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Abstract. Dilatational rheological properties of interfaces are often de-
termined using drop tensiometers, in which the interface of the droplet
is subjected to oscillatory area changes. A dynamic surface tension
is determined either by image analysis of the droplet profile or by
measuring the capillary pressure. Both analysis modes tend to use the
Young-Laplace equation for determining the dynamic surface tension.
For complex fluid-fluid interfaces there is experimental evidence that
this equation does not describe the response of the interface to deforma-
tions adequately. Generalizations of this equation are available, and in
this comment we will discuss these generalizations, and the conditions
for which they reduce to the Young-Laplace equation.

1 Introduction

In oscillating droplet (OBM) and bubble pressure tensiometry (BPT) experiments
data for the dilatational modulus are in general obtained by subjecting an inter-
face to oscillatory area changes, and analyzing either the droplet profile or the pres-
sure difference over the interface using the Young-Laplace equation (see for example
the review by Javadi et al. elsewhere in this issue [1]). The Young-Laplace equation
(sometimes also referred to as Gauss-Laplace equation or simply Laplace equation) is
given by

P (2) − P (1) = 2γH (1)

where P (2) is the pressure in the interior of the droplet, P (1) is the pressure in the
outer phase, γ is the surface tension, and H is the curvature of the interface (= 1/R
for spherical droplets, where R is the droplet radius). The analysis of tensiometry
experiments with this equation tends to work well for interfaces stabilized by low
molecular weight surfactants that do not form complex mesophases after adsorption
at the interface. However, surface active components such as colloidal particles, poly-
mers, and proteins may exhibit strong in-plane interactions after adsorption, which
can lead to the formation of two dimensional gel, glassy or (liquid) crystalline phases.
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For such interfaces there is mounting experimental evidence that analyzing data with
equation (1) may give inaccurate results (see [2] and references therein). To obtain
meaningful data from tensiometry experiments on complex fluid-fluid interfaces we
need a generalized form of equation (1), which also includes effects from in-plane vis-
cous and inertial stresses, and contributions from viscous and inertial stresses exerted
on the interface by the adjoining bulk phases. Javadi et al. refer to this generalized
equation as the “dynamic Gauss-Laplace equation” [1].
The generalizations of the Laplace equation mentioned by Javadi et al. [1] at

the end of their paper, have in fact already been derived, by researchers active in
the fields of interfacial transport phenomena and nonequilibrium thermodynamics.
Using Gibbs’ concept of surface excess variables [3], various authors have derived
a differential balance for the time rate of change of the surface excess momentum,
which in the absence of in-plane viscous and inertial stresses, and negligible viscous
and inertial stresses exerted on the interface by the adjoining bulk phases, reduces to
the familiar Laplace equation. Scriven presented a generalized version of the Laplace
equation in 1960 [4], and an improved version of this balance was published by Slattery
in 1964 [5]. Bedeaux derived a momentum balance for the interface in the context
of the classical irreversible thermodynamics framework (see for example reference [6]
and references therein). Several textbooks are currently available that give detailed
discussions of the differential surface momentum balance [7–9]. In this paper we will
discuss this balance, and in particular focus on how it could be applied in the analysis
of dilatational rheological experiments on complex fluid-fluid interfaces.

2 Generalized surface momentum balances

The Young-Laplace equation is a simplified version of the momentum balance at the
interface, given by [2,4–9]

ρs
dsv

s

dt
= ∇sγ + 2γHξ +∇s · σs +

N∑

A=1

ρs(A)b
s
(A)

−[[[ρ (v − vs) (v − vs) · ξ + Pξ − σ · ξ]]] (2)

where ρs is the total surface mass density (kg/m2), vs is the surface velocity, ∇s is
the surface gradient operator [9], ξ is the surface unit normal vector, σs is the surface
extra stress tensor, ρs(A) is the surface density of species A, b

s
(A) are the body forces

acting on species A at the interface, ρ is the total bulk density, v is the bulk velocity
field, and σ is the extra stress tensor in the bulk phase. The material derivative in
(2) is defined as [9]

dsψ
s

dt
=
∂ψs

∂t
+ (∇sψs) · ẏ (3)

where ẏ = vs − u is the intrinsic surface velocity [9], and u is the speed of dis-
placement of the interface. The boldface brackets in the second line of Eq. (2) denote
contributions from the adjoining bulk phases to the balance equation, and are defined
as [9] [[[

