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Correctors for Some Asymptotic Problems
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Abstract—In the theory of anisotropic singular perturbation boundary value problems, the
solution u. does not converge, in the H'-norm on the whole domain, towards some ug. In this
paper we construct correctors to have good approximations of u. in the H'-norm on the whole
domain. Since the anisotropic singular perturbation problems can be connected to the study of
the asymptotic behaviour of problems defined in cylindrical domains becoming unbounded in
some directions, we transpose our results for such problems.

DOI: 10.1134/S0081543810030211

1. INTRODUCTION

Let O = (—1,1) x w be a bounded open subset of RP*! p > 1, w being a bounded open subset
of RP. We denote by = = (X1, X2) the points of O with
X1 =T, X2: (.5611,,33;)

With this notation we set

Vu = (Ony O Oyu) = (gf(?) :
2

where

T
Vx,u = (Bxllu, e ,&%u) .
For f € L?(0) and ¢ > 0, there exists a unique solution wu. (in a weak sense) of

u. € H}(0),
—20%,ue — Axyue = f in O.

We denote by Ay, the Laplace operator defined by
2 2

For a.e. X1 € (—1,1) one can define a solution ug to

X1,-) € Hy(w),
{UO( 1 ) O(M) . (1.2)
—Ax,ug(Xy,-) = f(X1,) in w.
It is shown in [3, 4] that
U — Up in LQ(O) as € — 0. (1.3)
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264 M. CHIPOT, S. GUESMIA

Even if Vx,u. — Vx,ug in (L?(O))P (see [3, 4]), one cannot expect in general that
u: —ug  in HY(O). (1.4)

Indeed, if, for instance, f is independent of Xi, then so is ug and clearly, for f # 0, up ¢ Hg(O)
when u. does belong to H&((’)), which makes (1.4) impossible. The goal of this paper is to “correct”
ue —ug by a simple function w, which gives the behaviour of u. —ug near the end sections {—1,1} xw
and is such that

Ue — up — we — 0 in H}(O). (1.5)
Due to the uniqueness of a solution of (1.1), one has (see Lemma 3.4)
ue(—X1, Xo) = ue (X1, X2),

and this clearly implies that
Oou,
Ox,

Thus, to study and correct the behaviour of u. — ug, one can consider u. as the solution to

—20%,u: — Axyue = f  in Q=(0,1) x w,
us =0 on 00\ {0} X w,

Oou,
Ox,

This is what we will do in the next section. Note that this is inspired by [5], where a similar analysis
was carried out for the Stokes problem. In Section 3 we will transpose our results—via a scaling
argument—to the Dirichlet problem set in cylinders becoming infinite in various directions.

For more details about the anisotropic singular perturbation problems, as well as for details
on the problems considered in Section 3, we refer the reader to [1-6, 8, 9]. The classic singular
perturbation problems are dealt with in [10].

(1.7)
=0 on {0} x w.

2. THE CASE OF ANISOTROPIC PROBLEMS IN ONE DIRECTION
Let Q be defined as

Q2=(0,1) X w,
where w is a bounded domain of RP, and V be the space
V:{UEHl(Q)|v:00n8§2\{0}xw}. (2.1)
There exists a unique solution u. to
us €V,
/(628X1u58X1v + Vx, e - Vx,v) do = /fv dx VoeV. (2:2)
Q Q

Clearly (2.2) is the weak formulation of (1.7). We assume that f € L?(f2), and the existence of
a unique solution to (2.2) follows from the Lax—Milgram theorem. The weak formulation of (1.2)
reads for a.e. X7 € (0,1) as

uo(Xl,') S H&(w),
/VX2u0(X1,-) Vv dXs = /f(Xl,-)vng Vo e Hi(w). (2:3)
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CORRECTORS FOR SOME ASYMPTOTIC PROBLEMS 265

In the case where
feL?9), ox, f € L*(Q), (2.4)

one can show (see [4]) that
ug € H 1 (Q)

Now (see, for instance, [2]) if v € V, then for a.e. X; € (0,1) one has
v(X1,-) € Hy(w). (2.5)

