) a0’ @22

where AF = F(u1) — F(up).
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We prove that this condition holds in Sect. 4. The proof requires bounds on s and r5.
We will now motivate briefly why this condition is a natural one.

We recall that F'(u) = Fo(s(n), u) + x Ly, r2. If we consider (2.20)—(2.22) only
att = 0, and set Fyp = 0, we see that by Definition 2.8, the bounds (2.20)—(2.22) are
satisfied with A; = A1,0 < 1 and A2 = X290 > 0. We will see in Sect. 4 that r; satisfies
the same kind of bounds as those of Definition 2.8 for any time ¢ > 0. On the other
hand, if s = s1(u), or equivalently r, = 0, we have F () = Fp(si(n), n), and (see
Appendix C or the beginning of Sect. 4) we can satisfy Condition 2.11 for any 1| < 1
and g9 = ¢, 87/ p~1/2 if ¢, is sufficiently small (depending on A1). To apply Theorem
2.9, we need & = Cncop %, and from (2.20), we have ¢y < ¢;, hence we can satisfy

NG
& < %{ by choosing 8§ = ¢5 p? for some constant c;. This implies also that we should

take (at least) eg = ¢, p~™¢ with m, > 3.
We then have the following proposition

Proposition 2.12. Let ¢, > llt—c)?? and assume that Condition 2.11 holds with &gy suf-

ficiently small. Then there exists a constant cs sufficiently large such that if § = cs p>
and & < gy, then for all 1o € By, (cyy p), it holds

NF (i, wollls < cyp- (2.23)

Proof. The proof follows from Theorem 2.9. We first note that F (ix;, (o) satisfies (2.2)
with g = F(j1), and define co(ft) and £(1) as in (2.15). Then by Condition 2.11, for all

€ By (cy p) and po € Bo,o (cyyy p), we have co(fi) < A ¢, with A = A; + H;;”" < 1.
Choosing c;s sufficiently large, we have &(1) < 4—1‘. The proof is then completed noting

that by Theorem 2.9, we have || F (i, no)lls < (%—;f(ﬂ)) co(ft) p <cpp. 0O

Proposition 2.13. Let c¢;, cs and &y be given by Proposition 2.12, and assume that for
all i, fiz € By (cy p) we have | F (i, pollo < ¢y p for all po € Bo,o(cy p). Then
there exists a time ty such that

sup | F (i, mo)(-, 1) — F(fi, o), Dlle < sup a1, 1) — 2, Hllo -

0<t<ty 0<t=<ty

Proof. The proof, being very similar to the estimates leading to (2.23), can be found
in Appendix D. Note that here we only asked for po € Bo o (cyp) and not for g €

BO,U(CWOP)- ]

We now deduce from Propositions 2.12 and 2.13 existence, uniqueness, and estimates
for the solution of the phase equation.

Theorem 2.14. Let c;, c5 and &g be given by Proposition 2.12. Then for all T > 0, the
solution p of (2.1) exists for all 0 <t < T and satisfies

sup [lu(,Dlle <cyp, (2.24)
0<t<T

forall po € Bo,o(cpy p).
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Proof. Let F (i1, i10) be defined by the solution of (2.19). By Proposition 2.12, we know
that | F(iD)lle < ¢y pif llitlls < ¢, p. Hence, we can apply Proposition 2.13 and get
that ;i = F(fi, o) is a contraction for 0 < t < o in the ball of radius ¢, p. Thus
i — F(ia, no) has a unique fixed point u, in that ball. By easy arguments (see e.g.
[GvBO02]), this fixed point is the unique strong solution of (2.1) for 0 < ¢ < fy. Further-
more, since the image of ji = F(ii, o) is in a ball of radius ¢, p, u. satisfies (2.24)
with T = 1.

We can now show inductively that w, exists for all + > 0 and satisfies (2.24) for all
T > 0. Define t, = (n+ 1)ty for n > 1, and suppose that i, existson 0 < ¢ < f,_; and
satisfies (2.24) with T = t,,_1. By Proposition 2.12, we know thatfor ¢, <t < t,, the
solution F(ft, s (-, t,—1)) of

Op=—Lyp—pp +& F@), plx t0)=pulx, 1) (2.25)

is in a ball of size ¢, p if ji is in a ball of size ¢, p fort,_1 <t < t,, because it is the
continuation of a solution of (2.19), beginning with point = 0, with fi(x, 1) = p.(x, 1)
for 0 <t < t,_1. Shifting the origin of time to #,_; and replacing o by p«(-, t,—1), we
see that the conditions of Proposition 2.13 are satisfied, hence &t — F(fi, p«(:, t,—1)) is
a contraction for #,_; <t < t,,. As above, this implies that there exists an unique fixed
point ., which is the unique strong solution of 2.1 on 0 < ¢ < #, and satisfies (2.24)
withT =1t,. O

2.6. Consequences. Up to now, we did not use (2.22) of Condition 2.11. This inequality
has two important consequences which are proved in Theorems 2.15 and 2.16 below. The
first one is that s (if it exists) and 5 are related by s = —% n = —% w1 up to corrections
of order &2 and the second one concerns the relation with the Kuramoto—Sivashinsky
equation. Once these theorems are proved, we will only have to prove the bound on § to
complete the proof of Theorems 1.1 and 1.2.

Theorem 2.15. There exists a constant ¢ > 0 sufficiently small such that if Condition
2.11 is satisfied with g9 < c; p~*, 8 is given by Proposition 2.12 and ¢ < &, then it
holds

2
Is+5G 1w +5G e _ (3)4

Cyp P 0]

Proof. The proof is very simple. We use that s + %G 4 +e* n?) = &* G ry, and
that by assumption (see (2.22)), we have

2 4 A
4 I 2 3 & Cg A2 Cyg
e lr2llz < A2 (—) ey p7 < (—) cy P ( ,
&0 £0 cy

choosing ¢, sufficiently small achieves the proof. O

We next show that the solution p. of the Kuramoto—Sivashinsky equation (in deriv-
ative form) captures the dynamics of the (derivative of the) phase for short times (then
—% .. captures the dynamics of the amplitude by Theorem 2.15). To state the result, we

introduce the operator £, . = 8;‘ + 8)%. We have the following theorem.
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Theorem 2.16. Let i1 and . be the solutions of

O =—Lyp—pp' +& F(u), plx,0)=po®x),
Orhe = _Eu,c MHe — /JLC/“LL > te(x,0) = po(x).

There exist constants c, and c; such that if Condition 2.11 holds with ey < c, ,0_4, then

(2.26)

(e, ) — pe e Oz - (i)27

0<tr<ty Cy P 0]

4

forallty < c; p~" and for all ¢ < gq if c. and ¢; are sufficiently small.

Although this theorem compares @ with . on the time interval [0, ¢; ,0_4], it is also
valid on any interval of the form [#g, fo + ¢; p‘4] if  and . are equal at time fg, and
thus implies directly Theorem 1.2 (see the remark after the proof).

2
Proof of Theorem 2.16. Let py = p + picand L = L, — L, o = 5 L,,82. Note that
e exists and satisfies ||uclle < ¢, p. Furthermore, p_ satisfies

1 _ 1 / 2 / ‘CM "
Eat(u—, u-) = —(—, Ly cp-) — Z(“" Hypn-)+e (u—, F(u)y — S M ) .

