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Abstract: Inthis paper we prove, among other results, that near the equilibirum position,
any periodic FPU chain with an odd number N of particles admits a Birkhoff normal form
up to order 4, whereas any periodic FPU chain with N even admits a resonant normal form
up to order 4. This resonant normal form of order 4 turns out to be completely integrable.
Further, for N odd, we obtain an explicit formula of the Hessian of its Hamiltonian at
the fixed point.

1. Introduction

In this paper we consider FPU chains with N particles of equal mass, normalized to be
one. Such chains have been introduced by Fermi, Pasta, and Ulam [5], as models to test
numerically the principle of thermalization as N gets larger and larger. A FPU chain
consists of a string of particles moving on the line or the circle interacting only with
their nearest neighbors through nonlinear springs. Its Hamiltonian is given by

N N
1
Hy = 5 > prt D V(gn — Guen). (1)
n=1 n=1

where V : R — R is a smooth potential. The corresponding Hamiltonian equations
read (1 <n <N)

C}n = 8anV = Pn,
pn = _aq,,HV = _V/(Qn — qn+1) + V/(anl — qn).
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Here g, denotes the displacement of the n'" particle from its equilibrium position and
Dn 1s its momentum. If not stated otherwise we assume periodic boundary conditions

(qi+N, Pi+N) = (qi, pi) Vi € {0, 1}.

Without loss of generality, the potential V : R — R is assumed to have a Taylor
expansion at 0 of the form

1 o B
2 3 4
Vix) =k | =x"—=x"+—x"+...]), 2

2 (2 3! 41 ) @
where « is the (linear) spring constant normalized to be 1 and «, § € R are parameters
measuring the strength of the nonlinear interaction. The minus sign in front of the
parameter « in the expansion (2) turns out to be convenient for later computations.
Substituting the expression (2) for V into (1), the corresponding expansion of Hy is
given by

N N
:%;p'%*%;(q”l‘q") +—Z(4»ﬂ—%> +—Z<qn+1—qn) +....0)

For any FPU chain, the total momentum P = % Z,iv:l pn 1s an integral of motion,

and therefore the center of mass Q = % an=1 gy evolves with constant velocity. Hence
any FPU chain can be viewed as a family of Hamiltonian systems of N — 1 degrees of
freedom, parametrized by the vector of initial conditions (Q, P) € R? with Hamiltonian
independent of Q. In particular, for N = 2 any FPU chain is integrable, and hence we
will concentrate on the case N > 3. Further note that for any vector (Q, P) € R2, the
origin in R’ 2 is an equilibrium point of the corresponding system. The momentum of
such an equilibrium point is given by the constant vector (p1, ..., py) = P (1,..., 1).
Introduce the function I = (I)1<x<n—1, defined on R2N=2 with values in RV~

1
I = E(x,ﬁ +0). 4)

Further define the function Hy g : RV~! — R, given by

N—-1

km 1 2 B — o? I . omm
Hy (1) _2251n—1k+4NZ;cka+ N IZ:SIHWSIHWIII'"’ (5)

where ¢; = ci(a, B) := a? + (8 — a?) sin? K.

Surprisingly, the properties of periodic FPU chains near the equilibrium point strongly
depend on the parity of the number N of particles. If N is odd, our results are the following
ones:

Theorem 1.1. Let o, B € R with (a, ) # (0,0). If N > 3 is odd, then any periodic
FPU chain admits a Birkhoff normal form of order 4. More precisely, there are canonical
coordinates (Xx, yi)1<k<N—1 S0 that the Hamiltonian of any FPU chain, when expressed
in these coordinates, takes the form

N P? 5
5 * Hap(D) + O((x, 1I7)

with Hy g (1) given by (5).
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Corollary 1.2. Near the equilibrium state, any FPU chain with an odd number N of
particles can be approximated up to order 4 relative to its center of mass coordinates by
an integrable system of N — 1 harmonic oscillators which are coupled at fourth order
except if B = a? (Toda case).

Denote by Q. g the Hessianof Hy g(1) at ] = 0.Notethat Qy gisan (N—1)x(N—1)
matrix which only depends on the parameters « and §. For the following result we do
not have to assume that N is odd.

Theorem 1.3. (i) For any given o € R\ {0}, det(Qq,p) is a polynomial in B of degree
N — 1 and has N — 1 real zeroes (counted with multiplicities). When listed in
increasing order, the zeroes By = Br(a) satisfy

2

0<pr<a’ 208 <Pr=<...<Py.

and contain the Y > 1

kr\ ! N -1
a2(1+(sinzﬁn) ) (U =k=c=—0—0.

Moreover index(Qq,p), defined as the number of negative eigenvalues of Q. g, is
given by

J distinct numbers

1 for B < B1,
index (Qq,8) = 1 0 for B1 < B < B,
N -2 forB > Bn-1.

(ii) For a = 0, det(Qo,g) is a polynomial in B of degree N — 1, and = 0 is the only
zero of det(Qo, g). It has multiplicity N — 1, and the index of Qo g is given by

index (Qo,p) = [}\7— 2 ;Z:g i 8

Periodic FPU chains with an even number N of particles do not admit a Birkhoff
normal form up to order 4 due to resonances except if 8 = a? (Toda case). Our analysis
of odd FPU chains leads in the case of even FPU chains to a resonant Birkhoff normal
form up to order 4.

Define the functions J = (Ji)1<k<n—1 and M = (My)1<k<n—1 ON R2N=2 with
values in RV =1 given by

1 1
Ji = E(xkfok + Yk yN—k) and My = E(xknyk — XN—kYk), (6)

and introduce

Rup(J, M) :=

2
’34N0‘ (R(J, M)+ Ry (J, M)), (7

where

. 2km
RUM)=4 3 sin = (dy oMby )

I<k<%
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and

J2 - M2 ifeN
Rv(J,M)=1"% T A
4 0 otherwise.

Note that for «, B € R with 8 = o? (Toda case), the expression Ry, p vanishes.
Our main results on even periodic FPU chains are the following ones:

Theorem 1.4. Let o, § € R with («, ) # (0,0). If N > 4 is even, there are canonical
coordinates (Xx, yi)1<k<N—1 S0 that the Hamiltonian of any FPU chain, when expressed
in these coordinates, takes the form Gq g(I, J, M) + O(|(x, y) 1), where

NP?
GO[,,B(Iv JvM)ZT+Ha,ﬂ(l)_R0l,ﬂ(J7M)v (8)

and where Hy g(1) and Ry g(J, M) are given by (5) and (7), respectively.

It is quite remarkable that G4 g turns out to be completely integrable. To make this

statement more precise, introduce for 1 < k < %,

N
Nk

Kiap(J, M) = di (JF + M} +d&_k(J§_k +My )
2

o . 2km
_2(,3—(1 )SIH T(‘Ik‘l%—k_MkM%—k)’
where d; = —a?+ B - a?) sin? kW”, and let

272 23172 _
—a“J5 + (B —20°)M if N =0mod4
Ky g0, M) = ¥ p ) ¥ .
4 0 otherwise.

Theorem 1.5. Let N > 4 be an even integer. Then for any o, f € Rwith («, 8) # (0, 0),
the truncated FPU Hamiltonian G g given by (8) is completely integrable. The following
N — 1 quantities are functionally independent integrals in involution:

Ik + IN-0) <ty Tt Iy ) igens (Kkap)i<<t-

Application 1. In the case where N is odd, Theorems 1.1 and 1.3 allow to apply for any
given @ € R the classical KAM theorem (see e.g. [11]) near the equilibrium point to

the FPU chain with Hamiltonian Hy for a real analytic potential V (x) = %xz — %x3 +
%x4 +...with 8 € R\ {Bi(a), ..., Bn—1(x)}. Moreover, note that for any given

o € R\ {0}, the Hessian Qu,p of Hy g is positive definite for any B satisfying B (o) <
B < PBa(a), in particular for a? < B < 2a2. Hence one can apply Nekhoroshev’s
theorem (see e.g. [12]) near the equilibrium point to the FPU chain with Hamiltonian
Hy for V with such f’s. These perturbation results confirm long standing conjectures -
see e.g. [3].
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Application 2. Theorem 1.5 can be used to show that any FPU chain with Dirichlet
boundary conditions admits a Birkhoff normal form up to order 4 near the equilibrium
point (g, p) = (0, 0) by viewing such a system as an invariant symplectic submanifold
of a periodic FPU chain. Consider a chain with N’ (N” > 3, not necessarily even) moving
particles, Hamiltonian

N’ N’
1
H‘I?:E E p,%+ E V(gn — qn+1)
n=1 n=1

and with endpoints assumed to be fixed, go = gn7+1 = 0.