Using this test function in (2.3), one derives, after an integration in X7, that

/VX2u0 -Vx,vdr = /fvdx YveV. (2.6)
Q Q

In order to construct a corrector for u., we denote by Sy the half-cylinder
Sy = (4, +00) X w,

where ¢ € R. Then if p: [0,4+00) — [0,1] is the function defined by

11—z on [0,1],
p(x) =
0 on (1,400),
we introduce u as the solution to

u € Hy(So),

/Vu -Vudr = /V(p(Xl)uo) -Voudz Vo € H}(So). (2.7)
S() SO

Since ug € H'(f2), the existence and uniqueness of u follows from the Lax—Milgram theorem. Then
we set

w(Xl,Xg) = u(Xl,Xg) — p(Xl)UQ(Xl,XQ) = U — pPup (28)

and denote by w, the function defined as

w.(X1, Xs) = w(l eXl,X2>. (2.9)

Note that w € H'(Sp) and satisfies in a weak sense

{Aw =0 in Sy, (2.10)

w=—uy on {0} xw, w=0 on (0,400) X dw.
2.1. Some preliminary results. We denote by €)_ the domain defined by
Q- =(-1,0) X w.
For v € V we define by ¥ the function given by

N v(X1, Xo), X1 >0,
(X1, Xo) = (2.11)
U(—Xl,Xg), X7 <0.
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266 M. CHIPOT, S. GUESMIA

Then we have

Lemma 2.1. For every v € V the following equality holds:

/(528)(1 we0x,v + Vx,we - VXQU) dr = — /(528)(1 w:0x,0 + Vx,w; - VX25) dx.
Q 0

Proof. For ¢ > 0 we set Qp = (0,¢) xw. Then first note that for v € V' we have v(1—eX;, X3) €
H{§(y,.). Thus we derive, from (2.10),

/ Vuw - Vi)\(l - €X1,X2) dr = 0,
Q2/:’-:
whence
/ VwVﬁ(l *€X1,X2)dx: - / V’U)'Vi}\(I*&Xl,XQ) dx. (212)

QI/E Q2/5\91/5

Making the change of variable X{ =1 — X} in the integrals above, we obtain respectively
N 1
/ Vw-Vo(l —eXy, Xo)dr = . /(528X1w58X11) + Vx,we - VXQU) dx
Q1/5 Q
and
/ Vw - Vo(l — Xy, X2) dr = / (—edx,wdx, (X1, X2) + Vx,w - Vx,0(X], X2)) dz
QQ/&\Ql/s QQ/E\QI/E
1 ~ R
= /(528)(1114E Ix,0 + Vx,we - Vx,0) dz.
Q_

The lemma follows from (2.12).
We will also need the following lemma.

Lemma 2.2. There exist positive constants C' > 0 and « > 0 independent of € such that
/ |Vwl|? de < Ce™ < / V| da. (2.13)
Sl/s So

Proof. Without loss of generality, we assume that ¢ < 1. Let 7.: R — R be a continuous

function such that v, = 0 in (—oo,; — 1), Y. =11in (;, +oo) and . is linear in [i -1, ;] Since

Ye(X1)w € HE(So), we have, by (2.10),

/Vw -V(ye(X1)w) dz = 0. (2.14)
So

Thus

/ ]Vw]2'y€(X1) de = — / Ox, w0x, v (X1)wdx < / |0x, w| |w| dx
So S1/e-1\S1/¢ S1/e-1\S1/¢

1 1
< 5 / |0x, w|* dx + 5 / |w|? dz.
Sl/sfl\sl/s Sl/sfl\sl/s
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Applying the Poincaré inequality in Xs to the last integral, we get for some constant C,,

1/e 1/e
/ lw|? do = / /|w|2 dr < C, / / |Vx,w|? dz.
S1/e-1\S1/¢ 1/e—1 w 1/e—1 w

This leads to
1,Cy
/|Vw|2dx < maX(2,C ) / |Vwl|? dz

Sl/s Sl/s—l\sl/s
ax(1, C, ax(1, C.
_ " x(1, Co) / |Vwl|? dz — max(L, ) / |Vwl|? de,
2 2
S1/e-1 S1/e
and thus
/ \Vw|*dz < r / |Vwl|? dz,
Sl/s Sl/s—l
where r = 2?;);()(1(? éb Iterating [!] times this formula ([!] is the integer part of !), we obtain

/ |Vw|? dz < rlel / |Vw|? d.

