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Abstract In this paper we consider dependent random variables with common regu-
larly varying marginal distribution. Under the assumption that these random variables
are tail-independent, it is well known that the tail of the sum behaves like in the inde-
pendence case. Under some conditions on the marginal distributions and the depen-
dence structure (including Gaussian copula’s and certain Archimedean copulas) we
provide the second-order asymptotic behavior of the tail of the sum.
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1 Introduction

Assume that X1, ..., X, are dependent random variables, which have a marginal
distribution F that is regularly varying with index «. If further these random variables
are pairwise asymptotic independent. Then (see e.g. Davis and Resnick 1996)

. PXi4+- 4+ Xy > u)
lim =

U—00 P(X| > u) M
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354 D. Kortschak

For independent random variables it is shown in Omey and Willekens (1986) (see
also Albrecher et al. 2010, for a recent survey), that under some regularity conditions
on F and for ¢ > 1, the second order approximation is

P(Xi+ -+ X, > u) =nF(u) +2<§)E[Xi] f) +o(fm), wu— oo,

where f is the probability density function of F and F(x) := 1 — F(x). A heuristic
argument suggests that the sum is large if one component is large and the others are
behaving normally, hence

nF (u— (n — DE[X1]) @)

is a better approximation than nF (i), this argument is verified in Albrecher et al.
(2010). In the dependent case, it is natural to assume that replacing the mean in
Eq. 2 by a conditional mean leads to a better approximation. A Taylor argument then
suggests that the second-order asymptotics is given by

P(X1 4+ X, >u) =nFu)+(1 +0(1))f(“)ZE[(Sn — XDIXi =ul, 3)

i=1

where S, := X1+ -+ X,,. However, for a given dependence structure it is not obvi-
ous how to evaluate E [(S,, — X;)|X; = u] and the determination of the asymptotic
behavior can be quite tedious. In this paper we provide conditions under which Eq. 3
is valid.

An interesting application of second order asymptotics is Monte Carlo simulation.
Whereas the first order asymptotics are used to study the efficiency of estimators,
second order estimates can lead to a better understanding of these estimators. For
example for the sum of independent random variables Asmussen and Kroese (2006)
define the estimator

Zak ) :=nF((u = Sy—1) V My—1).
Heuristically, one can see the connection to second order asymptotic approximation:
nF (= Sp—1) V My—1) ® nF((u = Sp—1)) & nF((u — (n = DE[X1])).

The rest of the paper is organized as follows. In Section 2 we review basic con-
cepts of dependent random variables and regularly varying distributions further we
introduce some key Assumptions which either only depend on the marginal distri-
bution or on the copula and the index of regular variation. In Section 3 we derive
the second order asymptotics under technical conditions. In Sections 4-6 we present
three families of copulas which fulfill these conditions. Further we provide numerical
examples in Section 7. Finally the proofs are provided in the Appendices.
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2 Preliminaries and notations

We will assume that the marginal distribution F is regular varying with continuous
density f that is also regularly varying i.e.

lim F_(xu) =x and lim ASL)) =xo1
u—00 F(y) u—oco  f(u)

—o

An introduction to regularly varying functions can be found in Bingham et al. (1989).
Note that the assumption that F' is continuously differentiable is a little stronger than
the assumption in the independent case (c.f. Barbe and McCormick 2009), since we
assume differentiability for all values of x. We need this condition since unlike in the
independent case also the left tail of the marginal distribution can have an influence
on the asymptotic behavior (c.f. Proposition 4.3 below).

To assess the dependence between the random variables X1, ..., X,,, we assume
that we know its multivariate distribution function or equivalently, its copula C
defined through

P(X1 <x1,...,Xn <xy) =C(F(x1),..., F(xy)).

To shorten notation for every 1 < m < nlety_, := (V1,--+, Ym—1> Ym+1»>---Yn)
and for functions

CF(Y-m), F() =CFD),s s FYm-1), F), Fm+1)s -+ F(yn))

and f(y_m) = ]_[i#m f(yi). For partial derivatives of C with respect to the m-th
variable we write C,, hence C..., denotes the density of the copula (which we assume
that exists). We will denote the density of the marginal copula of the i-th and j-th
(i # j) variable with

1 1
Cji(xi,xj) = /o ./0 Cron(xt, ..., xp)dx_y j)
Conditional probabilities can be expressed through the copula by

P(X1 <x1,... Xm-1 S Xn—1s Xt < Xty oo X1 S X011 X = u)

= Cp(F(X_p), F()). 4)

9
= 8—C(F(x—m), y)
y y=F(u)

In the case that Cj..., and the density f are continuous function one can easily show
that for every u this defines a (n — 1)-dimensional distribution. When ever we will
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356 D. Kortschak

refer to conditional distributions in this paper we mean the version defined through
Eq. 4. Related to the conditional distributions is the function

1
0= [ Ch -
G

—S

Note that
hi.j (F(8u), F(yu)) = P(X; > SulX; = uy)

If Eq. 3 holds then we have to assume that the probability that two variables X; and
X ; are large in common or that one variable X ; is much larger then u is asymptoti-
cally negligible for the second order approximation. These conditions correspond in
the independent case to the condition that @ > 1. These assumptions can be expressed
in terms of conditional distributions, or equivalently in terms of the functions 4; ;.

Assumption 2.1 There exitsa¢; > 0,0 < €; < 1, € > 0 such that for all i # j

h4 . ,
lim sup BUTASGE s @, ya) <

<a
a—=0 €] <y<(l+€2) h(i,j (Cl, a)

Assumption 2.2 For some €y > 0, y| > y» > &, ¢y > 0,¢3 > 0andall (1+ €
2(n — 1))* < 8§ < M uniformly for y € [8, M],

R .. hij(ya,a) hij(ya,a) L.
G (y/8)Y < liminf ———— < limsup —————= < ¢3(y/8)"2, i #j.
v/ a0 hpj(6a.a) — o’ hij(8a.a)

Further for €9 > 0, y3 > é, ¢4 > 0and 8§ = (1 + €9)(2(n — 1))*, uniformly for
y € (0,4]

<Gy, i #
a—0  hij(8a,a)

The upper tail-dependence coefficients are specified by (see e.g. Coles et al. 1999)

P(X; >u,X; > u) . 2log(P(X; > u))
and p;; = lim

-1
u—oo log(P(X; > u, X; > u)

Aiji= lim
BT oo P(X; > u)

Note that 0 < A; ; < 1and —1 < p; ; < 1. Further if 4; ; > O then p; ; = 1. In
this paper we will assume that A; ; = 0 for all i # j. Then it is well known (see e.g.
Albrecher et al. 2006 or Davis and Resnick 1996) that for X, ..., X, with common
regularly varying marginal distribution (1) holds. If p; ; > —1 exists, then

2a

P(X; > u, X; > u) = p; j(wu i,
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where |p(u)| can be bounded by a slowly varying function. Hence we will assume
that p; ;(u) is slowly varying, or equivalently

Assumption 2.3

. P(X; > xu, Xj > xu) -
lim =x i, x>0.
u—>oo P(X; > u, X; > u)

A refinement of the tail-dependence coefficients (A; ; and p; ;) is given by second
order regular variation (c.f. de Haan and de Ronde 1998; de Haan and Resnick 1993;
Resnick 2002), which in the case of A; ; = 0 is defined through

P(Xef0.x)¢ _
i w - (Z?:l X a)
lim

Jim_ G0 = Y1) s)

where A(u) is regularly varying function and the limit exists locally uniform for
all 0 < x; < oo. In the case of independent random variables second order regu-
lar variation can be used to get higher order asymptotic approximation (c.f. Geluk
1992; Geluk et al. 1997). Note that Eq. 5 implies a second order condition on
the marginal distribution ' which we don’t assume in this paper. On the other
hand we will see from Propositions 4.1 and 4.3 that the second order asymptotic
behavior can be influenced by the left tail of the marginal distribution. Hence one
needs further conditions on the dependence structure to get second order asymptotic
approximations.