Theorem 1.6. Let a, B € R with («, B) # (0,0). Then any FPU chain with N’ > 3
moving particles and satisfying Dirichlet boundary conditions admits a Birkhoff normal
Sform of order 4, i.e. there are canonical coordinates (xi, yi)1<k<n’ SO that H‘? takes
the form

w +HPp(D) + 0(|(x, ),
where I = (11, ..., In) and Hlfﬂ(l) is given by

< 1 o 2 2y 2y 72 p—a 2

2gsk1k t 6D ];(a +3(8 —a?)sHI} +m1%
only if ¥ eN
+'8_—0[2 > Asislily — %S%IkIN’H—k : )
16(N’+1) o P
1<l,m<N’

with s = sin 7% (1 <k < N').
Similarly as in the case of odd periodic FPU chains, one can analyze the Hessian

0Dy of HPg(I) at I =0.

Theorem 1.7. (i) For any given o € R\ {0}, det(Qgﬂ) is a polynomial in B of degree

N’ and has N’ real zeroes (counted with multiplicities). When listed in increasing
order; the zeroes B = Bi () satisfy

ﬂl5...Sﬂr%j<a2<ﬂr#j§...§ﬂ1\//.

Moreover index(Qg /3), defined as the number of negative eigenvalues of Q‘Q L is
given by

TN for < B
index(Qgﬁ): 0 forﬁr#j<ﬂ<ﬂr#m

LN/Z_IJ for B > By
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(ii) Fora =0, det(Qgﬂ) is a polynomial in B homogeneous of degree N'. Hence 8 = 0
is the only zero ofdet(Q(?ﬂ) and the index of Qgﬂ is given by

N+l 0
ind D\ _ p) for B < .
index (Qp,p) [I_—NZIJ forp >0

Related work. Theorem 1.1 and Theorem 1.3 improve on earlier results of Rink [13]. In
particular, Theorem 1.3 treats the case « # 0 which was described in [13] as one of the
major open problems in this topic. In fact, Theorem 1.1 and Theorem 1.3 solve all open
problems stated in [13] for N odd. Theorems 1.5, 1.6, and 1.7 considerably improve on
earlier results of Rink in [13,14], and [15] (cf. also [10]) where the case « = 0 was
treated. Our approach has been shaped by our earlier work on the Toda lattice [6,7]. The
latter one, introduced by Toda [16] and extensively studied in the sequel, is a special
FPU chain which is completely integrable. It turns out that the canonical transformations
which near the equilibrium bring the Toda lattice into Birkhoff normal form can be used
for any FPU chain. In other words, the existence of the Birkhoff normal form stated in
Theorem 1.1 is, at least partially, a consequence of the fact that the family of FPU chains,
parametrized by «, 8, ..., contains an integrable system, namely the Toda lattice.

The literature on FPU chains is huge - see e.g. the recent survey article [3] by Berman
and Izrailev. One of the most important open problems in this topic is the investigation
of the dynamics of FPU chains when the number of particles gets larger and larger. It is
likely that our results combined with results for the KdV equation established in [9] can
be used for this purpose. For recent contributions in this direction see e.g. [1,2].

Outline. InSect. 2, we review the notion of Birkhoff normal form. We show Theorem 1.1
in Sects. 3 and 4 and Theorem 1.4 in Sect. 5, whereas Theorem 1.3 will be proved
in Sect. 6. Theorems 1.5, 1.6, and 1.7 together with a detailed analysis of the (quite
complicated) level sets of the integrals in Theorem 1.5 are proved in the subsequent
paper [8].

2. Birkhoff Normal Form

Consider an isolated equilibrium of a Hamiltonian system on some 2n-dimensional
symplectic manifold, i.e. an isolated singular point of the Hamiltonian vector field.
Neglecting an irrelevant additive constant, the Hamiltonian, when expressed in canonical
coordinates w = (g, p) near the equilibrium with coordinates ¢ = 0, p = 0, then has
the form

1
H:E(Aw,w)+...,

where A is the symmetric 2n x 2n-Hessian of H at O and the dots stand for terms of
higher order in w. We now assume that the equilibrium point w = 0 is elliptic, i.e.
the spectrum of the linearized system, w = JAw, is purely imaginary, spec(JA) =

{&iAy, ..., £i),} with real numbers Ay, ..., A,. Here J = ( ?d Ig”) is the stan-
- n

dard symplectic structure of R?*. If spec(J A) is simple there exists a linear symplectic
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change of coordinates which brings the quadratic part of the Hamiltonian into normal
form. Denoting the new coordinates by the same symbols as the old ones one has

n
(Aw, w) = D" %i(g} +p).
i=1

Definition 2.1. A Hamiltonian H is in Birkhoff normal form up to order m > 2, if it
is of the form

H=Ny+Ns+- - +Nu,+Hp1+---, (10)

where the Ny, 2 < k < m, are homogeneous polynomials of order k, which are actually
functions of ql2 + p%, ey q,% + p,zl, and where H,,;1 + ... stands for (arbitrary) terms
of order strictly greater than m. If this holds for any m, the Hamiltonian is said to be
in Birkhoff normal form and the coordinates (g;, p;)1<i<n are referred to as Birkhoff
coordinates.

Note that if a Hamiltonian H admits a Birkhoff normal form of order m, the co-
efficients of the expansion (10) up to order m are uniquely determined, as long as the
normalizing transformation is of the formid +... . However, the normalizing transfor-
mation is by no means unique.

There are well known theorems guaranteeing the existence of a Birkhoff normal form
up to order m assuming that the frequencies Ap, ..., A, satisfy certain nonresonance
conditions - see e.g. Theorem 4.3 in [9]. However, in the case under investigation, the
nonresonance conditions for m = 4 are not satisfied. We will show by an explicit
computation that an arbitrary odd periodic FPU chain admits a Birkhoff normal form
up to order 4, while an even periodic FPU chain only admits a resonant normal form
except in the case § = o? (Toda case).

3. Birkhoff Normal Form up to Order 2

Following the procedure of constructing Birkhoff coordinates for the Toda lattice [6]
we first introduce relative coordinates (which are a canonical version of the Flaschka
coordinates),

. 1 N
Vi i=¢qi+1 —¢qi (1 <i <N —1) and vy 3=N2Qi» (1)
i

and denote by (u;)1<;<y the corresponding conjugate variables. It turns out that uy =
N.-P = Z,NZI pi and gy+1 — gN = — Z,ivz_]l vk. The Hamiltonian Hy in (3), when

. . 2 ~ . ~
expressed in these coordinates, takes the form Hy = % + Hy with Hy = H, + H,,

where H,, and H, only depend on u = (u;)1<i<ny—1 and v = (v;)1<i<nN—1, respectively,
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and are given by

N-=-2
1
H, = 5 (u% + Z(u1+1 — I/tl)2 + ”%V—l) ,

=1

L[N N—l \?2 N—1 N—l \3
_ 2 - 3 _
H, = > vy, +(Z vk) + 3l v}, (Z vk)
k=1 k=1 k=1 k=1
5 N—1 N—1 \*
4 5
o k lvk+(kz;vk) +0W)

To bring Hy = H, + H, into Birkhoff normal form up to order 2 we introduce new
coordinates (&, nk)1<k<n—1. It turns out to be convenient to use complex notation, i.e.
forl <k<N-—-1,

1 1
= (E—ine)y Lok = —=(E i), 12
Sk ﬁ(ék i, &—k ﬁ(&“k +ink) (12)

where the minus sign in the definition of ¢ is chosen so that d¢x A d¢— = id&r A dny.
The vector & = ({x)1<jk|<n—1 1s an element in the space

2= o= G@iznn 1 €CV 2oy =7 Visk=N-1). (3
Further introduce the notation
km L
A= |sinﬁn|2 O<Jk|<N-1D.

The proposed linear transformation Z — R?VN =2, ¢ > (v, u) is then defined by

1
u1(¢) = — M Cks (14)
¢ ngk%N—l Kk
1 .
uin (§) — @) = —= > oMy 1<1<N-2), (15
1<|k|<sN—1
1 2mi(N—1)k/N
—uUn— = — A , 16
un-10) = = ISZ‘N] ke & (16)
and
1 . .
@) =—= D NN (1 <1< N 1. (17)
ﬁ 1<[k|=N-1

Note that (16) is actually a consequence of (14) and (15). As explained in [7] it follows
from the construction of the Birkhoff map of the Toda lattice that this map is a canonical
isomorphism - see Lemma B.1 in Appendix B for a self-contained proof.
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When expressed in the new coordinates, H,, and H, take the form

1
H,(8) = EGz(C),

1
Hy(£) = 5Ga(0) +@Ga(0) + FGa (D) + 0,

where
N—1
Ga =2 2l (18)
k=1
1 / "
Gyi=—= > (=)*FHFIN G p ke &g e (19)
6\/N (k,k' k")eK3
1 / " "
Gy = —— —1 (R k" )/N)\_ At A M 1Cpr 20
4=y Z (=D feAk M M S S S &, (20)
(k,k/,k”,kw)EK4
with
Ky i= [k KD € 23 1< KL KL K < N = 1
and k + k' + k" = 0 mod N} 21
and

Ky = {(k, K oK' K"y ez 1< [kl K], K" K| <N — 1
andk + k' +k” +k” =0mod N}. (22)

Note that G2, G3, and G4 are independent of o and B. In particular they came up in
[7] when we computed the Birkhoff normal form of the Toda lattice. For a detailed
derivation of the formulas for G, G3, and G4 see Appendix B. Summarizing the results
of this section we have that

Hy(¢) = G2(¢) +aG3(¢) + BG4() + O(L)

is in Birkhoff normal form up to order 2. As a consequence, { = 0 is an elliptic fixed
point of the Hamiltonian Hy .