S1/e S1/e—[1/¢]

Since ; —-1< [;] < ;, we deduce

1
/ \Vw|* do < el . /\Vw\z dx.
r
S1y/e So
This completes the proof by setting C' = i and « = —1Inr.

The theorem below will play an important role in the following.

Theorem 2.3. Let u. and uy be the solutions to (1.7) and (1.2), respectively. Then under the
assumption (2.4) there exist two constants C' and « > 0 independent of e, such that

3

4 /(52(8)(1 (ue —up — ws))2 + [V, (ue — ug — w€)|2) dx

Q
< Ce = / \Vw|? de — 52/8X1u08)(1(u3 —ug —we)dx. (2.15)
So Q
Proof. Subtracting (2.6) from (2.2), we obtain
/(528)(1 (ue — u0)x, v + Vi, (ue — ug) - Vx,v) do = —&* /8X1u08X1v de YveV. (2.16)
Q

Q

Since ues —ug — we €'V, we get

/(628)(1 (ue — u0)0x, (us — up — we) + Vi, (us — up) - Vi, (ue — ug — we)) dz
Q

= —¢? /axlu()@xl (ue — up — we) de.
Q
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According to Lemma 2.1, the identity above can be written as

/(52(8X1 (ue —Uug — we))2 + |VX2 (us — U — ws)|2) dx
Q

= / £20x,w. Ox, (ue — uy — w.) + Vx,we - Vx, (us — ug — wa)) dx
Q

— g2 /axlu()@xl (ue — up — we) dx

= /(528)(111)‘E Ox, (ue “ug — we) + Vx,we - Vx, (ue “ug — w,)) dx
Q_
— g2 /8X1u08X1 (ue — up — we) dz. (2.17)

We separately estimate the integral over €)_ using the Cauchy—Schwarz and Young’s inequalities.
We derive

—

/(628)(111)6 Ox, (ue g — we) + Vx,we - Vx, (ue — ug — wa)) dx
Q_
1/2

< /(62(8)(1105)2 + |VX2U)5|2) dx

Q_
1/2
X /(52(8)(1 (ue = up — w:))? + |V, (ue — ug — we)|?) dx
Q_
1
< /(62(8)(1105)2 + |Vx2w5|2) dr + 4 /(52|8X1 (ue — up — we)|? + |V, (ue — up — w5)|2) dx.
Q_ Q

Going back to (2.17), we find that

3
A /(52(8)(1 (ue — up — w2))? + |V, (e — up — wg)\z) dx
Q

< /(62((9)(1105)2 + |V, we|?) dz — & /8X1u08X1 (ue — up — we) de.
Q_

Making the change of variable X; — 1*€X1 in the first integral of the second line, we get

3

4 /(52(8)(1 (ue —up — ws))2 + [V, (ue — ug — w€)|2) dx

Q

<e / |Vw|? al:c<€2/(9X1u08xl(uE —up — we) dx
Q2/E\Ql/5

<e /|Vw|2 T —€ /8X1u08xl —up — we) dx. (2.18)
Sl/s
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Combining (2.13) and (2.18) leads to the basic inequality (2.15). This completes the proof of the
theorem.