3 Asymptotic results
For our main result, we will need the following additional conditions

Assumption 3.1 Foreveryi # j E [X ilX; = u] is of consistent variation. i.e.

Jo Fl e, 1 = (1 + e)a)dx
lim lim sup 7 /
=0 450 fO F‘l(x)Ci’;?(x, 1 —a)dx
A FH)Clt e, 1= (1 + e)a)dx
= lim liminf 7 =1
e—>0 a—0 fO F‘l(x)Ci’;?(x, 1 —a)dx

Assumption 3.2 For every 0 < € < 1/2, there exist sets A(e€) = A(e, m) such that
uniformly for {0 < ux < 3., ., yi, maxizy, yi < €u} N {y_m € A(e)}

(I = 0c()Crocn(F(y—m), F)) S Croon(F(Y—m), Fu(l = x)))
S A+ 0e()Crn(F(Y—m), Fu(l — (n — 1)€)))
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358 D. Kortschak

and uniformly on {0 < ux < Zi?&m Vi, MaX; 4y yi < €uyN{y_, € A(e)°}

I+ 0c(INCron(F(y—m), Fw)) Z Cron(F(Y—m), Fu(l —x)))
2 (I =0eM)Cron(F(y-m), Fu(l — (n — De))),

where o (1) is a function that approaches zero as € — 0. Further we have to assume
that for every i # m, A(e) fulfills

E [Xil{a©)Xn = u] ~ (1 + 0c ODE [Xilaen Xn = u(1 = (0 = D] (6)

Remark 3.1 If for the set A(e) in Assumption 3.2 it holds for all € > 0
E[Xilia@ep! Xn = u] = 0 B[X;|X, = ul)
Then Eq. 6 is interpreted as
E[Xilia@)Xn = u(l = (n = )e)] = o(E[X;|X,, = u])
Remark 3.2 Note that for the copulas presented in Sections 5 and 6 we only need

that the marginal distribution is regularly varying to show that Assumptions 3.1 and
3.2 are fulfilled.

Theorem 3.1 Let X1, ..., X, be dependent random variables with copula C that
has a continuous density Cj...,, and a common marginal distribution function F which
is continuously dif ferentiable with regularly varying density f with index —a — 1.
Further assume that Assumptions 2.1-2.3, 3.1 and 3.2 are fulfilled. Then

P(Sy > u) = nF(u) + (I +o()fw ) Y E[Xj|Xi=u]. (D

i=1 j=1,j#i

Corollary 3.2 Assume that the conditions of Theorem 3.1 hold then

P(S; > u)—ZIP’(Xi >u—E[S, — Xi|X; =u]>'

i=1

=o()fw) ) E[S, — Xi|X; = u]

i=1
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4 Multivariate Gaussian copula

As a first example we consider the Gaussian copula. In the two-dimensional case, the
density of the Gaussian copula is given by

P27 (x)2 + p20 1 ()2 — zpcb—'(x)cb—l(y))

1
Ciy(x,y) = —=e¢ —
oy (X, y) T2 2 Xp( 2(1 —,02)

where
1 2 *
P(x) = me_T and P(x) = [oo ¢ (x)dx.
Letx = (x1, ..., x,). The density of the n-dimensional Gaussian Copula is given by
1 exp (—%Q_I(X)TE_ld)_l(x))
Cr..(x)=

VQr)Tdet(T) [T ¢ (@1 (x) ’

where X is the correlation matrix of a Gaussian random vector.

Proposition 4.1 Assume that X1, ..., X, follow a Gaussian copula with correlation
matrix ¥ and entries —1 < p; j < 1. If the marginal distribution F fulfills the As-

sumption of Theorem 3.1 with a > max; ((l + i) V(A -— ,oizj)> and one of the
following conditions is fulfilled

(I) Foralli # j, pi,j >0
(Il) F(x) has a left endpoint xp > 0
(IIl)  F(x) is regularly varying at zero with index t > 0,

then Assumptions 2.1-2.3, 3.1 and 3.2 are fulfilled.

Proposition 4.2 Let X1, X» be two dependent random variables with common
marginal distribution F, where the dependence is given by a Gaussian Copula with
correlation p > 0. If for xo < x < 1

F' —x) = kx Y 4+ r (),

withr(x) < Kx— 5, B < 1/a and k > 0, then

1/a
po
E[X2|X1 =u]~ —_—
[X2|X1 = u] K(a—}—pz—l)

o — o2 2
= (=47 loo(F 20 2a+p?-1) | a+p2-1
X\ pr oy (A log(F () (u)
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360 D. Kortschak

Proposition 4.3 Let X1, X2 be two dependent random variables with common
marginal distribution F that is regularly varying with index o, where the depen-
dence is given by a Gaussian copula with correlation p < 0. If the left endpoint is
xp > 0 then

Iim E[X2|X| =u] = xp.
u—>00
If xp =0and, as x — 0,
F7hx) = kx™ +ri(x), (8)

with ri(x) < KxP1, 7 < B and k > O then

E[X2[X) = u] K(1+‘E(1—,02)> m

T T,Dz tpz

x (=47 log(F (u))) * TR =) F () 0

5 Archimedean copulas

Consider now Archimedean copulas (c.f. Nelsen 2006) with generator ¢(x), [0, 1] —
[oco, 0], where ¢(x) is strictly decreasing. The Archimedean Copula is then de-
fined by

Ciyesxy) =g (Z@(M‘))
i=1

To ensure that C is a copula for all n, we further assume that ¢ is strict (i.e.
¢(0) = oo) and ¢! is completely monotone, hence ¢! has derivatives of all orders
(go’l)(k)(x) that alternate in sign. Further there exists a positive random variable Z
with

@ H®Pw =E [Zke_xz] , x €[0,00).
The tail-dependence coefficient is then given by (cf. Nelsen 2006, Corollary 5.4.3)

1—¢ 12
=2 tim ¥ 9D
x—0t l—go—l(x)

Further if A = 0 then for all n > 0 it holds that

. PXy>u,..., X, >u)
lim =

0.
u—00 P(Xy > u)
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hence the inclusion—exclusion principle implies

l—g ') 1= '(np(F(x)))
m —————— = m
=0t 1 —@7l(x)  u—oo 11—~ H(e(F(x)))
.1 =-PX1=<u,.... X, <u
= lim =
U—>00 P(X| > u)

n.