4. Proof of Theorem 1.1.

We now begin by transforming Hy (¢) into its Birkhoff normal form up to order 4. Here
we follow a standard procedure - see e.g. Sect. 14 in [9]. The phase space Z, defined in
(13), is endowed with the Poisson bracket

3F G
(F.Gy=i > O
1<iken—1 0%k 9%k

where o} = sgn (k) is the sign of k. The Hamiltonian vector field X r associated to the
Hamiltonian F is then given by Xr =i 2 <y ak{iu—fk%. With a first canonical
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transformation we want to eliminate the third order term o G3 in H v(¢). By a by now
standard precedure we construct such a canonical transformation on the phase space Z
as the time-1-map V| := Xfx I |=1 of the flow X (’x ., of areal analytic Hamiltonian o F3
which is a homogeneous polynomial in ¢ (1 < |k| < N — 1) of degree 3 and solves the
homological equation

(G2, aF3} +aG3 =0. (23)

To simplify notation we momentarily write F instead of « F3 and H instead of Hy.
Assuming for the moment that (23) can be solved and that X } is defined for 0 <r <1
in some neighbourhood of the origin in Z, we can use Taylor’s formula to expand H o X }
around ¢t = 0,

td
Hox;zHoX,%/ —(H o X$.)ds
0 ds
t
=H+/{H,F}oX‘}ds
0
t s d ,
=H+t{H, F}+/ ds/ ds'—({H, F}o X})
0 0 ds’

t
= H+t{H, F}+/ (t —s){{H., F}, F} o X% ds. 24)
0

When evaluating this expression at ¢ = 1, one gets

1
HoW, = G2+{G2,F}+/ (1 —=0){{Ga, F}, F} o X’.dt
0

1
+aG3 +/0 {aGs, F}o X;— dt + G4+ O(;‘S).
Using that {G7, F} + «G3 = 0, the latter expression simplifies and we get
1
HoV, =G, +/ t{aGs, FYo X' dt + BGa+ O(2°).
0

Integrating by parts once more and taking into account that F' = « F3 is homogeneous
of degree 3 one obtains, in view of (24),

~ 1
Hy o W =G2+§{OlG3,O[F3}+ﬂG4+0(§5). 25)

Note that {G3, F3}is homogeneous of order 4. Hence our first step is achieved. It remains
to solve (23). Since G3 contains only monomials with (k, k', k") € K3 (cf. (21)), also
F3 need only contain such monomials,

3
Fs= > Futtwte
(kK k")eK3
which leads to
(G2, F3} =i Z 200 A Rk ——
1<lk|=N—1 k

. 3
=—i z (s + s + Sk”)Fk(k/)kufk{k’;k”s (26)
(kK k") K3
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where
km
= 203A7 = 2 sin —.
Sk Ok Ak N
The following result is due to Beukers and Rink (cf. [13,15]):
Lemma 4.1. For any (k, k', k") € K3,
Sk + Sk + Spr 75 0.

Let us remark that Lemma 4.1 also follows from the integrability of the Toda lattice
(cf. [7]). We include the self-contained proof due to Beukers and Rink.

Proof. Suppose that (k, k', k") € Kj satisfies s; + si7 + spz = 0. It follows from k +
K+ k" = 0 mod N that either sp» = —sgqp OF g7 = Sg4p, according to whether
k+k'+k"=0ork+k"+k” = N mod 2N.

In the first case, it follows that

k K kK
2 sin ~ 4 2i sin — —2isin [ = + 2% ) = 0. @7
N N NN

Setting x := e ¥ and yi= e , one can rewrite (27) as

1 1 1 1
O=x——+y———xy+—=(0-x)0 —y)(1 —xy)—. (28)
X y Xy Xy

It follows that any solution of (28) contradicts the assumption 1 < |k|, |k’|, |k”| < N—1.

Indeed, solutions with x = 1 (i.e. kK = 0 mod 2N), y = 1 (i.e. ¥ = 0 mod 2N), or

xy =1(.e.k+k =0mod 2N and thus k£’ = 0 mod 2N), contradict this assumption.
In the second case, we have instead of (27),

k 1% kr K
2i sin - 427 sin — 4 2i sin (= + £ ) = 0. (29)
N N NN

With x, y as above, it now follows from (29) that

1 1 1 1
O=x——+y——+xy——=—-(1+x)0+y)(1 —xy)—.
x y Xy Xy

Again we conclude that any solution of (29) contradicts the assumption 1 < |k|, |K'],
|k”| < N —1.1Indeed, solutions withx = —1 (i.e.k = N mod2N),y = —1(i.e. k' =N
mod 2N),orxy = 1 (i.e. k+k’ = 0 mod 2N and thus ¥’ = N mod 2N), contradict this
assumption. O

By Lemma 4.1, one can define F3 as follows

Gl(c:l;c)/k” k K.k’ K
lF(3) L Sk+Sp +Spr ( ’ ’ ) € 3
kk'k" =

0 otherwise.
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Then {G7, ¢ F3} + «G3 = 0. Written more explicitly, the nonzero coefficients of F3 are

3) (_1)(k+k’+k”)/N \/l sin &7 sin kN sin ©Z N |
F v A/ .
Kk 6/ N 251n T 4+ 2sin KX N T 4+ 2sin KX =

. 2 .
In a second step we normalize the 4™ order term BG4 + 5-{G3, F3} in (25). We
decompose this sum into its contribution to the Birkhoff normal form and the rest, to be
transformed away in a moment. Let us first compute {G3, F3} in a more explicit form:

. 3G3 OF 0G5 (i F3)
(G3, F3} =1 2 k8_33_3_ Z Uka—3 3 s
I<|k|<N—1 Ek 9k 1<|k|<N—1 Sk 98k

% 3w %2 (=1 Ak A Do Ciom

1<|k|<N—1 T=[l] lm|<N—1,
l+m=—k+rN

3 M Ay
D I G N A
O men-, S—kH U+ Sm!
U'+m’=k+r' N
1 r SEMAm AL Ay
- _1 r+r , ’,
v 2 > =D AT UL

1<|k|<N—-1 1<), \ml [1'],lm"|<N—1
+m— rN——k
//+m —r'N=k

where for the latter equality we used that Zak)\i = s¢. Setting

l+m+1 +m’

Elml'm’ = T’ (30)
one then gets
1 MAm Ay Ay
(G Fal= o > D> (=D e
8]\{<\k\<1v | Lm=—kmod N — 1+ (spsimr) / sk
U'+m’=k mod N

A A A
1 Elml'm! ’ /
E > (=) T G 5) 50 §1&m&rrm

k 1 l+m=—kmod N

U'+m’ =k mod N

N—1

1 MAmA A
tev 2L 2, (St 81
SN k=1 [+m=kmod N —-1- (S[/ + Sm/)/Sk
U'+m’=—k mod N

wx = )

N & T\ +(S1/+Sm/)/sk —1 — (srbsm) / sk
U'+m’=k mod N

(=) Qg kg M Aot §1 Em Epr Sy -

Note that fork =1'+m’ +r'N with1 <k < N — 1 and ' € Z we have

Sk = 817 4m 1
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Introduce! for any (I, m, ', m') € Ky,

Y — —r ifl+m # 0 mod N
Clmi'm! = T s | I574m]| G1)
0 otherwise.
We then get
062 2
SHGs By =1 20 mm (S A ho Gl G- (32)
(Lm,l m')eKy

Combined with formula (20) for G4, the quantity BG4 + %{Gg, F3} becomes

. D (DB +3izCkk/k”k”’)kk)»k/)»k”?»k"/ Sk S S (33)
24N 2 '
(k,k’,k”,k’”)el(4
We now decompose (33) into its contribution to the Birkhoff normal form of Hy and
the rest, and we denote by m the projection onto the former one, whereas the latter one
will be (partially) transformed away by a second transformation W5.

Lemma 4.2. The normal form part of BG4 + %Z{Gg, F3} is given by

2
N (ﬁG4 + %{GL F3})
N—1
Do@+B—atnhlart+2 D B—aAALlalnl* |- (34)
=1 1<l#m<N-1

Proof. The indices k, k', k”, k" of the terms in BG4 + % {G3, F3} contributing to the
normal form satisfy (k, k', k", k") € KN 4 » Where

KY := {(k, k', k", k") € K4) 31 <1 <m < N — 1 such that
(k, k' K K"y = {1, =1, m, —m}}. (35)
Inthecasel = m,{l, —I,1, —I}in (35) is viewed as a set-like object whose two elements
[ and —/ each have multiplicity two.
We investigate 7 (8G4) and nN(g{Gy F3}) separately. Let us start with G 4. We
distinguish the cases / = m and [ # m in K}'. For | = m, there are (3) = 6 distinct

permutations of (k, k', k”, k") in K, whereas for [ # m, all 4! = 24 permutations of
(I, m, —1, —m) are distinct. Hence we have

B

N (BGs) = 5~ 6Zx,|m4+24 > il ol
1<l<m<N-1
4 242 2
4N me +2 > applalfieal® ] (36)

1<l#m<N-1

I'To keep the formula for c;,,;,,,» as simple as possible we have not symmetrized the coefficients c;,,,;/,,,/
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Now let us compute nN(§{G3, F3}). We have to single out the matches of (35) for
which in addition the coefficient cyr7i» in (32) does not vanish, i.e.

k+k'#20mod N and k+k'+k” +k” =0 mod N.