2.2. Convergence results. As a first application of Theorem 2.3 we have

Theorem 2.4. The solution ug is a strong limit of the sequence u. — w. in Hl(Q) and the
following error estimate is valid:

|ue — uo — we 2005 Vi, (Ue — uo — we)|p2(q) = o(e),
0, (ue — up — wa)‘ﬂ(ﬂ) = o(1).
Proof. Applying the Cauchy—Schwarz inequality to the last term of (2.15), we derive

3

4 /(52(8)(1 (us —Uug — ws))2 + |VX2 (ue — U — w€)|2) dx

Q

<Ce : / |Vw|? d + 62]8X1u0\L2(Q)\8X1(u5 — up — we)|£2(q)-
So

Then by Young’s inequality we get for some constant C'
e?|0x, (ue — uo — we)\%%n) + [V, (e — uo — we)\%%n) <Ce = / Vw|® dz + 052\3X1u0’%2(9)-
So

This estimate shows in particular that
|V, (ue — up — ws)|L2(Q) = O(e) (2.19)

since e~ ¢ = o(e2). At the same time we have proved the boundedness of [dx, (ue — ug — we)|r2(q)-
This allows us to extract a weakly convergent subsequence of dx, (u. — ug — w.) in L?(£2) and
according to (2.19) it follows that the whole sequence converges weakly to 0, i.e.

Ox, (ue —ug —w:) = 0 in L*(Q).
Going back to (2.15), using the fact that e™= = o(¢2) and the weak convergences above, we obtain

VX, (ue — up — we)|2() = o(€), 10x, (ue — up — we)|p2(q) = o(1).
Finally, using the Poincaré inequality in the direction X3, with the help of the estimates above we
complete the proof of the theorem.

We can improve the rate of convergence above if we assume more smoothness of f as in the
following theorem.

Theorem 2.5. Under the assumptions of Theorem 2.3 and if

O, uo € L*(Q)  and  Ixup=0 on {0} x w, (2.20)
we have
e — uo — we 20, |V, (ue — uo — we)|12() = O(?),
|0, (ue — uo — we)|p2(q) = O(e)
as € — 0.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 270 2010



270 M. CHIPOT, S. GUESMIA
Remark 2.6. (i) The second hypothesis in (2.20) means that for a.e. Xo € w we have
Ox,u0(0, X5) = 0.
(ii) For instance, if f is smooth enough, we can show that the hypotheses
9%, f € L*(Q) and Ox,f=0 on {0} xw

imply (2.20) using the representation formula
un(e) = [ 101G (Xary) dy

where G is the Green function (see [7]).

Proof of Theorem 2.5. Integrating by parts the last integral of (2.15), we get

3

4 /(52(8)(1 (ue —up — ws))2 + [V, (ue — ug — w€)|2) dx

Q

< Ce / \Vw|? dz + 52/8§(1u0(u5 —up — w) dx
So Q
+ €2 /8X1u0(0, X5)(ue — ug — we ) (0, Xo) dXo

=(Ce ¢ / \Vw|? dx + 52/8§(Iu0(u5 —up — w) dx
So Q

(ue —ug —we € V and dx,ug = 0 on {0} x w). By the Cauchy—Schwarz and Young’s inequalities it
follows that

3

A /(52(8)(1 (ue — up — w2))? + |V, (ue — up — wg)\z) dx

Q
< Ce / \Vw|? dx + 52\8§(Iu01L2(Q)]u8 —up — Wez2(0)

So
1

2
4M|u€ —Uug — w€|L2(Q)

< 06_? / |V’U)|2d,§6 + /L€4|8§(1U0|%2(Q) +
So

a Co
<0t [ [Vultdo + pe ok wolley + o Va0 = )y
So

where C,, is the Poincaré inequality constant. Choosing pu = C,, and since e = o(e*), we are

ending up with

g2 /((8X1(u5 —ug — w:))? + |V, (ue — ug — we)|?) do < Ce.
Q

Applying the Poincaré inequality to u. — up — w. € V, we complete the proof of the theorem.

Thanks to Theorem 2.3, if we assume that f is independent of X7, we get an exponential rate
of convergence. This is the following theorem.
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Theorem 2.7. Under the assumptions above and if in addition f is independent of Xy, we
have an exponential convergence of u. — w. to ug in the whole domain ), i.e. there exist positive
constants C and « independent of € such that

/|V(u€ —ug —w.)>de < Ce™ ¢ / |Vw|? d.
Q So

Proof. This is an immediate consequence of (2.15).

