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long with Euler, Gauss, and Hulbert, Bernhard Riemann 1s one of the most vllus-

trous mathematicrans of all time His promanence wn the field of complex analy-

s1s may be appreciated symply by noting that vn the Mathematisches Worterbuch

by Naas-Schmid [1961, Vol 2, 510-524], the entres related
to Riemann’s function-theoretical work (Riemann map-
ping theorem, Riemann differential equation, Riemann sur-
face, Riemann-Roch theorem, Riemann theta-function,
Riemann sphere, Riemann zeta-function, etc ) take up al-
most as much space as those related to all the work of
Euler or Gauss 1n total Riemann’s contribution to com-
plex analysis rests, on the one hand, on his publications,
especially his inaugural dissertation on the foundations of
complex analysis (1851) and his articles on the theory of
hypergeometric and Abelan functions (1856-57), but his
several lecture courses in this field are also very impor-
tant

These were given 1n the years from 1855 to 1862, and
regularly began with an introductory general part Riemann
then turned either to the theory of elliptic and Abehan func-
tions or to hypergeometric series and related transcen-
dental functions Much of the more advanced parts of
Riemann’s courses were published in his Collected Papers
[Riemann 1990, 599-692] and in a book by H Stahl
[Riemann 1899], but not his introductory lectures on gen-
eral complex analysis Thus the latter gradually fell into
oblivion, despite their intrinsic mnterest, and despite their
decisive 1nfluence on later developments through the

closely related wntings of Durége, Hankel, Koenigsberger,
Neumann, Prym, Roch, and Thomae It therefore seemed
appropriate to publish them 1 a crtical edition
[Neuenschwander 1996], in order to make them accessibie
to a broader circle of readers For this edition, I also pre-
pared an extensive bibliography of the history of the im-
pact and influence of Riemann’s function theory

This newly assembled bibhography 1s mainly intended to
close—at least n the field of complex analysis—the con-
siderable gap existing between the bibliographies of Purkert
and Neuenschwander, which were appended to the reprint
of Bernhard Riemann’s Gesammelte Mathematische Werke
[Riemann 1990] The penod from 1892 to 1944, not system-
atically covered there, was scrutiized, using the indexes of
names In Biblwotheca Mathematica (1887-1914), and the
Revue semestrielle des Publications mathématiques (1893
1934/35), and examining the sections on “Geschichte und
Philosophie” and “Funktionentheorie” (or “Analysis™) in the
abstracting journal Jahrbuch uber die Fortschritte der
Mathematrh (1868/71-1942/44) Additionally, I consulted
the holdings of older books 1n the libranes of the Institutes
of Mathematics at the Universities of Gottingen and Zurich
Generally, I included only publications which contained ex-
plicit reference to Riemann’s work (e g, quotations with
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exact indication of location), but even this criterion left
more than 1,000 out of those 8,000 titles provisionally se-
lected on the basis of the reviews and the systematic h-
brary mspection, the originals were then looked up, to
make sure that they met the conditions for inclusion

Naturally, the new bibliography 1s in no way comprehen-
sive The hterature which refers to Riemann’s pioneering work
1s almost boundless Purkert, for example, examimng about
ten Journals from the first 25 years after the death of Bernhard
Riemann, already found more than 500 pubhcations referrng
to lus work According to database surveys, the continuation
and extension of Purkert’s research up to the present would
have to take into account about 30,000 publcations, all of
whach obviously cannot be examined imdividually within a rea-
sonable time Nevertheless, I hope that the new bibhography
will become a useful tool for further investigations

In the following I will try to illustrate some of 1ts pos-
sible applications, by surveying the impact of Riemann’s
function-theoretical work i the four most important
European countries Germany, France, Italy, and Great
Britain Special attention will be given to the developments
n Great Britain because they have not yet been analysed
In detall For more specific information, the reader may
turn to the bibliography itself

Germany: Early and Sustained Reception of
Riemann’s Methods

For a preliminary impression of the situation in Germany, let
us first look at the references to Riemann’s work in August
Leopold Crelle’s influential Journal fur die revne und ange-
wandte Mathematik It 1s noteworthy that the first of these
references goes back to Helmholtz [Crelle 55 (1858), 25-55],
who, as we know, later discussed Riemann’s hypotheses
concerning the foundations of geometry Helmholtz was
followed mn chronological order by Lipschitz, Clebsch,
Chnistoffel, Schwarz, Brll, Fuchs, Gordan, Luroth, and
Weber, all of whom, even though they were not Riemann'’s
1mmediate pupils, did a great deal to disserminate his 1deas,
as did hus own students Roch, Thomae, and Prym [Crelle
61 (1863)-70 (1869)] Clebsch and Bnll—hike Klem and
Noether—published their later work primanly m the
Mathematische Annalen, which started to appear in 1869,
thus, consulting Crelle’s Journal alone provides only 1n-
complete results for them According to our bibliography,
other important early promoters of Riemann’s 1deas 1n the
German-speaking world were Cantor, Dedekind, Du Bois-
Reymond, Durege, Hankel, Koemgsberger, Neumann,
Schlafli, and, mn his later years, Schottky !

