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ON BIVARIATE RISK PREMIA

ABSTRACT. This note examines the conditions under which the bivariate risk
premium for one risk may be negative even if both risks are positively correlated,
using a mean variance setting. The link between the bivariate risk premium and
the partial bivariate risk premia is also investigated.

KEY WORDS: Multivariate risk aversion, Bivariate risk premium, Partial bivari-
ate risk premium, Correlated risks, Cross derivatives

1. INTRODUCTION

For the last two decades, the literature on risk aversion measures
with multiple risks has been both extensive and successful (see Do-
herty et al., 1981; Kihlstrom et al., 1981; Ross, 1981; Doherty et
al., 1987; Pratt et al., 1987; Gollier et al., 1996 and others). These
works deal with aversion to one risk when another risk is present
and consider only unidimensional utility functions. Doherty et al.
(1981, 1987) examine the link between partial risk premium (which
removes only part of the risk) and Arrow (1971)–Pratt (1964)’s risk
premium. Moreover, these authors show, in a mean-variance setting,
that a negative correlation between risks is a necessary condition
under which the risk premium for one risk is negative, while another
background risk is present.

However, for numerous economic problems, adequate modeling
requires multivariate utility functions (taking into consideration ar-
guments other than final wealth). Such problems call for generaliz-
ing the well-known univariate risk premium concept to the multidi-
mensional case (see Kihlstrom et al., 1974; Duncan, 1977; Karni,
1979; Ambarish et al., 1987; Demers et al., 1991).

The conditions ensuring a negative bivariate risk premium for
one risk in the presence of another in a bidimensional environment
(when each argument of the utility function depends on a single
source of risk) are different from a unidimensional environment
(where the utility function takes one argument that depends on two
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sources of risk). In this note we examine some key properties of
bivariate risk premia in a mean-variance setting. Firstly, we show
that the partial bivariate risk premium can be negative, even when
the two risks are positively correlated. Secondly, we investigate the
link between the bivariate risk premium and the partial bivariate risk
premia.

2. THE BIVARIATE RISK PREMIUM

Let u(w) denote a real-valued von Neumann-Morgenstern utility
function wherew is a 2-dimensional vector. Assume thatu is strictly
increasing in each component ofw, concave and twice continuously
differentiable. Let̃z be a random vector inR2 such asE(z̃) = 0 and
denote byV = [σij ] the positive semi-definite variance-covariance
matrix of z̃.

Following Kihlstrom et al. (1974), we define the bivariate risk
premiumπ(w, z̃) arbitrarily on the first argument:

E[u(w1+ z̃1, w2+ z̃2)] = u(w1 − π,w2) (1)

Assuming small risks,1 it is viable to approximate each side of equa-
tion (1) by a Taylor series expansion ofu aroundw (Duncan (1977);
Karni (1979)), giving:

π(w, z̃) = −1

2

2∑
i=1

2∑
j=1

σij
uij (w)

u1(w)
(2)

whereu1 anduij denote the first and second partial derivatives ofu

with respect to itsith andj th arguments, respectively.

3. THE PARTIAL BIVARIATE RISK PREMIUM

The partial multivariate risk premium, as defined by Chalfant et al.
(1993), is the amount an individual would pay to avoid one compon-
ent of the multivariate risk in the presence of others.

Define the partial bivariate risk premiumπ1 for risk z̃1 by:

E[u(w1+ z̃1, w2+ z̃2)] = E[u(w1− π1, w2+ z̃2)] (3)
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For small risks, following Chalfant et al. (1993), a Taylor approxim-
ation of expression (3) yields:2

π1 = −1

2
σ11

u11

u1
− σ12

u12

u1
(4)

Contrary to the univariate case, a negative correlation between the
risks is no longer a necessary condition forπ1 to be negative.

From Equation (4), we obtain the following result.

PROPOSITION 1. If u12 > 0, a positive correlation between the
risks is a necessary condition to haveπ1 negative.

The interpretation is the following:
In the univariate case, if risks are positively correlated, elimin-

ation of the first risk reduces total risk, so the individual will be
willing to pay to get rid of it. However, if the risks are negatively
correlated, elimination of the first risk increases the total risk, and
the individual can be incited not to eliminate it.

The analysis is less straightforward in a bivariate case as it is
necessary to consider the sign ofu12 in addition to the magnitude
and sign of the risks. In this case, the value ofu12 is of importance.
Indeed, whenu12 equals zero, the change in the risky situation for
good one does not affect the marginal utility of good two. Since mar-
ginal utility does not change, the higher derivatives ofuwith respect
to the second argument do not change either, and the perception of
the second risk is unaltered. Of course, whenu12 is different from
zero, the elimination of the first risk modifies all the derivatives with
respect to the second argument, and the perception of the second risk
is altered.

Hence, if the endowment in terms of two goods is positively
correlated, a consumer would not want to reduce the risk of the
endowment of the first good if it is strongly complementary with
the second good, whose risk cannot be reduced.

4. LINK BETWEEN THE PREMIA

An interesting relation between the bivariate risk premium and the
partial bivariate risk premia can be defined as follows.
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Let π2 be the partial bivariate risk premium (specified in the
second argument) for risk̃z2:

E[u(w1+ z̃1, w2+ z̃2)] = E[u(w1+ z̃1, w2− π2)] (5)

For small risks, a Taylor series expansion around(w1, w2) of the
left-hand side of Equation (5) gives:

E[u(w1+ z̃1, w2+ z̃2)] =u(w1, w2)+ 1

2
σ11u11(w1, w2)

+ 1

2
σ22u22(w1, w2)

+ σ12u12(w1, w2)+ o(trV )
where trV = σ11 + σ22. Now, expanding the right-hand side of
Equation (5) around(w1, w2), we have:

E[u(w1+ z̃1, w2− π2)] = u(w1, w2)− π2u2(w1, w2)

+ 1

2
σ11u11(w1, w2)+ o(σ11).

According to Chalfant et al. (1993), we ignore terms that contain
π2

2 since those are of the same order as the remainders. Now by as-
sumption that the risks are small, we can ignore the remainder terms.
Approximating Equation (5) using the truncated Taylor expansions
thus gives an approximation for the partial bivariate risk premium:

π2 = −1

2
σ22

u22

u2
− σ12

u12

u2
(6)

So, from Equations (4), (6) and (2), the following proposition is
straightforward.

PROPOSITION 2.π = π1+ π2(u2/u1)+ σ12(u12/u1).

If both risks are independent or ifu12 = 0 thenπ = π1 +
π2(u2/u1), using good 1 as numeraire. The premium an individual
is willing to pay to remove all risk is therefore equal to the sum of
the premia to remove each risk separately.

A simple illustration of this result whenσ12 = 0 or u12 = 0 is
that a monopoly insurer will extract the same rent if the aggregate
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risk in the economy is either equally or unequally distributed. For
large, independent risksπ > π1 + π2, when the individual has a
unidimensional utility and risk aversion is risk vulnerable (Eeck-
houdt et al. (1998); see Gollier et al. (1996) for a definition of risk
vulnerability).
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NOTES

1. According to Karni (1979), small risks are such that Pr{(z1, z2) ∈ B} = 1,
whereB is a two-dimensional ball of center (0,0) with radiusε, which is
arbitrarily close to zero.

2. Equation (4) is the two-dimensional case of the partial multivariate risk pre-
mium approximation defined by Chalfant et al. (1993).
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