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Abstract. We study the evolution of a closed, convex hypersurface in R"*! in
direction of its normal vector, where the speed equals a positive power k of the
mean curvature. We show that the flow exists on a maximal, finite time interval,
and that, approaching the final time, the surfaces contract to a point.

1. Introduction

In this paper we investigate the following problem. Let M” be a smooth, compact
manifold without boundary, and Fy : M" — R"*! a smooth immersion which is
convex. We look for a smooth family of immersions F'(-, t) : M" x [0, T) — R+
which satisfies

F(-,0) = Fo()

(%) dF X
5(.’ l‘) =—H (', t)V(', t) )

where k > 0, H is the mean curvature and v is the outer unit normal, such that
—Hv = H is the mean curvature vector. Throughout the paper we will call such a
flow an H*-flow.

For k = 1 this flow coincides with the well-known mean curvature flow. In
[6], Huisken proved that for this flow the surfaces stay convex and contract to a
point in finite time. Furthermore, the surfaces become more and more spherical in
the process. This behavior has been shown to be true in many cases where convex
surfaces flow by speeds equal to a homogeneous degree one function of the prin-
cipal curvatures. The evolution by the nth root of the Gauss curvature was treated

The author was partially supported by a Schweizerische Nationalfonds grant No. 21-
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by Chow in [3] and the evolution by the square root of the scalar curvature in [4].
Andrews [1] showed that this behavior extends to a whole class of such speeds.

If one considers flows for which the speed has an arbitrary positive degree of
homogenicity, far less is known about the properties of the flow and the limiting
shape of the surface. For a speed equal to a positive power « of the Gauss curvature,
Tso [11] and Chow [3] have shown that the surfaces contract to points in finite time.
Andrews [2] was able to strengthen this result, showing that foro € (1/(n+2), 1/n)
the ratio of the biggest to the smallest principal curvature remains bounded and the
surfaces converge after blow-up to a smooth limiting surface.

In [13], Urbas studied the expansion of convex hypersurfaces by symmetric
functions of the principal curvatures. This was extended independently by Ger-
hardt [5] and Urbas [12] to the case of star-shaped surfaces. In both cases the speed
was assumed to be homogeneous of degree —1 and the surfaces were shown to
converge, under appropriate rescaling, to a sphere.

Investigating our initial value problem (x), we will have to make a further
assumption to ensure short-time existence. We require that H(Fp(p)) > O,
Y p € M", otherwise we cannot guarantee uniform parabolicity. In the following,
”weakly convex”, and “strictly convex”, resp., shall be defined as all the eigenvalues
of the second fundamental form of the surface being non-negative, and positive,
resp. We obtain the following result:

Theorem 1.1. Ler Fy : M"—R"! be a smooth immersion, where H(Fy(M™))>0.
Then there exists a unique, smooth solution to the initial value problem (x) on a
maximal, finite time interval [0, T). For k > 1 we have the bound T > C(k, n)~!
(maxpepm |Al(p, 00)~*+D. In the case that

i) Fo(M") is strictly convex for0 < k < 1,

ii) Fo(M") is weakly convex fork > 1,
then the surfaces F(M", t) are strictly convex for all t > 0 and they contract for
t — T to a point in R"+1,

The paper is organized as follows. In section 2 we compute the evolution equations
for several geometric quantities. Using these, we deduce some basic properties of
the flow in section 3, which don’t depend on the initial surface to be convex, and
show the lower bound on the maximal existence time. In section 4 we investigate
the case of convex surfaces and prove the second part of the above result.

The author would especially like to thank Professor G. Huisken under whose
advice this work was carried out.

2. Evolution equations

In this section we compute the evolutions of geometric quantities like the induced
metric g;;, the second fundamental form 4;; or equivalently the Weingarten map
W, = {h’j} : TyM" — T,M" and the mean curvature H := h; = g" h;;.

Lemma 2.1. The evolution equations for g;;, v, h’] and {(x, v), where x denotes the
position vector and (-, -) the euclidian scalar product, are given by
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i) & gij = —2H h;;

i) 2v=kH"1VH
iii) %h; = ka—lAh§.+k(k—1)H’<—2fov,-H—(k—l)H"h;’hlﬁka—l|A|2h§.
iv) 2 H=kH""'AH + k(k — VH*2|VH|* + |A|*H*

v) L (x,v) = kH*'A(x, v) — (k + DH* + kHY AP (x, v)
Proof. All of the above follows from a direct calculation as for example in [6] or
[1].