Next, we define the operator £, . by £, (k) = ,/%(1 + k*). Using %E%,c+£%_2£u,c <

%, the Cauchy—Schwartz inequality and defining ¢ = % + w we get

0 1) = e, o) + e (L0 Lt I + 1£7 Fu)' 12, )

e\4
< ¢ (o o)+ (5) (Cctp*+C p%,

for some constants C, C’. The second inequality follows from Condition 2.8, &y < ¢, ,0_4

and |L5 L £, w1l < V3l Iz < € 8* ||ulle (see Lemma B.1).
Letry < ¢ ,o_4, since ¢ < % +Ccyp §3/2 = Ce ,04, we have

1) — -t e\2 - e\2
sup i, D) = pre. Dl < (—) (CZ+C) Ve —1 < (—) ;
0<t<ty Cy P 0] &0

if ¢, and ¢; are sufficiently small. O

Note that in the proof we only used global bounds on the solutions and that the initial
condition is absent from the estimations, thus the theorem generalizes immediately to
intervals of the form [#g, fg + ¢, ,0_4].



Phase Turbulence in the Complex Ginzburg-Landau Equation 633

3. The Amplitude Equation

This section is devoted to the study of the ‘amplitude’ equation (1.28). Using the defini-
tions and properties of the norms || - ||, of Sects. 2.3, we will show that for given u with
llll+ not too large, the solution of (1.28) is determined by a well defined Lipschitz map
of w. As in Sect. 2, Eq. (1.28) suggests that we study
2
e
s = =25 (s = 59") = SEQV ) + L f L s 0 =500, B

for given sg, v and f. Since ||v|l < oo, (3.1) is a linear (in s) inhomogeneous heat
equation with bounded coefficients, hence the local existence and uniqueness of the
solution in L? is known by classical arguments (see e.g. [Tem97]). For later reference,
we state the

Condition 3.1. There exist constants cs, ¢, Cyy, Cy and ¢y such that § = cs p2, e <
g0 =cep >, 50 € Woo—1, v € By(cy p) and G2 f € Wy_y.

Proposition 3.2. If Condition 3.1 holds with c. sufficiently small, then there exist a
constant ). > 1 such that the solution s of (3.1) satisfies

lsllo—1 < A (Isollo—1 + IG'2 fllo—1) - (3.2)

Proof. As in the proof of Theorem 2.9, let dy = ||s|ly2, 00 = 0, 01 = % and, for all
n > 1, define d, = ||s|l,,, where

o _{0,,+1 fo,+1<o—1
R if o, +1>0—1

Multiplying (3.1) with s, integrating over one period, using Young’s inequality, noting
that [ s(2s'v+sv) = [ (s>v)’ = 0 because s and v are periodic, and finally integrating
the differential inequality, we get immediately that

4
&
stz < lisoll 2 + - NG fli2 - (3.3)

From Duhamel’s representation formula, we get s(x, 1) = e‘ﬁtso(x) + T (s, f)(s, 1),
where £ = % L, and 7 is given by

t
T(s, f)(s.1) = /Odr e 070 (£ (200 (sv) — 590) + £ ) (x. 7).

Using (3.3) and the inequalities

t L &4 o4
‘ / dr e £070 f(x, 7) ‘ < =G fliwo < —IG"? fliw.s, (B4
0 W,o X X
we get that for any n > 1, we have (recall that d,, = [|s]l,,)

dy = 0llo 1 +1G2 fllo -1 + Ce*(IG sV ., + IG )y ) - (B:5)

Using 2||Gf'|ls, <2l fllo,—1 and e|Gfllo, < 2| flls,—1, We see that the r.h.s. of (3.5)

involves only d,,_1, which shows that the d,, are bounded for all » > 1, which gives
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llsllo—1 < oo. Using e|Gf'llo—1 < 2 fllo—1, IGfllo—1 < I fllo—1 and Proposition
B.3, we get from (3.5) and v € By (¢ p) the inequality

Isllo—1 < lIsolla—1 +1G"2 fllo—1 + (C & &* V5 (1 + £ 8) p) lsllo—1 -
Choosing c; sufficiently small in Condition 3.1 completes the proof. 0O

We are now in position to prove that the solution of (1.28) exists if g¢ is sufficiently
small.

Theorem 3.3. Let ¢, and cy, be given by Proposition C.1 and Theorem 2.14, and c5, > 0.
There exist constants ¢; > ¢y, + ¢, and cg such that for all ¢ < ¢, p_3, forall u €
Bs (cyy p) and for all so € Bo,o—1(csy 8 p), the solution s of (1.28) with s(x, 0) = so(x)
exists and is unique in By _1(cs 8 p). As such, it defines the map pu +— s(u), which, for
all p; € By (cy p), satisfies

lls(uillo—1 < ¢sép, (3.6)
llsCur) —s(u2)llo—1 < ¢5 8 llwr — p2llo - (3.7)

Proof. For all s € W,_, define T (s, ) as the solution of (3.1) with v = u and
f=nrn + €X—4F3(§, w). By Proposition 3.2, T (s, u) is well defined if ||sgllo—1 +
i) llo—1 + NF3(S, w)llg—1 < oo. To show that s(u) exists, is unique and satisfies
(3.6), we only have to show that if ¢ is sufficiently small, § — T'(5, @) is a contraction

in By_1(cs 8 p) C Wy—1. Using Propositions 3.2 and C.1 and the assumption on s, we
have

xet
T s, i)llo—1 < A (cry +c50) 6 o+ e IE3Cs, llo-1,  (3.8)

2 et
NT (s1o ) — T (52, Wllo—1 = ~ IF3Cs1, 1) — F3(s2, llo—1 - (3.9)

The contraction property follows immediately from Proposition C.4 if ¢, is sufficiently
small and ¢ > A(c, + ¢y + ¢). Hence, the map s — T (s, u) has a unique fixed
point s* (). This fixed point satisfies (3.6) and is a strong solution of (1.28) (see also
[GvBO02)).

For (3.7), we define pu+ = uy £ wo, s1 = s*(u1), s2 = s*(u2) and s+ = s1 £ 7.
First, we note that s_ satisfies (3.1) with v = pu4 and f = F3(s1, 1) — F3(s2, 2) —

2. 4
L (25 w4 sy’ ). Next, forall 0 < ¢; < 1, we have the estimations

NG (i) Mo—1 < C3VBlIsillo—tlln_llo < 218Nl -
NG s Nlo1 < Ce*83 2 |Isillo—1lln—llo < c18llu—llo

if e < ¢ p_3 with ¢, sufficiently small. Finally, writing F3(s1, (1) — F3(s2, n2) =

F3(s1, 1) — F3(s1, n2) + F3(s1, 2) — F3(s2, (2), using Propositions 3.2, C.1 and C 4,
we conclude that

Is—llo—1 =2 (cry +281 +8) S o + ¢ lls—llo—1 -

Since ¢ < 1, the proof is completed choosing ¢ sufficiently large. O
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We end this section by proving that . — r(u) = s(u) — %s(u)” satisfies essentially
the same bounds as @ — s(u).