Italy: Enthusiastic Appreciation of Riemann’s Work
Animpressive picture of the extent to which Riemann’s work
was appreciated 1n Italy 1s given by a simular study of the ref-
erences to his writings i the Annalr div Matematica pura
ed applicata, a journal which played an outstanding role m

the dissemination of Riemann’s thoughts As early as 1859,
Enrico Betti, who was to become Riemann’s friend, trans-
lated his dissertation [Annalr 2 (1859), 288-304, 337-356], to
which he soon returned 1n an extensive article on the the-
ory of elliptic functions [Arnal: 3 (1860), 65-159, 298-310,
4 (1861), 2645, 57-70, 297-336] In the same volumes, we
also find a report by Betti on Riemann’s treatise concern-
g the propagation of planar air waves [Annaly 3 (1860),
232-241], and a report by Angelo Genocchi on Riemann’s
mvestigation of the number of primes less than a given
bound [Annaly 3 (1860), 52-59] In a later volume of the
same journal [Annali (2) 3 (1869-70), 309-326], we find a
French translation of Riemann’s hypotheses on the foun-
dations of geometry by the French mathematician Jules
Houel, who typically did not publish his translation in a
French journal, but in the Annale We should also mention
Eugenio Beltramu and Felice Casoraty, the latter having al-
ready presented Riemann's theories mn 1868 m a book
[Casorat1 1868] and m special lectures given in Milan
[Armenante & Jung 1869, Casorat1 & Cremona 1869] In view
of this excellent introduction and trail-blazing, 1t 1s not sur-
prising that Riemann’s theories were widely known 1n Italy,
and that they were quoted in more than thirty articles in the
Annali alone up to 1890 2 As to Riemann’s own stays m Italy,
and other followers of Riemann there, see the articles of
Bottazzini, Dieudonné, Lona, Neuenschwander, Scherng,
Tricom, Volterra, and Weil cited in the bibliography

France: Hesitant Reception

In France, the situation was radically different Skamming
through the pages of the Journal de Mathématiques pures et
appliquées edited by Joseph Liouville, one finds almost no ref-
erences to Riemann’s papers before 1878, and in other French
pubhcations up to 1880 they also seem to be relatively sparse
Furthermore, a certain critical reserve as to the usefulness
of Riemann’s methods quite often comes through Briot and
Bouquet, for instance, write 1n the foreword to the second
edition of their Théorie des fonctions elliptiques [Briot &
Bouquet 1875, 1 f]

In Cauchy’s theory, the path of the imaginary [complex]
variable 1s characterized by the movement of a point on
a plane To represent those functions which assume sev-
eral values for the same value of the variable, Riemann
regarded the plane as formed of several sheets, superim-
posed and welded together, in order to allow the variable
to pass from one sheet to another, whale traversing a con-
necting [branch] line The concept of a many-sheeted sur-
face presents some difficulties, despite the beautiful re-
sults whaich Riemann achieved by this method, 1t did not
seem to us to offer any advantage for our own objective

Cauchy’s 1dea 1s very suitable for representing mulir-
valued functions, 1t 15 sufficient to join to the value of
the variable the corresponding value of the function, and

For biblographical details on particular articles by these authors citing Riemann see [Neuenschwander 1996 131-232]
2The authors of other articles In the Annali containing references to Riemann are Ascoll Beltrami Casorati Cesaro Chnistoffel Dini- Lipschitz Pascal Schiafli Schwarz

Tonell Volterra etc For detalls see [Neuenschwander 1996]
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when the variable has described a closed
curve and the value of the function has
thereby changed, to indicate this change by
an index

Only Houel, mentioned above, tried quite
early to promote Riemann’s 1deas, and, to-
gether with Gaston Darboux, he several times
deplored their not being better known m
France [Gispert 1985, 386-390 et passim] A
review of Houel's pioneering book in this field
[Houel 1867-1874, parts 1 and 2 (1867/68)] con-
cludes with the following, quite instructive
passage [Nouvelles Annales de Mathema-
tiques (2) 8 (1869), 136-143] ¢
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part, an exposition of Riemann's theories, —
which up to now have been almost unknown
i our country, and which our neighbours cul-

twvate with so much ardour and success’

123 456 f
54/)«7/5'
621 4537
14 327965
316 4 511
6412735
/23456
,-/y Chts st m g rran s v
;Z%WW/WayWW%
WM WW/
/ﬂ-u,.w/ﬂw /m/w«/’,.L., A/M,,/L‘

5/77/71)’)1f A
.Z:éi

%/w,,u

.7,.«,44.“ %%/éMwA/L

é
%%v WWWM/ =

7 %/w*%%/w
JZ@ ot

50 M,-/L/

4 /./

Iy &
In spite of Houel's efforts, the situation in § \L 15, ;
France seems to have changed fundamentally " "™* " S / - ¥
only after 1880, when a new generation of ~ ™ i

