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Abstract In this paper we derive a sufficient condition for the existence of extremal
surfaces of a parametric functional 7 with a dominant area term, which do not furnish
global minima of 7 within the class C*(I") of H->-surfaces spanning an arbitrary closed
rectifiable Jordan curve I' C R? that merely has to satisfy a chord-arc condition. The
proof is based on the “mountain pass result” of (Jakob in Calc Var 21:401-427, 2004)
which yields an unstable [J-extremal surface bounded by an arbitrary simple closed
polygon and Heinz’ “approximation method” in (Arch Rat Mech Anal 38:257-267,
1970). Hence, we give a precise proof of a partial result of the mountain pass theo-
rem claimed by Shiffman in (Ann Math 45:543-576, 1944) who only outlined a very
sketchy and partially incorrect proof.

1 Introduction and main result

Shiffman considered Plateau’s problem for the two-dimensional parametric functional
J(X) = /F(Xu ANX)) + k| Xy AKXy | dudy = F(X) + k AX),
B

on surfaces X € H'2(B,R3) of the type of the open disc B = B%(O) C R2. The
Lagrangian F is assumed to satisfy the following list of requirements (A*):

F e COR3) N C2R3\ {0)), (1)

F(tz) =tF(z) Yt>0, Vz eR3, ()

my | z|<F@) <my|z| VzeR, 0<m<m, (3)
F— || hastobe convex on R3, for some A > 0. 4)
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384 R. Jakob

As in [6,8] we will also consider integrands F that have to be only convex, i.e. that
have to satisfy the list of requirements

(A) := requirements (1)—(3) and convexity on R,

but eventually have to satisfy the additional requirement (R*):

The restriction of the function g(z) := F(z) + F(—z) to the S? is assumed to have
three linearly independent critical points, i.e. there have to be at least three linearly
independent unit vectors aj,az,a3 € S? such that Vg(aj) = r; a;'—, for some r; € R,
j =1,2,3. Finally we assume as in [6] and [8] that '

k > max F = my. (5)
2
Thus 7 is a controlled perturbation of the area functional A, where F depends only
on the normal X, A X, but not on the position vector X itself. Moreover with respect
to some closed rectifiable Jordan curve I' C R3 we consider the Plateau class C*(I") of
surfaces X € H'? (B,R3) whose L2-traces X |3p are continuous, monotonic mappings
of S! onto I' satisfying a three-point condition:
: 2k
X lap @) 2 Py = 2=, k=0,12, (6)
where Py, Py, P, are three fixed points on I'. Furthermore we topologize C*(I") N
CY%(B,R%) by the C°(B, R?)-norm. Only assuming the requirements (A*) on the inte-
grand F we are going to prove (see Definitions 4.2 and 4.3 in Sect. 4.2 and Definition
3.5in[6])

Theorem 1.1 (Main result) Let I" be an arbitrary closed rectifiable Jordan curve in R?
satisfying a chord-arc condition (57). If there exist two different conformally parame-
trized surfaces X1 # X in (C*(I')N C%B,RY), | - ”C"(B)) which are in a mountain pass
situation w. r. to J with some elevation e > 0, then there exists a J-extremal surface X*
in C*(I') N CY(B,R?) with 7 (X*) = max{J (X1), T(X2)} + § > inf e (0 J-

Following Shiffman we replace J by its dominance functional

k
I(X) = /F(Xu AX)+ 31 DX 1> dudv = F(X) + kD(X).
B
Now a crucial tool which allows a derivation of the above theorem from the moun-

tain pass result in [6] is the following compactness result of [8] for minimizers of Z,
whose integrand F has to satisfy the requirements (A) and (R*), within boundary

value classes H(})’Z(B,]l@), termed Z-surfaces (see Theorem 1.2 and Definition 1.1 in
[8] for the notion “md”):

Theorem 1.2 Let F be an integrand satisfying the requirements (A) and (R*). Let
moreover { X"} be a sequence of I-surfaces with D(X") < const.,, Vn € N, and with
equicontinuous and uniformly bounded boundary values. Then there exists a subse-
quence { X"} such that

X% —X inC’B,R*» and X" — X in H?(B,R),

for a surface X € H'2(B,R3) N C%(B,R3) with md((A X);) =0,i=1,2,3.
@ Springer



Unstable extremal surfaces of the “Shiffman functional” 385

Furthermore we show in Theorem 2.2 that such a limit surface X is an Z-surface
again. It should be emphasized here that Shiffman asserted the wrong statement that
the restriction of any even C!-function to the S would possess three linearly indepen-
dent critical points (see p. 552 in [12]), which would allow us to drop the unpleasant
requirement (R*) from the very beginning. In fact the author constructed a counter-
example of this assertion in Sect. 2 of [8] but proved on the other hand (in this section)
that any integrand F that satisfies the requirements (A*) can be “approximated” by a
family of Lagrangians {F,}.-o meeting the conditions (A)+(R*) for sufficiently small
€, which we shall use in the final section of the present paper. In Sect. 4 we will follow
the lines of Heinz’s article [4] in which he proved an analogue of the mountain pass
theorem 4.1 for the H-surface functional instead of 7 respectively Z by approximating
I" by a sequence of simple closed polygons and applying his achievements of [3] and
the “finite dimensional” mountain pass lemma.

2 Hll(;z (B, R3)-c0nvergence and closedness of the set of Z-surfaces in C° (l_i’, R3)
In this section we give rigorous proofs of Theorems 10.2 and 10.3 in [12], pp. 558-561,
where F is assumed to satisfy only the requirements (A). Throughout the paper we
will use the notations Z := X, A X, 8Z := Xy, A ¢y + ¢y A X, and 827 = ou N @y for
any X,¢ € H'?(B,R?),

R = RX) = {(w,v) € B| (Xy A Xy)(u,v) # 0},
S:=S8(X):=B\RX)

and C, , := B,(0) \ B,(0) forr < p € (0,1]. Firstly we prove

Proposition 2.1 Let {Y"} be a sequence in H'2(B,R3) with D(Y") < const. and let
{6n} C R~ be some sequence with §, — 0. Setting r, := r + 8, for each r € (0,1) we
prove that

m(r) = li,,n_li,%f Dc,,, (Y") =0 for ae.re (0,1). (7)

Proof We assume that there is some ¢y > 0 such that P := {r € (0,1) | m(r) > €}
is non-empty for € € (0,¢p], otherwise we are done. We choose some ¢ € (0,¢p]
arbitrarily and a collection of finitely many different radii rl, ..., r4in P, where q <
card(P,) is arbitrarily fixed (which means that we choose ¢ € N arbitrarily if P, should
have infinitely many elements). Firstly due to §, — 0 there exists a number N such
that Ci ;i N Cf’lf’é =0 Vi#j,Vn > Ni, which implies that

q
ZDC,,- ; (Y") < D(Y") < const. =: M, (8)
i=1

Vn > Ni. Furthermore we can determine a number N > Ny such that D¢, ; (Y") >

%ﬂ) > 5 Vn > Nyandfori=1,...,q simultaneously. Hence, together with (8) we

see that q% <M,ie.q < % This shows that card(P,) < % Now every r € (0,1)
with m(r) > 0 lies in some set P; for some n > %, ire. B:={re (0,1) | m(r) > 0} C
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386 R. Jakob

Upen P 1 which is a countable set on account of card(P 1 ) < 2Mn, forn > 3—0, and by

P, c P, forn <n', thus in particular £ (B) = 0. O
For the reader’s convenience we recall here that we have by Proposition 3.3, Lemma
4.1 and (8) in [6]:
§TI(X,9) = SFR(X, ) + 8" Fs(X,9) + kSD(X, )

= / (VF(Z),8Z) dudv + / F(8Z) dudv + k / DX -Dydudv  (9)
R S B

for any X, ¢ € HY2(B,R3).
Theorem 2.1 Let {X"} be a sequence of I-surfaces with D(X") < const., Vn € N, and
X" — X in CY°B,R%
for some X € C°(B,R>) . Then there holds for every r € (0,1):
| X" —X I 128,00y~ 0 for n — oo. (10)

Proof Without loss of generality we may assume that | X — X" lcogy> 0 Vn €N

We choose some r € (0,1) arbitrarily such that (7) holds for Y” := X — X" and
8p =[] X — X" | co ) and consider the sequence {r,} given by r, := r+ 8, (as in (7)).
Without loss of generality we may assume that {r,} C (r,1) Vn € N. By Lemma 2 of
Sect. 2.5 in [7], p. 23, the Z-surfaces X" are characterized by the variational inequality

SFIX"¢) =0 Vo e H2(BR), (11
(see (9)) which we are going to test now by

Xw)—X"w) : we B 0)
P w) =1 2 (X (w) - X"(w)) : weC,
0 : weGCa.