3. PROBLEMS IN DOMAINS BECOMING UNBOUNDED

Let Q" be a bounded open subset of R P defined by
" {(O,E)mxw if £>0,
ET o xw if £<o0,

where m,p > 0 are integers and w is a bounded open subset of RP. For simplicity we drop the
index 1 in Q% and €q; i.e., to be consistent with our notation of Section 1, we set

Q) = Qy, Qq := Q.
The points in R™*P will be denoted by z = (X1, X2) = (21,...,Zm, ¥}, ...,2,) with

X1 =(x1,...,2m), ng(x'l,...,x;)).

With this notation we set

_ T VX u
Vu = (Bxlu,...,8xmu,8x/1u,...,8x;u) = (VX;u> ,

where
Vx,u = (azlu, e ,8xmu)T, Vx,u = (amzlu, . ,8%u)T.
We divide the boundary I'}* of €} into two parts Dj* and N such that
N = | {mi=0ynQp,  DPF=TP\N
i=1,....,m
We also set
N} =N, N =N, D} := Dy, D, :=D.

In this section we deal with the asymptotic behaviour, when ¢/ — +o00, of the solution u}* to the
Laplace boundary value problem

—Au*=f in Q,
W'=0  on D, (3.1
Oqug* =0 on Ny,
where f is independent of X7, i.e.
f(a) = f(X2) € L*(w).

Here 0, denotes the derivative along the outward normal to the boundary I'j*. The existence of a
weak solution uj* of (3.1) is ensured by the Lax-Milgram theorem in the space

V= {v € H'(Q") |v=0on D"}
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Thanks to Lemma 3.1 below and [6, Theorem 1.1] it follows that u}® converges towards the so-
lution ug to (1.2), as £ — 400, in Hl(Qz’g) where ¢y < /¢ is a constant. More precisely, we have
in fact

/ |V (uf* — ug)|? do < Ce™, (3.2)

Q0

where C' and « are positive constants independent of ¢. In this section we are interested in the
asymptotic behaviour of u}" in the neighbourhood of Dy*. We start with the case m = 1 in the
following subsection and next we consider the general case.

3.1. Domains becoming unbounded in one direction.

3.1.1. Mized boundary value problems. We consider here the special case m = 1. By making
the change of variable

1
X1 — €X1, (33)
where £ = }, we deduce that u} is a solution of (3.1) if and only if the function
1 1
Q — R, T — ’LLZ Xl, X2
£
is a solution of (1.7). Then we set

1
we(X1, Xo) := ws( X17X2> =w(l — X1, Xa),

l

where w is a solution of (2.10). The following theorem is a direct consequence of Theorem 2.7
and (3.3).

Theorem 3.1. We have the convergence ué —wy — ug on the whole domain Qy, i.e. in H&(Qg),
and the following estimate is true:

/|V(u} —ug — wy)*de < Ce™ /|Vw|2 dx, (3.4)
Q2 So

where C and « are positive constants independent of £.

Remark 3.2. Estimate (3.2) is a corollary of Theorem 3.1. Indeed, we have

/ IV (uj — up)|? da < 2 / |V (uf — up — we)|* do + 2 / |Vwg|? da
Qg/2 Qg/2 Q2
SC’e_O‘Z/\Vw\Z dx + 2 /\Vw\z dx,

So Sey2

by a change of variable. The last integral converges towards 0 at an exponential rate by Lemma 2.2,
which shows (3.2).

Remark 3.3. For any a > 0,

/ |V (up — ug)|* dz —+ 0.
Qg
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To show this, one notices that

/ IV — o) de = / IV (= o — wy) + Vg da

l—a QZ—a

1
22 /]ng\zdx— /]V(u}—uo—wg)\zdx
Qg Qg

1
= Q/IVdex—i-o(l).

Sa

Since w is a harmonic function, one has for every a

/|Vw|2 dx > 0.

Sa

Then the convergence of u} towards ug may not occur in H*(Q).