Corollary 3.4. Assume that ro € By s—1(cr; 8 p). Then there exists a constant ¢, >
¢r + cs, such that o — r(p) satisfies

lr(llo—1 < crdp, (3.10)
llr(mi) —r(p2)llo—1 < ¢ 8 llur — m2llo (3.11)
if the conditions of Theorem 3.3 are satisfied.

Proof. The proof, being very similar to the ones of Proposition 3.2 and Theorem 3.3 is
outlined in Appendix E. O

4. The Condition 2.11, Properties of u — F(p) and p — ra(p)

We recall that F(u) = Fo(s(u), ) + x Ly, r2(0), where r; is defined in (1.33). If
rp = 0, Condition 2.11 can be satisfied if g < ¢, ,0_3 with ¢, sufficiently small. Namely,
from Theorem C.2, Appendix C, using also ||LZ;l Flliz <2102 <211 fllo—2, we
have

462y 01 / 2|l Fo(ud)' 205/2 2
1y Foui) e + ¢ || 2= || = €522, (1)
I,L ’
2 -1 / 2 AFé 205/2
1y AR + 62| 2| = et —palle . (42)
i .

where AFy = Fo(u1) — Fo(uo). Since § = c; ,02, we see that for g9 = ¢, p_3, the
contribution of Fy to the bounds (2.20)—(2.22) can be made arbitrarily small, choosing
¢ sufficiently small, independently of p, or of the size of the system L. So what we
need is more detailed information on r. Note that r, inherits the bounds of r and r,
but with a factor ¢ =4, so that we have to work a little more to show that the bounds on
rp are finite as ¢ — 0, and that (2.20)—(2.22) are also satisfied when the contribution
of r, is taken into account. The essential input will be that as a dynamical variable, r,
satisfies (1.38) with r2(x, 0) = r2o(x) = 2—3 - r‘é—"fO). Since we know that s(u) exists,
we can view (1.38) as a linear inhomogeneous equation for r, and derive bounds from
it. These bounds are proved in the four following lemmas, where, for convenience, we
write Fg(s(u), u) = Fe(i).

Lemma 4.1. If rp solves (1.38) with r2(x, 0) = ry,0(x), then for all i € By (c,p), one
has

2 G)llz < lr2ollie + I Fs GOl 2 (4.3)
WX Lo £ 20 2 < WX Lpr £y P5 oMz + V20 L £ Fs(o) 2 . (4.4)

Proof. Letrs = XL’,L,,L';]ré, then using Young’s inequality and Proposition F.2 (see
Appendix F) we get that r, and r4 satisfy

X 2
3 (r2.r2) < =2 (2 r2) + —— | Fs(w2 »
£ XE

X 2x _
0r(ra,ra) = =25 0ra ra) + 1L £ Fo I

Integrating these differential inequalities completes the proof. O
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Lemma 4.2. Assume that the solution r» of (1.38) satisfies € || x Ly r ﬁ;l () iz <
¢y p. Then for all y > 1, there exist constants C and c, such that for all p € B, (c;) p)
and for all ¢ < ¢, with c, sufficiently small, one has

K (B o o)
Xhpr < Ziwr ZOIH) c .
I - , =152 e + | 725, + c e
Proof. We define
c
ry = P><X£“’rré) , 4.5)

m

and we note that ||73]lyy,, < 0o, because

L
X Mu,r r/

C
il = Shllor = < (G0t + Gl

Irslhw.o = |

o

On the other hand, r3 satisfies

trs = —£G Ly + P (B (1Lurs) ) + B o, Pora) . (46)
with r3(x, 0) = r3 0(x) and
£ L L
Fo(u, Pory) = X p_ 200 (g,  Pory) + P 220 Fo(uy
16~ L, L,

Using that ||73|;.2 < ¢,p by hypothesis on ro, and €2[ £, fllo—2 < 282 fll5» we get

28N lyursliw,o—s < C8 2 ullsllrslls < Cenp + Clirliw,o -
Using this estimate, Duhamel’s formula for the solution of (4.6) and Lemma F.1, we get

F9(M, P_ry) H)

2 2
I3l < I oot + || + Ceeyp + CElrsllwo -

This gives an estimation on ||73 |||W’0 if ¢ < ¢, with ¢, sufficiently small. Using Lemma
ELIP-Lyflle = IP<Lyflli2 < 48| fllr2 and [|P< fllo = [ P fll 2, we get

r / 45172 ~1
oIz b tnrpr], = €57 00a Py 7 120

= Cetllx L L5 ll2 < Cecyp
Choosing c; sufficiently small completes the proof. 0O

Lemma 4.3. Let r2(1i) be the solution of (1.38) with © = w;, and define Ar, =
ra(u1) — r2(ue) and AFg = Fe(u1) — Fe(iuz). Assume that

- XLy,
4N Ly 7 12 i) 2 + 2| E2 )
n

< . 4.7
Weo = Cnp 4.7)

Then for all ; € B, (cy p), there exists a constant C such that

WX Lur Lo Ar5lIL2 < WX Lur £y AFI2 + C8pllt — palle . (4.8)
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Proof. The proof follows from Lemma 4.1, with the replacements 12 o = 0, r2 <> Arp,
Fo < AFg + A/LE,”Arjr. We estimate the additional term by

4
& _
5 IXLurLy V2(ARL, ) 2 < 8e* AL 7y Iz -

Using (4.7), defining r3 in terms of r as in (4.5) in terms of r,, we have

eMNAUL 7 2 < eNARP-Lyr LoLy PNl + e NARL T3 2
< Ce* 2 Al 1Ly £ 7 2 + e I ARLur3llo—2
< C2852 || Apllocyp + C285 2 AplolIrslls -

since | P<Ly fllr2 < 382 fllr2, €21 L. fllo—2 < 28211 f lls and €2[|r3]ls < cyp and the
proof is completed. O

Lemma 4.4. Let r2(ii) be the solution of (1.38) with © = w;, and define Ar, =
ra(u1) — r2(u2) and AFg = Fe(u1) — Fe(in2). Assume that

X»Cp,,r
< , 4.9
‘Cu W Cpp 4.9)

X L £ Ara(ui) 2 < it — pally - (4.10)

A2 Ly £ 72 ) iz + €| 224 ra i)

Then for all y > 1 and for all u; € B, (c; p) and for all & < c; sufficiently small, there
exists a constant C such that

L T !
wo =7 (26505

LA o FClu = pmlle) . @D

[ e
"
Proof. The proof follows from Lemma 4.2, with the replacements of the proof of Lemma

4.3 for AFs and nL,, ,r}, we omit the details. O

We can now show that Condition 2.11 is satisfied if ¢ < g9 < ¢z V1 —2 2 p*4
with ¢, sufficiently small, o? < % and if the initial data pg and sq are in the class C.
Proposition 4.5. Let a? < %, § =cs p2, and assume that ra,o is an admissible initial
condition. For all y > 1, there exist a constant c. sufficiently small such that for all
e <egyg<cel—20a? p_4 there exist constants .1 < 1 and Ay < 1 such that for all
w € By (cy p), one has