There are two quadruples (k, k', k”, k") in K ftv which satisfy these additional conditions,

k+k" =0 k+k" =0
K4k =0 or Kk =0 (37)
In both cases, we have s + sp» = — (s + sx/), and therefore (31) reduces to
=2|sp4i|
Ckk/k//km = —+ . (38)

[Skar’ | + Sk + Sir

Note that (38) remains valid for k +k’ = N, since in this case sp4 = 0 and sg +sp7 > 0
as k and &’ must satisfy 1 < k, k" < N — 1, but not for k + k¥’ = 0, since in this case
|5k+k/| + Sk + Sy = 0.

We first compute the diagonal part of 7y (%{G3, F3}). In this case, the two possibi-
lities in (37) coincide and the solutions are

(39)

AN/ AN/ A (lv ls _17 _l)
(kakakak )_[(_l’ _l’ l’ l) )

where 1 < < N — 1. The sum of the coefficients cy 7 for the two cases listed in
(39)is

1 1 —4s2 I
ClLi,—1,—1 +C— —1,1,1 = —2ls2| + = 212 = 4cot®> —.
Is2l+2s1  |s2—2s; 53, —4s] N

We now turn to the off-diagonal part of 7y (%{63, F3}). The quadruples (k, &/,
k", k") € Ky satisfying (37) for given {{,m} C {1,..., N — 1} withl < m, (k, k') =
(£l, £m), and (K", k") = (£, £m), are

(l ) m, _l ) _m)
AV ARV N (U, —m, =1, m)
(kvkvk 9k ) - (_l’ m’ l’ _m) . (40)
(=1, —m, 1, m)
The remaining matches are obtained from (40) by permuting the first and second or the
third and fourth columns on the right-hand side of (40), bringing the total number of all
matches to 16 = 4 - 4. Note that by formula (38), these permutations leave the value of
the coefficients cyp/p# invariant. Taking the sum of the coefficients c/pvi for all the
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quadruples listed in (40), we obtain

4(Cl,m,—l,—m +Cl,—m,—I,m t C—l,m,l,—m +C—l,—m,l,m)

_ ( 874 | -
[S72m | + 81 + S [S7—m| + 81 — Sm

[81—m | [S14m | )
[S1—m| = St +Sm  |St4m| — S1 — Sm

2 2
. Si-m Siim
=—16 +
s2 (st —sm)? SE = (s;+5pm)?
I—m l m l+m l m

16257, 57, — S (st +5m)? — 5P, (51— sm)?)

2 2 2 ’
S St (51— Sm)2(51 + 5m)% — 57, (51 + 5m)% — 574, (51 — 5m)?
= —16,
since s2 s2 = (57 — sm)2(s; + sm)?. Collecting terms, we thus have
—mSiem = 1 m 1+ Sm)”- g >

o’ o« (& 2l oy 202 10215 |2
TN (7{63,&}):@ ;4cos ~lalt =16 > abagialion]

1<l<m<N-1

2 N—1
= v | 2 a=2hlart =2 37 anlialic? ). @
=1 1<l#m<N-1

Adding up (36) and (41), we obtain (34). O

Now we want to remove [as much as possible of] the term (Id — 7y)(8Gs +
% {G3, F3}) from the Hamiltonian (25), Hy o ¥, by a second coordinate transformation
W,. In view of formulas (20) and (32) for G4 and %{G3, F3}, respectively, and in com-

plete analogy to the first step we look for a transformation W, of the form W, = X }4 lt=1
with

4)
F4 — z Fkk/k//k/// é—k é’k’fk” é’kw )
(k,k’,k”,kw)EKzl\K‘{v

where F (5(,)( gy = F((,f 4 4y for any permutation o (k, k', k", k") of the quadruple

(k, k', k" k") € K4\ KN 4 - We would like to determine the coefficients of Fy4 in such a
way that

2
{Ga. Fa} = — (1d — 77y) (G + %{Gz, Fs)). (42)

As in (26) one gets

: 4
(G2, Fa} = —i Z (Sk + s + 57 + Sk/”)Fk(kf)kuk///Cka’Ck”CkW, (43)
(kK K" k") eK\KY
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and Eq. (42) combined with (33) leads to

i(Sk + Sk + Spr + Skm)F(lf/)k”k”’ (44)
— 1 1 Eri kKK 3 2 S Y
= 2anY (B + —=Chiirier) * Mk hier M

for any quadruple (k, k', k", k") in K4 \ K ‘{V . Here c,fk,k,,k,,, denotes the symmetrized
version of cygrrpr,

1
clfk’k”k”’ = o Z Co (kK K" K - (45)

" oeSy

The following lemma due to Beukers and Rink (cf. [13]) determines the quadruples
(k, k' K", k") € K4\ Kiv for which s + spr + sg + s = 0. Let us introduce

Kres — Kt U Kr_es C Ky,

res

where

so that

res

Kt = [(k,k’,k”,k’”) €K43leN:1<l<

~|=

N N
{k, k/, k”7 k///} = {:l:l9 :i:l + Nv ? :Fl7 _5 + l}] .

Note that if N is odd, then K;** = 0.
Lemma 4.3. Let (ky, ka, k3, ks) € K4 \ KL. Then

Sk +Sp + s +sgw = 0 if and only if (k, k', k", k") € K}**.
In particular, if N is odd, then sy + sy + s + sp # 0.

For the convenience of the reader a detailed proof of Lemma 4.3 is given in Appendix
A. Ttis likely that Lemma 4.3 also can be proved using the integrability of the Toda lattice

(cf. [7).
By Lemma 4.3, if N is odd (44) can be solved for any (k, k', k", k") € K4 \ Kiv

determining the coefﬁcients F k’ oo With (kK K7 KY€ Ky \ K in such a way that
Ffék r. k“ o = F(k KKK for any permutation o (k, k', k”, k") of (k, k', k", k") €

K\ K . With this choice of F4 the canonical transformation W, is then defined by
X ;4 |;=1. Composing W and W, we obtain the transformation & := W o W,. We have
proved the following

Proposition 4.4. Assume that N > 3 is odd. The real analytic symplectic coordinate
transformation { = B (z), defined in a neighborhood of the origin in Z, transforms the
Hamiltonian Hy into its Birkhoff normal form up to order 4. More precisely,

2
~ o
Hy oE=Gy+my (ﬂG4+7{G3,F3})+0(25), (46)

with Gy and iy (BG4 + % {Gg, F3}) given by (18) and (34), respectively.
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Theorem 1.1 can now be proved easily.

Proof of Theorem 1.1. Proposition 4.4 provides the Taylor series expansion of Hy in
terms of the actions
Xi + i

I'=Unksn-1. k= —7—" (47)

More precisely, ﬁv 0B =Hypg(l)+ 0(z%), where Hy g (1) is defined by

B

N—1 N—1 )
1 —o
2 2 2y 4y 72 2,2
2 kz_l A I + AN kE_l(a +(B—a A + TN I#Em YR (7 (48)

I1<l,m<N-1

and A, = |sin %ﬁ This proves Theorem 1.1. 0O

5. Proof of Theorem 1.4.

Now we assume that N is even. To obtain the normal form of the FPU Hamiltonian as
claimed in Theorem 1.4 we continue the investigations of the previous section. According
to Lemma 4.3, Eq. (44) might have no solution F,f:?k,,k,,, for (k, k', k", k") € K;**. We
first compute the projection m,.s (BG4 + ‘)‘72{G3, F3}) of BG4 + 0‘72{G3, F3} onto those
terms which are indexed by quadruples (k, k", k", k") € K}, i.e. the projection onto

the resonant non-normal form part of BG4 + % {G3, F3}.

Lemma 5.1. Assume that N is even. The resonant non-normal form part of BG4 +
%{63, Fi} is given by

o? B — a?
res ~ , F = — R+ Rn), 4
T (,3G4+ > {G3 3}) AN (R+Ry) (49)
where
R = Z 821 (§1§—N+1§g_1§_g_1 +§—1§N—1§g+1§_g+,) (50)
1<i<¥
and
ey repery) wien
R% — E: 4 4 g 51

0 otherwise.