ψξ
]]]
= ψ(I)ξ(I,J) + ψ(J)ξ(J,I) (4)

where ψ(I) denotes the value of an arbitrary observable ψ in bulk phase I (evaluated

at the interface), and ξ(I,J) is the unit vector normal to the interface separating phase
I and J , and pointing in the direction of phase I.
Equation (2) is known as either the jump momentum balance (the term we will

use in the remainder of this paper) [9], the momentum interface balance [8], or the
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surface excess linear momentum balance [7], and it describes the time rate of change
of the surface excess velocity as a result of surface tension gradients, in-plane viscous
stresses (or viscoelastic stresses, depending on the nature of the interface), and body
forces acting on the material in the interface. The boldface term denotes contributions
to the time rate of change of surface momentum resulting from inertial, hydrostatic,
and viscous stresses exerted on the interface by the adjoining bulk phases.
To use (2) for the analysis of dilatational data we need to supply constitutive

equations for the bulk and surface extra stress tensors. For the adjoining liquid phases
we will assume Newtonian behavior, and hence σ is given by

σ = λ(tr D)I+ 2ηD (5)

where η is the shear viscosity of the fluid, D = 1
2 (∇v + [∇v]T ) is the bulk rate of

deformation tensor, λ = ηb − 2
3η, ηb is the bulk viscosity of the fluid, and I is the

three-dimensional unit tensor. When both bulk phases are incompressible fluids, the
first term on the right hand side of (5) can be omitted. The constitutive equation for
the extra stress tensor of the interfaces may be substantially more complex. For small
deformations the extra stress tensor of viscous interfaces can be approximated by the
linear Boussinesq model [4,10–12]

σs = (εd − εs) (∇s · vs)P+ 2εsDs (6)

where εd ≡ εd(ρs, T s, ωs(1), . . . , ωs(N−1)) is the surface dilatational viscosity, εs ≡ εs(ρs,
T s, ωs(1), . . . , ω

s
(N−1)) is the surface shear viscosity, P is the surface projection ten-

sor [9], and Ds is the surface rate of deformation tensor [9]. For viscoelastic interfaces
a two-dimensional version of the Kelvin-Voight model is often used, given by [2,13]

σs = (εd − εs) (∇s · vs)P+ 2εsDs + (Ed −Gs) (tr Us)P+ 2GsUs (7)

where Gs ≡ Gs(ρ
s, T s, ωs(1), . . . , ω

s
(N−1)) is the surface shear modulus, and U

s is the

surface displacement tensor (note that U̇s = Ds). Other models have been suggested
for the surface stress tensor, such as the linear surface Maxwell model and surface
Jeffreys model (see [2] and references therein). All these models are linear in the rate
of deformation, and valid only for small deformations and deformation rates.
Apart from resistances against in-plane deformations such as shear and dilatation,

complex fluid-fluid interfaces may also have a significant resistance against bending,
and this resistance can also affect the dynamics of multiphase systems [2,14–20].
Bending rigidity is most conveniently introduced through a curvature expansion of
the surface tension, given by (correct up to second order in curvature) [21,22]

γ = γ0 − kC0H + k̄K + 12kH2. (8)

Here γ0 is the surface tension of the flat interface, C0 is the spontaneous curvature of
the interface, k is the bending rigidity of the interface associated with the mean cur-
vature H, and k̄ is the bending rigidity of the interface associated with the Gaussian
curvature K. Incorporating this expansion in the jump momentum balance leads to
(again correct up to second order in curvature) [22]

ρs
dsv

s

dt
= ∇sγ0 − (HP+B) · ∇s (kC0)− kC0∇sH
+ 12ξ∇2s (kC0) + 2γ0Hξ − kC0Kξ +∇s · σs

+

N∑

A=1

ρs(A)b
s
(A) −

[[[
ρ (v − vs) (v − vs) · ξ + Pξ − σ · ξ]]] (9)
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where B = −∇sξ is the symmetric second groundform tangential tensor, and ∇2s is
the surface Laplacian (defined as ∇s · ∇s) [9]. We see that when bending rigidities
are not negligible, the jump momentum balance takes on a much more complicated
form. In the next section we will discuss when this generalized form of the surface
momentum balance reduces to the familiar Laplace equation.

3 When do the generalized balances reduce to the
Young-Laplace equation?

Let us now examine the conditions that need to be satisfied for Eq. (9) to reduce
to the Young-Laplace Eq. (1). For this to happen we need to assume that in-plane
inertial stresses are negligible, that stresses resulting from gradients in surface tension
are negligible, that contributions from in-plane viscous stresses may be ignored, and
that inertial and viscous stresses exerted on the interface by the adjoining bulk phases
may be neglected. We will also need to make sure the applied deformation is uniform,
to avoid gradients in surface concentration and hence avoid gradients in material
properties along the interface, and avoid/minimize gradients in curvature. We will
address each of these issues separately in this section.