- F(umi)
4Ly P e+ | =2 <aien, (4.12)
Eﬂ W,o
_ AF’
4L, AF e + 2 || shllm -l @13)
Eﬂ W,o
- €\2
(ol + 1L Fe e <2 () e n’. @19
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Proof. We recall that F = Fy + x L, r>. The logical order of the proof is to start with
(4.14), which follows from Definition 2.8, Lemma 4.1, Proposition C.6 and (4.1) if ¢,
is sufficiently small. Using the same results, we get &2 || x Lyr L;l (Wl <cyp
(this is needed in Lemma 4.2), and (4.12) then follows from Definition 2.8, Lemma 4.2,
Proposition C.6 and (4.1), again if ¢, is sufficiently small. Now, since A; < 1, we get
(4.7) from (4.12), so the hypothesis of Lemma 4.3 is fulfilled, which in turn shows that
both hypotheses (4.9) and (4.10) of Lemma 4.4 are fulfilled, and then (4.13) follows from
Definition 2.8, Lemmas 4.3 and 4.4, Proposition C.6 and (4.2), again if ¢, is sufficiently
small. 0O

We end this paper by noting that the class C is almost preserved by the time evo-
lution, in the sense that the solution of the Complex Ginzburg Landau equation with
corresponding initial data exists for all times and is for all times in a (larger) class C’
characterized by the same constants as those of C, except for cy, ¢;, A1, A2 Which are
larger than ¢y, ¢y, 21,0, A2,0-
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A. Coercive Functional for the Phase

Proposition A.1. Let (v, w) = fvw, W, w)yp = f v(L, +yoHw and

Lok = [ (A1)
3 1+€,221\2

For all L > 27, there exist a constant K and an antisymmetric periodic function ¢ such
that forall y € [}1, 11and ¢ < L™2/3, and for every antisymmetric periodic function v,
one has

3
2 (Lyv, Ly v) < (0,0)y¢ < 19 oo (v, 0) + @7, V"),
(@ ¢)yp < K L' and (¢p.¢)<3L>.

Proof. The proof is based on a similar result of [CEES93] for £, . = 8;‘ + 83. We will
need some technical alterations of their proof to take into account that £, is of lower
order than £, .. However, by (1.31) and (1.36), the two operators are equal in the limit
& — 0, so we will recover their result as a particular case. As we will see, in the statement
of Proposition 2.1, the restriction ¢ < (& L% 5)_1 is a convenient one because then we
can use the same function ¢ as that defined in [CEES93]. We will see later that we need
a much stronger restriction on ¢ anyway.

The proof really amounts to construct the function ¢. Let ¢ = 2% < 1 and M be the

L
smallest integer (strictly) larger than % L7/3. We define ¢ by

Px) =) " ¢,

neZ
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where the Fourier coefficients ¢, are given by

0, n=20
4
Gn=1 qn" 1 <Inl < 2M |

‘Wﬂﬂ# , otherwise

where f is a non-increasing C' function satisfying £(0) = 1, f’(0) = 0 and

F20, suplf] <1, /dk(1+k)2|f(k)|2
0

The proof then follows from the three technical lemmas below. O

Lemma A.2. There exists a constant K such that the function ¢ defined above satisfies

@.®) <3L>, (¢.0)yp <K L' and (v,v)y <K L5 |v]2, + V|12,

for all periodic antisymmetric functions v.

Proof. For the first inequality, we have

_47700 2 = 3_f 3
(¢,¢>—7;|¢n|_ 3Zn2 ( )—3L.

n=1

For the second inequality, we use that ¢ is periodic, so that | $*¢’ = 0, giving

4 00
6. ®)yo = (@, L) = 7” > Lutan) Ial?

n=1

where L, is defined in (1.30). Since £, (qn) < (qn)4 and M < L3 we get

4 o)
(. 9)ys = (6. Ludp) = 7” > L,uqn) 1¢nl?

n=1

(zn oM Z(1+_) (2';”)2)

<C L% (1+/ dk (1+k)2f(k)2> :
0

Finally, using again £, (qgn) < (gn)*, we have

’ 2 "2
(W, V)yp < 1P llLee lvllf2 + V772 -
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Using the Cauchy—Schwartz inequality, we have

I/l < Zimnl || < 16M+2i(f(ﬁ>)

n=1 n=1

16M+4M/ dk + )If( )

cL'3 (1 + \//Ofik (1 +k)? If(k)|2) :
0

This completes the proof of the lemma. O

IA

IA

LemmaA.3. Forall L > 2n, forall y € [le 1] and for all ¢ < MLq, one has
3
(v, V)yp = Z(‘Cv v,Lyv) . (A.2)

Proof. Following [CEES93] one shows first that

(v, )y = 2L [Z(ﬁmn) +yvavs +21 Y kU (Wi — mk_mp} :

n>0 k>m=>0

where ,, = —ign ¢,. Then one notices that for 0 < ¢ < 1, one has
£ulam) o = g = G g =L
ATy Vo = T i = = e
+ 1+ —3

The definition of 7 here is different from that of [CEES93], except in the & = 0 limit.
We now define w,, = v, 7, (in particular w = \/g L, v), and the operator I" by

wrw=1 3 w Yictm) = Vik-ml, (A3)

T, T
O<m<k ktm

and get
1 3
(0, V)yp = (w, (d+2yT) w) > 7 (w, w) = 1 (Lyv,Lyv),

since (see Lemma A.4 below), the Hilbert—Schmidt norm of 2y T" is less than % O

Lemma A.4. Let the operator I be defined by (A.3). Forall L > 2w, forall y € [}‘, 1]
and for all ¢ < 57—, the Hilbert—Schmidt norm of 2yT.
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Proof. Note again that ¢ < ML = (L 1is only a convenient restriction (see

remark above). To prove this lemma, it is sufficient (see [CEES93]) to show that

2
Yik+m| — Ylk—m|
Tk Tm

(A4)

ITlEs= )

O<m<k

16
By definition of ¢, for all k > m > 0, we have

WVk—m — Ykgm| =0, ifk+m <2M ,
[Vk—m — Viktml §4min{1,%} , forallk >m.

We distinguish two sets of summation indices S = St U Syy in the sum (A.4),

:{(m,k)est.t.M—i—l§mandm+1§k},

SH=[(m,k)est.t.l5m§Mand2M—m+1§k} ,

and write | T ||%IS = Ti + Ty1 accordingly.

In the region I, we have m > M, and using ¢ < MLq and % <

1
= W, we get

Ti <16 Z

=M+1

Z < 16/031m ! /Oiik ! ,
r(qm)2 t(qk)2 v u@m? ), t(gk)?

whereas in the region II, we have m < M and k > M + 1, and using again ¢ < MLq and

1 1
W = mme e et

16 & w2 o 1 16 o~ m? (> 1
Ty < m _T(qm)z Z T(gk)? = M2 T(gm)? Mdk 71(gk)?
- k=2M—m+1 m=1

1 q* m*
3 MS 42( 21_|_m4 4+2M2q41+m4q4

S
160 1 1 /OO dm 1
S—=—\= + .
T 3 M3¢*\q?Jo 1+¢2>m?2  2Mq*
Collecting these results, we get ||F||HS < SOT” maTH M5 + 5 440 i 1M6 . This bound is worse

than that of [CEES93] by numerical factors only (in their bound 803” is replaced by 5= 128
and % by %6), but is uniform in ¢ < MLq. This motivates the restriction ¢ < M—q. The

proof is then completed using M > % L3, o
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B. Properties of the Spaces W,

Lemma B.1. Let 0 > % There exists a constant C such that for alln < o — % and for

allm < o — 1, we have
1 No—m +1G f™lom < C8™ 1 flls (B.1)
1
L@l +1G fP e < €82 | flo (B.2)
where " is the m™ order spatial derivative of f.