Proof. Consider the formula (33) for G4+ °‘72 {G3, F3}. Atthis point we need to consider
the symmetrized version (45) of the coefficients ¢y defined by (31). We claim that
for any (ky, k, k3, k4) € K},

1 2
S _ — __
Ckikoksks = Z Z Cho (ko @)ko 3)ko @) = 3 (52)
T oeS,
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Observe that ¢k, ks, 1S invariant under the transpositions ky <> k» and k3 <> k4. Hence
(52) follows once we prove that
4 (Ck1k2k3k4 +Ck1k3k2k4 +Ck1k4k2k3 +Ck2k4k1k3 +Ck2k3k1k4 +Ck3k4k1k2) =—16. (53)

Note that any element (k1, k2, k3, k4) € K;* is, mod 2N, a permutation of an element
of the form (I, -N +1, N/2 — 1, —N/2 — ) with 1 < |l| < N /4. For such quadruples
one gets by a straightforward computation

Ckikoksks F Chskskihy = =2 —2 = —4
and, with ¢; = 2cos i o
4 4 8
Chykskoks F Chokakiks = — - =——
i TR 2+ (sp+c)  2—C(si+cp) 52
as well as
4 4 8

Ckikakoks t Chokzkiks = — - =—.
i R 24(si—c) 2—(si—c)  su
Substituting these three identities into the left hand side of (53) leads to the claimed
identity (53).

Moreover, by the definition (30) of &7,y one has for any (ki, k2, k3, ka) € K}
and any o € Sy, that &5k, ky,k3,ks) = £1 and hence

(_l)Sg(kl,kz,k3.k4) = —1.
Further,
My My Aks A in 5 cos 70| = 2 fin 27 .-
= |SIN —— €OS — | = — |SIN ——| = —[s2].
ko Mo M My N N 2 N 4 21

Combining all these computations we get
o?
Tlres (,3G4 + _{G31 F3}>

1
=5AN Z (=D + Cklk2k3k4))\k1)»k2)»k3)»k4§k1§k2§k1§k4
(ky,ko,k3,kq) €K}

41(B —a?) 21
= _W Z (;'lg“ N-;.[ZN_IC _1+§—1§N—l§gig§_gig)

l<l<f

3B —a?) 2
% (§N§ v +¢° NC%N)

only if ¥ 7€N

:3 2
=— R+R 54
AN ( ), (54)
with R and R y as defined by (50) and (51), respectively. Hence Lemma 5.1 is proved.

O
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ByLemma3.1,if N is even, Eq. (44) can be solved for any quadruple (k, k', k”, k") €
K4\ (K ‘{V U K;**) in such a way that Fle)C v = F ((lj)k’ K7 for any permutation
ok, k', k", k") of (k, k', k", k""). With this choice of F4 the canonical transformation

W is then defined by X ’F |;=1. Composing W and W;, we obtain the transformation
4 .
E := ¥ o V3 and have proved the following

Proposition 5.2. Assume that N is even. The real analytic symplectic coordinate trans-
formation ¢ = E(z), defined locally in a neighborhood of the origin z = 0 in Z,
transforms the Hamiltonian Hy into the resonant Birkhoff normal form up to order 4,

) o2 o2
HyoE=Gy+my (,3G4 + 7{G3, F3}) + Mres (,3G4 + 7{G3, F3}) +0(2),

with G, iy (BG4 + ”‘2—2{03, F3)), and mwre5 (BG4 + “TZ{Gg, F3}) given by (18), (34), and
(49), respectively.

Proof of Theorem 1.4. We start with the formula for Hy o  given by Proposition 5.2 and
treat the normal form terms G, + wn (BG4 + 0‘2—2{G3, F3}) and the resonant normal form
terms 7,05 (BG4 + O172{G3, F3}) separately. With the action variables I = (Ix)1<k<nN—1
defined by (47) we see that G, + my (BG4 + "‘72{63, F3}) = Hy g(I), where Hy g(I)

is defined by (48). Concerning m,.s (BG4 + %{Gg, F3}), we first express it in terms
of the real variables (xi, yx)1<k<n—1, related to the &’s by xx = (& + {—«)/2 and
vk = (C—k — &) /2i. Note that

G8-N+8y C N+ 1iN-1C N TNy
=2Re(Gl-nwby & 5 )

1
=5 ((xrxn—i + VIVN-D(XN XN+ YN YN y)

—(uyN—1 = XN—1YD (N Yy = x%lyg_l))
=2(ny_ — MiMy ). (55)
2 2
where forany 1 <k < N — 1,
1 1
Te=73 (xkXN—k + YkyN—k) and My = > (XkYN—k — XN—kYk) -
Hence R, given by (50), can be expressed in terms of J; and M}, as follows:

R(J,M) = Z 821 (Cz@mz(g,]éﬁg,, +§71§N71§g+1§,%+1)

l§l<%
—4 in 27 MM 56
= Z SIHT(JIJ%#— i %71). (56)
l§l<%

Similarly, if % € N, one concludes from (55) that R N, given by (51), can be expressed
as

1
Ry(J,M) = = (dgim +¢%NcEN) =Jy — M3. (57)
4 2 7 7 7 7 7 7

Theorem 1.4 now follows from the formulas (48), (56), and (57). O
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6. Proof of Theorem 1.3.

To analyze the Hessian Q g of (48) at I = 0 we repeatedly encounter matrices of the

form E + diag(u1, ..., un—1), where E is the (N — 1) x (N — 1)-matrix
1...1
E:=|": : (58)
1...1

and (ux)1<k<n—1 are given complex numbers. The determinant of the matrix
E +diag(uq, ..., uy—1) can be explicitly computed.

Lemma 6.1. Let (1x)1<k<n—1 be given nonzero complex numbers. Then

N—1 N-1
. 1
det (E +diag(pi. ... un-0) = [ 1+ > — ) [T m- (59)
k=1 Mk k=1

In particular, E + diag(i1, ..., Un—1) is regular if and only lfzk 1 /tk #* —

Proof. Expanding det(E +diag(u1, ..., uy—1)) with respect to its rows it follows that

det(E +diag(u1, ..., UN—1)) = H Mk + Z Hm

k=1 I#k
This leads to formula (59). O

First let us treat the case « = 0, 8 # 0. The following proposition improves earlier
results of Rink [13].

Proposition 6.2. Let N be odd and assume that o = 0 in (2). Then the following holds:

(1) The Birkhoff normal form of Hy up to order 4 is given by NTPZ + Hy g(I), where

Hop(l) =2 Z A+ ﬁ Z AMIF+2 Z AAZ I, | (60)
1<l#m<N-1
(i) For any B # 0, Ho g (1) is nondegenerate at I = 0.

Proof. The Birkhoff normal form (60) of Hy is given by the formula (48) evaluated at
a = 0. To investigate the Hessian Qg g of Hy g(I) at I = 0 we write

Qo,ﬂ—%APA 61)

where

. . km
A = diag ( sin — (62)
N 1<k<N-1
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and

1
P=2-E—-Tdy_1).
(£-510)

In view of (59) it follows that

det Qo g = (%)N_l -det P - Ikijll sin? I%’
where by Lemma 6.1,
detP=2""1Ta—2(N = 1) (=12 ' = =DV 2N =3) £0.
Hence, if B # 0, det Qo g # 0, and the nondegeneracy of Hy g(I) at I = 0 follows. O

Lemma 6.3. If B < 0, then Qg g has one negative eigenvalue, whereas if § > 0, then
Qo,p has N — 2 negative eigenvalues. In particular, for any B # 0, Qo g is indefinite
(and Hy g is therefore not convex).

Proof. We want to use the decomposition (61) of Qg g to show that Q¢ g can be deformed
continuously to %P: Consider for0 <t <1,

Qop(1) := %(r A+(1=0Id) P (tA+(1—1)1d).

As t A + (1 —t)1d is positive definite for any 0 < ¢ < 1 and P is regular, Qo g(t)
is a symmetric regular (N — 1) x (N — 1)-matrix for any 0 < ¢t < 1. Fort = 0,
Q0,(0) = %P, whereas for t = 1, Qo,(1) = Qo,g. Therefore, index(Qo,g) (i.e. the
number of negative eigenvalues of Qg g) coincides with index(% P). The eigenvalues
of P are 1 = 2N — 3 with multiplicity one and py = —1 with multiplicity N —2. 0O

We now turn to the case « # 0.

Proposition 6.4. Assume that N is odd and a # 0 in (2). Then, for a fixed, det Qq g is a
polynomial in 8 of degree N — 1 and has N — 1 real zeroes (counted with multiplicities)
which we list in increasing order and denote by B = Pr(a) (1 <k < N — 1). They
satisfy 0 < B1 < o2, 20% < Br < --- < Bn—1 and contain the (N — 1)/2. distinct

numbers
kr\ ! N -1
2 .2
1 — 1<k< .
o ( +(sm N) ) I<k<.o > )]

1 for B < B
index (Qu,p) = 1 0 forBr < B < Ba.
N —2 forB > Bn_1

Moreover
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Proof. Fix a € R\ {0} and consider the map B > det(Qq,g). It follows from (48) that
det(Qq,p) is a polynomial in B of degree at most N — 1,

N-—1
det(Qu.p) = D q;B’,
=0

where go = det(Qy,0) and gy—1 = det(Qo,1). By Proposition 6.2, det(Qp,1) # 0, hence
the degree of the polynomial det(Qq,g) is N — 1. We claim that det(Qq,g) has N — 1
real zeroes (counted with multiplicities). For | 8| large enough, index(Qq,g) is equal to
index(Qo,s). By Lemma 6.3, index(Qo,g) is N — 2 for > 0 and 1 for 8 < 0. Hence
there exists R > 0 such thatindex(Qy g) = N —2forany 8 > R and index(Qq ) = 1
for any B < —R. For g = a2, Q4,42 1s a positive multiple of the identity matrix, hence
index(Q, 42) = 0. It then follows thatindex((Qy, g) must change at least once in the open
interval (—oo0, @?) and at least N — 2 times (counted with multiplicities) in (a2, 00).
Since a change of index(Qy, g) induces a zero of det(Qy, g) (counted with multiplicities),
our consideration shows that 8 > det(Qq, g) has N — 1 real zeroes. Further we have
Bi(@) < a® < ().

