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Abstract

This paper presents a rigorous study, for Fermi—Pasta—Ulam (FPU) chains with
large particle numbers, of the formation of a packet of modes with geometrically
decaying harmonic energies from an initially excited single low-frequency mode
and the metastability of this packet over longer time scales. The analysis uses mod-
ulated Fourier expansions in time of solutions to the FPU system, and exploits the
existence of almost-invariant energies in the modulation system. The results and
techniques apply to the FPU «- and S-models as well as to higher-order nonlin-
earities. They are valid in the regime of scaling between particle number and total
energy in which the FPU system can be viewed as a perturbation to a linear system,
considered over time scales that go far beyond standard perturbation theory. Weak
non-resonance estimates for the almost-resonant frequencies determine the time
scales that can be covered by this analysis.

1. Introduction

This report is intended to be the first one in a series dealing with the
behavior of certain nonlinear physical systems where the non-linearity
is introduced as a perturbation to a primarily linear problem. The behav-
ior of the systems is to be studied for times which are long compared to
the characteristic periods of the corresponding linear problem.

E. Fermi, J. Pasta, S. Ulam (1955)

The numerical experiment by FERMI ET AL. [11], which showed unexpected
recurrent behaviour instead of relaxation to equipartition of energy in a chain
of weakly nonlinearly coupled particles, has incited a wealth of research in both
mathematics and physics and continues to do so; see the recent volume edited by
GALLAVOTTI [14] and the review by BERMAN and IZRAILEV [7], as well as
the accounts on the earlier Fermi—Pasta—Ulam (FPU) history by Forp [13] and
'WEISSERT [20].
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The present paper contributes to the vast literature on FPU with an analysis,
for large particle numbers, of the questions of the formation of a packet of modes
with geometrically decaying energies, starting from a single excited mode, and of
the metastability shown in the perseverance of the packet over longer time scales
(see BENETTIN ET AL. [3] for a review of the FPU problem from the metastability
perspective). Only recently, such questions have been addressed analytically in an
impressive paper by BAMBUSI and PONNoO [1]. Here we present an approach to these
questions that differs substantially in the scaling between particle number N and
total energy E considered, in the time scales of metastability obtained, and in the
kind of analysis employed. The scaling considered here is such that the nonlinearity
canindeed be viewed as a perturbation to the linear problem (see the citation above),
which is the case for E <« N3 in the FPU a-model (cubic potential), whereas
in [1] the scaling E ~ N —3 is studied. In the FPU B-model (quartic potential) we
require E <« N~!. We derive our results using a non-resonant modulated Fourier
expansion in time of the solution to the FPU system, as opposed to the use of an
integrable resonant normal form in [1]. The results and techniques developed here
apply to FPU «- and 8-models as well as to FPU systems with higher-order non-
linearities, whereas those of [1] are, so far, restricted to the «-model. Integrability
is an essential concept in [1], but plays no role here.

The modulated Fourier expansion employed here is a multiscale expansion
whose coefficient functions are constructed from a modulation system that retains
a Hamiltonian structure. The modulation system is shown to have almost-invari-
ants that majorize the normal mode energies of the FPU system. This permits us
to explain the preservation of the low-frequency packet over time scales that are
much longer than the time scale for the formation of the packet. We mention that
modulated Fourier expansions have been used similarly before in the analysis of
numerical methods for oscillatory Hamiltonian differential equations [8,17] and in
the long-time analysis of nonlinearly perturbed wave equations [9] and Schrédinger
equations [15,16].

For previous numerical experiments that relate to the present work, we refer to
DEeLucA ET AL. [10], BERCHIALLA ET AL. [6], and FLACH ET AL. [12].

The paper is organized as follows: in Section 2 we introduce the necessary
notation and formulate the problem. Section 3 presents numerical experiments that
illustrate the main result, Theorem 1, which is stated in Section 4. This theorem
provides rigorous bounds on the geometric decay of the energies of all modes and
on the long-time preservation of the packet, in the case of the FPU «-model with
sufficiently small initial excitation in the first mode. The proof of Theorem 1 is
given in Sections 5-8. Section 5 provides the necessary weak non-resonance esti-
mates for the frequencies of the FPU system. These are needed for the construction
of the non-resonant modulated Fourier expansion given in Section 6. Some further
bounds for the modulation functions are derived in Section 7. In Section 8 we con-
struct the almost-invariant energies of the modulation system and show that they
bound the energies in the modes of the FPU system. We are then able to bound the
mode energies over longer time scales than the validity of the modulated Fourier
expansion and complete the proof of Theorem 1. We obtain even longer time scales
by including certain high-order resonances among frequencies in the construction
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of the modulated Fourier expansion, which is done for the first appearing reso-
nance in Section 9. Finally, the extension of Theorem 1 to the FPU S-model and
higher-order models is given in Section 10.