Proof. Throughout the proof, we use that G acts multiplicatively in Fourier space,
(G f)n = G(gn) f, with G(k) < 1 (see 1.36), so that G is a bounded operator in
the /? and || - || norms. Using that || f|lLe < || fll;1, and that the space derivative com-
mutes with G, we see that we need only prove (B.1) and (B.2) for the terms without G,
and with L replaced by /! in (B.2). In the sequel, we denote by K the operator with
symbol K (k) = |k|.

For (B.1), we use that |x| < +/1 + x2 and that || - ||| 2 = VL - l|;2 to show that

1 No—m = 1" MW o—m + 1™ 2 < 8™ I f s + I1F ™2
< 8" (1 fllw.o + I1P< fll2) + VL 8™+ (K /O™ P- flip

o 2 dx 1/2
<l +5"( [ ) 1w < C8"I e
—00

For (B.2), using the Cauchy—Schwartz inequality, we have
245\1/2
1P<fln = (7) UP<Fle < VS LRl < V3 1P<fllz . (B3

so that
1
IF ™ < IK" Pofllp + 1K™ P~ fllp <872 || fll2 + K" P flip

n+l n+4 OO dx n+3
=82Sl + 872 = Iflwe =C 82 [ fllo -
oo (1+x2) 2

The proof is completed. O

Proposition B.2. Let § > 2, then there exist constants C1 and C» such that

A

Hefﬁﬂf Ji0) < IfOlw.o »
t (.
Ads e*LH(f*S) g/(" 5) g'(,s)

n
f/+Gg/
‘le’v

IA

sup . (B.4)

W,o O<s<t

‘W,o

1 ]
< 5 I llw.o—1 + s lglhw -3 »

W,o

where L, is defined in (1.30) and e Lul s the propagation Kernel associated with
hf=—Luf.
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Proof. The propagation Kernel e~£# acts as (e ~Lut f ), = e Lulamt £ in Fourier
space. For ¢ < 1 and |k| > § > 2, by (1.30), one has £ (k) > L,,(8) > 4, which gives

sup e 541 ()= OOl = 1 Ollws

>0

Next, we use that

! L (t—5) L t g'C.s)
/dse =9 g'(.. 5) < sup L, (gn) ds e Fulgm) (t=s) 12 2277
0 W,o |n|> E# W,o
/ s
< sup (1 —e_L“(q")’) sup g(ﬁ ) ‘ .
|n|>$ O=<s=<t Hn W,o

Since 1 — e~ Lulam t < 1 for gn > § > 2, the proof of (B.4) is completed.
Finally, we have

/ S /2 2 2
L] <00 up (1 () (1 S0 B
wliw,o q Inl>2 (gn)* — (gn)
1 V1+4x2 1+ x?
< 3 1flwo- l(igp - )(i‘;gxz_l)’
Gg Vs gn\2\o/2  |qn| |gnl
Hc = (1+CE’) i o
wlw,e 9 |n=? gn)* — (gn)

sup ———
xzz X X

1 V14 x2\3 x*
< 5 lglw,os (sup =) )-

x>1

This completes the proof. 0O

Proposition B.3. Let |[ulls, < 00, [|[V]ls, < 00 and 0 = min(oy, 02) > % Then there
exists a constant Cy, depending only on o such that

luvlls < Cm V8 llttlloy [[V]los - (B.5)

[l

< 9
o 1= Cu 8|0

provided Cy, NS lvlle, < L. If 0 < 1, we have the two particular cases

(B.6)

u
1+v

luvllyy, 1 = C Vo lully vl and  fluvllw,o < Cu V8 lullp2 [z . (B.7)
Proof. We first note that if o = min(o, 02) > %, by Lemma B.1, we have

vl < fulles [lvllz < C V6 Jullo, 0], -

So the L2 part of (B.5) is proved. For the || - [lyy,» part of (B.5) and for (B.7), we write
u=u.+u-,where u. = P_u and u~ = P-u and the same for v. Then we have

luviiw,e < lluvlin,e < llu<v<line + lu<vsline + lusv<line + llusvslno -
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Clearly, | P~ flin.e < I fllw.e < I flls,sothat we can apply Lemma B.4 below to the
last term (see [BKL94] for the original version of the lemma). The first three terms in
turn are bounded using Lemma B.S5.

To prove (B.6), we write a geometric series for ——

|

Summing the series since C, NS lvlls, < 1 completes the proof. O

S +v and use (B.5) inductively, getting

< 2 "l < > (Cn V5 vl )"

m=>0

I+wli,

Lemma B.4. Let 61,07 > % and o = min(oy, 07) > %, then there exists a constant cp
depending only on o such that

luvline < b V8 Iulln .o 1VIN 0 » (B.8)

and if o < 1, we have the two particular cases
luvlly,y < eo/Bllulniliviag and Juvino < cpv/lulizlvliz . (B.9)

Proof. We begin with the second inequality of (B.9). We have

NS
luvlino = ~—sup D fun] vm—nl < V8 L llull2 10l < v/ flullz [0ll2 -

nEZmEZ

Next, we define p = %, x = pn and y = pm. We have

up MZ [t ||V —m |

luvlin,e <
7 \/—nGZ )4 meZ,
1 1+x2 \$%
< Vol o 10l A SU /d ( )*. @10
N, o1 J\/’azxeg y 1+y21+(x y)2
1
1 (14 x?)2
luvllpr 1 < V8l vl supfdy . (B.11)
xeRJ-00 (1432)2 (1 4 (x — y))?

To see that both integrals in (B.10) and (B.11) are uniformly bounded in x € R, we can
assume without loss of generality that x > 0, and use the uniform bounds

( = 1+ x2 <4 and 1 _ !
€ (—00, x 5 = an = )
' I+ (= y)? T+ (=32 = T4y
1+x2 1 1
€[x/2,00) = <4 and < ,
Y € x/2, 00) 1+)? T+32 " T+ @x—y)?

from which we get the desired result. O

Lemma B.5. Let o > 0, then there exists a constant C depending only on o such that

[(P=ut) (P-v)|I Ao < C V3 llulls [0]lo (B.12)
I(P<tt) (P-v)llnr.0 < C V8 llullo II0]lo - (B.13)
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Proof. Let p = %. Using that |[p(n — m)| < 1 implies 1 + (pn)? < 3(1 + (pm)?) we
get easily

[Py (Pev)lng <3sup D Joul (B (L4 (pm)D)F ) -

"€ | pm|=1, | p(n—m)|<1

The proof of (B.12) then follows since [|[vxull;oo < [[v]i;1[lull;, using |l o < llulls

and || P<v|p < \/§||v||Lz (see (B.3) above). Similarly, since | pm| < 1 and |p(m—n)| <
1 implies |pn| < 2, we have

I(P<u)(P<v)llx,e <57 /5 L sup >l [vnml -

€L pm|<1, | p(m—n)| <1

The proof is completed since L|ju * vl < Lljull2[vl2z = llull2llviie < lullollvils.
]

C. Bounds on Nonlinear Terms

C.1. Bounds on ri.