French mathematicians took over, the most _ ~~
prominent among them were Hennn Pomcare
(1854-1912), Paul Appell (1855-1930), Emile
Picard (1856-1941), and Edouard Goursat
(1858-1936) With these authors the reception
of the works of Riemann’s followers (mainly
Clebsch and Fuchs) now began to lead to a
more thorough reading of Riemann’s own writ-
Ings—as numerous quotations in their publica-
tions prove As a mamfestation of the increas-
mg appreciation of Riemann’s methods among
French mathematicians at that time, we may
take the fact that, in 1882, Georges Simart wrote
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Figure 1 Discussion and representation of a branch point of an algebraic function
on a Riemann surface, taken from Riemann’s lectures in the summer semester of
1861 The reproduced page comes from a set of lecture notes made by Eduard
Schultze with annotations by Hermann Amandus Schwarz, it 1s kept in the Schwarz
Nachlass at the Archiv der Berlin-Brandenburgischen Akademie der Wissenschaften
in Berhn There exists a similar representation in the (probably) original notes by
Schuttze which are now kept in the Rare Book and Manuscript Library at Columbia
University in New York Both manuscripts were discovered by the author, in 1979
and 1986, respectively For further information and a transcription of the text, see
Neuenschwander 1988 and 1996, pp 75 f and 84, MS S and S,

a dissertation of 123 pages, now almost com-
pletely forgotten, in which he tried to acquamt French math-
ematicians with Riemann’s function-theoretical treatises In
Smmart’s introduction, we find the following statement, which
confirms my own assessment [Simart 1882, 1]

We know the magnificent results which Riemann arrived
at in his two Memours concerning the general theory of
analytic functions and the theory of Abelian functions,
but the methods which he used—and explained perhaps
too succinctly—are not well known in France | ] At
the same time, however, Riemann’s method continues to
have many adherents in Germany, it serves as a basis
Jor many rmportant publications by famous geometers,
such as Koengsberger, Carl Newmann [sic], Klen,
Dedekind, Weber, Prym, Fuchs, etc The reading of these

Memoirs requires a knowledge of Riemannian surfaces
[and thus, finally, of Riemann’s own writings], the use
of which has become standard at certain German uni-
versilies

Great Britain: A Forgotten Interest
In contrast to what 1s known about the reception of
Riemann’s theories 1n the three countres already surveyed,
their reception in Great Britain 1s little studied Let me
therefore provide a more detailed account

In Great Bnitain Riemann’s theories seem to have be-
come known and more widely disseminated only after his
death One of the first British mathematicians who cited
Riemann frequently was Arthur Cayley, who, already mn
1865/66, mentioned the nvestigations of Clebsch and

30ther scattered early citations of Riemann s wnitings are to be found in Bertrand Darboux Ellot Emmanuel Hermite Jonquieres Jordan Marie and Tannery For

further information see [Neuenschwander 1996]
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Riemann on Abelian Integrals in his papers on the trans-
formation and higher singularties of a plane curve Cayley
also discussed Riemann’s work 1n later years in great de-
tail and with appreciation This can be seen from his note
on Riemann’s posthumously published early student paper
on generalized mtegration and differentiation (1880), or
from his presidential address to the British Association for
the Advancement of Science (1883) Other early citations
of Riemann’s papers in Great Britain are by W Thomson
(1867 ff) and J C Maxwell (1869 ff) They occur 1n con-
nection with Helmholtz’s papers on vortex motion and with
Listing’s studies on topology

A few years later, W K Chfford, HJ S Smith, and JWL
Glaisher also thoroughly analysed Riemann’s papers and,
on several occaslons, emphasized their great importance
Clhfford, for example, as early as 1873, translated Riemann’s
famous paper on the hypotheses which lie at the base of
geometry mto English for the journal Nature, and m 1877
he published his influential memoir on the canonical form
and dissection of a Riemann surface In November 1876
Snuth, in his presidential address On the Present State and
Prospects of some Branches of Puire Mathemalics to the
London Mathematical Society, reported mn detal on
Riemann’s achievements, taking into account as well the
newly published fragments 1 Riemann’'s Collected
Mathematical Works Smith’s elaborate address seems to
mark an mtial highpoint in the appreciation of Riemann’s
works 1n Great Britain Because 1t has not yet been stud-
1ed 1n this context, I will treat 1t here in more detail

At the beginning of his address Smith outlined recent
progress In number theory and 1n particular the investiga-
tions on the number of primes less than a given bound He
wrote [Smuth 1876-77, 16-18]

As to our hnowledge of the series of the prime numbers
themselves, the advance since the time of Euler has been
great, 1f we thank of the dyfficulty of the problem, but very
small 1f we compare what has been done with what still
remains to do We may mention, in the first place, the
undemonstrated, and indeed conjectural, theorems of
Gauss and Legendre as to the asymptotic value of the
number of primes inferior to a grven imit x [ ] The
memorr of Bernhard Riemann, “Ueber die Anzahl der
Primzahlen unter einer gegebenen Grosse,” contains (so
Sar as I am aware) the only wnvestigation of the asymp-

totic frequency of the primes which can be regarded as
rigorous [ ] No less important than the wnvestigation
of Riemann, but approaching the problem of the asymp-
totic law of the series of primes fiom a different side, 1s
the celebrated memorr, “Sur les Nombres Premiers,” by
M Tchébychef | 1 The method of M Tchébychef, pro-
Sound and inimaitable as it 18, 18 wn point of fact of a very
elementary character, and in this respect conirasts
strongly with that of Riemann, which depends through-
out on very abstruse theorems of the Integral Calculus