Knowing that X" X € H2(B,R?) one easily verifies that ¢" € ﬁl’Z(B,R3), Vn e N,
on account of Lemma A 6.9 in [1], p. 254, and by the estimate

n = n | X — " |
| D" |= | DX —X") | +

n - n

<IDX—-X"|+1 on Cppp. (12)

rn— | w |
r —_—

We will use the following abbreviations as in Sect. 4 of [6]:
ZN=X"AXD, 7V i=@" AX"+ X AQE, 827" =gl A gl (13)

and we observe that
Z=27"+8Z"+68*Z" on B,0). (14)

Furthermore we define R" := R(X") and §" := S(X"). Firstly we note:

DX" - D(X — X")dudv = Dp,0)(X) — Dg,0)(X") — Dp,0)(X — X")

B, (0)
@ Springer



Unstable extremal surfaces of the “Shiffman functional” 387

V p € (0,1]. Now combining this with (9), (11) and F(0) = 0 we arrive at:

0 <s8tZ(X",¢") = / (VF(Z™),8Z") dudv

R"*"NB(0)
+ / (VF(Z™),8Z"™) dudv + / F(Z™) dudv
RANCyp, S"NB,(0)

+ / F(8Z"™) dudv + k (Dp,0)(X) — Dg,0)(X™)
S”ﬂC”n
—Dp,0)(X — X™) +k / DX" - D¢" dudv. (15)
Cr,rn

Asin (9) and (11) of [6] we gain by (14), the convexity of F € C2(R3\ {0}), | VF |< my
onR*\ {0} and | 22" |< 1 | Dg" [%:
Frrng,0)(X) — Freag,0)(X™) > / (VF(Z"),8Z") dudv
R"NB,(0)
—my Drung, ) (¢"), (16)
and together with F > 0 on R3 and F(0) = 0, using that Z" =0 on &™:

Fsnng,0)(X) — Fsrng,0)(X™) = / F(8Z") dudv — my Dsnap, ) (¢™).  (17)
S"AB,(0)

Now combining (16) and (17) with (15) and noting that k > m; we obtain:
ZB,0)(X) — Zp,0)(X™)

> / (VF(Z™),8Z™) dudv + / F(Z™) dudv
RAAB,(0) S"MB,(0)
—m3 D, 0)(¢") + k (DB, 0)(X) — Dp,0)(X™))

> _ / (VF(Z"),87") dudv — / F(5Z") dudv

R'Cr S"NCy 1y

+(k —my) Dp, ) (¢™) — k / DX" . D¢" dudv
Cr,rn

> — / (VF(Z™"),8Z™) dudv — / F(Z™) dudv

R"NCy S"NCr
—k / DX" - D¢" dudv = —§"Z¢,, (X",¢"). (18)
Cl‘,rn

Next we gain by (12) and Cauchy-Schwarz inequality:

Dc,,, (") <2Dc,, (X —X") + 27 (ry — 1), (19)
@ Springer



388 R. Jakob

Vn € N. Moreover by Proposition 2.1 and our choice of r € (0,1) we obtain an
increasing sequence {n;} C N, depending on r, with

Dc,, (X =X" —0 for j— oo. (20)
,n]

Combining this with (19), D(X") < const. by hypothesis, r,, — rand Holder’s inequal-

].ty we arriVe at
DX J . D J d d < const. D (p i .
/ (p uay con C’J‘nj( /) e () (21)

Cram;
Moreover by (12) we estimate §Z"/ = o A XY+ X Ay on C,,,n]_ by
182" |< 2| DX" || D¢ |< 2| DX" | (| D(X — X") | +1),
which implies by Holder’s inequality, (20), D(X™) < const. and ry; — r:
/ | 82" | dudv < const.m + const.\/rnl.i—r — 0. (22)
Crﬁ,,l]_

Hence by | VF |<my onR*\ {0} and F(z) <my | z | ¥z € R we obtain:

| / (VF(Z"),8Z") dudv| < my / | 82" | dudv — 0, (23)
RYNCypy. Crim;
g ]

/ F(Z")dudv| < mp / | 82" | dudv — 0. (24)
S"fﬁC,‘, X Cr,ry,-
nj J

Now combining (21), (23) and (24) with (18) we gain
lim inf (Zg,(0)(X) — Zg,(0)(X")) > 0. (25)
j—o0
On the other hand we have || X" || H12(p)< const. by the requirements of the theorem,
thus we obtain a weakly convergent subsequence { X"} of {X"/}:
X" —~ X in H*(B,R?). (26)

Hence, by the weak lower semicontinuity of Zp, (o) (see [6], p. 403) and (25) we finally
obtain

lim sup Zp, (o) (X™) < limsup Zp,()(X") < IB,(O)()_() < liminf Zp, 0)(X™).
i— 00 i—00

j—o0o
Due to this result and (26) we infer from Lemma 6 in Chap. 4 of [7]:
DB, ) X" — DB, ) ()_() for i — oo,

which again combined with (26) and the convergence of {X"*} to X in C(B, R?) finally
yields the assertion in (10) for the chosen radius r € (0,1) and the selected subse-
quence {X"}. Now we suppose that there would exist some subsequence {X"} of the
original sequence {X"} that satisfies

X" — X in H"*(B,(0),R?) (27)
@ Springer



Unstable extremal surfaces of the “Shiffman functional” 389

for some different surface X # X. Then we could apply Proposition 2.1 to Y :=
X —X"and§ :=|| X — X" o and could choose some radius 7 € (r, 1) such that
(7) holds. Then by the above reasoning we would obtain a further subsequence { X"}
of {X"} such that

X" — X in H“*(B;(0),R%),

thus especially in H L2(B,(0),R?) by r < 7, which contradicts (27). Hence, we proved
the assertion of the theorem for a.e. r € (0,1), thusVr € (0,1). O

A combination of this result with Lemma 2 of Sect. 2.5 in [7] yields
Theorem 2.2 The limit surface X of Theorem 2.1 is an I-surface again.

Proof We choose some arbitrary r € (0, 1) and define S, := S(X) N B,, R, := R(X) N
By, S = S(X") N B,, R" := R(X") N B,, with B, := B,(0),

" =8'"\S=R\R} and " :=85\S'=R!'\R, (28)
and moreover Z = X, A X,, Z" = X} ANXD, 8Z = X, A oy + oy A X, and
8Z" = X' Aoy + ¢y A X for some arbitrarily chosen ¢ € IZILZ(Br(O),]I@). The

decisive step consists of the proof of

8t Fp0)(X,9) > liminf 81 Fp,0) (X", ¢) (29)
n—oo

Vo e H12 (Br(O),]R3). Firstly we estimate:
| Z" = Z |=| X" AX" — Xy AX, |< (| DX" |+ | DX )| DIX" = X) |.

From this we infer by the Holder inequality and (10):

/ | 7" -7 | dudv <2 (‘/DB;/(O)(X”) + \/DB,(())(X/))\/'DBr(())(X” —)_() — 0.