Consequently if A = 0 then 1 — ¢~ !(x) is regularly varying at O with index 1.
To prove Assumptions 2.1-2.3, 3.1 and 3.2, we will need some further conditions
on ¢(x).

Proposition 5.1 Let Xi,..., X, be dependent random variables with marginal
distribution F that fulfill the condition of Theorem 3.1 and copula C which is
Archimedean with strict generator ¢ that is completely monotone. Further assume

@ ¢ '(x)=1—cx —xPL(x), L(1/x) slowly varying and 1 < B <2, ¢ > 0,
®) (9~ 1)'(x) = —c = BxP~ Lo (x), where limy .o L(x)/La(x) = 1,

(¢) if B =2 we further assume that 0 < (¢~ 1)"(0) < o0,

(d) (@YY (x) is regularly varying at 0,

e a>U+p)/d—-p)=1/B—D.

Then Assumptions 2.1-2.3, 3.1 and 3.2 are fulfilled. Further

1 [® "
Jim E[X11X2 = u] = — /0 x(¢7) @F@)) (¢'(F () F)dx < oo.

Remark 5.1 The assumptions (a)—(d) are fulfilled for the families of copulas pro-
vided in Nelsen (2006, Table 4.1) for which the inverse of the generator is completely
monotone and A = 0. These are the families 1 (8 > 0), 3 (8 > 0), 5 (6 > 0),
13 (6 > 1), 17 (6 > —1), 19 and 20. Further for all of these copulas we have g = 2.

6 Copulas with bounded densities

In this section we consider two-dimensional copulas which have a density that can be
bounded from above and below; examples are the Placket family (c.f. Nelsen 2006)

C(x1,x2)
_ (d+O=Dx1+x2))— V(1+ (0 = D(x1 +x2))2 — dx1x20(6 — 1) 60
o 200—1) ’ ’
the Ali—-Mikhail-Haq family with
Clx1, x2) 1= ah 1<0<1

1—-0(1 —x)(1 —x2)
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Fig. 1 A plot of relative errors 0.8 .
and convergence rate for a el
Gaussian copulawithp =09 L Um0
and Pareto marginals with ’

o =2 N @
- — a;
—d
.
D T e e Al
log, (P(X;+X;>u))
and the Farlie—-Gumbel-Morgen stern family of copulas with
C(x1,x2) = x1x2 + 0x1x02(1 —x)(1 —x2), —-1=<60 <1
Proposition 6.1 Assume that X1, ..., X, are dependent according to a copula C

with continous density Cj...,. If the marginal distribution F fulfills the conditions of
Theorem 3.1 with o > 1 and there exits constants m < M with

m< inf Cpr.,(x1,...,x,) < sup Cr.,(x1,...,x,) <M
O=xi=1 0<x; <1

then Assumptions 2.1-2.3, 3.1 and 3.2 are fulfilled. Further

1
lim E[X;|X2 = u] =f F~1 @) €l (x, Ddx < o0,
u—0o0 O

7 Numerical examples

In this section we provide numerical examples for the derived asymptotic approx-
imations. To that end we will use a two-dimensional Gaussian copula with p €

Fig. 2 A plot of relative errors 05r
and convergence rate for a
Gaussian copula with p = 0.5
and Pareto marginals with

o =2.

[re

log,o(P(X;+X,>u))
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Fig. 3 A plot of relative errors
and for a Gaussian copula with

p = —0.5 and Pareto marginals aj
with o = 2. 0
..... s
0

2

—_— c

a

- tlg

0
6 7 — @'

log,((P(X;+X,>u))

{0.9, 0.5, —0.5}. For the marginal distribution we will use a Pareto distribution with
tail F(x) = (1 +x)~® and & = 2. For p = —1/2, we also use a shifted Pareto
distribution as marginal distribution with F(x) = x~% and again o = 2. At first
we discuss the case p = 0.9. Figure 1 shows a plot of the absolute value of the
relative error of the first order asymptotic approximation (a;) and the refined asymp-
totic approximation of Eq. 3 (a3). Further we used the approximation E [X»|X| = u]
replaced by the asymptotic provided in Proposition 4.2 (a5). Since in the proof of
Theorem 3.1 we condition on X; < §/u with § < u/(2(n — 2) we also provided an
approximation with E[X7| X1 = u] replaced by E [X21{X2<u/2}|X1 = u] (a5). The
x-axis of the plot is — log;o(P(X1 + X2 > u)). In Fig. 1 we can see that the approxi-
mation 2F (1) to P(X; + X, > u) is rather slow, a fact that is also observed in Mitra
and Resnick (2009) where lognormal marginals are considered. Further we observe
that the second order asymptotics a; and a§ behave quite similarly, but only improve
slightly over the first order asymptotics. The asymptotic approximation a5 is sig-
nificantly better than the others, but still not satisfactorily good. Further if we look
at the rate of convergence, we see that the error term used in as, r, overestimates the
error while 5 underestimates the error. Both of these error terms are far away from
the real error. However, they provide the correct order for the error. Figure 2 gives
basically the same conclusions as Fig. 1. The main difference is that in this case the
asymptotic approximation is significantly better. Depending on the threshold u and
the quality criteria one is using, it can be considered acceptable. In Fig. 3 we see the
corresponding plot for p = —0.5. As expected from our theoretical findings the error
of the asymptotic approximation for F (x) = x ¢ (a(])) is significantly bigger than in
the case of F(x) = (1 + x)~®. The same is true for the second order approximation
agc and ag” distribution which are defined analogously to a5 respectively a5 only for
F(x) = x“instead of F(x) = (1 + x)™

8 Conclusion
In this paper we considered dependent regularly varying random variables which are

asymptotically independent. In this case it is known that the sum behaves asymptoti-
cally like in the independent case. Under some conditions on the copula we showed
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that the convergence rate is of a similar form as in the independent case. Further
these formulas were used to improve the approximation that is given by the first-order
asymptotic.

Acknowledgments I would like to thank Hansjorg Albrecher, Enkelejd Hashorva and two anonymous
referees for useful remarks on the paper.

Appendix A: Proofs of Section 3

In this section we denote by d; some constants and we denote with

ai(u) = fo Y O (F (), F) £ () f (w)dx

= f(wE |:X,'1{X152< 1)}' X, = ui| .

Note that from Assumption 2.1 and Potter bounds (e.g. Bingham et al. 1989) it fol-
lows that there exits a ¢y > 0, M > 1 such that for all u > ug, all 1 <y < M and

alli # j

P(X; > ulX; = yu) -

PX; = ulX; =u) —

Similarly from Assumption 2.2 it follows that For some 81 > 82 > 1,2 > 0,¢3 > 0
andall0 <6 < 1/2(n —1)),0 <€ < §,i # j uniformly for y € [€, 6],

P(X; Xi=
cz(y/(S)_’S1 < liminf (Xi > yulX; = u)
u—oo P(X; > dulX; =u)

. P(X; > yulX; = u) _
<1 < )P 9
< 1Ifnsup X = 6ulX; =) < c3(y/d) )

and for some B3 > 1, ¢4 > 0 and uniformly for y € [1/(2(n — 1)), o0],

lim sup P(X; > yulXj =u) <

7ﬂ3 . -' 10
S P, > X =) P (10)

For the proof of Theorem 3.1 we need the following three lemmas.