Proposition C.1. Assume that ||t1llc < ¢y o, I2lle < ¢y p, 8 =cs5 p2ande < 1, and

let r1 be defined by (1.32). Then there exists a constant c,, such that

lrillo—1 <cr ép, (C.1)
lri(u1) —ri(u2)llo—1 < cry 8 ller — p2llo—1 - (C.2)

Proof. Using Lemma B.1, Proposition B.3 and ,u% — /L% = (U1 — u2)(U1 + u2), we
have

2 Cm
lr1(uidllo—1 <8 lumille + llujlle <6 IIMlla(l +— IIMIIJ) ,

Vs
Cn
1) = ri(u)lle < 8 llwr — pallo (1 + 7 1+ p2llo) -

The proof is completed noting that ||u;|lc < ¢, p and § = cs p2. O

C.2. Bounds on Fy.

Theorem C.2. Let§ = cs ,02, and suppose that forall i, j1; € Bo (c;) p), we haver (i) €

Bos—1(cr 8 p) and ||r(u) —r(u2)llo—1 < cr 8 [lp1 —p2llo. Let AFy = Fo(ju1) — Fo(ua).
Then there exist constants ¢, and cp, such that for all ¢ < ¢, ,0’1 we have

Fo(w)
IIFO(M)Ilo—z-I—H - < cp8%p?, (C.3)
23 W,o
A 6 5/2
IAFlL: + | — < e Ppllpr — w2l - (C4)
noAW, o
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Proof. We first note that since s = G r, from the definition of G (see (1.36)) we have

Isllo—+ Jes',_ + %"

=Sl =Cp. (C.5)

Since [|[rllo—1 < ¢, 8 pand u € By (c, p), foralle < ¢, p!

we have

with ¢, sufficiently small,

1—Cpe*a® Vs |rllo—1 > 1/2 and & V5 |lullo <C. (C.6)

Leto; =0 —i,i = 1,2, 3. Using (C.5), (C.6) and Proposition B.3, we easily show that

20\ 4 N/
5 s(es) us(e"s) 52 2
+ <Cé , C.7
”S ol H 1+ e*a?s |, H 1+ eta?s |, ~ P €D
us’
e BEL I
2
2 211 ’ ’ ’ 5/2 .2
e llos + 1) Moy + I lloy + 167 llos + I sllos < C8/<p=, (C.9)
H W 2| < cst2pr. (0
o3

Applying Lemma B.1 for the two last terms of Fy(u), and using (C.7) and (C.8), we see
that || Fo(u)|lo—2 < C8%/?p?, which proves the first part of (C.3).
To prove the remainder of (C.3), we use that

1
s’uzG(ur/—f—Z,u/r—Z//s—zu” (6‘25‘/)),

which follows from easy algebras, to get Fo(s, n) = Fi(s, u) + G Fa(s, r, ), where

204 2 2.0
a(es)su 2as(ecs”)
Fi(s. ) = 2(2 21 2\ o2 _ )
15, 1) = xe ( + e +a))s 1 + e*as 1 + e*a?s
1 2 1 2\ Xaz 1 / 1 "2
Fz(s,r,u)=—zﬂ —Z(M) +T 2ur +4p'r —4p's —pu(ets) ) .

We then use Proposition B.2 which gives

i

Using (C.9) and (C.10) for the F>—term and (C.7) for the Fj—term completes the proof
of (C.3), while equalities like ajby — axby = (a1 — a)by + (b1 — b2)a and £ o i—; =

a4 1“2 + 7 hzblh‘ show that the estimates needed to prove (C.4) are similar to those for

(C.3), we émlt the details. 0O

Fo()'
Ly

(&)
= — IF1Wlw,e- 1+t 53 3 IFR2(Wlhwe-3 -

G
W,o 8

. . L 2
5 act on both sides of this equation with (1- 578 ) and use that g2s" =2s—2rande?s"” =2s'—2r".
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Corollary C.3. Let o < 1 and F7(j) = % (0 + SZT")FO(M)/ as in (1.41). Then there
exist constants cg and c g, such that for all e < c, 02 the following bounds hold:

L
-1 N, w,r N 5/2 2
| 21027 Fr i) L2+H£uG£rF7(“’) L, Sende (C.11)
L
1A w.r / 5/2
| £rci aF; u | geg A, = e elsule . €12

where AF7 = F7(u1) — F7(u2) and Ap = g — po.

Proof. We first use that ||L,, , ,C;l F'll2 < 16| fll2 (see Lemma F.1 in Appendix F),

so that for the L? bounds in (C.11) and (C.12), we need only bound || F7(u;)|l;2 and
| F7(e1) — F7(e2) |l 2. Then we have also || f ;2 < || fllo for any o’ > 0, from which
we get

1F7(ui)lli2 < €11 Fo(iei) llo—a + e*CV8pll Fo(iti) lo—3 -

Using || f'llo—3 < 8l fllo—2, | Fo(ui)llo—2 < ¢y 87/ p* and & < ¢, p~ gives the
desired result. Similarly, since

1 1
w1 Fo(un)' — pa Fo(ua) = 7 0u Fl + 5 (u1+ 12) F', (C.13)

where A = 1 — pp and Fi = Fo(uy) £ Fo(up), we also have
IAF7ll2 < Ci IF-llo—2+ C2 &% | Fillo—a llu1 — pallo -

The proof of (C.12) is completed noting that || F_|l;—2 < cf, 8>/? p [lu1 — p2|lo, and
using again £ < ¢, p 2.

For the remainder of the proof of (C.11), we use Lemma F.1 to get

Lor
GL,

2

€ < C5 N fllw.o-3

L
< Cllfllw.o and HLf

! L,GL,

W,o W,o

for some constant C, and we conclude that

Ly , Fo(ui)'
— F7(ui) H <C ”
H LuGLy W,o Lu lwe

Fo(u)!
<c <”%H + IIFo(Mi)Ilo—z) ,
3 W,o

which gives the desired result. The proof of the remainder of (C.12) is very similar (use
e.g. (C.13) and proceed as above), we omit the details. O

+ %73 i Fo(ui)'||a3>
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C.3. Bounds on F3 and Fy.