Smuth then went on to speak of some branches of analy-
s1s which appeared to him to promise much for the immedi-
ate future Here he focussed on the advancement of the
“Integral Calculus” He mentioned, among other works,
Riemann’s memoir on the hypergeometric series and the un-
fimshed memoir on inear differential equations with algebraic
coefficients In doing so he stressed the “great beauty and ong-
mality” of Riemann’s reasoning and the “fertihty of the con-
ceptions of Cauchy and of Riemann ” In his closing remarks
Smuth described the work of Enghish mathematicians in the
field during the last ten years, namimg among others Glaisher,
Cayley, and Clifford He was convinced that nothing so hin-
dered the progress of mathematical science m England as the
want of advanced treatises on mathematical subjects, and

that there are at least thiee trealises which we greatly
need—one on Definite Integrals, one on the Theory of
Functions 1n the sense in which that phrase 1s under-
stood by the school of Cauchy and of Riemann, and one
(though he should be a bold man who would undertake
the task) on the Hyperelliptic and Abelian Integrals

Smith called on his colleagues to close this gap, and to
some extent they did *

As early as about 1871 the Bnitish Association for the
Advancement of Science set up a special Committee on
Mathematical Tables to which belonged, besides Smith, A
Cayley, G G Stokes, W Thomson, and J W L. Glaisher The
purposes for which the Committee was appointed were (1)
to form as complete a catalogue as possible of existing
mathematical tables, and (2) to reprint or calculate tables
necessary for the progress of the mathematical sciences
The Committee decided to begin with the first task, and 1n
1873, presented by the care of Glaisher a huge catalogue
of 175 pages on mathematical tables which was printed in

4In a letter addressed to | Todhunter Smith gives a similar more direct and succinct estimate of the present state of Mathematics in Great Britan France and Germany
It proves once again how highly he regarded the work of Riemann and Welerstrass  But | so heartlly agree with much or rather with most of your book [Conflict of
Studies 1873] that | should not have troubled you with this letter 1f it were not that | cannot wholly subscribe to your estimate of the present state of Mathematics
All that we have one may say comes to us from Cambndge for Dublin has not of late quite kept up the promise she once gave Further | do not think that we have
anything to blush for in a comparison with France but France 1s at the lowest ebb 1s conscious that she 1s so and s making great efforts to recover her lost place

in Science

Agan in Mixed Mathematics | do not know whom we need fear Adams Stokes Maxwell Tat Thomson will do to put against any list even though it may con-

tain Helmholtz and Clausius

But in Pure Mathematics | must say that | think we are beaten out of sight by Germany and | have always felt that the Quarterly Journal 1s a miserable spectacle
as compared with Crelle [ s Journal] or even Clebsch and Neumann [Mathematische Annalen] Cayley and Sylvester have had the lion s share of the modern Algebra
(but even in Algebra the whole of the modern theory of equations substitutions etc 1s French and German) But what has England done in Pure Geometry in the
Theory of Numbers n the Integral Calculus? What a trifle the symbolic methods which have been developed in England are compared with such work as that of
Riemann and Welerstrass! [HJ S Smith Collected Mathematical Papers Introduction Vol 1 Ixxxv—Ixxxv]
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Figure 2 Discussion and representation of the branch points of the Riemann surface
defined by the equation s® — s + z = 0 from Casorati’s notes of conversations with
Gustav Roch in Dresden in October 1864 The notes comprise 12 numbered pages At
the end they give some information on his encounter with Roch (October 8-13) and
Casoratr’s wishes to have a copy of Riemann’s lectures The last page reproduced
above from Casorat’’s notes of conversations with Roch contains one of the first
schematic representations of a Riemann surface in cross-section (“Sezione normale
alle fronte”) and viewed from above (“Veduta di fronte”) outside Riemann’s own man-
uscripts Such representations later became very widespread, as can be seen from
simifar drawings in Neumann 1865, Houel 1867-1874 Clifford 1877, Bobek 1884,
Amstein 1889, etc This way of representing a Riemann surface goes back in fact to
Riemann himself, as can now be inferred from page 52 from Schultze’s lecture notes,
which 1s published here for the first time (Casoratr’s conversation notes were dis-
covered, studied, and in part edited by the author during research in Pavia from Spring
1976 onwards ) For further information on Casorati’s notes and the Casorati Nachlass,
see Neuenschwander 1978, especially pp 4, 19, 73 ff

ber 4, 1876 In these papers Glaisher thanked
Smith for his help on the relevant literature,
and 1n a note referred explicitly back to
Smith’'s above-mentioned address to the
London Mathematical Society in November
1876 for specific references