Apart from the mean curvature H it will be helpful to also study the elementary

symmetric polynomials

S = Y Atk hy for A=(p .. k) ER"
I<ii<...<ij<n

of the principal curvatures, and their quotients

for Aelj_;

where So = l,and S = 0ifl > n; I :={A e R"|S1(A) >0, ..., 5(R) > 0}.
We list here some of their properties, and compute their evolution equations. We
denote with S;.; (A) the sum of all terms in S; not containing the factor A;. |

Lemma 2.2. Foralll € {0, ...,n}, i € {1, ...,n} and . € R" the following equali-
ties hold:
981+1
A =S80,
o (A) 1;i (A)

Si41(A) = Sp41;6 (M) + 481, (V)

DS =0 —DS0),
i=1

D ki) = A+ DS().
i=1

D UAISE) = S1008 1) = (+2) S (h) .
i=1

Lemma 2.3.

i) Q141 is concave on Iy forl €{0,...,n—1}
ii) %Ql(k) >0only foralli e {1,... ,n}andl € {2,...,n}.

For proofs of the last two lemmas see for example [8]. The quotients Q; satisfy the
following evolution equation:

Lemma 2.4. Fork > 1let F : M" x [0, T) — R"*! be an H*-flow with
Si_1(p,t) >0 forall (p,t) e M" x[0,T),
such that Q is well-defined. Then

%Qz > kH'AQ) + HY Y K|AP — 1tk — DHQ) Q1. (1)
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Proof. Using

82
h) and AQ; = ﬁAh L% VUREV i,

_Ql 8Ql(
ar b’ oD anl,

as well as the evolution equation for h;, we get

9 920, 00
—Q; = kH*'AQ,—kH* ‘—v”h”v B +k(k—1)H">—=-V'HV;H
a < ohl anl, k=D on’
—(k— 1)H’<ﬂh il kHM AP 001, ;.
on' h/.

With the aid of Lemma 2.2 the last two terms can be simplified.

00, ; 3Q1
Whljzzak m = Szlzszllk—szzslzz i)=20
j

00 00 1
e = 5 gt = (5 D500 = 9 5 8as )
m I—1 1 i

S,
—(1+1>ﬂ+le

The monotonicity and the concavity of the Q;’s give the desired inequality . O

If the surfaces M; are strictly convex we can also study the inverse W’ 1= {bi.} :
T,M" — T,M" of the Weingarten map W, i.e. bfhl] = 8; We obtain:

Lemma 2.5. Let k > 0 and M; be a flow of strictly convex surfaces. Then

9 . . . .
ab’j = kH*"'ADY; — 2kH* "1}, V ,b[ VBT — k(k — 1)H* (b} Vi H) (B} V,u H)
+(k — DHH*S, — kH'bh| A
< ka—lAb§ + (k= DH*S, — kH""'b5 | A]?

Prgof. Using b}hl] = &' we get dtb’j = —b’pbf fthp and Vlb§ = —b;b;j.vlhf;,
which leads to . _ _
Ab’j = —b b A, + 2k}, V by VP

Together with Lemma 2.1, this proves the first equality. For k£ > 1 the inequality
follows immediately. To show that also for 0 < k < 1 the gradient terms have
the desired sign, we have to work a bit more. We want to use the fact that we can
write HK(W) = (Q’,‘, («))~L, where the ; are the principle radii, i.e. k; = ){1. For
general functions f, g satisfying f (hi.) =1/ g(b;) one can now compute that
2 2
BT R W PP T
dh';0hyg f oh'; dhg &7 0bj0b; oh'p ohjy

bip -
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Applying this we obtain

_ I2(H (L))
k(k — DYH* 28788 = —————
R 9hd,
_ 3%(0%)
= 2k>H* 28189 — H* bnabrb"qbopb’mbsl

—kH*18,b™7 — kH 1 6m
and by multiplication with V'A}" th?, and summation
k(k — DH*?>V'HV,H = 2k’H*>V'HV,H
_HZkM
dbndbr
—2kH* 0™V YV R .