Next we prove that B1(a) > 0, i.e. that Qg is regular for any 8 < 0. Write Q4 g as
a product,
2 _

4N
where A is given by (62) and Py g is given by

1 ,
Pyp= —Z(E + diag (—5 (l + y.(o; Iﬁ))) , (64)
Sin” N 1<k<N—1

where E is given by (58) and

a”—p
Qa,ﬂ = A Pa,ﬁ A, (63)

y(a, B) = (65)

a2 —p’

in2 km
sin”

As —oo < B < 0 it follows that 0 < y (e, 8) < 1 and —% (1 + y(“’ﬁ)) < 0 for any
1 <k <N — 1. Lemma 6.1 says that P, g is regular if f(y(c, B)) # 0, where

Nl ke \ !
fy=1-2>" (1 +y/sin’ W)
k=1

in the interval 0 < y < 1. Note that f(y) is increasing in 0 < y < 1 and f(1) can be
estimated as follows. Using that N is assumed to be odd one has

2 2 kn -2 (N=Dr
sin® &F Sin® ~—--—
N 2N
f(h=1-4 _ <1 -4
in2 ko 202 (N—Dr
= 1 +sin w7 1 +sin N
2
11— cos i_Nn _ 34 42 _
1+ cos® &% 1+ cos® &%
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As for N > 3,

3+ 4 3+ 4 >
— _ < = —_— = ——,
1 +cos? X 1+cos? 7

2N
we conclude that (1) < 0. Hence we have shown that f(y) < Ofor0 < y <1,
and therefore Py g is regular for B < 0 by Lemma 6.1. Hence we have proved that
0 < Bi1().

By the same method we prove that B2(«) > 2a2, or equivalently, since we have
already shown that Bo(a) > «?, that Qg,p is regular for any o < B < 20% We
decompose Qg as in (63) and (64), and according to the definition (65) of y (a, B),
a? < B < 202 corresponds to y (o, B) < —1.Forsuch y’s, we have 1 +y/ sin? % <0,
and hence —%(1 + 7/ sin? ’%
that (1 + y/ sin® %)_1 < 0, which allows us to conclude that

) > Oforany 1 < k < N — 1. Moreover, it also follows

N-—1 -1
km
=1-2 1 in> — 1>0.
f) é( +y/sin N) > 1>

According to Lemma 6.1, this proves the regularity of Py g and hence of Q4 g for
o? < B <202
Finally introduce uy := —%(1+y(cx, B)/ sin® %) and note that for 8 with y («, 8) =

—sinzl% for some 1 < kg < LY=1 | one has Miky = MWN—kg = 0. As kg #= N — ko if

I < ko < (N —1)/2_, it then follows that Py g has two equal rows and is therefore
singular. Note that y (o, B) = — sin? "% corresponds to f = o2 (1 + sin~2 ]%) and we
have proved that 8 — det(Q,g) has atleast (N —1)/2_ different zeroes in the interval

(a2, 00). The statement about index(Q, ) easily follows from the above analysis. O

Proof of Theorem 1.3. Part (i) is proved by Proposition 6.4, whereas (ii) follows from
Proposition 6.2 and Lemma 6.3. O

A. Proof of Lemma 4.3

For the convenience of the reader, we provide a detailed proof of Lemma 4.3 in this
appendix. This lemma and its proof are due to Beukers and Rink - see ([13], Appendix
A).Recall that K4\ K iv C 7* denotes the subset of quadruples (ky, k2, k3, k4) satisfying
1 <Jkil]<N—-1(<i<4)and k| +kp + k3 + k4 = 0 mod N so that there are no
integers [, m with {I, m, —1, —m} = {k1, k2, k3, k4}, and

K} =K/, UK, C Ka,

res

where

res

N

KE = {(/c],1c2,1c3,/<4)el<4|31eN:1515Z 50 that
N N

(hi, ko, ks, ka) = (L F N, 5 F 1L =5 F 1)}

Note that K 1” = @ if N is odd. Let us restate Lemma 4.3 as follows:
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Lemma A.1. ([13]). Let (ky, ko, k3, kq) be an elementoflﬁ\l(iv. Then (ki, ky, k3, kq) €
K, if and only if

. klﬂ . kz]T k3TL’ . k47‘[
sin —— +sin —— +sin — +sin — =0
N N N N

Let us make a few preparations for the proof of Lemma A.1. By a straightforward
computation one sees that the “only if’-part of the claimed equivalence holds:

Lemma A.2. For any (ky, k2, k3, kq4) € K}, one has Z _, sin kN =0.
So it remains to prove the converse. First we consider some special cases.

Lemma A.3. Ler (ky, ky, k3, kq) € Ky '\ (K‘{V U K ). If there existl,m,n € Z such
that

(1) {klka’ k3s k4} = {l7 _l’ m,n}, or
(i) (k1. ky. ks, ka) = {l. N — L.m.n} with1 <1 < N — 1, or
(iii) {k1, ko, k3, ka} = {l, =N — 1, m,n} with —(N — 1) <1 < —1,

then

4
k,‘7‘[
in— # 0.
Esm N 7+

Proof. Incase (i), itfollows thatm+n = N (andthus | <m,n < N—1)orm+n = —N

(and thus —(N — 1) < m,n < —1). Hence in both cases, sin “ and sin i have the

N
same sign and Zl | sin l% = sin %F + sin 57 # 0. In the case (ii), by assumptlon

m+n= 0 mod N. The case m +n = 0 has already been treated under (i). If m+n = N,
then sin =~ ” > 0forany 1 <i <4.Ifm+n = —N,thenm < 0,andm ¢ {—I, —N +1}.

Thus n = —N m < 0, and therefore 3_7_, sin ]% = 2sin & — 2sin Cmix m)” # 0. The
case (iii) is treated similarly as (ii)). O

Another special case is treated in the following lemma.

Lemma A.4. Assume that (ky, ky, k3, ks4) € K4\ K iv satisfies
ki+kj#0mod N V1 <i,j<4. (66)

If there exist [, n € {ky, ko, k3, ka} with

51 . nmw
sin — +sin — =0, 67)
N N
then
4 ki
sin— =0 (68)
N

i=1

implies that (ky, k, k3, k4) € K.
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Proof. From the assumptions (66)—(67) it follows that there exists | < < N — 1 so that

{k1, ko, k3, ka} = {, —N +l m, n} for some m,n € Z. Then sin% +sm( N+,

and hence by (68), sin “gF +sin 5t = 0. W.l.o.g. assume that | < m < N — 1. Then

eithern = —morn = —N+m If n = —m, then (ki, k2, k3, k4) € K;* by Lemma A.3
(i). If n = —N + m, then one has

4
> ki=20—N+2m—N=2(+m)—2N.
i=1
Note that 2(I + m) — 2N cannot be an even multiple of N, as otherwise / + m = 0 mod
N, violating (66). If, in addition, N is odd, then 2(/ + m) — 2N cannot be odd multiple
of N. Hence in the case N is odd we conclude that Z?: 1 ki # 0 mod N, contradicting
the assumption (k1, k2, k3, ka) € Ka.

If N iseven, itis however possible that2(/+m)—2N equals = N: If 2({+m)—2N = N,
ie.l+m = %N, it follows that % <I,m < N —1, and (ki, kz, k3, k) € K, as
{kl,kz,kg,k4} ={-U,—I'+N, §+I', = J +I'} with ' = 1 - § . If2(l+m)—2N = —N,
ie.l+m = 5, it follows similarly that (k1, k2, k3, ks4) € K,es as {ki, ko, k3, kq} =
{I,1— N, g’ l, —7 —1}. So in both cases, we conclude that (ki, k2, k3, k4) € K}*°.