B,(0)
(30)
Next we estimate:
182" —8Z |=| (X} — Xu) Ay + 9u A (X)) — X,) |2 | Do || DIX" = X) |,
which implies again by (10):
| 82" —8Z | dudv < 4\/173,(0) (¢) Dp,0)(X" — X) —> 0. (31)

B, (0)
@ Springer



390 R. Jakob

Next we split up the integrals on the sets R) and R, occuring in (29):

/ (VF(Z"),8Z") dudv — / (VF(Z),8Z) dudv
Ry Ry
= / xrinR, (VF(Z"),8Z") + xn(VF(Z"),8Z")
B/(©0)
—xR,"riAVF(Z),8Z) — xon(VF(Z),8Z) dudv
= / xrenr, (VF(Z"),8Z" — §Z) dudv
B/(0)
+ / Xrinr, (VF(Z") — VF(Z),5Z) dudv
B (0)
- / Yo (VF(Z),8Z) dudv + / Yen (VF(Z™),8Z") dudv. (32)
B/(0) B/(0)

For the first integral in (32) we have by | VF |< m; on R? \ {0} and (31):

/ xriar, (VE(Z"),8Z" — 8Z) dudv| < mp / | 82" —8Z | dudv — 0. (33)
B (0) B (0)

Now we are going to examine the second integral in (32). By (30) we obtain a subse-
quence {Z"} for which

7" (w) — Z(w) for a.e. w € B,(0). (34)

We rename {nj} into {n} again and shall consider this sequence henceforth. Now
we choose some point w € B,(0) \ AV arbitrarily, where ' C B,(0) is the subset of
£2-measure zero on which (34) does not hold and §Z does not exist, and distinguish
between the following two cases:

Case (1) There holds w € Ry NR, foran increasing sequence {n;} C N. Then we
obtain by (34) and the continuity of VF on R\ {0}:

VF(Z")(w) — VF(Z)(w) for j— oo.
As we have xgrrng,(w) =0 for n € N\ {n;} we can conclude:
XrrOR, W) (VF(Z") (W) — VE(Z)(W)) 8Z(w) — 0 for n — oo. (35)

Case (2) There exists some number N € Nsuch thatw & R} NR,,i.e. xrong, (W) =0,
Vn > N. In this case we obtain (35) immediately.
Hence, we gain (35) for a.e. w € B,(0). Furthermore we see due to | VF |< my on
R3\ {0}:

| xrenr, (VF(Z") — VF(Z))8Z | < 2my | 8Z |€ L'(B,(0)),

Vn € N. Therefore the Lebesgue convergence theorem finally implies that

xrior, (VE(Z") = VE(Z)) 8Z dudv —> 0. (36)

B,(0)
@ Springer
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Now we examine the third integral in (32). We have Z" = 0 a.e. on 0, = S' \ S,
Hence, we obtain by (30):
/ Xon | Z | dudv = / Xon | Z—2Z"| dudv — 0.
B(0) B (0)

Thus we gain an increasing sequence {n} such that y,« (w) | Z(w) |— 0 for a.e.
w € B,(0). Renaming {ny} into {n} again and noticing that | Z |> 0 on ¢" C R,,
Vn € N, we arrive at x,2(w) — 0 for a.e. w € B,(0), i.e.

L£2(c") — 0 for n — oc. (37)
As we know (VF(Z),8Z) € L'(R,) due to | VF |< my on R3 \ {0} we infer from the

absolute continuity of the Lebesgue integral that

/ xon(VF(Z),8Z)dudv — 0 for n — ooc. (38)
B (0)

Now the fourth integral in (32) has to be examined simultaneously with the remaining
integrals on the sets S and S, occuring in (29) respectively (9), which we also split

up:

/F((SZ”) dudv—/F(é‘Z) dudv = / FZ™ dudv+/F(6Z”) dudv

Sp S, SS, on
- / F(5Z)dudv — /F(SZ) dudv. (39)
S,NS; ™

Since F is Lipschitz continuous with Lip.-const.= my by Lemma 3.2 in [6] we firstly
obtain together with (31) that

/ | F(8Z"™) — F(8Z) | dudv < my / | 82" — 87 | dudv — 0, (40)
B (0) B (0)
which estimates the difference of the first and third integral in (39) in particular. Now

(40) yields a subsequence {§Z"} such that F(§Z"<)(w) — F(8Z)(w) for a.e.w € B,(0)
and by Vitali’s theorem we know that Ve > 0 there exists some §(¢) such that

/ F(Z"™)dudv < e, if £L2(E) < 8(¢) (41)
E
uniformly V k£ € N. Again we rename {rn;} into {n}. As (37) means that for any given

8 > 0 there is some N(8) with £2(c") < § Vn > N(8) we conclude together with (41)
that

/F(SZ”) dudv — 0 for n — oo. (42)

Now there only remain the fourth integrals in (39) and (32). On " = R? \ R, we
obtain by the convexity of F € C>(R3 \ {0}) and its positive homogeneity:

(VF(Z"),8Z") < F(8Z") — F(Z") + (VF(Z"),Z") = F(8Z"). (43)

@ Springer
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Hence, we obtain together with (40):

/ (VF(Z"),82") — F(8Z) dudv < / F(8Z") — F(8Z) dudv —> 0. (44)

Now terming {n;} C N the resulting increasing sequence, having selected subsequences
several times after (29), and collecting (9), (32), (33), (36), (39), (40), (42) and (44) we
finally conclude:

lim inf (8% Fp,0) (X", @) — 8% F,0)(X. )
n—o0
< lim inf (8% Fp,0) (X", ¢) — 8 Fp,0) (X, 9))
j—>00
— lim inf / (VE(Z"Y,8 2"y — F(8Z) dudv < 0
j—00
7'
Vo € H“2(B,(0),R3), which proves (29). Moreover we obtain immediately by (10)

(for the same sequence as in (29)):

8Dp,0)(X", 9) = / DX" - Do dudv —> 8Dg,0)(X, ).
B (0)
Hence, together with (29) and (9) we arrive at
8 Zg,0)(X, ) > liminf 87 Zg o) (X", 9) > 0, (45)
n—oo
Vo e a2 (B,(0), R?), where we used that the Z-surfaces X" satisfy
8+ Zp,0) (X", 9) >0 Vo € HY?(B,(0),R*) by Lemma 2 in Sect. 2.5 in [7] and F(0) = 0.

Moreover for any ¢ € C2°(B, R?) we have supp(¢) CC B,(0) for some r € (0,1) which
satisfies (10), hence we gain by (45) and F(0) = 0:

STI(X,9) 20 VYoe CX(B,R). (46)

Now we consider some arbitrarily fixed ¢ € H'2(B,R?) and some approximating
sequence {¢'} C C3°(B,]R3), ie.

¢ — ¢ in HY(B,RY). (47)

We set 87/ := Xy A ¢l + ¢, A X, and estimate |82/ —8Z |<2 | DX || D(¢/ — ) |,

which implies by (47) [ | 62/ — 8Z | dudv < 4y/D(X) D(¢/ — ¢) —> 0. Therefore
we obtain as in (33) and (40):

/ (VF(Z),87) — 8Z) dudv| < m» / |87/ — 87 | dudv —> 0, (48)
R R
/ F(6Z)) — F(8Z) dudv| < my / |87 — 87 | dudv —> 0. (49)
S S

Moreover we have [ DX D¢/ dudv —> [ DX D¢ dudv by (47). Hence, combining
this with (48), (49) and (9) we finally infer from (46):
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Unstable extremal surfaces of the “Shiffman functional” 393

SYI(X,9) = lim §7T(X,¢)) >0 Vo e H*(B,R%),
]*)OO

which proves X to be an Z-surface by Lemma 2 in Sect. 2.5 in [7]. O

3 Continuity theorems for A, 7 and 7

In this section we shall only quote Shiffman’s “continuity theorems” 11.1 and 12.2
in [12] for the functionals J and Z in application to sequences of Z-surfaces that
converge in C’(B,R%), see Theorem 3.2 and Corollary 3.1 below. In fact these results
can be easily derived from a deep “continuity theorem” for the area functional A
applied to harmonic surfaces on ring regions C, 1 = B1(0) \ B,(0) with convergent
boundary values in (C" N BV)(BC p,l,]R3) due to Morse and Tompkins in [9], which
states precisely:

Theorem 3.1 Let {¢}} C (C°NBV)(8B1(0),R?) and {¢} C (C°NBV)(3B,(0),R?) be
prescribed boundary values on 3C, 1 = 9B1(0) U dB,(0) for some p € (0,1) such that

of — @1 in C°OB(0),R) and L(¢}) — Lipy), (50)
¢ —> ¢, in COB,(0),R%) and L(g}) —> L(pp). (51)
(L:=length) for some functions ¢ € (CY N BV)(8B1(0),R?) and @y € (CY N BY)

(0B, (0),R3). Then we prove for the harmonic extensions H" respectively H of the
boundary values ((pf,(p;’) respectively (¢1,¢,) on 9C, 1 that

Ac, (H") — Ac,,(H) for n— oo. (52)

In the remaining part of this section the integrand F is assumed to satisfy only the
requirements (A). We need the following estimate, Lemma 8.1 in [12], which is gained
by “harmonic substitution”.