Proposition C.4. Letcy, ¢; > 0ands = csp® > 2. Forall0 < ¢ < 1, there exists a con-

stant ¢ such that forall ¢ < c, ,0’3,for all p; € By (cy p) and forall s; € By_1(cs § p)
the following bounds hold:

o
;||F3(Si’ widllo—1 < ¢dp s

4
&
?|IF3(S1, wi) — F3(s2, ui)llo—1 < Clist — s2llo—1,

4
&
?||F3(Si, w1) — F3(si, po)llo—1 < ¢8Il — pallo—1 -

Proof. The proof is very easy. For instance, we have

st o1 + e%llsitiflo—1 + €8s o1 < C(e%6%%p + 6%p” + £%6° ) 8p ,

which can be made arbitrarily small choosing ¢, sufficiently small. O

Proposition C.5. Let F5(s, u) = F3(s, it) + F4(s, w). There exist constants cg and c,
such that for all ¢ < ¢, p~2, for all u; € By (cy p) and for all maps s satisfying
ILss(i)llo—1 < ¢5 8 p and | Ls(s(n1) —s(u2))llo—1 < ¢5 8 [l — w2l the following
bounds hold:

1L Fs(s (), i) llo—3 < cr8°/%p? (C.14)
1L Fs(s(ie1), 1) — L5 Fs(s(2), u2)llo—3 < cr,8>?pllies — palls - (C.15)

. 2
Proof. We first note that since L, = 1 — %Bf, we have

1£6 fllo—3 = (1+C & 8) I fllom1 = C U fllo-1 -

Then, as in the proof of Proposition C.4, for the contribution of F3, we have
I57llo -1+ e sinfllo1 + e ls7lo1 = €827 (14 2T 6%672p)

where s(u;) = s;. For the contribution of Fy4, we have
L5 (s wpdllo—3 < CV8lls () llo—1 I} llo—1 < C8/2p%
and for the other term in F4, we use
Lo(s'w) = u(Lys") + 21 (Lss) + 5" (Lyp) — 251" — 5",

and get || Ls(s(ui) 1i)llg—3 < C8/?p%. The proof of (C.15) is similar, we omit the
details. O
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C.4. Bounds on Fg.

Proposition C.6. Let o*> < 1, 8 = c5 p*> and AFs = Fe(u1) — Fe(uo). Forall ¢ < 1,
there exist constants ce and c g such that for all € < c, /o_2 and for all p; € By (cy p),
the following bounds hold:

E 2

e’ TG Z;Z Fo(wi)' w = (maX(%, )+ C)Cﬂp’ (C.16)
n r Red
£ 2
2 w,r 1

e LMGErAF(; . < (max(g, 12012) + C)H,Ml — 2o, (C.17)
| Fouille < ey (%0 +6520%) C.18)
| cured Foua) | , = cro(8p +5%20%). (C.19)

Hﬁﬂ,,ﬁglAFg

L = er (804670 ) I = walo (€20)

Proof. 1t is crucial for the phase equation that the prefactor of ¢, 0 in (C.16) and of
lier — m2lle in (C.17) is smaller than 1. Using Lemma F.1 of Appendix F, we see that
the term g £, ' in Fg gives the leftmost contribution in (C.16)—(C.20), since

Lur (1 o )
N > < -
8 ‘G Er I’L W!o- — max 35 1 _ az ”/'L”W,(T ’
s Lot Lo "2 < CIAL+ 85 plli2 < C8* lull, < C8* p,
1L, 1l < C I =322 ull2 < Cllulle <C 8 p,

2

e 2

while using || £, Lv_l Sf'lli2 < 16| fl;.2, Corollary C.3 and Proposition C.5 above, it
is easy to see that F3, F4 and F7 give a contribution to ¢ in (C.16) and (C.17) which
can be made arbitrarily small choosing c, sufficiently small, and part of the rightmost
contribution in (C.18)—(C.20).

It remains to bound the contribution of Fig() = F3(u) — % L,, . For the proof
of (C.16), we first note that by inequality (F.5) of Lemma F.1, it is sufficient to bound
| F10(ii) I o —3, on which we have

2
&
— Ly i < Cpu V8 ills 1€° Ly pillo—2 < € 852 p*,
2 W,o-3
2
22
H(ax+ 2’““) i1} <8P p 7 82 p? < C 8 p?,
W,o -3

which gives an arbitrarily small contribution to ¢ in (C.16) if ¢, is sufficiently small. To
get the contribution of Fjg to (C.18) and (C.19), we use

IFro(uille < e2llpwiLymillie + Il e + e lmd il
< C1V8|lpills 1€ Lupillo—2 + C283 i |2 + €2C38% i |12

5/2 2 ll il 5/2 2
<cs/ ||Mi||g(1+ﬁ)§C5/p )

The proof of (C.20) and (C.17) are similar to the above, we omit the details. O
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D. Proof of Proposition 2.12
Before proving Proposition 2.12, we prove a simpler lemma.

Lemma D.1. Let § and gy be given by Proposition 2.12, and let F(fi, o) be given by
the solution of (2.19). Assume that || F (i, o)lle < ¢y p, and that (2.21) holds with
A < 1 forall e < s, forall i € By (cy p), and for all po € By, (c; p). Then for all
0 < ¢y < 1, there exists a t| > 0 such that for all ji; € By (cy; p), it holds

sup (| F (21, no) (-5 1) — F (2, o), Dl < cary sup [lr (5 1) — fa( Hllo -

O=<t=n O0=<r=n

Proof. Let uj = F(fLi, o), i = 1,2 and us = F(ft1, o) & F(fi2, po). We have
1
Orpt = —Lyp— = S (uyp-) + e?AF', pu_(x,00=0, (D.1)

where AF = F(fi1) — F(fi2). Multiplying (D.1) by p_, integrating over [—L /2, L /2],
using Young’s inequality and L% —2L, <1, we get

1
0y ) = =20, Ly ) = S (s Wy ) + 287 (s AF)

IA

1 _
(I Sl i) (oo o)+ 1L AFIE,

By (2.21), we have 2| L, AF/ |2 < Aq |1 — fi2lle with A1 < 1, so that

-1

sup flu—C,DlL2 <2y sup N1, s) — 2 9)llo

0<t<n 0=<s=<n

where ¢ = 1+ 3| lLe < 1+ C ¢, 8% p. Setting 1) = %ln(l + ¢7 ¢) completes
the proof. O

Proposition 2.12 is then an easy consequence of the following proposition.

Proposition D.2. There exist constants cg sufficiently large and c) sufficiently small
such that if t| is given by Lemma D.1, and F({i, (o) (the solution of (2.19)) satisfies
IF (i, no)lle < ¢y p, and (2.21) holds with k1 < 1 foralle < o, forall ji € B, (c; p),
and for all jno € By, (cy p), then there exists a constant 0 < A < 1 such that for all
iti € By (cy p), it holds

sup ([ F (1, o) (5 1) — F(2, o) (5 Dlle < A sup N1, 1) — a2, Do -

0<r=<n 0<t<t
Proof. We will use the same definitions as in Lemma D.1 above, and AF = F(j11) —
F (f12). We first note that we have

sup flux(C, Dlle = sup [ F (i1, mo) (5 1) £ F(iiz, o), Hlle < 2cyp .