Further details on the very intense later sci-
entific interchange between Smith and
Glaisher and their common admiration for
Riemann can be gathered from Glaisher’s
Introduction to his edition of Smuth’s Collected
Mathematical Papers and from Smuth’s pa-
pers themselves ® From 1877 onwards J W L
Glaisher’s father James was engaged m the
project of the construction of factor tables of
numbers from 3,000,000 up to 6,000,000, and
he once again documented thereby the great
supenonty of Riemann’s formula for the num-
bers of primes as compared with those of
Legendre and Tchebycheff James Glaisher’s
tables were cited n their turn by various math-
ematicians 1in Scandinavian countries (Opper-
mann 1882 f, Gram 1884 ff, Lorenz 1891),
where Riemann's function-theoretical work
had already excited interest before, as 1s
shown by the publications of Bonsdorff,
Mittag-Leffler, and some others Moreover, In
1884 W W Johnson published a detailed ac-
count of James Glaisher’s factor tables and
the distribution of primes 1 the Amerncan
Journal Annals of Mathematics, which intro-
duced Riemann’s investigations and the work
of the British mathematicians in the New
World

Finally, attention should be paid to
Andrew Russell Forsyth, who went to live in
the town of Cambrdge and studied nothing
but mathematics in the same year, 1876, that
Smith and Glaisher started to draw attention
to Riemann’s work In his obituary notice,
E T Whittaker described Forsyth's Theory of
Functions (1893) as having had a greater in-

the annual Report of the British Association In 1875 a con-
tiuation of this report was presented, compiled by Cayley
It included, under the heading “Art 1 Divisors and Prime
Numbers,” new additional references to the table of the fre-
quency of primes 1n Gauss’s Collected Works and to the re-
lated approximate formulae by Gauss and Legendre Both
reports contained no reference to Riemann’s famous paper
on prime numbers It 1s only mentioned in later Association
Reports on Mathematical Tables (1877 ff ), and 1n a senes
of papers on the enumeration of the primes and on factor
tables which Glaisher presented to the Cambrndge
Philosophical Society, the first one being read on Decem-

fluence on British mathematics than any work since
Newton’s Principia According to Whittaker [1942, 218],
perhaps the most origial feature of this work was the
melding of the three methods associated with the names
of Cauchy, Riemann, and Weierstrass, which in the conti-
nental books were regarded as separate branches of math-
ematics Furthermore, one can read in the Royal Society
Biographical Memoir of Henry Frederick Baker by WV D
Hodge that Forsyth “rendered Cambridge mathematics
great service by his efforts to bring about closer co-opera-
tion between mathematicians in this country and those on
the continent of Europe, and he made 1t easier for his

5in addition to Smith s London address discussed above see also his paper On the integration of discontinuous functions {1875) with a detailed analysis of Riemann s
memoir on the representation of a function by a tngonometric series his paper On some discontinuous series considered by Riemann (1881) and his Memoir on the
Theta and Omega Functions which was written to accompany the Tables of the Theta Functions calculated by J W L Glaisher
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successors, including Baker, to get the full benefit of the
work of the great German masters of the late nineteenth
century ”

As can be seen from Whittaker's obituary notice and
Forsyth’s own recollections of his undergraduate days
[Forsyth 1935], there 1s a definite link between Forsyth’s
later work 1n complex analysis and his early studies m
Cambndge, where he came mnto repeated contact with
Glaisher, Cayley, and the works of Smuith, who taught at
Oxford Cayley and Glaisher were also to be very instru-
mental in Forsyth's career in pure mathematics and helped
him to overcome that “Cambndge atmosphere” in which
“all were reared to graduation on applied mathematics "6
According to Whittaker, 1t was Glaisher who suggested to
Forsyth that he wnte his first book, the Treatise on dif-
Jerential equations (1885) His first two principal memoirs
on theta functions (1881/1883) and on Abel’s theorem and
Abelhan functions (1882/1884) were presented by Cayley,
on the other hand, to the Royal Society In the first mem-
oir Forsyth gives a list of 22 principal papers 1n the field,
including among others Riemann’s Theorie der Abelschen
Functionen as well as twelve other papers by the German
mathematicians Jacobi, Richelot, Rosenhain, Gopel,
Weierstrass, Koemigsberger, Kummer, Borchardt, and
Weber The second memoir on Abel's theorem and Abehan
functions contamned a large section on Welerstrass's ap-
proach, which clearly shows that around 1882 Forsyth was
already fully aware of the achievements of the German
mathematicians 1n this field

Conclusion

These bibhographical investigations make 1t evident that
Riemann’s 1deas were more positively accepted mm Great
Bntaimn, apparently even earlier, than in France It seems they
were among the more important stimul: which, through the
efforts of Cayley, Chfford, Smuth, Glaisher, etc , later led to
the flounishing of English pure mathematics and function
theory under Hobson, Forsyth, Mathews, Baker, Barnes,
Hardy, Lattlewood, Titchmarsh, and many others In England
and Italy Riemann’s theories entered open territories, where
they found mathematical commuruties eager to catch up in
pure mathematics In England this iterest served to
broaden to the “Cambridge atmosphere,” which was nearly
totally onented towards natural philosophy and apphed
mathematics, 1n Italy 1t fitted m with a desire to built up a
modern mathematical education for the newly founded na-
tion (cf Neuenschwander 1986) In France, on the other
hand, Riemann’s 1deas first faced a cold reception from the
well-established tradition of Cauchy and Briot & Bouquet