Lemma 3.1 Let X be an Z-surface and Q2 C B any open subset with a Lipschitz bound-
ary. Then for the harmonic extension H of the boundary values X |yq we have:

Fa(X) < Fo(H) — kDo(X — H).
Now Shiffman combined this estimate with Theorem 3.1 to achieve

Theorem 3.2 Let {X"} be a sequence of I-surfaces with X" |ype (C° N BV)(dB,RY),
D(X™) < const. Vn € Nand

X" — X in C°B,R), LX"|38) — LX |sB) (53)
for an Z-surface X with X |yge (CY N BV)(3B,R3). Then there holds:
JX" — J(X) for n— oc. (54)

This theorem immediately implies Theorem 12.2 in [12]:

Corollary 3.1 Let {X"} be a sequence of I-surfaces as in Theorem 3.2 that are addi-
tionally (a.e.) conformally parametrized on B. Then firstly there holds

I(X") — Z(X) for n — oo, (55)

where X is the limit T-surface as in Theorem 3.2, and secondly X proves to be (a.e.)
conformally parametrized on B.
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Moreover we need an isoperimetric inequality for .Ag applied to harmonic surfaces
on simply connected subdomains Q2 of B whose boundary is a Jordan curve. This can
easily be derived from the isoperimetric inequality for harmonic surfaces on B (see
[2], pp. 134-138) by means of the homeomorphic extension of Riemann’s mapping

function ¢ : @ — B onto , whose existence can be guaranteed by requiring 92 to
be a Jordan curve, i.e. 2 to be a so-called Jordan domain (see [11], pp. 24-25).

Theorem 3.3 Let Q2 be a simply connected Jordan subdomain of B, ¢ € (C" N BY)
(092, R?) and h the unique harmonic extension of ¢ onto Q, then there holds:

1
Aa(h) = 7 L(p)%.

Thus together with Lemma 3.1 and (3) one obtains finally (see [12], p. 557)

Corollary 3.2 Let Q be a simply connected Jordan subdomain of B whose boundary
is additionally Lipschitzian and X an I-surface with X |yq€ (CYN BV) (92, R), then
there holds:

m

k
Aa(X) = 7L ) and JoX) = (14 -—) 22 L o). (56)
ny nmq 4

4 Combination with the results of [6] and [8]

In this section we combine all achievements of the preceding sections, of [6] and of [§]
with a special continuity theorem, Proposition 4.4, which is shown similarly as Lemma
6 in [4], and a compactness result for boundary values, Proposition 4.5, in order to
prove the following mountain pass result under the conditions (A) and (R*) on the
integrand F (see Definition 4.2 and 4.3):

Theorem 4.1 Let F be an integrand that satisfies the requirements (A)+(R*) and let
I be an arbitrary closed rectifiable Jordan curve in R meeting a chord-arc condi-
tion (57). If there exist two different conformally parametrized surfaces X1 # Xz in
€*() N CYUB,R3), | - ”CO(B)) which are in a mountain pass situation w. r. to J with
elevation e > 0, then there exists an unstable J-extremal surface X* in C*(I')N CY%B,R?)
with J(X*) > max{J(X1), T (X2)} +e.

In the first two subsections of this section it will suffice to impose only the require-
ments (A) on some arbitrarily fixed integrand F, but in Sects. 4.3 and 4.4 we will
consider the integrand F that was fixed in the above theorem and thus has to meet
additionally the requirement (R*).

4.1 Limit superior of continua
This subsection is devoted to the following notions of limits of sets:

Definition 4.1 Let (Y,d) be some metric space. For any sequence of subsets {M"},cn of
Y we define its limit inferior by

limglfM" = {y € Y |3 m, € M" such that d(m,,y) — 0 for n — oo}
ne
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and its limit superior by

limsup M" := {y € Y | 3some subseq. {M"i} of {M"} and m; € M"

neN
such that d(mj,y) — 0 for j — oo}.

Firstly there holds the identity lim sup,c.y M" = (e U= M", which is proved in
[7], p- 86, and secondly we have (see [10], p. 388)

Proposition 4.1 Let {M"},cn be some sequence of compact and connected subsets of
a metric space (Y,d) such that |J,cy M" is compact and liminf,eny M" # 0. Then
lim sup,, .y M" is again compact and connected, i.e. a continuum.

4.2 Mountain pass situation and instability

We consider some fixed simple closed polygon I' with N + 3 vertices. As in Defini-
tion 7.4 in [6] we define the set of continua P(x, x,) containing a pair of surfaces X1, X2
in (C*(I') N CO(B,R3), | - ”CO(B)) and the set of continua (¢, 1,) containing a pair of
points 7y, 72 in the configuration space T C (0, 2m)N. Using this we define similarly to
Definition 7.7 and 7.5 in [6]:

Definition 4.2 (a) Tiwo different surfaces X1,X> € (C*(I') N CO(B,R3),| - lcogsy)
are in a “mountain pass situation” with respect to K := 7,7 with elevation e > 0

if

sup K > max{K(X1),K(X2)} +e VX e P x)-
by

(b) A pair of different points T, € T C (0,21)N is in a “mountain pass situation”
with respect to f¥ =T o YU (see Definition 6.3 in [6]) if

max 1> max{f" (7). f" (1)} VP € 9z, ).

(c) Aset P* € 9, 1) with the property maxps I = infpep(rlm maxp fl =: (11, 12)
is called a minimizing connected set and we denote P := {t € P* | fI'(z) =

B(r1,2)}
Now similarly to the proof of Proposition 7.8 in [6] one can derive

Proposition 4.2 [fthere exist two different conformally parametrized surfaces X1 # X»
in (C*(I) N CYB,R3), | - ”C“(B)) that are in a mountain pass situation with respect to
J with elevation e > 0, then the unique I-surfaces X[ in the boundary value classes

H}(ﬁag (B,R%), I = 1,2, are in a mountain pass situation with respect to T with elevation e.

Definition 4.3 We call a J-extremal surface X* € (C*(I') N CY%B,RY,| - ”CU(B))
K-unstalzle, for K = 1,7, if in every e-ball B¢(X*) N C*(T") around X* there is some
surface X such that K(X) < K(X™).
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4.3 Approximation of closed rectifiable Jordan curves by simple polygons

Firstly we need the following

Definition 4.4 (i) Let I' be an arbitrary closed rectifiable Jordan curve in R3. Then we
term a simple closed polygon I' C R3 a polygonal approximation of T if all vertices
At,...,Am (M > 3) of T lie on T" and if the arc on " between any two adjacent points
Am, A1, which does not contain the remaining vertices of T, is indged the shorter one
r |(Am7Am+l) connecting Ay and A, 1. We define its fineness by A(T') := maxj—1 |

Aj— Ay |, with Ag := Ay

Definition 4.5 A closed rectifiable Jordan curve ' in R3 meets a chord-arc condition if
there is a constant C such that

LT |p,py) <C |P1—=Py| VYP,PpeTl, (57)
where I' |(p, p,) denotes the shorter arc on I' connecting Py and P;.
Now we can state the following approximation lemma (see Lemma 5 in [4]):
Proposition 4.3 Let T' be an arbitrary closed rectifiable Jordan curve in R> which
satisfies a chord-arc condition (57). Then there exists a sequence {I'"} of polygonal
approximations of I and homeomorphisms ¢" : T — T'" that keep the vertices of the

I'" fixed and satisfy:
L") — LT), AT") — 0, max | P—¢"(P) |— 0, (58)
(S

for n — oo, and for any pair P1,P, € I':
| ¢"(P1) — ¢"(P2) |< L(T |(p.py) VYneN. (59)

Now let I be a fixed, closed rectifiable Jordan curve in R meeting a chord-arc
condition (57) and {I'"} a fixed sequence of polygonal approximations as in Prop. 4.3
with the vertices

1 n n. pn. n
(Ph.At... AL Pl A

e Al S PAT ...,A”Nn), (60)

mp+1°

where we may assume that the three points {P}} of the three-point-condition in C*(I"")
satisty P} = Py, k = 0,1,2, (see (6)) and where 0 < /,, < m, < N, are fixed for each
n € N. We consider some arbitrarily chosen Z-surface X € C*(I') and the sequence
of boundary values ¢"*(X |3p) : S| — I'" which by their surjectivity give rise to a
sequence of angles

O=vyo<tf<-- <rﬁ <Y1 <<ty <Y2<-- <ty <2m, (61)

with ¥, = ZkT”, for every n € N such that
¢"(X lap)(€T) = AT for j=1,...,Np, (62)
respectively @"(X |3) (V%) = P, for k=0,1,2. (63)

Hence, we obtain a sequence of tuples t € 7"  (0,27)N* (see Definition 6.1 in [6])
which yield the unique minimizers X (z") of Z in the sets U (I, t") (see (4), (5) and
Definition 6.2, 6.3 in [6]). We are going to prove the crucial
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Proposition 4.4 If the integrand F of F satisfies the requirements (A) and (R*), then
there holds