Lemma A.1 Under the assumptions of Theorem 3.1 for every 0 < § < 1/(2(n — 1))
and1 <i<n-—1

/[0 s X; Cr.n(F(X_p), F(w) f(x_,) f(w)dx_,

~aiw) +o| Y aj@w) (11)
J#tin
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and

P(X; > u, X, > u)

u

Proof of Lemma A.1 W.l.0.g. we choose i = n — 1. We have that

fw) Xn—1 Cr.n(F(xX=y), F(w)) f(x_p)dx_,
[0,8u]"—!

Su
= f(u)/o X Clu—yn(F(x), F(u)) f (x)dx

d
=3 fw /[ St Crn(F (),
j=1

0,00)"=2=J x (8u,00) x[0,00)/ =1 x[0,8u]
Fu) f(x—p)dx_,.

At first note that
@ /0 Y Clrom (P, Fu) ()
= fw /O : /} " i (). F@)) f(x)dxdy
— Suf fa OO Cortn (F(x), Fu)) f (x)dx.
From Eq. 9 we get that there exists 81 > 0 and d; > 0 such that for every 0 < ¢ < §
@ fo : /y " Cl i (F ), F) f()dxdy
= ufw [ 8 /y oo Cortn (F(x), F(u)) £ (x)dxdy

oo

8
> dluf(u)/ (y/5)7’3‘dy/8 Cin—1yn (F(x), F(u)) f (x)dx.

u

With € — 0 it follows that
Su
f(u)/0 X Ciu—1yn(F(x), F(u)) f(x)dx

Su o0
~ Fu) /O / Con i (F (), F)) f(x)dxdy
y
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and

5uf(u)/[S Cin—1yn(F(x), F(u)) f (x)dx

Su
—0 (f(u) fo ¥ Cori (F ), F(u))f(x)dx> .

Forl <j <n—2weget

f(u) Xn—1 Crn(F(X_p), F(u)) f (X—p)dX_,

[0,00)"=2-J x (§u,00) x [0,00)~1 x[0,8u]

=< 5uf(u)/8 Ci(F(x), F(u)) f (x)dx

Su
=0 (f(u)/o x Cl (F (x), F(u))f(X)dX> .
With Eq. 9 we get for f > 1 and d > 0

_u
-1

f ) / Cin—1yn(F(x), F(u)) f (x)dxdy
y

Su

< dzuf(u)/gm(y/srﬂzcly /:o C (F(x), F(w)) f (x)dx,

u

hence Eq. 11 follows.
To prove Eq. 12 note that by Assumption 2.3 for M > 0

P(X,—1 >u, X, >u) —P(X,—1 > Mu, X,, > Mu)
20
~ (1 -M ”"l—]ﬁ)P(Xn_l >u, X, > u.

Further

P(X,—1 >u, X;, >u) —P(Xy—1 > Mu, X,, > Mu)

Mu 00
= / / Cin—yn(F(xp—1), F(xp)) f (xp=1) f (xp)dx,—1dx,

o0 Mu
+/ / C(nfl)n(F(xn—l)a F(xp)) f (xp—1) f (x)dxy—1dx,.
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By Assumption 2.1 for every € > 0 there exits d3 > 0 such that
Mu poo
/ / C(n—l)n(F(xn—l)v F(xp) f (en—1) f (xp)dxp—1dxy,
u u

M o0
_ /1 f Conm o (F (1), FOyu)) f (ea1)iaf (yit)dn—1dy

00 M
=< dSMf(M)/ C(n—l)n(F(xn—l)’ F(u)) f(xp—1)dx,—1 ' y_ﬂl_a_ldy

Su
=0 <f(u)/0 x Cly_py, (F(x), F(u))f(X)dX>-

Analogously we get

00 Mu
/ / C(Fl*l)n(F(xl’l—l)5 F(xp)) f (xn—1) f (x)dxy—1dxp

Su
=0 (f(u)fo X Cf:'l_l)n(F(u), F(x))f(x)dx) .

Hence Eq. 12 follows. O

Lemma A.2 Under the assumptions of Theorem 3.1

a; (u) ~/0 x Cl(F(x), Fw) f(x) f(u)dx

Proof At first note that

/0 x CI(F(x), F) £ () f (u)dx

t

= lim A x CHL(F(x), F(w) f (x) f (w)dx

t 0
~ lim (f(u) fo / C (F(x), Fu)) f (x)dxdy
y

- lf(u)/ Cip(F(x), F(u))f(X)dX>
t
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By Eq. 10 there exists constants d; > 0 and 8 > 1 such that for large u and
t>u/2

£f () f CIM(F(x), Fw) f (x)dx

—B roo
<d (5) f C (F(x), F(u)) f (x)dx
u u

2(n—1)
which tends to 0 as t — 00. As above note that

/M f(u)/ Ciy(F(x), F(w)) f (x)dxdy
20=1) y

2(n—1)

Sdluf(u)/l y_’gdyf , Cip(F(x), F(u)) f(x)dx
-1

RIS

hence the lemma follows. O

Lemma A.3 Under the conditions of Theorem 3.1 for every u— Z;:ll Xi <& ,u<u

/[O g 5 GO, P60 F) )

~ / 5 Cra(F ), F) [ f@dx o[ Y a5
[0,u/2(n—1))]"— jéli,n}

Proof By Assumption 3.2 it follows that there exists a constant d; such that for all
0<e<1/Q2n—-1))

/ Xi Cron(F(X=p), F(5x_,u)) f X=p) f (Ex_, u)dX—y
(eu,u/2n—1))1"~1

Sdif(u) xi Cron(F(X_p),
(eu,u/2(n—1)1""'NA(e)

Fu(l — (n —1)€))) f (x_p)dx_,

+di f(u) Xi Cr.n(F(x=p), F(w)) f(x_p)dx_,
(eu,u/(Z(n—l))]”*lﬂA(e)"

n—1
=0 (Z a; (u)> ,
i=1
where the last inequality follows from Lemmas A.1, A.2 and Assumption 3.1.
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By Assumption 3.2 it follows that for all 0 < € < 1/(2(n — 1)) there exists da(€)
with d(€) — 0 as € — 0 such that for all u > u,

/[0 - Xi Cron(F(X—p), F(x_,,u)) f (X=p) f (x_, ) dX—p

S A +dae) f(u) X Con(F(X=p),
[0,eu]""1NA(€)

Fu(l — (n — 1)€))) f(X—p)dxX_p

+ (14 da(€)) f(u) Xi Cropn(F(x=p), F(u)) f(X—p)dx_,
[0,eu]""1NA(e)C

With Lemmas A.1 and A.2 we obtain
/ Xi Cron(F(X—p), F(u(l — (n — 1)€))) f (X—p)dx
[0,eu]"1NA(e)
n—1
~E [X,-I{A(e)}|Xn =u(l —(n— l)e)] +o0 (ZE[XAXn =u(l —(n— 1)6)])

i=1

and

/ Xi Clon(F(X—p), F(u)) f (x_,)dx_,
[0,eu]"TNA(e)¢
n—1
~E[Xil{a@yl Xn = u] +o (ZE[XAXn = u]) .

i=1

It follows from Assumptions 3.2 and 3.1 that

/[0 5 CFOe), PG ) ey

SA+o0c M FWEIXi| Xy =ul+o | f@) Y E[X;IX, =u]
Jj¢lin}

A lower bound can be derived analogously, hence the lemma follows with e — 0. O
Proof of Theorem 3.1 Let X(1) < --- < X() be the order statistic of X1, ..., X,.