Allowing for a certain pohtically motivated enthusiasm,
Welerstrass was therefore probably rnight when, 1n a letter
to Casoratl dated 25 March 1867 (written in the early pe-
rnod before the publication of Riemann’'s Collected
Mathematical Works 1n 1876), he especially emphasized
Italy’s role in the dissemination of Riemann’s 1deas In that
letter (see [Neuenschwander 1978, 72])7 he wrtes

The happy rise of science in your fatherland will nowhere
else be followed with more muvid interest than here in
North Germany, and you may be certain that the State
of Italy has nmowhere else so many sincere and disinter-
ested friends With pleasure we are therefore ready to con-
linue the alliance between you and us—which n the po-
litical freld has had such good results—also 1n science, so
that also wn that area the barriers may more and more be
overcome, with which unhappy politics has for so long sep-
arated two generally congenial nations The paper which
you sent to me proves to me once again that our scientific
endeavours are better understood and apprecrated 1n Italy
than n France and England, particularly in the latter
country, where an overwhelming formalism threatens to
stifle any feeling for deeper investigation How significant
1t 15 that our Riemann, whose loss we cannot sufficrently
deplore, 1s studied and honoured outside Germany, only
wn Italy, an France he s certainly acknowledged externally
but little understood, and in England [at least before 1867],
he has remained almost unknown

Note added in proof In a recent 1ssue of this journal
(vol 19, no 4, Fall 1997) there appeared an article by
Jeremy Gray which gives the reader a very welcome sum-
mary mn English of Riemann’s introductory lectures on gen-
eral complex analysis Gray’s paper 1s largely based on my
preprint Riemanns Vorlesungen zur Funktionentheorie
Allgemewner Teil, Darmstadt 1987 and on Roch 1863/65
(cf Neuenschwander 1996, p 15) but does not mention the
substantially expanded version which appeared in Spring
1996 and which has been reviewed in MR 97d 01041 and
Zbl 844 01020 The published version also contains, be-
sides what was in the ongimnal preprint, the above-men-
tioned extensive bibliography of papers and treatises that
were 1nfluenced by Riemann’s work, as well as a list of all
known lecture notes of his courses on complex analysis
From this hst [Neuenschwander 1996, 81 ff ], one can in-
fer that Cod Ms Riemann 37 comprises notes of three dif-
ferent courses (not just one, as suggested by Gray), and 1ts
first part 1s thereby quite easily datable to the Winter se-
mester 1855/56 On page 111 of Cod Ms Riemann 37 one

8According to Forsyth s own recollections as early as his student years he took an exceptional interest in pure mathematics and went for one term in his third year to
Cayley s lectures where at the beginning the very word plunged him into complete bewiiderment From other passages of Forsyth s recollections one may see that
already at that time he made s first timid ventures outside the range of Cambridge textbooks and ploughed through among others a large part of Durege s Eliptische
Functionen Further detalls may be gathered from the following personal confession by Forsyth  Something of differential equations beyond mere examples the ele
ments of Jacobian elliptic functions and the mathematics of Gauss s method of least squares | had learnt from Glaisher s lectures and by working at the matter of
the one course by Cayley which had been attended | began to understand that pure mathematics was more than a collection of random tools mainly fashioned for
use in the Cambridge treatment of natural philosophy Otherwise very nearly the whole of such knowledge of pure mathematics as s mine began to be acquired only
after my Tnipos degree In that Cambndge atmosphere we all were reared to graduation on applied mathematics [Forsyth 1935 172)

"Notice that his characterization of the situation In England 1s strikingly similar to that of Smith (see note 4) or Forsyth (see note 6)
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Institut fur Mathematik
Abt Reine Mathematik
Universitat Zunch-irchel
Winterthurerstrasse 190
8057 Zunch Switzerland

Erwin  Neuenschwander 1s Professor of the History of
Mathematics at the University of Zunch He took his degrees
under B L van der Waerden in Zunch He has published sev-
eral papers on ancient, medieval, and nineteenth-century
mathematics, and especially on Riemann, to whom his latest
book 1s devoted Dunng the past couple of years, he has also
taken an interest in the history of the other exact sciences and
on the interactions between science, philosophy, and society
The picture shows him before the tomb of Riemann at Selasca
(near Verbania, ltaly) on the occasion of the Verbania Riemann
Memornal Conference in July 1991

reads “Fortsetzung mm Sommersemester 1856 [Continua-
tion 1n the Summer semester of 1856],” and on page 193 of
the same manuscript “Theore der Functionen complexer
GroRen mit besonderer Anwendung auf die Gauf¥’sche
Rethe F(q, B, v, x) und verwandte Transcendenten Winter-
semester 1856/57 " Furthermore, it should be noted that
Riemann’s lectures on general complex analysis developed
gradually from 1855 to 1861 [Neuenschwander 1996, 11 ],
and that in 1861 he also treated Weierstrass's factorization
theorem for entire functions with prescribed zeros, intro-
ducing to this end loganthms as convergence-producing
terms [Neuenschwander 1996, 62-65], which 1s quite re-
markable, although not mentioned by Gray 1997

Acknowledgments

I am mndebted to Robert B Burckel (Manhattan, Kansas),
Ivor Grattan-Guinness (Enfield), and Samuel J Patterson
(Gottingen) for varous suggestions concerning both con-
tent and language The present article was written under a
grant from the Swiss National Foundation