3.1.2. Dirichlet boundary value problems. Let us consider in Oy = (—¢,¢) x w the Dirichlet
boundary value problem

{AUZ = f in O
Ug =0 on 80@

It is clear that Uy is a unique function of H}(Oy) satisfying
/VUg -Vudr = /fv dr Yo € Hj(Op). (3.5)
Oz OZ

The following lemma summarizes some useful properties of the solution Up.
Lemma 3.4. Under the previous assumptions, we have
o Uy(—X1,X3) =Up(X1,X3) for a.e. x € Oy;

e the restriction of Uy to €y is a unique solution to

Up € Vy,

/VUg~Vvdx:/fvda: VoveV,.

Proof. For v € H&((’)g) denote by v the function defined by v(X7, X2) = v(—X1,Xs2). It is
clear that ¥ € H{(Oy), and if we make the change of variable X; = —X; in (3.5), we derive

/vﬁg~v7)dx — /vﬁg-v%dx
Oz OZ

/{ 8 Ug( 8 v)+VX2Ug VXQU} (X1, X2) dx

/VUg Vvd:c—/fvdx—/fvdx
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since f is independent of X;. This means that U, is also a weak solution to (3.5) and by uniqueness
of the solution we deduce the first point of the lemma. For v € V we can easily check that ¥ defined
by (2.11) belongs to H{(Oy). Moreover, we have

/VUg -Vude = /VUg -Vodr + / VU, - Vudz.
OZ QZ Q,g
Thanks to the first point, the last integral can be written as (X; = —X7)
/ VUg : Vi)\d.%' = / (—axlUg(—Xl,Xg)aXIU(Xl,XQ) + VX2Ug : VXQ@\) dr = /VUg -Voudx.
Q. Q. Q

Thus we have for every v € V,

/VUg -Vudr = Q/VUg -Vudz. (3.6)
Oy "y
Also by (3.5) we have
/VUg -Vodr = /f@dx = 2/fvda:. (3.7)
Oy O, Qe

Combining (3.6) and (3.7) shows the second point.

As a consequence of the second point of Lemma 3.4, it follows that
Ur = uy on (.

Then, thanks to Theorem 3.1 and the first point of Lemma 3.4 we can state

Theorem 3.5. There exist positive constants C and « independent of £ such that

/\V(Ug —ug —wy)|? dz < ce—af/ |Vwl|? dz.
Oy So

3.2. More general domains. For m = 1, we defined in the previous subsection a corrector
w} = wy satisfying (3.4). In order to construct a corrector for m = 2, we introduce a function
w? € H}((0,+00) x Q) as a solution to

2

Aw? =0 in (0,400) x Qf,
w? = —ug —w} on {0} x QF, w? =0 on (0,+00) x IQ.

The existence of w? is ensured by the Lax-Milgram theorem. The corrector candidate in this case
is wl} + w% where w% is given by

w[g(x17x27X2) = w2(€ - 3317'7;27X2)-

Instead of showing this only for the case m = 2, we construct by induction for ¢ = 2, ..., m functions
wh: S§ — R defined as follows. For a solution u to

u € Hy(Sp),

/Vu.Vvdx:/V

S S

Vudr Ve HH(SD), (38)

i1
p(r1) <u0 + Z wﬁ)
j=1
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where Si = (a,+00) x Q5! (a € R), we set

i—1
wi(xl, ce ,.jS,Xg) = u(xl, . ,xi,Xg) — p(.%'l) <UQ(X2) + Zwé (xi—j-i-h ce ,xi,X2)> (3.9)
j=1

and denote by wz the function defined as
wz(x) = wl(g — 1,22, - axi7X2)’
Then we have
Theorem 3.6. Under the assumptions above, the difference uy® — Z;ﬂ’:l wg converges to-

wards ug on the whole domain Q7" i.e. in H&(Q;”), and there exist positive constants C and «

independent of £ such that

a7

dr < Ce . (3.10)

m 2
V(u?1 — Uy — Zw%)
J=1

Proof. In order to check that Z;n:l wg($m_j+1, ..y Zm, X2) 18 a corrector corresponding to
problem (3.1) and satisfying (3.10), we will argue by induction According to Theorem 2.4 the
statement holds when m = 1; then we assume that Z] L W) (Tm—jt1,- .. Tm, X2) Is a corrector

satisfying

m—1
QZ

dz < Ce ™, (3.11)

m—1
m—1 i
V(uz —ug — E wz>
Jj=1

where C and « are some positive constants independent of £. In the following we show the same
estimate for m. Let us introduce a function w;" defined as below. For a solution u to

u e H(SP).