(0" bop Viphl) (™ by VR,

Using the Codazzi-equations and the concavity of Qﬁ (k) for 0 < k < 1, this leads
to

—k(k + )H"2V'HV,H > —2kH* "0V 12 VP hyy,
which finally gives

—k(k — YH* ' (W, V" H)(bY Vyy H) < 2kH* 1), V AL

3. Basic properties

We now want to show short-time existence for the initial value problem
(xgx), k > 0, and study the question of longtime existence. In order to obtain
these results, it suffices to demand that the initial surface be only strictly mean
convex rather than convex. Hence we require only that Fy : M" — Rl isa
smooth, orientable and closed hypersurface with a choice of a normal vector field,
such that the initial mean curvature satisfies Hy(p) > 8 > 0 for all p € M", for
some fixed §. This implies that

BA O(A(p)) >0 foralll <i<n, peM",

which gives with the aid of [7]:

Lemma 3.1. If the mean curvature of My is strictly positive, then (xyx) has a
unique solution F : M" x [0, T) — R ar least for a small T > 0.

Example 3.2. For the evolution of a sphere with radius Ry we obtain that
1
R(t) = (R — (1 + nt - 1) =T,
C . . . RET!
which implies a maximal existence time 7T = —%—-.
n*(1+k)
The evolution equation for H and the maximum principle guarantee that the mini-
mum of H isincreasing, i.e. we don’t loose the uniform parabolicity of our equation.
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Proposition 3.3.

L

k+1 _
Hypin(t) 2 Hypin(0) - (1 - Hk_H(O) . l‘) ket

n min
which gives an upper bound on the maximal existence time:

n —(k+1
Tnax < k+1Hm,-‘,,+ 0) .

Proof. We apply the inequality |A|> > %H 2 to the evolution equation of H. The
estimate then follows immediately by comparison with the ODE

d 1
v = —@**2 9(0) = Hpmin(0) .
t n

]

Remark 3.4. (i) The fact that the inequality H > § is maintained under the evo-
lution implies by the strict elliptic maximum principle that an initially embedded
hypersurface stays embedded.

(ii) By the strict parabolic maximum principle, as for the mean curvature flow,
we have an avoidance principle. If two closed initial hypersurfaces M; and M»
are disjoint, then they remain so under the flow. Applying this principle to a big
enclosing sphere, we have another upper bound on the maximal existence time.

Proposition 3.5. Let [0, T') be the maximal existence interval of the H*-flow M,,
and T < 0o, as well as H(-, 0) =8¢ > 0. Then lim sup,_, 7 maxy, |A?=+0c0. O

Proof. We want to show that under the assumption max y, |A|2 < C, the surfaces
M; converge to a smooth limiting surface Mr. Since Hpi,(¢) is increasing, we
have Hnin(T) > 0, and by the shortime existence we get a contradiction to the
maximality of T'.

Assume that maxy, |A| < C for 0 <t < T. Using the evolution equation, and
the upper bound for H, we can show by integration that

|F(p,t1) — F(p, )| < Clty — o],

which implies the convergence of F (-, t) to a continuous limiting surface F (-, T).
By the bound on |A| the convergence is in C'.

For k < 1 the speed H¥ is concave in h’J Together with the uniform C2-
bounds, the estimates of Krylov [9], Theorem 2, Chapter 5.5, are applicable and
render uniform C%%-bounds. For k > 1 we study the flow locally, i.e. given by a
height function u which satisfies the parabolic PDE

3 \—k(/ .. DjuD;u k
—u=+1 Dul? (8”—4>D~ . 2
o | Dul ( 1+ [Duz) " @

This operator is not concave in the second derivatives of u. With the bound on |A|
we can nevertheless check that the conditions for Theorem 2, chapter 5.3 in [9]
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are satisfied, which leads to uniform Holder-estimates in space and time for %u
Theorem 4 in chapter 5.2 then gives similar Holder-estimates for Du. Because of
H(-,t) > § and equation (2) this implies that