BIBLIOGRAPHY

Armenante, A Jung, G [Relazione sulle Lezioni complementall date
nell Istituto tecnico superiore a Milano nello scorso anno (1868-69) dagl
egregl Professor Brioschi Cremona e Casorat] Giornale dif Mate-
matiche 7 (1869), 224-234

Bottazzini, U Riemanns EnfluB auf E Bett und F Casorati Archive
for History of Exact Sciences 18 (1977/78), 27-37

Bottazzint U If calcolo sublme storia dell'analis matematica da Euler
a Weierstrass Boringhier, Torno 1981 Rewvised and enlarged English
version Springer, New York 1986

Bottazzim U Ennco Betti e la formazione della seuola matematica
pisana In O Montaldo, L Grugnetti (eds } La storia delle matematiche
in ltaha Ath del Convegno, Caglari, 29-30 settembre e 1 ottobre 1982
Universita di Cagliari, Caglian 1983 229-276

Bottazzin, U Riemann in ltalia In Conferenza Internazionale nel 125°¢
Anniversario della morte di Georg Frednich Bernhard Riemann 20
Lugho 1991 Verbarma Atti del convegno, 31-40

Briot, C, Bouquet, J -C Theore des fonctions elliptiques Deuxieme
edition Gauthier-Villars Pans 1875

Briot C Theone des fonctions abeliennes Gauthier-Villars Pans
1879

Casoratt F Teorica delle funzioni di vanabili complesse Fusi, Pavia,
1868

Casoratl, F, Cremona L Intorno al numero del modull delle equazioni o
delle curve algebnche di un dato genere Reale Istituto Lombardo di
Scienze e Lettere Rendicont: (2) 2 (1869), 620625 = F Casorati Opere
vol 1, 313-315 L Cremona, Opere matematiche, vol 3, 128-132
Dieudonne J The beginnings of ltalan algebraic geometry In
Symposia mathematica, vol 27, Academic Press, London/New York
1986, 245-263

Forsyth, AR Old Tripos days at Cambndge The Mathematical Gazette
19 (1935), 162-179

Gilispie, C G (ed ) Dictionary of scientific biography, 16 vols Scribner,
New York 1970-1980

Gispert, H Sur la production mathematique frangaise en 1870 (Etude
du tome premier du Bulletin des Sciences mathematiques) Archives
Internationales d’Histoire des Scrences 35 (1985), 380-399

Gispert, H La France mathematique La societe mathematique de
France (1870-1914) Suw de cing etudes par R Bkouche, C Gilan
C Houzel, J -P Kahane, M Zerner Cahiers d'Histoire et de Philosophie
des Scrences (2), No 34 Blanchard, Pans, 1991

Houel, J Theorie elementaire des gquantites complexes Gauthier-
Villars Pans, 1867-1874

Klen F Riemann und seine Bedeutung fur die Entwickelung der mo
dernen Mathematk Jahresbencht der Deutschen Mathematiker—
Vereingung 4 (1894-95) [Berlin 1897], 71-87 = Gesammelte mathe-
matische Abhandlungen, Bd 3, 482-497 English translation Builletin
of the Amencan Mathematical Society 1 (1895), 165~-180

Klen, F Vorlesungen uber die Entwicklung der Mathematik im 19
Jahrhundert Telle 1 und 2, Grundlehren der mathematischen
Wissenschaften, Bde 24 und 25 Springer Berlin, 1926-1927 Reprnnt
Berlin/Heidelberg/New York 1979 English translation Brookline,
Mass 1979

Lorta, G (ed) Lettere al Tardy di Genocchi Betti e Schlafll Attr defla
Reale Accademia der Lincei Sene quinta Rendiconti, Classe di scienze
fisiche, matematiche e natural 24 1 (1915), 516-531

Loria, G Storia delle matematiche 3 vol STEN Torno 1929-1933
Seconda edizione nveduta e aggiornata Hoepli, Milano, 1950

Naas, J, Schmid, HL (Hrsg) Mathematisches Worterbuch mit
Einbezichung der theoretischen Physik, 2 Bde Akademie-Verlag/
Teubner, Berlin/Stuttgart, 1961

Neuenschwander, E  Der NachlaB von Casorati (1835-1890) in Pavia
Archive for History of Exact Sciences 19 (1978), 1-89

VOLUME 20 NUMBER 3 1998 25



Neuenschwander E Uber die Wechselwirkungen zwischen der franzo-
sischen Schule, Riemann und WeierstraB Eine Ubersicht mit zwel
Quellenstudien Archive for History of Exact Sciences 24 (1981),
221-255 English version in Bulfetin of the American Mathematical
Society, New Ser 5 (1981) 87-105

Neuenschwander, E Der Aufschwung der italienischen Mathematik zur
Zelit der politischen Einigung Itallens und seine Auswirkungen auf
Deutschland In Symposia Mathematica 27 (1986), 213-237
Neuenschwander, E A brief report on a number of recently discov-
ered sets of notes on Riemann’s lectures and on the transmission of
the Riemann Nachlass Historia Mathematica 15 (1988), 101-113
Reprinted in Riemann 1990, 855-867