/Vu Vvdx = /V (v1)u)*" ') - Vodz Yo e Hy(Sy), (3.12)

we set
w(z) = u(zr) — p(xl)uzn_l(xg, ey T, X2) (3.13)
(w depends on /) and denote by w;" the function defined as
w/(x) = wll — z1, T2, ..., Ty, X2). (3.14)

Then we have
Lemma 3.7. For any { > 0, there exist constants C > 0 and o > 0 such that

/ IV (ug —u) ™t —wi™)|? de < Ce " (3.15)
Q"l

Proof. Without loss of generality, we assume that £ > 1. Arguing as in the previous section
and replacing w by Qm_l, we can show an estimate similar to (3.4), i.e.

/|V uyt — wén)|2da:§Ceaz/|Vw|2daz. (3.16)
S
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(We use the fact that Q;”_l is bounded in the direction X5 to get a Poincaré constant independent
of ¢.) We have now to estimate the last integral in (3.16). By using, in (3.12), v = u we obtain
easily

|Vu|%2(56n) = / V(p(z1)u) 1) - Vudz < C’|Vu?’71|L2(Q?_1)|VU|L2(56»«L),
S \ST

whence

Then by (3.13) we derive
IVwlpasgy < [Vulrzgsg + [V(p(@)uy ™)y < CIVu ™ o gmo1y,

where C' is independent of . Next, taking in the weak formulation of (3.1), written for m — 1,
v = u}”_l yields

‘Vu;n 1‘L2(Qm 1 <C‘f‘L2 Qm 1 —Cgm_llflig(w)

)
since f is independent of X;. Thus, it follows that
IVw|pagsmy < COY f T2 (3.17)

Going back to (3.16), we have

/ V@ — w = w2 do < OO e,

Since ¢ — +00, there exist constants 0 < o/ < o and C' > 0 such that

IV (uf' —uy ™ —wi)Pde < Ce™*
n

This completes the proof of the lemma.

We now return to the proof of the theorem. The integral in (3.10) can be estimated as

[ £

o

x<3/\V up —uf Tt —wi™)? de

m—1 )
+3/ V(u}”_l wzu0>
j=1

Qp
The exponential convergences to 0 of the first and the second integral of the right-hand side are
given by (3.15) and the induction hypothesis (3.11), respectively. Then it remains to show the same
rate of convergence for the last integral to complete the proof. First, we estimate the difference
between w and w™, defined in (3.13) and (3.9), respectively, as

p(z1) (%”1 —ug — Z_ wi)]
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We estimate the last term in the inequality above using the Poincaré inequality and the induction
hypothesis (3.11); then we have
m—1 m—1 )
V| p(x1) uznflfuofz:wg <C|\V u?’flfuofz:wé
j=1 j=1

L2(S5") L2(Qp)

< Ce . (3.19)

For the first term of the right-hand side of (3.18), we compare (3.12) and (3.8) for i = m — 1 and,
taking v = u —u € H}(SF") as a test function, obtain

m—1
|V (u— U)’?L?(Sg") < |\V|pla) | u)™" —uo— Z wy IV (u—u)|r2sp)-
g=1 L2(Sg™)

Applying (3.19) here and in (3.18), we get
IV (w —w™)|r2(gpy < Ce™. (3.20)
Finally, the change of variable 1 — ¢ — x; and (3.20) lead to
IV(w" = wi)| 2y = IV (w0 = w™)| 120 20y x 1)

< [V(w —w™)|p2(sm)

< Ce .
This completes the proof.

Remark 3.8. Asin Theorem 3.5, using symmetries, we can construct correctors for the Laplace
equation defined in (—#¢,¢)™ x w coupled with the homogeneous Dirichlet boundary conditions.
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