X" — X in CY(B,R3), (64)
I(X (") — I(X)  for n — oco. (65)

Proof We set Z"" := ¢"(X |3p) and 0" := Z" — X |3p and consider the harmonic
extensions /& respectively h" of X |yp respectively n” onto B. By (59) and (57) we
derive the estimate

0@ =" @) 1] X (@) = X |+ 1 2" = 2P |
<| X (€)= X(&) | +LT | xeio) xeiry) < 1+ C) | X)) = X(EP) | (66)

Va,B € [0,27]. Now we combine this with Douglas’ formula ([10], p. 277):

2 2w
nealay _ o neaify |2
Ao(ﬁ”):=$//|n(e) n(e?) | dadp
00

4sin?(%52)
1 C2 r2n X io X iBy |2
S(+)/ | X(e®) — (e)ldadﬂ
4 4sin?(%52)
00

= (14+ O Ao(X [38) = 1+ O* D(h) < 1+ O* D(X).
Hence, (1 + C)? % yields a Lebesgue dominating term for the integrands
_ _ sin“(53~
lnn(fl?;iz—i(,se)ﬂ)‘z on [0, 27 2. Moreover we see by (58) that n" = ¢"(X |9B)—X |sp—> 0
sin® (=5~
in C%(9B,R3). Hence, we can infer by Lebesgue’s convergence theorem:

2m 2w

2. . .
n n 1 | nn(eza) - ﬂ”(e”g) |2
DU = Ao = 5/ A
0 2

dadp — 0. (67)

Furthermore we consider the surfaces X” := X + 4" on B. By (67) we have that
D(X" — X) = D(h") — 0, hence, together with D(X") < 2 (D(X) + D(h")) <const.
Proposition 3.4 in [8] yields

| Z(X™) — I(X) | < const.y/D(X" — X) — 0 for n — oo. (68)

Moreover we see X" |3p= X |y +1" = X |38 +Z2" — X |38= ¢"(X |3B). Hence,
since ¢"(X |3p) : S' — I yields a weakly monotonic continuous map satisfying
the Courant- and three-point-condition, (62) and (63), and by h" € H"“*(B,R3) we
obtain that X" € U((T",t"), Vn € N (see (4), (5) and Definition 6.2 in [6]). Thus
we conclude for the unique minimizer X (z"*) of Z in U(I'"*, ") Z(X (")) < Z(X"),
Vn € N, implying together with (68):

limsup Z(X (")) < limsup Z(X") = nll)n;o (X" = I(X), (69)

n—o0o n— 00

and especially
D(X (")) <const. Vne€N. (70)
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Moreover using that both X (z"), X" € U(I'", ") we gain by (58):
| (X (") = X) lagl < | (X (") = X™) |s8] + | (X" = X) |38l
< AT+ 7" |— 0  in C°B). (71)

Now recalling that the X (z"*) are Z-surfaces in particular (see Definitions 2.1 and 6.3 in
[6]) and that F meets also (R*) we infer by (70) and (71) that we may apply Theorems
1.2 and 2.2 which yield a subsequence X (z"%) with

X(t"%) — X in C%B,R%), (72)

for some Z-surface X. Again by (71) we conclude that X |sp= X |5. Thus as we
required X to be an Z-surface the uniqueness of Z-surfaces, by Theorem 4.3 in [6],
yields X = X. Hence, we gain the assertion (64) by (72) and the “principle of subse-
quences”. Now combining this again with Theorem 1.2 we arrive at X (z'%) — X in
H'“?(B,R?). Hence, by the weak lower semicontinuity of Z and (69) we finally achieve:

limsup Z(X (z")) < limsup Z(X(z")) < Z(X) < liminf Z(X(z")).

Jj—o0 n—o0o J

Thus we obtain the assertion (65) again by the “principle of subsequences”. O
Finally we state a compactness result which is proved in [10], p. 208:

Proposition 4.5 Let I and {I'"} be as in Proposition 4.3 and X" € C*(I'"), n € N, a
sequence of surfaces with D(X") < const., ¥V n € N, satisfying the three-point-condition
X"(eVk) = Py e ' Vn e N (see (6) and (60)). Then there exists a subsequence { X"}
whose boundary values satisfy:

X" |y;p—> B in C°(3B,RY),
where B : S' — T is a continuous, weakly monotonic map onto T, with B(eV*) = Py.

4.4 Proof of Theorem 4.1

Firstly by Proposition 4.2 we obtain the existence of two Z-surfaces X} in
H }éﬁag (B,R?), 1 = 1,2, that satisfy in particular

supZ > max{Z(X)} VI € Py xs) (73)
5 =12 2
Now let {I'"} be a fixed sequence of polygonal approximations as in Proposition 4.3

whose vertices are given in (60) and Z} = ¢"(X] |yB),forl =1,2,n € N. As explained
in (61) and (62) we gain two sequences of tuples 7' € 7" C (0,27)N with

Zy(e“fz")f):A;l, =12, j=1,...,N,, VneN,

that yield the unique minimizers X (z;') of Zin U(I"", 7;") which satisfy by Proposition
4.4:
X — X/ in COB,R%, 1=1,2, (74)
IX (")) — Z(X)) for n > o0, [=1,2, (75)
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where we used that F is required to meet also condition (R*). Furthermore by Prop-
osition 7.6 in [6] there exists a minimizing connected set P" € O e W T. to the pair
{7)'} for every n € N, and we firstly prove:

B = n})erllern < max{Z(X(1]")), Z(X (1)), CL(IM™? VneN, (76)

with C = (1 + mil) “#. For, if we assume that " > maxi_2{Z(X(7)")} =
maxlzl’z{frn (z/)}, for some n € N, then the pair {7;'} is in a mountain pass situa-
tion w. r. to I, and the “finite dimensional” mountain pass lemma, Lemma 7.10 in
[6], yields the existence of a critical point " € Pgn of f". Then by Theorem 6.17 in
[6] the surface X (") = ¥ (") is a (a.e.) conformally parametrized Z-surface. Hence,

in combination with f" = 7 o /™ and the isoperimetric inequality for 7, Corollary
3.2, we gain:

B" = max T = 1@ = I(X (") = TX(@") = CLI"),

with C = (1 n mil) ™ which proves (76). Combining (76) with (75) and (58) we
obtain a convergent subsequence

B —s d forsome d < max{Z(X}),Z(X3),C LT)%). (77)

We rename {n;} into {n} again and work with this subsequence henceforth. Now we
consider the images 1" := ! (P") which are compact and connected subsets of
C*rmHncYB,RY,| - llcogz)) on account of the continuity of YT with respect to
this topology on the target space, in particular, by Theorem 6.6 (i) in [6]. Now we are
going to prove the relative compactness of the union J,cn 1" (W. 1. to || - [lco(g))-
To this end we firstly consider an arbitrary sequence {Y*} € (J,oy [T If {Y} is
contained in only finitely many I1"” then we can certainly select a convergent sub-
sequence of {Y*} due to the compactness of the I1”. Hence, we shall suppose the
contrary, which means that we can select a subsequence {Y*i} satisfying Y% e 1%
Vj € N, where {#;} is a monotonically increasing sequence in N. In particular we have
Yk e ¢x(r) n CO(B,R3) Vj € N. Furthermore as (77) implies Z(Y) < " < const.
VY € I1" and Vn € N, we obtain especially

D(Y) < const. VY € U " (78)
neN

Thus also noting (58) and (60) we may apply Proposition 4.5 yielding a further subse-
quence {Y*} with equicontinuous and uniformly bounded boundary values. Hence,
due to (78) and since the sets 1" = 1" (P") consist of Z-surfaces we see that the Y
meet all requirements of Theorem 1.2 which just guarantees the existence of a further
convergent subsequence of (Y wor.to | - ”CO(B)' Now together with a standard
argument one also shows that every sequence {Y*} c [J nen TP\ U, ey T possesses a

convergent subsequence, aswell, which yields the asserted compactness of | J,, .y IT".
Moreover by X (7)) = ¥ (7]") € ", for [ = 1,2, and recalling (74) we infer that

(X7} C liminf 11", (79)

Hence, we see that the sequence {I1"} satisfies all requirements of Proposition 4.1
implying that IT := lim sup,c 1" is again compact and connected, i.e. a continuum.
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Furthermore by the definition of II for any X € II there exists a subsequence {I1"¢}
and Z-surfaces X¥ € I c ¢*(I'"*) N C°(B, R3) with