1—k p DijuDju k=1
=41+ |Dul? and w = (8”——l J >D~
+ [Dul| ( I+ [Dul? i

are also uniformly Holder-continuous in space and time. Using this, we can write
(2) as a linear, strictly parabolic PDE

a

—u—d D; u=0

at
with coefficients @/ in C# in space and time. The interior Schauder estimates, see
for example [10], lead to C?%#-bounds. In both cases, i.e. k < land k > 1, using
again parabolic Schauder estimates, we get a bound on all the higher C'-norms. O

Remark 3.6. C*“-bounds up to the initial Hypersurface My also follow from the
results of [9]. They depend only on the bound on |A| and the C>%-norm of M.

To show the lower bound on the maximal existence time, i.e. to control the second
fundamental form, we will have to study the evolution of Anyin(¢) := miny, A;. To

do this, we define a smooth approximation # to max(xy, ... , x,) as follows. For
8 > 0let
- X1 +x2 \/ x1—x\
ur (x1,x2) = + ( ) + 82
2 2
n+1
Upp1 (X1, ooy Xpg]) = —Zuz Xi, Uy xl,... JXiy o ,xn+])), n=2.

This approximation has the following properties.

Lemma 3.7. For§ > Oandn > 2

(1) iy (x1, ..., xp) is smooth, symmetric, monotonically increasing and convex .

(11) 8u,1(x31),c....,x,,) < 1
1

(iii) max (x1, ..., x,) < i, (xq, ... ,)c,,)ag~ r(nax (xl), LX)+ —1)8

(V) (X1, ..., X)) —(n—1)8 < Z?:] %’l’x” X KUy (X1, - en 5 Xp)

a“n —

UDYE =

Proof. Direct computation and induction. O

Lemma 3.8. Let F : M" x [0, ) — R be an H*-flow, k > 1,and0 < H < C
on M" x [0, T). For Amin(¢) := miny, A;(p), we have that

Amin (1) < ((max{—Amin(0), C}) > — kC/(n)Ck_lt)_% ,

with C'(n) = 8n((n — 1)2 + 1), as long as the right hand side is finite.
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Proof. For ﬁ; = —hi. we obtain from Lemma 2.1:
9 . ‘ . .
5B < KH* ' AL + (k — H B B} + kH* AP B .

Letu (,Bj.) be a smooth approximation to — min(Ag, ... , A,) forad > 0, as defined
above. Using

9 du[d 92 o
=_“< ﬁ}) and Au L VUBIVLBL, + e ABL

at i\ = SaPagl :
0! 3By 9P, 0!
as well as the monotonicity of u, it follows that, using Lemma 3.7,
0 k—1 k—1 voP 1
Eu <kH" 'Au — kH 3/353,3,lnv By VB,
ou ou .
+(k — YHF—BIB. + kH*'|A|>— B!

< KkH'"Au+ (k— DHNAP> + kH* 1A u .
Since H > 0, we know that Apax(p) > 0 and using
Amax(P) S H — (n — DAmin(p) < H+ (n — Du
we can estimate
|AI> < 2n(H? + (n — D%u?) < 2n(C? + (n — 1*u?). (3)

If we assume that u > C, we obtain:

a
PP kH*'Au+ 4n((n — 1)* + DkC* 1’
The estimate then follows by comparing with the ODE and taking the limit § — O.
]

Proposition 3.9. Let F(-,t) : M" x [0, T) — R be a smooth Hk—ﬂow with
k > 1, where T is assumed to be maximal. Then we have the lower bound

T > C(k,n)~" (max |A|(p, 0))"*+D
pPEM
where C(k,n) = 8k + 1)(1 + (n — H2)n*+3/2,

Proof. Definex(t) := max{—2Aniy(0), supysn 0.1 H (P, )}. Using the bound from
the preceeding Lemma and (3), we obtain for p € M":
|AP(p, 1) < 20> (1) + (1 — DA (1))
<202 (1) + 2n(n — D2 (k1) 2 = kC' (e ()} 1) "
We will now assume that
/c(t)_(k"‘l)

UC () ®)

~
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which is true on a maximal time interval ¢ € [0, €], with & > 0. Thus on this interval
the estimate