I. In-plane inertial stresses must be negligible: for small oscillations of the
droplet radius of the form R = R0 + δReiωt, the inertial term in Eq. (2) scales
with the applied frequency as ρsω2δRξ. Inertial effects are therefore negligible when
ρsω2δRξ << 2γHξ, or [23]

ω �
√

2γ

ρsRδR
· (10)

If we assume typical values for the parameters in this inequality, i.e. γ ∼ 10−2N/m,
ρs ∼ 10−6 kg/m2, R ∼ 10−3m, and δR ∼ 0.1R, we arrive at an upper limit for the fre-
quency ω, below which inertial stresses may be neglected of the order of 105 s−1. This
is much higher than the frequencies which can be applied in commercially available
OBM and BPT methods. But dilatational properties can also be determined using
ultrasound with frequencies up to 10MHz, and then inertial effects can no longer be
neglected [24,25].

II. Stresses exerted on the interface by the adjoining bulk phases must be
negligible: here we will focus only on the viscous stresses exerted on the interface by
the bulk phases, since inertial stresses will be relevant only at very high frequencies,
upwards of 105 s−1. For gas bubbles we may have contributions from the bulk viscos-
ity term in Eq. (5). This term scales with frequency and deformation amplitude as
λω(δV/V ) ∼ 3λωδR/R. Comparing the magnitude of this term to the term 2γH in
Eq. (9), we find the former is negligible when

λ� γ

3ωδR
· (11)

For most gasses λ is sufficiently small that this criterion is satisfied at typical frequen-
cies applied in tensiometry experiments. But again, in ultrasound experiments this
term may not be negligible. Shear stresses will scale with frequency and deformation
amplitude as ηδvs/R ∼ ηω(δR/R)ξ, and again comparing this to the term 2γHξ in
Eq. (9), we find viscous shear stresses are negligible only when

η � γ

ωδR
· (12)
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If we again assume realistic values for the parameters in these expressions, i.e. γ ∼
10−2N/m, R ∼ 10−3m, and δR ∼ 0.1R, we arrive at an upper limit for the shear
viscosity of 100/ω. So for syringe based OBM systems, which have an upper limit
for the frequency of at most 1Hz, the viscosity of the adjoining phases should be
much lower than 100Pa s. In most experiments this criterion will be satisfied, and
viscous stresses exerted by the bulk phases can safely be ignored. Piezo driven systems
have an upper limit for the frequency of about 100Hz, and at these frequencies the
viscosities of the adjoining phases should be much less than 1Pa s. Here problems
may arise when studying the interfacial properties of interfaces between water and
highly viscous oil phases, or glycerol and air.
When the criteria listed above are satisfied, several terms in Eq. (9) may be

omitted, and the expression reduces to

∇sγ0 − (HP+B) · ∇s (kC0)− kC0∇sH + 12ξ∇2s (kC0) + 2γ0Hξ − kC0Kξ

+∇s · σs +
N∑

A=1

ρs(A)b
s
(A) −

[[[
Pξ
]]]
= 0. (13)

III. The applied deformation of the interface should be uniform: when defor-
mations are non-uniform, gradients in concentration of the surface active components
may develop along the interface, and hence also gradients of the material properties,
such as the surface viscosities in Eq. (6) or the surface rigidity constants in Eq. (8)
may develop. When material properties are a function of position on the surface, the
surface momentum balance may be coupled to the species jump mass balances, given
by [9]

ρs
dsω

s
(A)

dt
+ ∇s · js(A) − rs(A) +

[[[
j(A) · ξ + ρ

(
ω(A) − ωs(A)

)
(v − vs) · ξ]]] = 0 (14)

where ωs(A) is the surface mass fraction of species A, j
s
(A) = ρs(A)(v

s
(A) − vs) is the

surface mass flux vector, rs(A) is the rate at which speciesA is produced or consumed by

reactions at the interface, j(A) = ρ(A)(v(A)−v) is the mass flux vector in the adjoining
bulk phases, and ω(A) is the mass fraction of species A in the bulk phase. Equation
(14) describes the time rate of change of the surface mass fraction of component
A as a function of, respectively, surface diffusion, chemical reactions at the surface,
and convective and diffusive transport between the bulk phase and the interface. If
diffusion processes either along or perpendicular to the interface are insufficiently
fast to eliminate deformation induced gradients, the surface momentum and surface
mass balances will have to be solved simultaneous. Experimental evidence that this
coupling can be relevant can be found elsewhere in this issue, for example, the paper
by Rühs et al. [26], describing the effects of mass transfer in dilatational experiments
on protein stabilized interfaces, or the paper by Sagis et al. describing deformation
induced adsorption of proteins at lipid membranes [27]. Evidence of this coupling can
also be found in the deformation behavior of vesicles and phase-separated biopolymer
solutions [19,20,28].
When the deformation is sufficiently uniform to avoid gradients in the material

properties, Eq. (13) simplifies even further, to

− kC0∇sH + 2γ0Hξ − kC0Kξ +∇s · σs −
[[[
Pξ
]]]
= 0. (15)

In arriving at this result we have assumed that the effects of force fields acting on the
material in the interfaces can also be neglected.