X*— X in C°%B,R. (80)

Now recalling (78) Theorem 2.2 yields that X has to be an Z-surface again which
lies in C*(T") on account of Proposition 4.5 (see again (60)). Hence, IT is a continuum
consisting of Z-surfaces in C*(I") N C%B,R3) and containing the pair {X}} due to (79),
which implies IT € P(x+ x3) in particular, thus

supZ > max{Z(X})} (81)
n =12

on account of (73). Next we prove that

B = s1r1[pI <d. (82)

If this would be wrong then there would have to exist some surface X € IT with
Z(X) > d. By the definition of IT we infer the existence of some sequence {X kY as in
(80) which implies together with (78) | X* | m2(p) =< const. Hence, we obtain some

subsequence X’ e IT% with X/ — X in H"“?(B,R?), which yields by the weak lower
semicontinuity of Z and (77):

d < Z(X) < liminf Z(X’) < liminf 8" = lim g" =d,
J— 00 J—>0o0 n—0oo

which is a contradiction. Hence, combining (82) with (75), (77), (81) and f™" = Zoy™
we conclude that there exists some ng € N such that

B" > }I;?E{I(X(r,”))} = [n:ufé{ff”(ff)} Yn > np. (83)

As below (76) this yields by Lemma 7.10 in [6] a critical point 7" € PZ” of f" and by
Theorem 6.17 in [6] a conformally parametrized Z-surface X (") € I1" satisfying

" =T(X(")  ¥n > no. (84)

Now as below (78) we firstly infer by (78) (and (60)) that we may apply Proposition 4.5
yielding a subsequence {X (")} with converging boundary values in C°(3B,R?),
which enables us to apply Theorem 1.2 to the Z-surfaces X (7"%) guaranteeing the
existence of a further convergent subsequence:

X(@#@") — X in C°%B,RY). (85)

Hence, since X (") € 11" we obtain X € I by the definition of IT, which implies in
particular that X has to be again an Z-surface lying in C*(I"). Since we additionally
know that the Z-surfaces X (") are conformally parametrized and that

LX) |gp) = LA") — L) = L(X |pp) for j— oo

on account of the weak monotonicity of the boundary values and (58), we infer from
Corollary 3.1 that B
(X (@) — I(X) for j — o0 (86)
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and that X is also conformally parametrized on B, hence in particular a J-extremal
surface by Lemma 3.6 in [6]. Now combining (77), (82), (84) and (86) with the fact
that X e IT we arrive at:

B<d<«— B =T(X(T"%) — I(X) <supZ=pB for j— oo, (87)
I

which implies at once: )
IX)=d =8, (88)

i.e. X “sits on the top of I1”. This gives rise to consider the set
M :={X € 1| Z(X) = B, X is conform. param. on B} (# ). (89)

Furthermore (81) guarantees that IT\ IT* # . Now we prove that IT* is closed. To
this end we consider a sequence {Y’} C (IT*, || - o)) satisfying

Y — Y in C%B,R).

First of all we see that Y € IT, as IT is closed. As all Y7 are conformally parametrized
Z-surfaces in C*(I), satisfying £(Y7 |35) = £(I') and D(Y/) < % Vj e Nby (89) we
see due to Corollary 3.1 that firstly 8 = Z(Y)) — Z(Y), thus Z(Y) = B, and sec-
ondly that Y is again conformally parametrized on B. Hence, in fact we confirm that
Y e IT*. Using this we can conclude that the boundary dIT* of IT* in IT is non-empty,
i.e. there exists at least one point X* € IT* which satisfies B¢ (X*) N (I1\ [1*) # @
Ve > 0. Otherwise IT* would be an open and closed subset of the connected set I, in
contradiction to the fact that both IT \ IT* and IT* are non-empty. We choose such a
boundary point X* and show firstly that X* is Z-unstable. To this end we consider the
(non-empty) intersection B, (X*)N(IT\ IT*) for an arbitrarily fixed € > 0. If there were
a surface X in B, (X*) N (IT\ IT*) with Z(X) < B = Z(X*), then we would be done.
Hence, we have to consider the case in which Z(Y) > 8 VY € B(X*) N (IT\ IT%),
but then we have

B<T(Y)<supI=p, ie. I(Y)=B VYeB(XHNII\IT". (90)
I1

Now we fix some Y € B.(X*) N (IT \ IT*) and choose another ball Bs(Y) C B.(X*)
around Y for a sufficiently small § > 0. Again we only have to consider the case in
which

I(Z) > B=1I(Y) VZeBs(Y)nc*I), (91)

otherwise we would be done. Now we choose an arbitrary family ¢. : B —> B of
inner variations of “medium type”, i.e. of the class V, as defined in Definition 6.7 in
[6], which do not affect the three points {¢/V*} of the three-point-condition. Then the
inner variations Y o ¢, still satisfy Y o ¢ € Bs(Y) NC*(I"), for | € |< ¢p sufficiently
small. Hence, we infer by (91):

FY)+kDY)=Z(Y)<I(Yope) =F(Yope) +kD(Y o) V |e|<eo.
Together with the invariance of the parametric functional F w. r. to orientation pre-
serving reparametrizations of B we arrive at D(Y) < D(Y o ¢¢), V | € |< €p, yielding
aD(Y,A) = %D(Y 0 ¢e) le=o= 0, with A := %qﬁe le=o (see Proposition 6.10 in [6]).

Moreover an arbitrary family {¢<} € V can be “renormed” by a uniquely determined
family of Moebius transformations {K.} C Aut(B), which means that ¢, := ¢, o K¢
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satisfies @ (e”Vk) = ¢/V* and again {¢c} € V (see Remark 6.11 in [6] and p. 71 in [7]).
Since D is invariant with respect to conformal reparametrizations of B we infer for an
arbitrary family {¢¢} € V:

d d - -
DY, 1) = &D(YO@) le=0= ED(Y 0 ¢e) le=0=9D(Y,2) =0,

with A = %d)é le—o and A := %J)e le=0- Now by Lemma 6.18 and Proposition 6.19
in [6] we conclude from this that Y is conformally parametrized on B. Thus together
with (90) we conclude Y € IT*, in contradiction to our choice Y € B¢ (X*) N (IT\ IT%).
Thus in fact there has to be a surface X € B.(X*) N (I \ IT*) € B(X™) NC*T)
with Z(X) < Z(X*). Now using J < 7 and that X™* is conformally parametrized we
conclude from this:

JX) <ZT(X) < I(X*) = T(X"),

which proves the J-instability of the J-extremal surface X* € C*(I') N CO%B,R).
Moreover by our assumption that X7 and X» are two different conformally parame-
trized surfaces in C*(I') N C°(B,R?) that are in a mountain pass situation w. r. to 7
with elevation e > 0 we obtain as in the proof of Proposition 7.8 in [6] that for the
continuum IT € Pxx x3) there has to exist some £* € Px, x,) with supy Z > supg. 7.
Thus again using that 7 < 7 and that X; and X; are in a mountain pass situation w.
r. to 7 with elevation e we finally obtain by X* € Px, x,):

JX*) =T(X*) =B =supZ >supZ > supJ > max{J(X1),T(X2)} +e.
1 o *

5 Proof of the main result

In this final section we drop the condition (R*) on the integrand F but require F
to meet (A*) instead of only (A), i.e. that F — A | - | is convex, for some fixed
A > 0, and consider an approximating sequence of integrands {F¢} for F in the sense
of Proposition 2.1 in [8], satisfying the requirements (A) and (R*). We will denote
Fe(X) = fB Fc(Xy A X)) dudv, Je := Fe + kAand Z, := F. + kD. Firstly we need
the following crucial compactness result which we can derive from an idea due to
Hildebrandt in [5], Theorems 4.1 and 4.2, on account of our isoperimetric inequality
(56) for Z,-surfaces and the imposed chord-arc-condition (57) on I'.

Theorem 5.1 An arbitrary family {Xc}e=o of Zc- (respectively Je-) extremal surfaces
in C*(I') is equicontinuous on B.