Following the ideas of Barbe and McCormick (2009) and Albrecher et al. (2010)
we get

u
P(S, >u)=P (Sn >u, X(—1) < m)

u
+P(Sn >Uu, X(l’l—l) > m)
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n
u
= ;P (Sn > Uu, X(nfl) < m, X(n) = Xl)

n
u
PlSy>u, Xp—1) > —, X = Xi ).
+,§—1 <n o dm=) = 50"y Aw z)

From Assumption 2.3 it follows

P <Sn > Uu, X(n_]) > m, X(n) = X,)

~ u u
< ¥ P(ue gty e )

j=Li#j

n
=0 Y PX;>uXi>u
j=Lij

Next, w.l.o.g. we assume that X(,) = X,,, we get

u
P (Sn >u, X(n—1) < 2= 1) X = Xn)

- / / Clon(F) £ (1) - - £ Con)dxy - -~ oty
[0,8u]=1 Ju—x;——x,_1

-/, — [ CratFison - faman - ax,

u

u
+ / / Cron(FR) F1) -+ (i) -+ -ty
[0,/ 0= 1)1 Ju—xy =y
=1L+ b.
Note that

L=p(x <" X, <—2 X
= N, <" -1 = <~ < >» >Uu

! '=20 -1 =01y
—P(X, > u) =P max(X1, ..., Xp_1) > ——— X, > u

20— 1)

n—1
=PX, >u)+0 (ZP(X,» >u, X, > u)) )

i=1
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By the mean value theorem we get that for u — Zl'-'z_ll x; <&, u < u and Lemmas

Al-A3

n—1
h=3 [ 55 Clon(F ), FEx i) f5) f Gy )X
= Jowem-nr-

n—1
~> / xi Clon(F (%), F(u) f(x_p) f (w)dx
im1 2 10.u/Qr—1)1!

n—1

~ Y EIXilX, =ul,

i=1
hence the proof is complete. O

Proof of Corollary 3.2 This follows from Theorem 3.1, since for a function a(u)
with limy, 0 a(u)/u =0

PX; >u—aw) =PX; >u)+a)f(u—=§&)~PX; >u)+au)f),

where 0 < £(u) < a(u). O

Appendix B: Proofs for the Gaussian copula

At first note that forx — ocoandz — 0

¢(x) and D '(1—2z) ~/—2log().

_a2 1
e 2 =

1
1—d(x) ~ = -
x+/2m X

Further note that

. - - log(—log(z)) 1

limd -7 'd-2 - (/=21 — = 7)) = = logdn).

lim ( z)( (1-2) ( 0g(z) 5 —210g(z))) > og(4m)
(13)

Throughout the proofs we denote with a = & Y(F(a)) and with Y;,...,Y, n
i.i.d. standard normal random variables. Before we prove Proposition 4.1, we prove
Propositions 4.2 and 4.3

Proof of Proposition 4.2 Denoting with Y; and Y> two standard normal random
variables, we have

E[X2|X, =u] =E [Fl ((I) (le +4/1— ,02Y2)> [F~H(®(Y))) = u:|
=F [F_l ((D (pﬁ+ V1= p2Y2>)]
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=E [F_l (d) <,0ﬁ + mb)) 1{y2>0}]
+E |:F1 (q> (pﬁ + myz» 1{y2<0}j| :

Note that with Potter bounds (Bingham et al. 1989)

E [Fl (cp (pﬁJr MYz)) 1{Y2<0}} <F! (q) (pCD*I(F(u)))) < Kul™,

for every 6 > O and K > 1. We get for every § > 0 and € > 0 that uniformly for

VIi—p/u=x>—p+3

1 e (e x)ﬁ)2))
P @((p+0m) ~ F [ 1-

V27 (p + x)i

V27 d—1(F(u)) (o +x)

2
( oL (Fu? )(X+p)2 (mﬁ)(“‘ﬁ) -1
e 7
=F'1- =

(4 -evam uf(u))(”p)z

<fF1]l1=-
~ (p+x)V2m
X 2 71/0{
((1 o ﬁf(u))( 7
- (p+x)V2m
X 2
((1 — V2 ﬁf(u))( e
+r

(o +x)V27u

Further

X 2 X 2 7.8
((1 — o ﬁf(u))( e ((1 — V21 ﬁf(u))( o
K

(p+x)V2r u (p+x)V2m @

r
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For g(u) := (1 — €)v/27 uF (u),

o —log(e) _ 1
im ———— = <

u— 00 w2 DA

Next we evaluate the asymptotics of

E |:F_1 (cp (pﬁ—i— V11— 2Y2)> 1{y2>0}
_ (g(u»(Vl Pie)
N«/E 0 /0+ /1_ 216

K (V27w f°°< Py /
V2 0

(~210g(g@) (p +T— %) — ax?

2a

—1/a

X exp

dx.

The exponent is maximized for

u
u

_ —2log(g)pyT— 47 (a ~ —2log(gw) (1 - pz))‘1 /T
u

u? a+pr—1

Substitution x — x,, = y yields

E [F—l (q> (,oﬁ + mb)) 1{y2>0}]

A\ e
o« (varu) oxp [ (S loe@@)e”
NGz o+ T (2 1)

(~2log(g@))(1-p%) a) 2
d

o0 ]/Ol < —2
x/ (p—i—,/l—pZ@) exp ! X
—xy u 2a

1/a /e
NK(A/zﬂﬁ) _ P> o *
a+p2—1 a+p2—1

(—log(g(u)))p*
o+ —210§§g(u)) (,02 _ 1)

X exp
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To finish the proof, note that

o (—log(g(u))p?

p o+ —2lo§§g(u)) (,02 _ 1)
- (—log(g))p?  (—log(gu))
S exp wt 21 =

2 1— 2
X (—210g(g(u)) —ﬁ2) P ( L ) ) .
(a + &

u (P2 = 1))

We have

—2log(g(u)) — u*

~ —2log(l - €) — log2m) — 2log (F(w)) — log (@~ (F())?)

o 2
- ( —2log (F(u)) — log (= log (F(u)))) + log(47)

2,/—2log (F(u))

~H(Fu)?

— 2
= —2log(l — €) + log(2) + log (;log (F(u))) B (log (—log (f(u))))

— —2log(1 —€).

_ p2(1=p?)
Hence for k(€) := (1 —€) (@+(*-D)?