IV. Gradients in curvature H and the bending rigidity of the interface
should be small: the terms kC0∇sH and kC0Kξ should be negligible with respect
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to the term 2γ0Hξ. Both these terms scale with droplet radius as kC0/R
2, and hence

for these terms to be negligible with respect to the term 2γ0Hξ, we must have

kC0

2R
<< γ. (16)

When this criterion is satisfied Eq. (15) reduces to

2γ0Hξ +∇s · σs −
[[[
Pξ
]]]
= 0. (17)

V. The applied deformations should be small and purely dilatational: For
sufficiently small deformations we can combine the r-, θ-, and ϕ -components of
Eq. (17), and linearize the result, to obtain

2γ0H + (∇s · σs)r + P (1) − P (2) = 0. (18)

If the deformations are not small or the droplet deviates significantly from a spherical
shape, this linearized equation will not be sufficiently accurate. Droplets used in OBM
or BPT methods should therefore always be close to spherical. The term (∇s · σs)r,
equals

(∇s · σs)r = 2Htr[σs]. (19)

Substituting this result in Eq. (18), we obtain

2H (γ0 + tr[σ
s]) + P (1) − P (2) = 0. (20)

From this we conclude that if we define a dynamic surface tension γd as

γd ≡ γ0(ρs, T, ωs(1), . . . , ωs(N−1)) + tr[σs], (21)

we obtain the Young-Laplace Eq. (1). We see that for complex fluid-fluid interfaces
the dynamic surface tension contains contributions from the actual surface tension
and contributions from in-plane viscoelastic stresses. For a highly elastic interface,
with an expression for the surface extra stress tensor given by the second part of
Eq. (7), the dynamic surface tension is given by

γd ≡ γ0(ρs, T, ωs(1), . . . , ωs(N−1)) + (Ed +Gs)trUs, (22)

and contains contributions from surface shear as well as dilatational properties. The
separation of all these contributions is a nontrivial problem, which we will address
elsewhere in this issue, since this is a more general problem, not restricted to OBM
and BPT methods. Equation (22) was derived assuming a linear model for the surface
extra stress tensor. In most studies on dilatational properties of complex fluid-fluid
interfaces tests to determine whether the response of the interface to a deformation
is indeed in the linear response regime are not performed. Testing outside this regime
makes extracting useful information from (22) even more complicated, so as pointed
out elsewhere in this issue, strain sweeps should always be a standard part of any
measuring protocol for dilatational measurements on complex fluid-fluid interfaces.

4 Conclusions and outlook

From the above analysis we conclude that in oscillating bubble and bubble pres-
sure tensiometry experiments on complex fluid-fluid interfaces, the Young-Laplace
equation can be used for the analysis of droplet profile or pressure data only when
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all conditions I through V are met. A check of these conditions should be part of
any standard analysis protocol. If one or more of these criteria are not met, post-
processing of the data must be performed with one of the generalized forms of the
momentum balance presented here. If the applied deformations are not sufficiently
uniform, the generalized momentum balances will be coupled to the species jump
mass balances for the adsorbed components, and these balances will then have to be
solved simultaneously. When the contributions from surface tension variations and in-
plane viscoelastic stresses to the dynamic surface tension are both significant, again
the interfacial momentum and mass balances must be solved simultaneously. Simu-
lation methods for multiphase systems have progressed significantly in recent years
(see for example the review of numerical simulations of continuum models by Gross
and Reusken [29], or the lattice Boltzmann methods described by Krüger et al. [30],
elsewhere in this issue). Extracting useful data from OBM and BPT experiments for
which one or more of the criteria listed above are not met may become feasible with
these methods. But the computational load required to do so is still rather large and
time consuming. Based on the analysis presented here we see that for fluid-fluid inter-
faces with adsorbed components that form complex mesophases, the determination
of meaningful dilatational data with OBM and BPT methods is far from trivial, and
requires a detailed and careful analysis of profile or pressure data. In view of the
versatility of these methods, and accuracy problems that plague alternative meth-
ods such as Langmuir troughs, OBM and BPT methods will likely remain the main
method of choice for obtaining dilatational properties. Ease of data extraction would
greatly improve if smaller deformation amplitudes could be accessed (δA/A < 1%),
and if profile or pressure analysis could somehow be combined with in situ structural
analysis of the interface, which would amount to performing a two-dimensional rheo-
optics experiment [31]. The latter may however be difficult to realize, in view of the
spherical geometry of the interface, and the fact that the location of the interface is
not fixed in space.
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