Proof Let wy € B»(0) be an arbitrary point and set S,(wg) := B N B,(wo), for any
r > 0,CLw)UC, (wp) := (B, (w0)N3B)U(3B, (wo)NB) = 3S,(wo), {¢ (w0), ¢ (w0)) :=
0B, (wo) N 9B, ve(r) = ye(r,wo) = trace(Xe Ic,mwp)s VL) = y.(rowo) =
trace(Xe |y (wy))- Noting that the Fe all share the same growth constants m; and m;
we firstly infer from the isoperimetric inequality (56) for Z,-surfaces, the conformality
of the X, on B and {X.} C C*(T"):

DX < 22 L(M)? Ve > 0. (92)
4m1

Thus the Courant-Lebesgue Lemma yields the equicontinuity of the boundary val-
ues {X¢ |pp}. Using this we prove now that there is some R > 0 independent of
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Unstable extremal surfaces of the “Shiffman functional” 403

wo and e such that y/(r) coincides with the shorter arc on I' connecting Xe(gr1 wo))
and X, ({rz(wo)) for any r < R, where we note that if Cl.(wp) is empty, for some wq
and r > 0, then the corresponding empty arcs y/(r) tautologically satisfy this condi-
tion. For if this were not true, then for every R > 0 there would have to exist some
point wg € B»(0) and some €(R) > 0 such that ye’(R) (R) was the longer arc on I’
connecting Xe(r) (¢ (Wg)) and Xer) (¢3(wg)). Due to {wg} C B2(0) we would obtain
a null-sequence {R;} such that WR;, —> w* for some point w* € B;(0). Thus there
exists some index N such that C;Qi(w R;) would contain at most one of the points {efVk},
k = 0,1,2, of the three-point condition for j > N, which implies that I" \ ye’j, (R))
would contain at least two points, say Py, P, of the three-point condition for j > N,
where we denote ¢ := €(R;). Since we may apply the chord-arc condition to the
shorter arcs T" \ )/E’]_ (R;) we can conclude from the equicontinuity of {X¢; lon} and

| Eg,(WR)) = Eg (WR) |< 2R; —> O
LT\ Y, (R)) = C | X (g, (WR)) — X 6k, (WR) |[—> 0 (93)

for j — oco. On the other hand we know that £(I" \ ygj(R,»)) > Py —Py|Vj>N,

which contradicts (93) and proves our claim. Hence, applying the chord-arc condition
to y/(r) we achieve:

L) < C | Xt wo)) — Xe(£2wo)) | (94)

Vr < R, any wy € B»(0) and any ¢ > 0. As we have trivially | Xe(;“} (wp)) —
Xe (G2 (w0)) | L(ye(r)) we arrive at

L(y/(r) < CL(ye(r) (95)

Vr < Rand any € > 0, where wg € B, (0) is arbitrarily chosen. We note that if C,.(wg)
is empty and therefore £(y/(r)) = 0, then (95) is satisfied trivially. Now we combine
this estimate with the isoperimetric inequality (56) applied to the conformally param-
etrized Z.-surfaces X, on S,(wp), which yields for ¢ (r) := ¢ (r,wp) := Ds, ) (Xe):

ny

D (1) = As, () (Xe) < 2 (L) + L () < 4%21(” D2 LM% (96)

4m1

Vr < R and any € > 0. Now introducing polar coordinates about the point wy one
easily achieves

0%(r)

d 1
300 = / = (Xe)e(r,0) |* do,
r r
01(r)

for a.e. r > 0. From this one derives as in the proof of Theorem 4.1 in [5]:

L(ye(r)? < dmr i<z>g(r>,
dr

for a.e. r > 0 and any € > 0. Hence, in combination with (96) we achieve the differen-

tial inequality ¢ (r) < ﬁ %qﬁe (r),fora.e.r € (0,R) andany e > 0, with  :=

mp
mom (C+1)2°
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Now by a well-known lemma, Lemma 4.2 in [5], and (92) we achieve a uniform
“Dirichlet growth condition” for the X:

Ds,un(Xe) = el = 9 (R) ()" = 1 em? (&)

Vr < R, any € > 0 and any wg € B»(0). Thus by a well-known reasoning due to
Morrey, as stated in Lemma 2.3 in [5], one can derive from this estimate a uniform
bound of the “Holder-quotients” of the X, on B, which only depends on myq, my, C
and £(T), i.e.

| Xc(w) — X.(W) |< const.(my,ma, C, L)) | w—w |% Yw,w € B
and for any € > 0, which proves the assertion of the theorem. O

Now let Q2 be an arbitrary subdomain of B and (F¢)q(X) := fQ F (X, A X,) dudy.
We can easily derive from (9) in [8]:

Proposition 5.1 There holds for any X € H*(B,R?), for e \ 0:

| (FaX) — Fa(X) |=< sup | VFe = VF | Ag(X) — 0. 97)
R\{0}

Proof By F.(0) = F(0) = 0 and (VF((2),z) = F¢(2) respectively (VF(z),z) = F(2),
for z # 0, we obtain, abbreviating Z := X, A X, and R := R(X):

| (FeX) — Fa(X) |=< / | Fe(Z) — F(Z) | dudv
Q

= / | F.(Z) — F(Z) | dudv = / | (VF(Z) — VF(Z),Z) | dudv

QNR QNR
< sup | VFc — VF | Aq(X) — 0, for € \(0,
R3\{0}
due to property (9) of {F,} in [8]. ]

Now we can prove (see Definition 4.2)

Proposition 5.2 If X1,X> € C*(T') N C%B,R3) are in a mountain pass situation with
respect to J with some elevation e > 0, then there exists some € > 0 such that X1, X,
are in a mountain pass situation with respect to J. with elevation E, Ve <€

Proof We denote m := max;=1 2{J (X))} and M := m + e. Firstly we infer from the
above proposition the existence of some € > 0 such that

| T (X)) — T(X)) |=| Fo(X)) — F(X)) |< 2 (98)

Ve < €andfor/=1,2. Now we choose some ¥ € P(x, x,) arbitrarily. By our require-
ment there has to exist some surface X € ¥ with 7(X) = M + § for some § > 0, which
yields in particular A(X) < @ Hence, denoting p(€) := supgs\ (g | VFe — VF | we
obtain together with the above proposition

M+$5
Te(X) = TX)— | Je(X) — TX) | = M+ 6 — p(e) ,j
B p(€) p(€)
=(1-22)m+a = (1-22)m, (99)
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for sufficiently small €. Hence, by choosing € that small such that p(e) < %(1 — M)7
Ve < €, we obtain by (99):

1_p(e))M> M+m:

€
sup Je > Je(X) > m+ -,
up ( k 2 2

and therefore together with (98):

e (&} e
S;pje > (m + Z) + 17 zm=?,)§{‘7e(xl)} + T

Ve < € and for any ¥ € P(x,.x,), which proves our assertion. o

Hence, combining the above proposition with the requirements of our desired main
result, Theorem 1.1, we achieve

Corollary 5.1 There exists some sequence {X; } of unstable Jc,-extremal surfaces with
Ten (Xjn) > max{Je, (X1), T, (X2)} + %, for some null-sequence {e,}, and some limit
surface X* in C*(I') N CY%B,R3) such that

X — X" in C%B,R*) and weakly in H'*(B,R%). (100)

€

Proof By Proposition 5.2 we can apply Theorem 4.1 to X7, X, and Fe, for € < €,
yielding the existence of some unstable J.-extremal surface {X;} with 7. (X}) >
max{J.(X1), T (X2)} + %. Moreover by Theorem 5.1 the family {X[}..z is equi-

continuous on B and by (92) together with a suitable Poincaré inequality we also
know that || XZ |l;12(5 < const. Thus together with Rellich’s embedding theorem,
Riesz’ selection theorem and the proof of Arzela-Ascoli’s theorem we achieve our
assertion. O

Now combining this with (56) and Proposition 5.1 we can apply the ideas of the
proof of Theorem 2.1 in order to show

Theorem 5.2 There holds also for every r € (0,1):
| X2, — X* | 2gp,)—> 0 for n— oo. (101)
In particular, X* turns out to be conformally parametrized a.e. on B.