E[X2]| X1 = u]

2,/—2log (F(u))

1/a _ 2
< ko (Vo ( 1) : 1exp(( log<g<u>>p)
+p? — o+ p?—

a+(p?2-1)

1 ,o2
=/<k(e)( ) /a+p _1( 27 )& U () @l

NKk(E)( ) Va+p -1

X (—471 log (F(u))) % 2(a+p2—|> Fu) a+,,z_1

An asymptotic lower bound can be established analogously. The propositions follows

with € — 0.
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Proof of Proposition 4.3 For § > 0 we have to investigate the following three cases

E[X2|X; =u]=E| F~! (CD (pﬁ—i— J1= ,02Y2>> 1{@Y2<_p_5} (14)

+E|F! (cD <pﬂ+ﬂy2)> 1{ s<YPPh WS}

15)

+E|F! (c[) <pﬂ+mYz>> 1{@>—p+5} 1

At first we consider Eq. 16. By the same method as in the proof of Proposition 4.2,
we get by Potter bounds that for each K > 1 and € > 0

E|F! ((D (pﬂﬂ/qn)) [P )

_1

(«/27‘[5)(176 [ee) X rl_e
<K~—7 1 — o2=
~ V2 /P”zu (,o—l— P ﬁ)

2
(—210g(g@)) (0 + V1= p7%) = (@—e)x?

20 —€)

X exp dx.

The exponent is maximized for

_ —2log(g)py 1=’ ((a L,y 2losle) (1 - p2)>_
_ ) 2

u

_ py1—=p?
~g———+—— < 0.
a—e+pr—1

Since @ > 1 — p?, we get that the derivative of the exponent at the point X, =
—pit/+/1 — p? is negative. Hence we can bound

(~21og(g) (p +T= 2)‘) (a — €)x?

CXp 2(a — €)
22 —210g(g('4)) 1—02)— (¢ —¢
< 62(17p2) exp > ( P ) (x —fu)z
= 2(a —¢)
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It follows that for K1 > 1 and €; > 0 we can choose § such that

2

pr—€|
—1 — 2 < al )
E|F (@ (,ou—l—,/l o Yz)) 1{\/?Y2>—p+8} S K F(u) -7

For Eq. 15 note that for K1 > 1 and €; > 0 we can choose § such that

E|F'(®(pu 1—02Y, ) )1
(o)) iy

_(p +5)_ szfl
2

u| < Ki(Fu)'-o* .

Ny

We are left with finding the asymptotic of Eq. 14. If xf > 0, the Proposition follows
since uniformly for u — oo (§ < —p)

<Pﬁ+,/1—p2Yz)l{m

<F @@ a)P <Y2 >

<—p—6 <—p—46

}—)-OO and ]{ml’z }—)1

If xp = 0 we get, analogous to the proof of Proposition 4.2 for x < —(p + 4)

exp (=4 (0 +00)?)

F (@ )~ F~!
(@((p + 1)) I

X 2
((1 o ﬁ(u))( e

SF
—(p+x)V2r U

T

(1 +eovar mu))(”p)z

—(p+x)V27 U

=K

x 2
((1 n e)mﬁf(u))( )

+
' PSR, =5

Further we have that

)(x+p)z Bi

X 2 —
((1 eWor ﬁ(n))( ) ((1 + V2T TF(u)
<K
—(p+x)V2mu =0 —(p+x)V2mu

r
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For g(u) := (1 + €)v/2m uF (1) we have that

E| F! (CD (Pﬁ—FmYz)) 1{@<—p—5}

S

v(~2log(g(u))) (p+¢1 L)

X exp

The exponent is maximized for

___—ZMgQODﬁpvl—pz<1+_—2bygwnf(1—pﬂ>_l
u

u = —
M2

1—p2
1+7(1-p?)

~ —

Continuing as in the proof of Proposition 4.2 we get that there exists k(¢) — 1 as
€ — 0 with

(om0
I B

L\ -\ :
SKMO(Vﬁgu) <1+,(1_pa) 1417 (1-p?)

(—log(g(u)))tp?
14 2R (1 — p2)

—p o 1
/ck(e)<1+r(1_p2)) 1+ (1-p2)

2

xexp | —

2 ™0

x (—4m log(F () * %ﬂrp;FWyH@ )

As in the proof of Proposition 4.2 we can get a similar lower bound. To finish the
proof note that
02 02
< .
I+1(1—p? 1-p2
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Proof of Proposition 4.1 To prove Assumptions 2.1-2.3 we can w.l.o.g. assume that
n =2and p := p; j. From Ledford and Tawn (1996, Eq. 5.1) it follows that

2

P(X1 > u, Xz > ) ~ Cp(~10g(F (1) 7 (~ log(~ log(F()))) ™
~ C,F@) ™o (~log (Fw)) ™7 .

where C, = (1 + 0)3/2(1 — p)~V2(4m)=P/(1+P) Hence Assumption 2.3 holds.
For Assumptions 2.1 and 2.2 note that

1
/ Ci2(x,1—ya)dx
1-8a

1 _ <1>*'<x>2+¢*1(1—ya)2—2p<1>*1(x)dr‘(l—ya))
/1 i P ( 2= .
= X
1-ba ¢ (D=1 (x)P(@~1(1 — ya))

_ (20 =8a) — p® (1 —ya)
- =

To prove Assumption 2.1 note that for all 0 < €; < 1, €2 > 0 and uniformly for
y € (€1, 1+€) @ 1(1 — ya) ~ ®~1(1 —a) . Hence for constant d; > 0 there exists
0 <ap < 1suchthatfory € (e;,1 +€)andag <a < 1

1 — o2 d=a—p>~(1-ya)
V1-p2

— & o1 (l—a)—p®—1(1—a)
V1-p2

02 (d>_1 (1= ya)?— o (1= a)z) — 200 1(1 — ) (<I>—1 (1= ya)— o1 - a))
<dpexp | — 202 p2) .
With Eq. 13 we get that

(1= ya)> — o '(1 —a)?

2
_ <\/Tg(ya)— log(—log(ya)))

2,/—2log(ya)

2
_ ( oa@ — M) tou(D)

2/—2log(a)

log(ya)
log(a)

= —2log(y) — 10g< > + 04(1) = =2log(y) + 0a(1). 7)
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Analogously

o (1 —a) (clr‘(l —ya)— (1 - a))

=7 '(l-a) (J—zlog@a) _ [ Dlog(a) + e loe@)

2/—2log(a)
_ log(— log<ya>>> touh

2/—2log(ya)
= —log(y) + 0a(1). (18)

Consequently, for dy > d

@ (1-a)—p@~ ! (1-ya)
1—®
( Vi-p?

1—® <<I>1(1—a)—p<1>1(1—a))

__p
<dyy ™.

V1=p?
For Assumption 2.2 note that we get for any dz > l,uniformly for§ <y < M

i—® <<I>“<1—ya>—,o<l>—'(1—a))

V1=p2

- o=l (1-8a)—p@—!(1—a)
\/lfp2

(cp—l(l v — o1 - 8a)2) — 200 1(1 —a) (<I>—1(1 —ya)— o1 - Sa))
<dzexp| — 2000

1

Sda(y/8)1*e

for all ds > dsz. A lower bound follows analogously. Further for § = (1 4 €9)(2(n —
1))* and uniformly in y € (0, §]

1— o2 da)—poli-a
V1-p?

[— & o= (1=8a)—pd—1(1—a)
V1-p2

Lol —ya —peld—a)
o—1(1 = 8a) — pd~1(1 —a)

( (<I>_1(1 —ya)2— ol - 5a)2) — 200 1(1 - a) (q>—1(1 —ya)— o1 = aa)))
xexp | —

2(1 - p?)