Neuenschwander E Secondary Iiterature on B Riemann In Riemann
1990, 896-910

Neuenschwander, E Remanns Einfuhrung in die Funktionentheorie
Eine quellenkritische Edition seiner Vorlesungen mit einer Biblographie
zur Wirkungsgeschichte der Riemannschen Funktionentheorie
Abhandiungen der Akademie der Wissenschaften in Gottingen,
Mathematisch-Physikalische Klasse, Dritte Folge Nr 44 Vandenhoeck
& Ruprecht, Gottingen 1996

Purkert, W Arbeiten bis 1891 In Riemann 1990, 869-895
Riemann, B Eliptische Functionen Vorlesungen von Bernhard
Riemann Mit Zusatzen herausgegeben von Hermann Stahl Teubner,
Leipzig 1899

Riemann, B Gesammelte mathematische Werke wissenschafticher
Nachlass und Nachtrage Nach der Ausgabe von H Weber und R

[RACKING

i | D

! AUTOMATIC
AN

LATHEMATICAL

E

‘;j:::,

Davip GALE

Contents: Simple Sequences with Puzzling Properties « Probability
Paradoxes » Historic Conjectures: More Sequence Mysteries » Privacy
Preserving Protocols » Surprising Shuffles » Hundreds of New Theorems
in a Tiwo-Thousand-Year-Old Subject « Pop-Math and Protocols « Six
Variations on the Variational Method « Tiling a Torus: Cutting a Cake

Imaginary + Coin Weighing: Square Squaring + The Return of the Ant and

A,
s

Springer

http:/lwww.springer-ny.com

BN | DAVID GALE,. University of California, Berkeley
Tracking the Automatic Ant
And Other Mathematical Explorations

Al For those fascinated by the abstract universe of mathematics, David Gale’s columns in The
Mathematical Intelligencer have been a prime source of entertainment. Here Gale’s columns are
collected for the first time in book form. Encouraged by the magazine’s editor, Sheldon Axler,
to write on whatever pleased him, Gale ranged far and wide across the field of mathematics—
frequently returning to his favorite themes: triangles, tilings, the mysterious properties of
sequences given by simple recursions, games and paradoxes, and the particular automaton

| that gives this collection its title, the “automatic ant.” The level is suitable for those with

I some familiarity with mathematical ideas, but great sophistication is not needed.

+ The Automatic Ant: Compassless Constructions » Games: Real, Complex,

Dedekind neu herausgegeben von R Narasimhan Springer/Teubner,
Berlin, etc /Leipzig, 1990

Schering, E Zum Gedachtrnis an B Riemann In Gesammelte mathe-
matische Werke von Ernst Scherng Bd 2 Berln 1909 367-383
434-447 Partially reprinted N Riemann 1990, 827-844

Smart G Commentarre sur deux Memoires de Riemann relatifs a la
theorie generale des fonctions et au principe de Dinchlet Theses presen-
tees a la Faculte des Sciences de Pans Gauthier-Villars, Paris 1882
Smith, HJ S On the present state and prospects of some branches
of pure mathematics Proceedings of the London Mathematical Society
8 (1876-77), 6-29 = Collected Mathematical Papers, vol 2, 166-190
Tncomi FG Bernhard Riemann e ['ltalia Universita e Politecrico di
Torino, Rendiconti del Seminarno Matematico 25 (1965-66), 59-72
Volterra, V  Betti, Brioschi, Casorati, trois analystes italiens et trois
manieres d’envisager les questions d'analyse In Compte rendu du
deusieme Congres International des Mathematiciens tenu a Pans du 6
au 12 aolt 1900 Gauthier-Villars, Pans, 1902, 43-57 = Opere matem-
atiche, vol 3, 1-11

Well A Riemann, Betti and the birth of topology Archive for History
of Exact Sciences 20 (1979), 91-96 21 (1979/80), 387

Whittaker, ET Andrew Russell Forsyth In Obituary Notices of Fellows
of the Royal Society 1942-1944, vol 4 no 11 (1942) 209-227
Wirtinger W Riemanns Vorlesungen uber die hypergeometrische Reihe
und thre Bedeutung In Verhandiungen des dntten Internationalen
Mathematiker-Kongresses in Heidelberg vom 8 bis 13 August 1904,
Teubner, Leipzig, 1905 121-139 Reprinted in Riemann 1990 719-738

the Jeep + Go + More Paradoxes, Knowledge Games « Triangles and
Computers » Packing Tripods « Further Travels with My Ant » The
Shoelace Problem « Triangles and Proofs « Polyominoes « In Praise of
Numberlessness + A Pattern Problem, a Probability Paradox and a Pretty
Proof » Appendices: 1. A Curious Nim-Type Game = 2. The Jeep Once
More and Jeeper by the Dozen « 3. Nineteen Problems on Elementary
Geometry » 4. The Truth and Nothing But the Truth

1998 | 256 PP. | HARDCOVER / $30.00 [ ISBN 0-387-98272-8

Order Today!

Call: 1-800-SPRINGER + Fax: (201)-348-4505
Visit: {http://www.springer-ny.com}

5/98 Promation #H231

26 THE MATHEMATICAL INTELLIGENCER