Proof We denote (Z)q = (Fe)q + k Dg for any domain @ C B. Firstly we infer from
Proposition 5.1:

| Z)a(X™) — Io(X™) |=] (F)a(X™) — Fo(X™) [— 0, (102)

and together with inequality (56) and property (9) of {F¢} in [8] even:
| Za(XY) —Ta(X)) | = | (Foa(X]) — Fa(X)) |
< p(&) AB(X]) < p(e) 1=

LT)? — 0 for € \ 0,
4m1

(103)

with p(€) := supgs, (o) | VFe — VF |. We choose some r € (0, 1) arbitrarily such that (7)
holds for Y" := X* — X? and set§, :=|| X* — X7 ”CO(B)’ consider the sequence {r;}
@ Springer
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given by r, := r + 8, and set B, := B,(0). Firstly as in (20) we select a subsequence
{enj}, depending on r, such that

Dc,,, (X* =X )— 0 for j— oo. (104)
w )
Now we can follow the lines of the proof of Theorem 2.1 in order to show:
lim sup (Ze, )5, (X2, ) < lim (Zg, )5, (X*) = Tp, (X*). (105)
j—>o0 ! N jmoo Y

To this end we simply have to replace F by F,, X by X* and X" by XZ , thus now
using the notations R" := R(X? ), Z" and §Z" with the analogous meanings. We test
the variational equalities

8T, (X2 .9) =0 Yo¢eHZBR)
(see (9) and p. 407 in [6]) of the Z,, -extremal surfaces X7 by the functions
X*(w) —XZ w) @ we B0

P w) =1 I Xrw) - XE W) : we G,
0 : we(,1.

Since the F, share the same properties (A) with the replaced F, especially the same
growth constants m; and n1y, we obtain as in (18), (21) and (23) on account of (104)
for the subsequence {en;}:

(Ze, ) B, (X7) = (Ze, ) B, (X, :,,],)

> — / (VFen]. (Z"),8Z"y dudv — k / DX - D" dudv
7
RNC, . CVJn]-
7
= —8(Ze,)cC,,,, (X5, 10" — O,
5 Vl] )1]
forj — oo, i.e.
liminf ((Ze, ) B, (X™) = (Ze, ) B, (X)) = 0,
00 i i i

which yields (105) taking also (102) into account. As we also know that X7 — X*

in H'2(B,R?) by (100) we obtain by the weak lower semicontinuity of Zg,, (103) and
(105):

limsup (Ze, )5, (X7, ) < Ig, (X*) < liminf Zg, (X7 )
j— 00 1 nj j—00 "
= liminf (Z,.)p, (X} ),
j—o00 7 "

and therefore again combined with (103):

g, (X*) = lim (Z,, )5, (X[, ) = lim Tp, (X))

j—00 'j nj j—o00 "

Now in combination with the weak H'(B)-convergence in (100) we infer by Lemma
6 on p. 43 in [7] that

DB,(X:H,) —> Dp,(X*) for j— oo, (106)
7
@ Springer



Unstable extremal surfaces of the “Shiffman functional” 407

thus again combined with the weak H'?(B)-convergence and the C’(B)-convergence
in (100) we arrive at the assertion (101) for the chosen radius r € (0,1) and the con-
sidered subsequence {X? }. Now (101) follows exactly as in the ending of the proof

of Theorem 2.1, which implies in particular that X™* inherits its conformality from the
X? a.e.on By(0) forany r < 1, thus a.e. on B. O

Now we follow the lines of the proof of Theorem 2.2 to achieve

Theorem 5.3 The limit surface X* of Corollary 5.1 is an Z-surface again, thus a J-ex-
tremal surface.

Proof We replace X by X* and X" by X, ¢ in the proof of Theorem 2.2, choose some
arbitrary r € (0,1), define the sets S, R,, SJ', R}, 0" and t”* analogously to (28) and
use the abbreviations Z, Z", §Z and §Z" with the analogous meanings. Taking into
account the conformality of the involved surfaces the desired inequality (29) becomes
now

85, (X*,¢) = lim inf 8(F, )5, (XZ,.¢) (107)

Vo € H'2(B,(0),R%), with B, := B,(0), and (32) turns into

/ (VF.,(Z"),8Z") dudy — / (VF(Z),8Z) dudv

Ry R,
_ / KRpoR AV Fe (Z),8Z" — §Z) dudv (108)
B,
+ / xrpm, (VEey (Z7) — VF(Z),8Z) dudv
B,

—/ Xon (VF(Z),87Z) dudv + / X (VFe, (Z™"),8Z") dudv.
B, By

Since the F, have the same growth constants as ' we obtain from the above theorem
the analogue of (33). Furthermore due to (101) we obtain a subsequence {Z"} for
which

Z"(w) — Z(w) for a.e. w € B,(0). (109)

We rename {n;} into {n} again and shall consider this sequence henceforth. Now we
choose some point w € B,(0) \ N arbitrarily, where N' C B,(0) is defined as in the
proof of Theorem 2.2, and only have to refine the argument for the first case in which

we suppose to hold w € Ry NR, foran increasing sequence {n;} C N. Then we obtain
by (109), the continuity of VF on R3 \ {0} and (9) in [8]:

| VFe, (Z")(w) = VE(Z)(W) |
<| VF, (Z")(w) = VE(Z")(w) | + | VE(Z")(w) = VF(Z)(w) |

< sup | VFé,lj —VF |+ | VF(Z")(w) — VF(Z)(w) |— 0 for j— oc.
R3\{0}

As we have xgrrag,(w) =0 for n € N\ {n;} we can conclude:

xriAR, W) (VEF, (Z") (W) — VF(Z)(W)) 8Z(w) — 0 for n — oo, (110)
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and in Case (2), i.e. if there exists some number N € Nsuch thatw € R'NR,,Vn > N,
we obtain (110) immediately. Hence, we gain (110) for a.e. w € B,(0) and by | VF, |,
| VF |< my on R3\ {0} Lebesgue’s convergence theorem finally implies

/ xrinm, (VEe (Z7) — VF(Z)) 87 dudy —> 0. (111)
B,

Moreover we gain here (38) without any changes on account of (101). Finally we
achieve as in (43) by the properties (A) of the F,, for anyn € N:

(VF, (Z'),8Z") < F,(8Z"). (112)
Hence, noting that §Z = O on t”" = S,\ S/ we obtain by F¢, (0) = 0, (112), the Lipschitz
continuity of the F,, with Lip.-const.= m; and (101):
/ (VF., (Z"),8Z") dudv < / F.,(8Z") — F.,(8Z) dudv
f” .[n

§m2/|(SZ”—8Z| dudv — 0.

B,

Hence, combining this with (108), (111), the analogous convergences of (33) and (38)
and recalling that we have selected subsequences twice, we obtain for a subsequence

{n;}:
linn_l)iogf (8(Fe,)B,(XZ ,90) — 8Fp,(X™,9))
< liminf (§(F, )5,(X7, . @) — 875, (X", ¢))
1

]J—> 00

= lim inf /(VFenj(Z"f),(SZ”f)dudv —/(VF(Z),(SZ) dudv | <0
j—>oo
Ry

Ry
V¢ € H'2(B,(0),R%), which proves (107). Together with (101) we gain

8Ip,(X*, ) = liminf §(Z,)p, (X ,9) =0
n—o00 n

Vo e H12 (B,(0), R?), where we used that the X, o, are I -extremal surfaces. Now one
can follow the ending of the proof of Theorem 2.2 to achieve even

8T(X*,9) =0 V¢ e H*(B,R?),

which characterizes X* to be an Z-surface by Lemma 2 in Section 2.5 in [7]. O

Now following the lines of Shiffman’s proof of the “continuity theorem” 11.1 in
[12],1i.e. of Theorem 3.2, we show

Corollary 5.2 There holds also
lim J(X})=JX* = lim J.,(X}). (113)
n—oo n n—oo n
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Proof On account of Corollary 5.1, Theorem 5.2, L(X? [sp) = L(I') = L(X™ [38),

miy|z|<F(z)<mp|z| Vz eR? uniformly in € > 0 and (92) one can see that all
estimates in the proof of the “continuity theorem” 11.1 in [12], i.e. of Theorem 3.2,
especially the estimate on p. 548 in [12], remain valid uniformly in n, if we replace

F by Fe,, J by Je,, X" by X{ and X by X*. Hence, we conclude firstly only for a
subsequence {e,;} that for any p > 0 there exists some N(p) € N with

2my +m
| Teny (X2, ) = Ty (X |< (14 3m2 + ===k p,
7 ' ) mq

if j > N(p). Thus together with (102) and (103) for © := B we obtain:
11_1)1210 J(X:nj) =JX") = ]1_1}& Ten; (Xe*nj).
Now the principle of subsequences yields assertion (113). O
Hence, combining (113) with Corollary 5.1 and (97) we arrive at:
T = Ty (X5,) > max( e, (X)) + :— max(.7 (X)) + e

which finally proves the last assertion of the main result, Theorem 1.1, about the 7-
(respectively Z-) extremal surface X*.
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