A2 (p, 1) < 2n(1 +2(n — D?)ie(1)? < C'(n)k(1)?

holds. Since « (¢) is Lipschitz-continuous in time, we can deduce from the evolution
equation for H that for a.e. ¢ € [0, ¢]

%m) < max | AR k() < Cok 2,

which leads to
1

k() < (kO D — (k + DC'(n)r) =T @)

We will now show that

1

2 G+ DO MO | 5)

Assume the contrary. Using this assumption together with (4), we see that

, 1 - K(S)—(k+1)
< B )
Bk + 1DC’(n)k (0)*+D 2kC’(n)

which is a contradiction to the maximality of ¢. Thus (5) holds, which gives with

)

)

3k + 1)1/(k+1)
2k
3k + 1\2/(k+1)

2k ) €(0)°

for t < (Bk + 1)C'(n)k (0)**+D)~1, Together with Theorem 3.5 we have thus
proven the desired lower bound on the maximal existence time:

max H(p.1) < k(1) < (
M,

2 < /
max | AP (p. 1) < C i (

1
T, P 0 —(k+1) > C k, —1 A ’0 *(k+l),
max 2 T (< (0)) (k,n) (I,PeaMX| |(p,0))

where C(k, n) = 83k + 1)(1 + (n — NHn*+3/2, -

4. Convex surfaces

In this last section we will investigate the H*-flow of convex surfaces. We will
show that convex surfaces stay convex and that in the case k > 1 they immediately
become strictly convex. We will complete the proof of the main theorem by show-
ing that the surfaces contract to a point.

To show that convexity is preserved we again study the evolution of

Amin(?) ;= min A; .
M;
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Lemma 4.1. Let Fo(M") be strictly convex and let F : M" x [0, 7) — R**!
be a Hk—ﬂow, k > 0. Then all M;, t € [0, T) are strictly convex and hmin(t) is
monotonically increasing.

Proof. Heuristically one can see the monotonicity of Ay (#) for k > 1 as follows.
Assume in the evolution equation of the Weingarten map, Lemma 2.1 iii), that we
could diagonalize h; and could study the evolution of Anin(p, t) separately. We
would obtain

o min(p, £) > KH ™! Adamin(p, )= (k=D H 3550 (p, ) +kH' " AP Amin(p, ).
If we estimate |A|2 > HX min(p, t) we see that the lowest order terms are nonneg-
ative, and the maximum principle would give the desired result. Since the minimal
principal curvature is not a smooth function and for 0 < k < 1 the gradient terms
have the wrong sign, we have to work a little bit more.

For a fixed § > 0 we choose a smooth approximation u(b;) EX 'S
to max(ky, ... , k), as defined in Lemma 3.7, where the «; are the eigenvalues of
b;, ie. k; = 1/A;. Using

B] u /0 du 92
= “( b’) and Au = ——Abi + — —V'BEV, bl
o B’ b’ it by obl, '

as well as the monotonicity of # and Lemma 2.5 we obtain

9 9%u
L <kH"Au — kHFT S g AN
Py abY ab},
9
- l)Hktr(—) KH 1) A2 Z’ b

]

Applying the properties of it,, listed above this leads to

3
1S kH* 'Au+ (k — DH* — kH*" YA — (n — 1)9) .

Ata point (p, t) withu > (n — 1) k § we see that

3 H
P, 1) < kH*""Au(p, 1) + (k = DH' (= — [AP)u(p, ) <kH'Au,
u

since

H H(p) 2

—(p) < = H(p)Amin(p) < |AI7(p) .

u Kmax (D)
This gives a contradiction if u attains a first new maximum bigger than (n — 1) k£ 5.
The limit § — 0 then proves the claim. O

For convex surfaces, i.e. h;; > 0, the full second fundamental form is controlled
by its trace: |A| < H.Applying this to the evolution equation for H, and comparing
with the ODE yields:
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Lemma 4.2. Let F : M" x [0, T) — R"*! be an H*-flow of convex hypersurfaces.