2. Formulation of the Problem

The periodic Fermi—Pasta—Ulam lattice with 2N particles has the Hamiltonian
N 2N
H= Z% Ep’zl + Z; (E(Qn-‘rl - Qn)z + V(gn+1 — Qn)) ,
n= n=

where the real sequences (p,) and (g,) are 2N -periodic, and has the equations of
motion
Gn = (@n+1 = 2Gn + qn—1) = V' (@1 — qn) = V' (@n — qn-1). (1

The non-quadratic potential is typically taken as V (x) = ax>/3 + Bx*/4. With the
discrete Fourier coefficients

N—-1
u=@)\y gu= D ujemN, ?)
j==N

we obtain, for the special case « = 1 and B = 0, the system
iij + wiu; = —iw; > IRy g, (3)
Jj1+j2=j mod 2N
with frequencies
2sin (£ =N, N—1 (4)
wj=2sin{=—], =—-N,...,N—1
J N J
Equation (3) is a complex Hamiltonian system of the form
iij +wiuj = —V_;U(u) )
(V_; denotes derivative with respect to u_ ;) with potential
i L
Uw =—3 > (=D 0 wjujujyugy. (6)
Ji+j2+j3=0 mod 2N
The total energy of the FPU system is

N-1
E= > Ej+2NU, ©)
j=—N

! In contrast to much of the FPU literature we omit the normalization factor 1 /~/2N in (2).

With this scaling there is no factor /2N in the system (3) and no factor 2N in the potential
(6), but the factor 2N appears in the energies, (7) and (8).
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where E; is the jth normal mode energy,
. 1. 1
E; =2Ne; with ejzilujlz—i-iwflujlz. ®)

Our interest in this paper is in the time evolution of these mode energies, and we
write E;(¢t) = E;(u(t), u(t)). Since the g, are real, we have u_; = u;, and hence
E_; = Ej for all j. Occasionally it will be convenient to work with the specific
energy

E
€=—.
2N

We are mainly interested in small initial data that are different from zero only
in a single pair of modes = jy # 0:

€))

uj(0) =i;(0)=0 for j#%jo. (10)

Equivalently, only the joth mode energy is initially non-zero. Because iip = 0
(which follows from wy = 0), this also implies that ug(#) = O for all ¢. This prop-
erty is valid for general potentials V, because summing up the equation (1) over all
n shows that the second derivative of >_, ¢, vanishes identically.

Remark 1. The original article [11] considers the differential equation (1) with
fixed boundaries gy = go = 0. Extending such data by g_; = —¢q; to a 2N-
periodic sequence, we notice that the extension is still a solution of (1), so that all
statements of the present article also remain valid in this situation.

3. Numerical Experiment

For our numerical experiment we consider the potential V (x) = x3/3, that is,
o = 1and B = 0. For N an integral power of 2, we consider initial values

V2
) = Y= Ginx,,  G,(0) = v2€ cos x, (11)
w1

with x, = nm/N, so that (10) is satisfied with jo = 1 and the total energy is
E = 2Ne. The solution is computed numerically by a trigonometric method (treat-
ing, without error, the linear part of the differential equation) with step size 4 = 0.01
for N = 8, with h = 0.1 for N = 32, and with h = 1 for N = 128. Fig. 1 shows
the mode energies E () as functions of time for £ = N =3 This is the situation
treated in [1]. Fig. 2 shows the mode energies for E = N . In the figures we have
chosen time intervals that are proportional to N3, which looks like a natural time
scale for the slow changes in the mode energies. Further numerical experiments
with many different values of E and N indicate that, with small

§=VEN3}«1, (12)

the mode energies behave like

Ej(t) ~ E§?U™D f(N31) for j =2, (13)
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Fig. 1. Normal mode energies E ; (¢) as functions of time for the FPU a-problem with initial
data of Section 3; increasing j corresponds to decreasing values of E ; (7)

%é

with functions f;(7) that do not depend significantly on E and N and which are of
size & ¢/~1 with |¢| < 1. We have E{(0) = E_;(0) = E /2 and we observe that
E\(t) — E\(0) ~ —E8> (N 1)