In view of Lemma A.3 and Lemma A.4 in order to prove Lemma A.1 it remains to
show the following

Lemma A.5. Assume that (k1, ky, k3, k4) € K4 satisfies (66). If forany 1 < i, j <4,

. kiﬂ’ . ijT
—— +sin - #£0, 69
sin N sin N #= (69)

(and thus (ki, k2, k3, ka) ¢ K U K;¢°), then

4
kin
in — # 0.
Esm N #*

To prove Lemma A.5 let us first rewrite (68), using Euler’s formula for the sine

function,
> =0 (70)
1=ljl=4

where ¢+ = +eEkiT/N are 2N roots of unity. Note that for any quadruple (k1, k2, k3,
kq) € K4\ K‘{V satisfying (69) one has

Ci+ep #0 VI<|jl<|j| =4

A7 4 sin 51T which

Indeed for any 1 < |j| < [j’| < 4 one has Im ¢;+ Im ;s = sin k'N

does not vanish by assumption (69).
Let us first discuss Eq. (70) and its solutions in general, i.e. we consider the equation

G4+ =0 (71)

and want to study its solutions, ({;)1</<g, on the unit circle st.= {z e (C||z| =1}
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We need an auxiliary result which we discuss first. Letn > 2 be arbitrary and assume
that the sequence (&;)1<i<n < S! has no vanishing subsums (i.e. Zle] & # 0 for any
W #J C{1,...,n}) and satisfies the equation

> G=0. (72)
i=1

Let M € N be the smallest integer with the property that (&; /¢ j)M = 1forall 1 <1,
j < n. Then there exists & € S so that g“iM = SM forany 1 <i < n.W.lo.g. we can

assume that & = 1. Furthermore, let p¥ be a prime power dividing M so that M/ p* and
p are relatively prime and define

M = M/p and 5= 2mi/P" (73)

Then for any 1 < [/ < n there exists a unique integer 0 < u(/) < p — 1 such that
& =g - n*, where ¢ is an element of the field K := Qe /My (As {lM = 1 there

exists0 <r; < M —1with¢g = e%”. If r; = O mod p choose u(l) = 0.1f r; % 0 mod
pchoose 1 < u(l) < p—1lsothatr, = %/L(l) mod p.) Hence (72) can be written as

n p—1 p—1
0=>a=> 1 > al=>1{ D a|n. (74)
=1 s=0 \leu~1(s) s=0 \lepu=1(s)

We need the following algebraic fact (see e.g. [17], §60-61):
Proposition A.6. The minimal polynomial of n = >/ P overthe field K = Q(e?™1/M D)
is given by XP — P ifk > 2and XP~ '+ XP~2 4+ ...+ X + 1 ifk = 1.

We now claim that M is square-free, or equivalently that for any prime power p* divi-
ding M,

k=1. (75)

Indeed, Eq. (74) shows that the minimal polynomial of ¢ has degree at most p — 1,
which by Proposition A.6 is only satisfied in the case k = 1.
Further we claim that there exists o € C \ {0} so that

> G=0 Yo<s<p-1l (76)
lepn=1(s)

The existence of such a o follows from Proposition A.6: As k = 1 by (75), the minimal
polynomial of n over K is givenby X?~!14+XP~24...4+ X +1. Since this is a polynomial of
degree p— 1 the polynomial on the right-hand side of (74) must be a scalar multiple of the
minimal polynomial. Hence all the coefficients >, w=1(s) Z; have the same value o € C.
As D e u1(s) & = on’, the additional property o # 0 follows from the assumption that
there are no vanishing subsums. Hence we can assume w.l.o.g. that o = 1.

Next we claim that

p<n. (77
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In other words, possible prime factors of M are bounded by the number of summands
in (72). To prove (77), note that it follows from (76) that for any 0 < s < p — 1 there
exists | <[ < n such that u(l) = s,i.e.themap p : {1,...,n} - {0,..., p—1}1is
onto. This establishes (77).

The map p induces the partition (t u_l (5))o<s<p—1 of the positive integer n into p
summands,

p—1
n= tul ). (78)
s=0
Lemma A.7. ([13], Appendix A). For any solution {¢1, ..., {3} of (71) contained in st
without vanishing subsums there exists &€ € S such that either
{1, Gs} = (=, —Ea”} U {EY/ |1 < j < 6) (79)

or

{1, sy ={—g!, —£a' - 1, —ga’ - B/ |1 <1 <2} U{EB5 6™}, (80)
where the quadruple (i, j, k, m) is a permutation of (1, 2, 3, 4) and
2mi 2mi 2mi
a:=e3, Bi=es5, yi=eT.
Proof. By a straightforward computation one verifies that the sets of the form (79) or
(80) satisfy (71). It remains to prove that these are the only solutions of (71) of this type.
We classify the solutions of (71) according to the possible values of p, which we
now assume to be the largest prime dividing M. Since n = 8§, by (77), the possible
values of p are 2, 3, 5, and 7. If p = 2, then, by (75), M = 2 and therefore there
exists & € S! so that {j = & forany 1 < j < n. In this case there exists a solution
of (72) without vanishing subsums only if n = 2. (In this case, they are given by
{¢1,0) = E{1, =1} with & € S')If p = 3, then M = 3 or M = 3 -2, and there
exists a solution of (72) without vanishing subsums only if n = 3. (In this case, they
are given by {¢1, &2, &3} = &{1, @, &?} with € € S') If p = 5, then n = B in (73).
Up to permutations, there are the following three partitions of 8 into 5 summands,
4,1,1,1,1),(3,2,1,1,1),and (2, 2, 2, 1, 1). In a straightforward way one shows that
the partitions (4, 1, 1, 1, 1) and (3, 2, 1, 1, 1) and their permutations give rise to solutions
of Eq. (71) with vanishing subsums. E.g. the solutions corresponding to (4, 1, 1, 1, 1)
are given by & - (—p, —B%, —B3, —B*, B, B2, B>, B*) with & € S!, whereas the solutions
corresponding to (3,2, 1,1, 1) are & - (—i, 1,i, —af, —a?B, B2, B>, p*) with & € S'.
On the other hand the partition (2, 2, 2, 1, 1) leads to the solutions

&1y .0 88) = E(—a, —a?, —ap, —aB, —ap?, —a’B, B, B

with & € st They are the solutions (80) with (7, j, k, m) = (1, 2, 3, 4). Permutations of
the partition (2, 2,2, 1, 1) again lead to solutions of the type (80), but with (i, j, k, m)
given by a permutation of (1, 2, 3, 4).

If p =7, then n = y in (73). Then, up to permutations, (2,1, 1,1, 1, 1, 1) is the
only possible partition of 8 into 7 summands. The partition (2, 1, 1, 1, 1, 1, 1) leads to
the solutions

CiveesC8) =E(—a, %y, ..., v%)

with & € S', where we used that 1 = —a — «?. They are of type (79). Any permutation
of (2,1,1,1,1, 1, 1) leads to the same kind of solutions. 0O
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Lemma A.8. ([13], Appendix A). For any solution {¢1, ..., (g} of (71) contained in s!
without vanishing subsums of length 2 but having a vanishing subsum of length 3, 4, or
5, there exist £, &' € S' such that

(€1, ..., &) = {£&'10 <1 < 2} UE'B™|0 < m < 4}, @1)
where again « = e*™/3 and g = &27/3.

Proof. Again, one verifies by a direct computation that the solutions (81) of (71) have
the desired properties. It remains to prove that they are the only ones. First note that
under the hypotheses of the lemma, vanishing subsums of length 4 cannot occur, since
the latter ones would imply the existence of vanishing subsums of length 2, which by
assumption is excluded. Hence, in order to find solutions of (72) for n = 8 with the
desired properties, we have to find all solutions of (72) without vanishing subsums for
n = 3 and n = 5. Note that by (77), p = n forn = 3 or n = 5. By the considerations
in the proof of Lemma A.7, the former ones are given by ({1, {2, {3) = &(1, «, az) and
the latter ones by (¢, ...,¢5) = £'(1, B, B2, B>, B*) with &, &’ € S!. This proves the
lemma. O

We are now ready to prove Lemma A.5.

Proof of Lemma A.5. We firstselect from (79), (80) and (81) all the solutions (1, . . ., {g)
of (71) which are of the form (68) (after multiplication by 2i). This amounts to selecting
the solutions (1, . . ., ¢g) of (71) having the property that {{, ..., ¢g} is invariant under
the map ¢ — —¢~!. It requires to choose & and &’ in (79), (80), and (81) appropriately.
Let us explain this procedure in detail for the solutions of type (79).

First we rewrite the solution (79),

2mix 2mity
iy 8) =& - (—a,—a, y,y5 3 vty y0) =e® (e s ) :
1<k<8

where & = €271*/42 with x € R/427Z and
(t1,....13) = (6,7, 12, 18,24, 30, 35, 36). (82)

The required invariance of the set of the ¢;’s under the map ¢ — —¢ ~! is equivalent to
the invariance of the set of the (#x + x)’s under the map 7 — 21 — ¢ (mod 42). Since the
set (82) of the #;’s is invariant under the map t — —¢ (mod 42), {f; + x|l < k < 8} is
invariant under ¢ — 21 — ¢ (mod 42), if we choose x := % or £ = i. Then the equation

S8 & = 0reads

eTd +e6 +e 4 4+ ¢4 e 46 +e14 =0,
or sin g + sin 31—’1 + sin 115% + sin 119—” = 0. Choosing all arguments in (0, ), the latter
identity reads
.mw . 3m . . om
sin — + sin — — sin — — sin — = 0. (83)
6 14 14 14

For the solutions of type (80), one gets

1 . 13m I . 3m
sin — +sin — —sin — —sin — =0 (84)
6 30 30 10
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and

. T .7 Il o7
sin — + sin — — sin —— +sin — = 0. (85)

6 30 30 10
Let us briefly explain how (84)—(85) can be obtained. Note that from the 24 permutations
of (1,2, 3,4) in (80), there are only six which lead to different sets of the ¢;’s, since
interchanging i and j or k and m leaves the set on the right-hand side of (80) invariant. In

the resulting six different cases, we again write {¢1, ..., {3} = & - {ez’”"-%, R ez”i'%}
with #; in R/30Z. Then, up to translations, there are only two different types of solutions
emerging from these six cases. With the appropriate choices of &, one gets the solutions
(84) and (85).