0<t<t 0<t<n
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Then we use that Duhamel’s representation formula for the solution of (D.1) gives

1 t t
po(r, 1) == /ds e Er=) (u_py) (x,5) + €2 /ds e Fr=IAF (x,5)
0 0

from which we get, using Condition 2.8, Propositions B.2 and B.3, and Lemma D.1 that

- Cp
sup [|u—C,Dlle <A1 4+cn) sup |la—(, Dlw.e + %OSUP -G, Dllo

O0=<r=n O<t=n =<t=n

for some A; < 1. Since 8 = ¢s p2, choosing cs sufficiently large and c;, sufficiently
small completes the proof. 0O

E. Further Properties of the Amplitude Equation

Corollary E.1. Assume that ||rollo—1 < c¢sy 8 p. Then there exist constants ¢, > c¢; and

ce such that for all ¢ < c,p~2 and for all p € By (cyp), we have
lr(illo—1 < crép, (E.I)
llr (1) = r(p2)llo—1 < ¢ 8 i — pallo - (E2)

Proof. As a first step, we note that ||7 () [|»—3 is finite, because

I (W llo—3 < s llo—3 + 2 lls (1) Nlo—3 < (1 + &% 8%)csdp
since ||s(u)[lg—1. Using & < cep 2, we also have

llrGollo -1 =< llr (Wllo—3 + llr wWlhw,o—1 =< S1eséo + lIr G llw,o-1 - (E.3)

for some ¢; > 1, while using Propositions C.1 and C.4, we have
4
£
lrollo—1 + lIrillo—1 + ;|||F3(S, Wllo—1 < (csy + ¢y + )00 < $acsdp

for some ¢, > 1. Then, as in the proof of Proposition 3.2, we have that forallo’ < o —1,
lIr(llor < &3csép + 54(|||SIL/|||5—1 + s llo)
< Zacsdp + ¥l s ) o
for some ¢4 > 1, since *c;83/% || u||s is arbitrarily small if ¢, is sufficiently small. And

27,/

2 .
now, we use that su = G(rp — e’/ — Ssp), from which we get

Il (Wllor < acsdp + NG @25"1 + sp”"Y llo—1 + e NG llor
< Gacsdp + " 2ls'w llo—2 + st s —2) + e NG ()Y o
< tsesdp + NG o (E4)
for some ¢5 > 1, since e*85/2 |||, is arbitrarily small if ¢, is sufficiently small.

Since ||G(r(w)) ller < 2llr () llgr—1, we use (E.4) with o’ = o — 2, and then
with 0’ = o — 1 to conclude that ||7 (i) ||s—1 is finite, and then we have

I (llo—1 < gsesdp + & lrllo—1 < Esesdp + (CeVolullo) lr (w)llo—1 -

Since &35 ||ullo is arbitrarily small if ¢, is sufficiently small, the proof of (E.1) is
completed. The proof of (E.2) is similar, we omit the details. O
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F. Coercive Functionals and Other Properties for the Amplitude Equation

We begin with a preliminary lemma.
Lemma F.1. Forall €2 <1 and o < 1 /2, there exist a constant C such that

2 2

€ ‘C’M r 7" 1
D et L2 — F.1
: ‘Gﬁr 7, = (3 g) 1w (E1)
ILur fllo <CNflo s (E2)
1L flle < C Il (F.3)
(=827~ Ly fll2 < IIf 2 s (F4)

L:M r / -3
L <C83 1 flwo—s- (E.5)

H ‘CU' G Er W,a

Proof. In terms of the Fourier coefficients, we have

&2 Lur . _ e? (qn)2 Ly,r(gn)
s (G2, (S5 cardam)

and
ek L,k )
8 GUk)Lr(k)  1+Q+r2)E24+(1—a2)e4’

with & = 822]‘2 and A2 =14 ¢2 (%) Then as a function of &, we have

052 - 5-2 ()\.2—062 EZ) - )\‘4
1—0?2 T 1+Q+2)E2+ (1 —a?)* — 24 +422 + 402

1
<z )
-3
where the last inequality comes from the fact that 2 < 1 and o> < 1 imply that

1 < A% < 2. This proves (F.1). For (F.2), we have (L,..r f), = Lu.-(qn) fu,and

A2 — a2 £2|
1+¢&2

using the same notations. For (F.3) and (F.4), we use that

1L, ()| =4 < 4 max(a?, 2% <8,

Ly (k)

. -1
ik Lok~ < e

3k2(1+ K
MSZand ‘
1+ k4

For (E.5), we have

Eu,r , . Ep.,r(qn)
(cuGﬁ, f)n - (cu<qn>c(qn)£r<qn)) In

and for |gn| = |k| = § > 2, we have

‘ Lur®) | _8
Lu()GK)L k)|~ k* g5

(1+&H1? - a?8?) ‘
I+ Q+aE + (1 —a?etl’

k4 ‘
sup
k* — k21 g 120

The second supremum is finite if «> < 1. Now, let (K™* f), = (gn)~* f,,. We have
IK~* f'llw.e =8> | fllw.o—3, which completes the proof of (E5). O
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Proposition F.2. Let § = c5p2, ¢y > 0and a? < 1. There exists a constant c; such that

forall e < ce p~% and for all i € By (cy p), we have
‘94 / 3 2
rnGLry — 6 Ly 1y > 7 ry, (F.6)
4
g _ 73
/F4G£rr4 — 1—6/}’4,Cuyr£v1(/1,ﬁvr4) > Z/rf ETD

. 2 .
Proof. We notice first that £, ,r;, = a1Gry — a5 Gry witha; = 4+ 262(1 4+ «?) and
ay = 4a?. Since (by Fourier transform) |G f 2 < || fll.2 and [|e2Gf" |12 < 2[1 fll 2>
there exists a constant C such that

//,erﬁu’rré

and we get

2 2
< el liralielirlie < Cov/o(liral?s + 1512 )

g* / 2 ) & N2
E/rz,uﬁu’rrz SCS ,O\/E /r2 +3/(r2) .

Letnow az =3 + 52(%) and a4 = 1 — «®. We have

4
&
/rzG,Crrz—B/VZME;LJVQEV/VZZ’

. (1+a3&® +as &
y:glﬁl( “iiéz‘“g —Cesz/g(l—l-éz)) .

Since a3 > 3 and a4 > 0, choosing ¢, sufficiently small completes the proof of (F.6).
The proof of (F.7) is similar. We first use

/ /
/ r4L,L,rL;1(M£§/2r4) S / (Lﬂ‘rﬁ,jlm) WLors = / ful —8)g

= f fug+ f'lug' + fu's,

where

where f = [Z,”ﬁv_lrft and g = (1 — 8?)_1£Ur4. Let £ be the m™ order spatial
derivative of f. Then we have || f"™| > < 16 ||r§m)||Lz and [|g"™ |2 < ||rim)||Lz.
Furthermore, we have ||i/|[L~ < C83/2p and |||l < C8'/%2p < C83/?p. Using these
inequalities, we get

: /‘r4£,”£v71 (,uﬁll)/zm)/

16

403/2 2 2
< Ce*s¥2p(llralZs + Iralla Irll + 1750122)

2
< Ce283%)p (/ ri+ % /(rg)2> .

As above, choosing ¢, sufficiently small completes the proof of (F.7). O



654

G. van Baalen

G. Discussion

The proofs of this section follow from definitions and proofs of Sect. 2.3 which should
be read first. By (1.17), we have

§2 & x R
MLU=—/Q@MLW
4 Jo

and if § = csp? and & < ¢, p ™ with m, > 4, we get

InlliLe(—Lo/2,L0/2) < &

2 € Lo

2—13/(8 mg)
2 b

N a2
lillLe <c, &L p<Ce

A4 yin 4 (3)2 4—4/m,
IsllLoeq—Lo/2.20/2 < &* ISl < C &* 832 p < C e¥=4/me

since p < cp &~

I/me We also have
1 le2q—roj2,00/2n < &2 Nl < C &2 p < C /2 1me (G.1)
I oo =202, 2o /21 < &2 llftllLe < C &3 V5 p < C &37%/me (G.2)
Islzq-ro/a.zoany <872 I5ll2 < Ce"?8p < Ce”/>3/m . (G3)

Various other estimates, e.g. on higher order derivatives can be obtained in a similar way.
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