4. Main Result

The proof of our main result on the long-time behaviour of normal mode ener-
gies is confronted with small denominators, and relies on lower bounds of the form

2

N 7T3(,()'
w7 — (wj_r + Zkewe) Zy N3j, (14)

=1

where r and Zg/:] £|kg¢| are small integers, but j can be arbitrarily large. Because
of the special form (4) of the frequencies w;, such an estimate can be obtained for
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Fig. 2. Normal mode energies E ; () as functions of time for the FPU «-problem with initial

data as in Fig. 1, but with smaller total energy £ = N -3

nearly all relevant situations, as will be elaborated in Section 5 below. The only
difficulty arises when there exists an integer s such that the expression

((Zj—r)rr) s
cos| ———— ) — -
4N r

is very small. We therefore restrict the admissible dimensions N to those belonging
to the non-resonance set N'(M, y) of the following definition, where the integer
M will determine the time scale t < ¢N25~M~1 (with § <« 1 of (12)) over which
we obtain a geometric decay of the mode energies, while y > 0 is from the non-
resonance condition (14).

s5)

Definition 1. Let an integer M and a constant y > 0 be given. The dimension N
belongs to the non-resonance set N'(M, y) if for all pairs of integers (s, r) with
0 < s <r < M and even r — s, for the integer j minimizing (15), and for all
(ki, ..., ky) satisfying 22\;1 Llke| £ M and Zévzl Lke = s, condition (14) holds
true.

The following statements on the non-resonance set N (M, y) are obtained by
numerical investigation:

M = 2: all dimensions N belong to N(2, y) for every y, because for the only
candidate (s, r) = (1, 2) the difference r — s is not an even number.

M = 3: we have to consider (s, r) = (1, 3). For y = 0.1 the set N'(3, ) con-
tains all N between 100 and 1,000,000 except for N = 728. This value
of N belongs to N'(3, y) for y = 0.04.

M = 4: in addition to the pair (1, 3) we have to consider (s, r) = (2, 4). Since
cos(3) = %, the integer j minimizing (15) is the integer that is closest
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to 2TN + 5. Whenever N is an integral multiple of 3 we have exact reso-
nance, and condition (14) cannot be fulfilled with a positive y. All other
N (with the exception of N = 728) belong to N/ (4, y) with y = 0.1.
M = 5: for y = 0.1 the set N'(5, y) contains all values of N in the range 100 <
N £ 100,000, except for integral multiples of 3 and 37 additional values.

We are now in position to formulate our main result. We assume that initially
only the first pair of modes %1 is excited, that is, the initial data satisfy (10) for
Jo=1.

Theorem 1. Fix y > O and p = 1 arbitrarily, and let M and K be positive integers
satisfying M < K and K + M = 10. Then, there exist 59 > O and ¢ > 0,C > 0
such that the following holds: if

(1) the dimension of the system satisfies N = 41 and N € N (M, y),

(2) the total energy E is bounded such that § := ~/EN3 < §,
(3) the initial normal mode energies satisfy E;(0) = 0 for j # *£1,

then, over long times
t < eN?sM-1

the normal mode energies satisfy the estimates

|E1(t) — E1(0)] £ CES?, (16)
Ej(t) SCES?VD j=1,... K, (17)
N
Z pHE;(t) £ CES* KD, (18)
j=K

This theorem is proved in Sections 5 through 8. Moreover, the proof shows that
the theorem remains valid if the single-mode excitation condition (10) is replaced
by the geometric-decay condition that (17) and (18) hold at + = 0, with a given
constant Cy in place of C and a pg > p in place of p.

We note that the maximal time interval is obtained with M = 4, for which
we have r < ¢N287>. Longer time intervals for slightly weaker estimates will be
obtained in Section 9, where we account for the almost-resonance ws —2w4+3w; =
O(N ) that leads to the restriction K + M < 10 in the above theorem.

The decay of the mode energies with powers of § was first observed numerically
by FLACH ET AL. [12].

To our knowledge, so far the only rigorous long-time bounds of the mode ener-
gies in FPU systems with large particle numbers N have been given by BAMBUSI
and PoNNoO [1]. There it is shown for E = N3 and large N that the mode energies
satisfy

Ej(t) S E(Cie™ + CoN7Y for t £ TN?,

where the factor T can be fixed arbitrarily, and the constants C1, C; and o depend
onT.
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In comparison, our result is concerned with the case E <« N ~3. In this situation
we obtain exponential decay for all j and estimates over much longer time inter-
vals. For £ = 8(2)N =3 however, our estimates are proved only on time intervals of
length O(N?). The proof of [1] exploits the relationship of the FPU a-model with
the KdV equation for the scaling £ = N 3. The proof of Theorem 1 is completely
different and is based on the technique of modulated Fourier expansions.