Not that uniformly for y € (0, §]

(1 = ya) — p® (1 —a) ~ v —2log(ya) — p/—2log(a) < dsy~
o T(1—6a)— po (I —a) 1 —pv/—2log@ ~
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for all e > 0 and ds > 1. As in Eq. 17 we get that for all € > 0 and uniformly for
y €(0,4]

(1 = ya)? — & (1 = 8a)® ~ —2log(y/8) + log (log(ya)> +0,(1)
log(8a)

> —2(1 —€)log(y/8) + 0,(1)

and analogously to Eq. 18 we get that for all € > 0 and uniformly for y € (0, §]
71 —a) [071(1 = ya) = &7 (1 = 80)| = —(1 + ) log(1 + y) + 04 (D).

It follows that for every € > 0, there exists ads > 0 such that uniformly for y € (0, §]
—1 -1
1—® P '(1—ya)—pd ' (1—a)
( A 1=p2

—1 —1
1—® O~ (1-8a)—pdP— ' (1—a)
< Vi-p?

e
Sdsy T

Hence Assumption 2.2 holds for o > 1 4 p.
The validity of Assumption 3.1 can be seen from the proofs of Propositions 4.2
and 4.3.

.....

Cr.n(FYD, .-, Fyn-1), Fu(1 — x))
Cron(FyD, ... F(yn-1), F(u)

9@ Fw)) T (1 2 a1 2
= S = P <_T ((D (Fu(l — x))2 — & (F(u)))

n—1
X exp (— Do o7 EG) (@7 (P - x) - <1>—1(F(u)>)> .

i=1

We get uniformly for0 < x < 1/2

(@~ (Fw)) O (-1 2 ol F ()
¢(¢—1(F(u(1—x))))eXp(_ (o7 P =00 - 7' (Fw)?)

:( H@ (F)) >“"""1
H@T(Fu(l — 1))

l—o,:n
\/ —2log F(u)F (1)
\/—2logf(u(1 —x)Fu( —x))

~ (1 _x)Ol(l—JnT,l)‘

~
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Further we get uniformly for € < F(y;) < F(u/(2(n — 1))) as above

n—1
exp (_ > o e (F () (dr‘ (Fu(l —x))) — ™! <F<u>)))
i=1

n—1 1
1@ (FOi)
Nexp< EZ lnl ST (P lo g(l—x)).

N (F(y))
O-T(Fu))

n—1
Ale) = HZGiJIICD_l(F(yi)) < O}\{F(yi) >ei=1,....,n—1},

i=1

Since < 1, we get that for

the bounds where F(u(1 — x)) is replaced by F(u) in Assumption 3.2 are fulfilled.
The bounds where F(u(1—x)) is replaced by F (u(1— (n—1)€)) follow analogously.
To prove that A(e) fulfills Eq. 6 we have to show that

E[Xilia@ylXn = u] ~ (1 + 0c ADE [XiLja@ep Xn = u(l — (n — De)].

or
E[Xilia©)lXn = u] =0 (E[X;|X, =u]) and
E[Xila@nlXn = u(l — (n = )e)] = 0 (B[X;|X,, = ul).
W.Lo.g. we can choose i = 1 and for i.i.d. standard normal Yy, ..., Y, (Cholesky
decomposition)
i
Xo=FH@Wn), Xi=F 1| & | pin¥a+ ) pij¥i|]. i=1...n-1

J=1

where p11 = ,/1 — pfﬂ. Define
1

i
Xiw) = XilXp =w):=F | @ | piull + ) 5ij¥
j=1

and

n—1
Ale,u) = {Z o, @ (F(X; (u)))<O}\{F(X,-(u))>e,i=1,...,n—1}.

i=1
Then

E [Xi Lia@eyl Xn = u] =E [Xi (u)l{A(e,u)}] and
E[Xilia@o)lXn =u(l — )] = E[X; (1l — (n — D) ae.uti—n—Deny] -
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We will assume that p; ,, > 0, the other cases are analogous. From Proposition 4.2

on 17'012 and § > 0,

we get that for xo = PR

E[X1]1X, = u] ~ E[X1 @)1y, —ixo| <) |
~ (I +0c(E[X1(u(l — (n — De) v, —ux|<sm) ] -

We want to show that uniformly on {|Y| — uxg| < éu},

lim X1G) =1+ o.(1). (19)
u=00 Xj(u(l — (n — 1)¢))
With y := /1 — p2Y; /u we get
)2
(\/E Ef(u))(,-%—p)
P - i
X oty
Xl — (1 — De)) . 2
(V27 w=G=DaFu(i-n-1e)) ( u(1=(=e) +p)

F-1

R 1o
(”ﬂu(l—(n—l)e))m"(] (n=De)

Define g(u) as in Proposition 4.2. Since # is slowly varying and F~! is regularly
varying we can concentrate on

— 2
1 2 (y— )
eXp( og(g(u)) ((y +p) (yu(l ity +p )

_40<ﬂm1—m—n@»( u N f>
: $w Tdi—wone 1))

Since g(u) is regularly varying, we have that

. g(u(l — (n — De) i ’
lim 1 e =0.
450 °g< g(u) ) (yu(l o p)

-
u(l—(n—1)e)’

Further we have that for 1 < §, . <

_ 2
1 2 _ # )
og(g(u)) <(y + ) (yu(l —(n — De) e )

u(l —e)

ﬁ_
:1 ——2 1 ~ Su,e
Og(g(u))u(1 e Yy —=&ue) +p)
u—u(l —(n— e)
~ 21 I )
og(g(u)) Ti—G—Do y(y +p)
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Now Eq. 19 follows with 0 < éu’e < (n—1)e

2log(g(u))

= (0T ) — o7 P - )

~ 1 — Ded- ' (Fu(l — ey @0 Zdud) (= De

P VFu(l —Ee) 1—&ue

It follows that
E[Xi @ — (n — DeNl{aeui——1)en} ]
~ (1 + 0c(D)E [X; ()1 {a¢e,u(1—n—1yeny L{1¥, —iaxo| <57} ]
= (1+0c(1) (B[ Xi ) ace,u) (v, —iaxo|<sit) ]
+ E[X; ) 1y, —axol<sa) (Lau——Den) — Hawn)]) -
Hence it is left to show that

E [X; () 11y, —zxo| <57} | L{Au(1—i—Dep) = Haen|]

= E [ X; () 1y, —axo|<sm L{A.u(—(i—Depaaeny ]| = 0 E[X11X, = ul).

Define

n—1
B(e, u) = {ZUMICD_](F(X,'(M))) < o]

n—1
A {Zm,,}cb—l(nxi (1 = (n = Den)) < 0}

Bi(e,u) ={Xiuw) <e} A Xiu(l—m—1e) <€}, i=1,...,n—1.