Finally, for the solutions of type (81), one gets

3
sinz—sinz+sinl—sin—ﬂ:0. (86)
2 6 10 10
The procedure to obtain (86) is basically the same as in the preceding cases. We write
@ as{¢r,....c8) =£&-{a!, A-p™0<1<2, 0<m <4} and first choose A € S!

so that the set {ozl, A-B™0 <1 <2, 0<m <4}issymmetric with respect to some
axis through the origin, and then choose £ so that this axis is the imaginary axis.

To finish the proof of Lemma A.5 we show that all the solutions (k1, k3, k3, k4) of
Z?:l sin ’% = ( obtained in (83)—(86) and the additional ones obtained by replacing
0 <x < minsinx by w — x satisfy Zj}:l ki # 0 mod N and hence are not in Kj.

For the solutions obtained in (83)-(86), N is even. Hence if N is odd, then there is
no quadruple (k1, k3, k3, k4) € K4 such that (68) and (69) are satisfied. This finishes the
proof of Lemma A.5 in this case.

For the rest of the proof, we assume that N is even. If N = 42r for some r € N, (83)
becomes

C Trm . . (3w . (—15r)m
sin —— + sin —— + sin + sin
42r 42r 42r 42r
and we have 7r+9r —3r —15r = —2r % O mod 42r. Hence the corresponding quadruple
(k1, k2, k3, k4) is not in K4. For the quadruples obtained by replacing 0 < x < m in

sinx by m — x in some of the summands in (83), the condition Z?:l ki £ 0 mod 42r
amounts to

=0,

+7+£9+3+15 £ 0mod 42 87)

for any combination of plus and minus signs. The relations (87) are easily verified.
Similarly, one verifies that the quadruples (k1, k2, k3, k4) satisfying (84), (85), or (86)
are not in K4 by showing that

E5+13E£7+£9£0, £5+1£114£3£0, £15£5£3+9 £ 0mod 30,
(88)
again for any combination of plus and minus signs. Hence we have shown that none of

the solutions (k1, k2, k3, k4) of (68) is an element of K4. This completes the proof of
Lemma A5. O

Proof of Lemma A.1. The claimed statement follows from Lemma A.2, A.3, A.4, and
AS. 0O
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B. Details of Section 3

We begin by expressing the FPU Hamiltonian Hy in relative coordinates. Introduce
(v=(vj)1<j<N-1,VUN) € RY given by (11). Then (v, vy) = Mg is the linear change

of the coordinates ¢q1, . .., gy, where M is given by
-1 1 0 ... 0
0
M =
0
0 .0 -1 1
N~! . N7

The variables (1 = (uj)1<j<n—1,Un) € RN conjugate to (v, vy) are then given by
(MT)~!p. The inverse of M, (MT)~!, can be computed to be

L. .1 10 ... .. 0

1 2 ... .2 110 o
(MT)_lzﬁ : . 3 | (89)

: : 1 10

N... ...N 0... ...0

Note that by (89), uy = kP — le':l pjforanyl <k < N—-1landuy = NP.
Hence

pr=-—u1+P; pyn=uy1+P; pi=w-1—u)+P Q2L=<k=<N-1),

and thus
N
1 NP 1/, 2 2,2 )
= = —— + —(uf+ Uy —u2) + -+ (Uny—2 —un—1) +u .
ZZ_: > 2(1 (w1 —u2) (UnN—2 —un—1)"+uy_,
Moreover, using that gn+1 — gy = g1 — qN = — Z,iv:_ll (gk+1 — qx) one gets for any
N 6221,

N N—1 N—1 $
D (@1 —g) =D v+ (=D (Z vk) :
j=1 k=1 k=1

Combining the two expressions displayed above yields Hy = N f + Hy, where Hy

only depends on (v, «) and is given by

4

o N-1 N-1 ,3 N-1 N-1
o v,f—(z vk) o v,‘j+(z vk) +0®).  (90)
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Note that for any values of o and 8, the point (v, u) = (0, 0) is a critical point of the
Hamiltonian H V.

To compute the Birkhoff normal form of Hy up to order 2 near the fixed point
(v, u) = (0, 0), we take the expansion (90) as a starting point and use the linearization of
the Birkhoff map at (v, u) = (0, 0) (cf. [7]) to define new coordinates (&, nx)1<k<N—1-
The following lemma gives an independent proof of the fact that this linear map, defined
by (14)—(17), is canonical.

Lemma B.1. The linear transformation 2 — R*N=2 ¢ > (v, u), as defined by
(14)-(17), is a canonical isomorphism.

Proof. First let us show

{vi(§), um(8)} = iim, oD
{vi(©), v () =0, 92)
{1(0), um ()} =0 93)

forany 1 <I,m < N — 1. Since (v, u) are canonical coordinates on R2N=2 the proof
of (91) amounts to showing that

Nzl(au, du, v 314,,,) .
du _ O 9w s
0k 0k 0C—k Lk "

k=1

forany 1 </,m < N — 1. It follows from (14)—(17) that forany 1 <k < N — 1,

G N Tk JN

m—1

m—1
dum _ Mk Zezmjk/zv Qum _ hk Ze—Znijk/N.
ALk szo i VN

v iem’@l—l)k/N v Mk o—TiQI=Dk/N

Hence

ov; duy, ov; duy,

80k Ik O Ik
)»2 m—1 m—1
— ﬁk eni(ZIfl)k/N Zef2nijk/N _ e*ﬂi(Zlfl)k/N ZeZm'jk/N
j=0 j=0
)»2 m—1

_ Nk Z (e”T”‘(Zl—Zj—l) _ e%”‘(zj—zm))
j=0
2% k'S [k ,
=S~ Z(:) sin (W(Z(l —j) - 1))
j:

n! ( 2kr(l — (I — j)) 2hr(l — j))
coSs — CoS s
=0

N N

i
=y

J
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where for the latter identity we used that 2 sin x sin y = cos(x — y) — cos(x +y). Taking
the sum over k and changing the order of summation then leads to

(e ow o) IS priy , ent)
(=1 NG Bk Ve B4 =0 k=1 N
i m—1
- N Z N(@i—j1 = 8i-j.0)
j=0
m—1
= 0> et = 81.j) = i G — 810) = iS4,
j=0

as claimed. To prove (92) and (93) one argues in a similar way. From (91)-(93) it
immediately follows that the linear map & + (v, u) is a canonical isomorphism. 0O

We now compute Hy in terms of the new variables ¢. Write Hy as Hy = H, + H,,
where H,, and H, denote the u- and v-dependent parts of (90), respectively. We compute

H, (¢)and H,(¢) separately. To obtain H, (¢ ), we substitute (14)—(16) into the expression
3 (03 + 25 ey —un)? + ”%\1—1) and get

| Nl 2
H,(¢) = N Z A RN ¢
1=0 \1<k|<N—1
| Nelo
= 5 Z Ak/\k,(z Q2millkek )/N) .
1<k, K [<N—1 1=0

Using again that ZN L p2milk/N _ = Néroand Ay = A forany 1 < |k|] < N — 1, one
obtains

N7
Hy (&) = D 20ki .

Before computing H,(¢), we simplify its expansion in terms of the variables
(vk)1<k<n—1. Define vg by the expression on the right-hand side of (17) evaluated
at/ = 0. Note that

N-1 1 N-1
_ ~ink/N 2rilk/N | _
Su=ge 3 wae(Zemn) o
1=0 N <ii=n-1 1=0
Hence 3"V ' v = —vp and therefore

N-1
H, = L2 B)io 94
= SV ) (o). (94)
=0 ’
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Substituting the expression (17) for v; in the quadratic term in the expansion (94), we

get

=
L

N—1
1 : / i /
vlz z Ay P2l k) /N ) =iz (k+k)/N il
L<Ik],lK'|<=N—1 =

N-1
D ARGk,
k=1

| =
-
I
(=}
Il

where we againused that Ay = A_; and Zlsz)] e2mik/N — N g foranyO < |k| < N—1.

The terms of third and fourth order in H, are treated similarly. Combining the above

computations leads to the claimed formula

Hy(¢) = Ga +aG3 + Gy + O(L)

with G, G3, and G4 given by (18), (19), and (20), respectively.
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