The proof of Theorem 1 gives explicit formulas for the dominant terms in £ (¢):

Ej(t) =2E8*U V(e + les ) (laj () + O@* + N72), (19

where ¢+ = \/Lz?(a)lul(O) + 1111 (0)) with € = E/(2N), so that |c_|> + |4 |> = 1,
and the first functions a; (t) are given by

1
ai(t) = 5

1 .
a(t) = — (= —1)

1 (/3 . .
as(t) = = (E(el(3w1—w3)t —1)— 2(el(w1+w2—w3)t _ 1)) )

All the linear combinations of frequencies appearing in these formulas are of size
O(N ’3). In particular, we have

73 5
201 —wy = —= + O(N7).
@1 — 0y = (N77)
The function a, () is thus periodic with period T 2 87 ~2N3. This agrees extremely
well with Fig. 2, where the choice (11) of the initial values corresponds to c; = 0
and c_ = —i. '
We remark that the mode energy values E; ~ Ej 2(8/m*)?U=D stated in [12]
are qualitatively similar, though not identical in quantity to the expressions given
here.

5. Weak Non-Resonance Inequalities

The frequencies w; = 2 sin (%) are almost in resonance for large N:

j L i + £
wj+wg— wjie = 8sin (%) sin (%) sin (%) = O(N_3),

for small j and £. Such a near-resonant situation leads to small denominators in the
construction of the modulated Fourier expansion that is given in the next section. We
therefore present a series of technical lemmas that deal with the almost-resonances
among the FPU frequencies.

We consider multi-indices k = (ky, .. ., ky) with integers k;, we define

N
(k) =D Lk,
=1
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and we denote (j) = (0,...,0,1,0,...,0) the | j|th unit vector. Furthermore, we
write @ = (w1, ...,wy) and k- = kjw) + - - - + kywy. Our approach with mod-
ulated Fourier expansions leads to small denominators w2 — (k - ®)? which have
to be bounded from below. We first consider (j, k) with small | j| and small (k).

Lemma 1. For pairs (j,K) satisfying max(|j|, u(k)) < 10 and kK # +(j), we
have for N = 27

E(ojl+ k-0l if SNtk #+j

o7 — (k- @)? = 1*N
J ;quﬂ + |k - @]) else.

The above estimate also holds for w(K) = 11 except for (j, k) = (£5, £(3(1) —
2(4))), for which @2 — (3w; — 2w4)? = O(N0).

Proof. Forlarge N we expand the expression || — |k - @| into a Taylor series, use
the remainder bounds | sinx — x| < x3/6 and | sinx — x + x3/6| < x7/120, and
thus obtain the estimates for N = 100. We employ the fact that for (k) < 10 the
relation j + > ¢k, = 0 implies |j3 + > £3k¢| = 6 (checked numerically). Also
the remaining finitely many cases are checked numerically. O

We next consider the expression |a)5 — (w; + k- w)zl, where [ is large and j
and (k) are small.

Lemma 2. For pairs (j, ()+K) satisfying | j| < 11,1 2 7, n(K) < 5, and (I)+k #
+(j), we have for N = 41

E(ojl + 1o+ k) if 1+ X0 the #£j

0 — (0 + k- @) 2
! S”Wﬂwﬂ + |lo; + k- w]) else.

Proof. Forlarge! = Iy =20,for0 < j < 11, u(k) < 5,and N = 37, we prove

T
wl+k-w—a)j§wlo+k~w—wj§ﬁ.

The second inequality is obtained from /o + Zévzl lky — j = 4 > 1 by estimating
the remainder in the Taylor series expansion. The finitely many remaining cases
are verified numerically. O

We finally consider the expression |a)? —(wj—r+k- w)?| for arbitrarily large j,

but with small |r| and small (k). The factor |w; + (w;—, +k- ®)| will be bounded
from below by w; and the expression w; — (w;—, + K - @) is given by

rmw 2j—rm P 3 J 1
4(—) _ ——Eﬁk E€3k ol—).
EAVTYY R ( 4N ) N & EYENE & ¢t (Ns)

(20)
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Lemma 3. Let M and r be integers such that M < 15 and |r| £ M, and consider
pairs (j, {j — r) + K) satisfying 2M < j < min(N, N + r), u(k) £ M, and
(j —r)+k # £(j). Withs = 3, kg we then have, for all dimensions satisfying
N 2 max(7/7T/2M, (M3 + 6)/12), that

53 if s <min(r,0) or s> max(r,0)
7T3a)j .
—= if s=r=0
|0} — (@j—r + k- ©)* 2 o (1)
J J=r = | 270, .
8N21 if s=0 and r #0
3
Alrg;\,u-’ if s=r and r #0.