Note that

n—1
Ae.u(l = (n = 1)e)) A A(e,u) € Bu,e) U | Bi(u. e).
i=1

B(u, €) can be written as

Yn_le[x:m<x<a}

i

n72 A. . “
(BBt s
i=1 i=1

i1 Pn—1,n—1
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It follows that

E [ Xi ) 1)y, —ixo|<siny L {B(u.e}]

(x+5) o _
][3pr1=/( 3)/ / / _em 0V Rx e B Fay e dyy
u(xo— Yn—1€

. u(xo+8) poo 00 n_2 2
< |B| f f Qm) ==X (uye Zi=i Tdy; -+ dyy—2
u(xg—3) —00 —00

= |BIE [X; )1y, —axo)<om ] = 0 (E[Xi )1 {jy,—zing <571 ]) »
where the last equality follows from

|B| = o p1.
pn 1,n—1 Zzn 8

i=1

(u_m) 50, as u— oo.

Since B;(u, €) can be written as

S 1 Ny
Vielru@=t—Da <x<a| 22 - —o (Fen - 2y,
—Pii P oy P

we can show analogously for i > 2 that

E [ X () L1y, —mixo| <) LBy w.e) ] = 0 (B [Xi @) 1gy, —zixg1<om) ]) -

o —

For i = 1 we just have to note that for Y| € B;(u, €) it follows that Y1 ~ — - =
—p
and hence
Jim 1y, —iexo <oi 1By w.e) = 0.
Hence Proposition 4.1 follows. O
Appendix C: Proof of Proposition 5.1
Proof of Proposition 5.1 For the proof we assume that ¢ = 1 since ce(x) is the

generator of the same copula. Note that it follows from the conditions that

e ¢x)=(0—x)+{1—x)PL{(1 —x), where L{(1/x)is slowly varying and

(1 —x)?
p(x)P

e ¢ (x)=—1—-pB01—-x)P1L3(1 — x), where lim,_,o L1(x)/L3(x) = 1.

L(p(x)) = — Li(1—x).
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Now C has the continuous density
-1 () $ - 1
Crontet, o) = (¢7) 7 (o) ) [Te' .
i=1 i=1

For Assumption 2.3 note:
P(X; >u, X2 >u)=1—2F®)+ C(F(u), F(u))
= 2F ) — (1= ¢~ Qp(F )
= 2F (u) — 29(F () — @ (F )’ L(2¢(F (u)))
= —2F )’ Ly (Fw)) — 2% (p(Fw)))’ L Qg (F (1))
~ (2P = 2) Fw)P L\ (F (u)).

Hence P(X| > u, Xo > u) is regularly varying with index —af, which leads to
p = Z 1. Assumption 2.1: Chose 0 < €] < 1 and 0 < €, then uniformly for
e <y<(l+4+e)anda — 0

Jla Clat 1 — yaydx
fL ., Crak, 1 —a)dx

_ @)@l —ya) = 7 (p(l —a) + ¢(1 — ya))
@™ (@ =) = (¢~ (p(l —a) +¢(1 —a))
_ Bl —a) + o —ya)P ' La(p(l —a) + ¢(1 = ya)) — Blp(1 — ya)) "' Ly (e(1 — ya)
Ble(l —a) + ¢ =)' Lap(l — a) + ¢(1 —a)) = Blp(1 —a)P~ ' La(¢(1 — a))

_ -1 _y
(U294 1) Lol = ya) + 901 - @) — 229D L (p(1 - ya))

26710,2¢(1 — @) = La(e(1 — a))

G+ DT —y
26-1 1

~

hence Assumption 2.1 holds.
For Assumptions 2.2 note that:

fll_ya Cio(x, 1 —a)dx
Jly, Crate, 1 —aydx

_ @ ) el —a) — (¢ (el — ya) +¢(1 — )
(™1 (@l —a)) = (971 (p(1 = ba) + p(1 — a))

B—1
(L28 +1)7 Lol = ya) + 91 — @) — Lale(1 = a)

BT :
(528 +1)7 Late(1 = 8a) + ¢(1 — @) = La(o(1 = @)
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Next, for any § < M we get uniformly in § < y < M that

pi—ya) 4 )P _ N B
) (S22 1) Lo = ya) + (1 = @) = La(e(1 - @)

in - 7
u—0 <¢(1 ba) | 1)’S Lr(p(1 —8a) + (1 —a)) — Lr(p(1 — a))

p(1—a)
D
G+ 1

Hence we canchoose y1 = p» =8 —1 > 1/a.
By Taylor theorem it follows that for 0 < &, < ¢(1 — ya)
(¢~ (@l —a) = (¢ (¢(1 — ya) + (1 —a))
(@~ (el —a)) = (¢~ (p(l = 8a) + ¢(1 — a))

_ e —ya) (9 )¢l —a) +&)
o1 —38a) (01" (p(1 —a) + &)

Since ¢ and (¢~!)” are regularly varying we can choose y3 = 1 and Assumption 2.2

follows.
To prove Assumption 3.2 at first note that uniformly for 0 < x < 1/2

L YFw—x)
u—oo @' (F(u))
and

Crn(Fuyy), ..., Fluy,—1), F(u(l = x)))
Cron(F(uyy), ..., F(uyp—1), F(u))

(0™ (Il @(F ) + (F(u(l = ) @' (Fu(l = x)))
(0 H® (TIol e(Fay)) + (Fw)) ¢ (Faw)

Since |(¢~")™| and ¢ are monotone decreasing and F is monotone increasing, we

get that

n—1
(v1)" (Z Q(F ) + (F(u(l — e))))‘

i=1

<

n—1
(v )" (Z 9 (F (uyi) + p(F (u(1 ~ x))))'

i=1

<

n—1
(v)" (Z W (F ) + go(F(u)))‘ :

i=1
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It follows that for A(e) = ¢ Assumption 3.2 is fulfilled. Finally for Assumption 3.1
note that

BUG X =) = ¢/ F) [ (671) @) + o )e (P Fwas
1 [° "
~ s [ () @ + o (P Fd
cJo
1 [° "
<=2 [x (o) werene Fe s,
¢ Jo

Since

" 1—
(¢7") @E@NY FE) ~ ——F) 2,

we get that

1 [® "
lim E[X)[X, = u] = — /O x (07 @F@)) (¢ () f@)dx < oo

c

m}

Appendix D: Proof of Proposition 6.1

Proof of Proposition 6.1 Since C1..., is bounded and hence uniformly continuous we
get that

1 1
P(X; > u, X; > u) =/ / C}" (xi, xj)dxidx; ~ F(u)*Cli(1, 1)
Fw) JFw
hence Assumptions 2.3 holds with p; ; = 0. Assumptions 2.1 follows from
1 1 M (!
/ C,-’;f(x,l—ya)dfo dx < —f C;”}(x,l—a)dx
l1—a 1—a m Ji—qg -

Assumptions 2.2 follow from

1 1 1
X flfya mdx - flfya Cir;{(x’ 1 —a)dx - flfya Mdx _ MX
s B

m
1Y 1 = 1 = 1 -
M JisaMdx [ 4, Cir;‘l(xv l—aydx  [_;, mdx n

Since Cj..,, is uniformly continuous we get that Assumption 3.2 is fulfilled with
A(e) := { and Assumption 3.1 follows from

; N FH @) x, 1 = (1+ €)a)dx I F=1 )¢l (x, Ddx 1
m — _
420 f F=1(x)Cl(x. 1 — a)dx N F1(x)Clt(x, T)dx

O
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