Then :

[Al(p, 1) < H(p, 1) < (Himax 0) "D — (k + D) 75T

Corollary 4.3. Let F : M" x [0,T) — R™! be an H*-flow and Fo(M™) be
weakly convex. Then F(M",t) is weakly convex for all t € [0, T) and Tmax >
L(H (0))~*+D
T 1 Hmax :

Proof. We approximate the initial surface My smoothly by strictly convex sur-
faces Mé, for example using the mean curvature flow. From these surfaces we start
H*-flows, which by Lemma 4.1 stay convex. By Lemma 4.2 and Proposition 3.5
we have a uniform lower bound Trf]ax > ﬁ (Hmax (O))_(k+l). Using the uniform
C?“-estimates from proposition 3.5, we can extract a convergent subsequence of
convex flows, which proves that the original flow also had to be convex.

For k > 1 we could have also applied Hamilton’s weak maximum principle for

2-Tensors to the evolution equation of #;; to see that h;; > 0 is conserved. O

We now use the quotients Q; to show that for k > 1 weakly convex surfaces
immediately become strictly convex.

Proposition 4.4. Let Fy : M" — R""! be a weakly convex hypersurface with
H(Fp) 26 >0,and F : M" x[0,T) — R the corresponding Hk-ﬂow with
k > 1. Then M; is strictly convex for all t € (0, T).

Proof. Since H(p,t) > Oforallz € (0,T), Q3 is well-defined and non-negative.
Because of the bounds on |A|2 fort € [0, €],

|H* N (k|AI? = 2(k = DHQ2)| < C
on this interval. Lemma 2.4 now says that for v := eCt 0>, we have

2, > kH"'Av .
at

If we assume that there exists (pg, ty) € M" x (0, ) with Q2 (po, o) = 0, then also
v(po, tp) = 0. Using the Harnack-inequality in the parabolic case (see i.e. [10])
and the equation above we see that v = 0 for all ¢ € (0, #y) which gives Q> = 0
for all # € (0, #p). This is in contradiction to the existence of strictly convex points
on M;, and so Q> > 0 on M" x (0, T). We can iterate this to obtain Q, > 0 on
M" x (0, T). |

The last step towards the proof of Theorem 1.1 is that the flow exists as long as it
bounds a non-vanishing volume. Similar estimates, using a lower bound on the sup-
port function, were obtained by Tso [11] for the Gauss curvature flow and Andrews
[1] for a general class of speeds.

Lemma4.5. Let F : M" x [0, 1) be an H*-flow of convex surfaces and for
8§>0, xo € RML Jer Bs(xg) C V, for all t € [0, t), where V; is the volume
bounded by M;. Then

H(p,t) < C(Fo(M"),8,k,n) forall (p,t) € M" x [0, 7).
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Proof. Let X := x — xq be the position vector field with origin in x¢. Since all the
M; are convex, thereis an ¢ > 0, o = «(§), such that

(X,v)—a>%>0 forall (p, 1) e M" x [0, 1) .

So v := H*/((X,v) — ) is well defined, and satisfies the evolution equation

] 2k . Al?
50 = kH"Av + EUV’(X, VIViv + (k + Do* — ak%vz

2k . k
<KHY ™ Av+ ZoV (X 0) Voo + ((k+ 1) - )
n
Assume that in (po, f9), v attains a big maximum C >> 0 for the first time. Then

k aC
H"(po, to) = C((X, v) —a)(po, o) = -

which gives a contradiction if
2 (n(k+1)\*
C > max {max v(p,0), — <M> } .
peM o ak

[}

Proof of Theorem 1.1. The preceeding Lemma and Proposition 3.5 guarantee that
the flow exists as long as it bounds a non-vanishing volume. Because of Lemma
4.1 and Proposition 4.4 all the surfaces are strictly convex for # > 0. What’s more,
lim; 7 Amin(t) 2> 8 > 0.

Let us assume that there exist two distinct points x, y € R+ with x, y € V; for
allr € [0, T), V; denoting the volume bounded by M;. Then every 2-dimensional
plane Z through x and y intersects M, transversally in regular curves ¢Z. Since
Amin (2) > % there also exists a lower bound £9>0 on the curvature of the curves C,Z .
Let I, := Z N V,. Since H"(V;) — 0, there exists a Z with H2(I;) — 0. But
this contradicts that x, y € I; and that the curvature of the curves th is uniformly

bounded from below. O
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