A counter-example for the second estimate isk - w = ws —2w4 + 3w = O(N_5),
for which u(k) = 16.

Proof. The assumptions on the indices imply 2j — r < 2N — |r|. The first term
in (20) is thus a monotonic function of j with asymptotic values ranging from

rmw r|r|7r2

—
N 4N?2

when j goes from j = M to j = max(N, N + r). This observation implies the
first inequality of (21), because the second term in (20) is dominant in this case.
Rigorous estimates prove the inequality for N2 > 72M?3 /6.

The second inequality follows as in Lemma 1 for N> > 72M? /3,840 from the
fact that for 0 < u(k) < 15 the condition >, ¢k, = O implies | >, £3k¢| = 6.

For s = 0 and r # 0, the first term in (20) is dominant and therefore we have
the third inequality of (21) for N = 7w(M 34+6) /12.

For the proof of the last inequality we note that

(I . Il . ()7
lwj —wj_r —wy| =8sin| -— |sin|{ — ) sin{ ————
4N 4N 4N
2 4N 4N 4N

where we have used the addition theorem for sin(e¢ — B) and the inequality
2 sin(a/2) 2 sina. We therefore obtain

|r|nw2

J
32N

lwj —wj—r —k @] 2 + x>

with
a)? . |r|m |r|m a)j|r|2712

To prove x; = 0, we notice that it is an increasing function of j (for j = 2M), and
bounded from below by its value at j = 2M. Forr = >, £ky and u(k) < M we
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have >, £(lk¢| & k¢) < M %1, so that k, = O for 2¢ > M + |r|, and therefore
> Blkel £ M(M + |r|)?/4. Using x — x3/6 < sinx < x we obtain the lower

bound
S rPe? (M rPMPr o (M
X2 = A T - —B T ’
SETTE Ir| 48N3 Ir|

A(x) =9x% —6x — 1 —x(x + 1)2/4, B(x) =1+ 6x>.

An inspection of these functions shows that the quotient satisfies 0 < B(x)/A(x) <
B(1)/A(1) = 7 on an interval including 1 < x < 15. Hence, xop = O for
N2 > 72M?7/2, which completes the proof of the lemma. O

with

It remains to consider the situation where » 7= 0 and 0 < s/r < 1. We have a
near-cancellation of the first two terms in (20) if the index j minimizes (15). We
denote such an integer by j*(s, r, N).

Lemma 4. Let n(k) £ M,2M < j S min(N,N +r),0 < |r] £ M and 0 <
s/r <1, where s =, tky. For N = 0.64M3 and j # j*(s, r, N), we have the
lower bound

|0) _(w] F+k- (x)) |78N2

Proof. Wedefinex bycosa = * andwe usecos f—coso = 2s1n(“+ﬁ) sin(45£ 5 )
with g = %—Nr)”. The estlmate then follows from | — B| = & and from

251n(“+ﬁ) = 2sin(§) = V2(1 —cosa) = ,/@ > \/g

The most critical case for a lower bound of |a)§ —(wj—r +k- w)?| is when
J = j*(s,r, N). This is why we restrict the dimension N of the FPU-system to
values satisfying the non-resonance condition of Definition 1. Because of property
(42) below, we consider only even values of r — s in Definition 1.

6. Modulated Fourier Expansion

Our principal tool for studying the long-time behaviour of mode energies is
a modulated Fourier expansion, which was originally introduced for the study of
numerical energy conservation in Hamiltonian ordinary differential equations in the
presence of high oscillations [8, 17]. This technique was also successfully applied
to the long-time analysis of weakly nonlinear Hamiltonian partial differential equa-
tions [9,15,16]. The idea is to separate rapid oscillations from slow variations by a
two-scale ansatz of the form

wjujt)~ Y H@e®O" with =N, (22)
kE’Cj
where K; is a finite set of multi-indices k = (k, ..., ky) with integers k. The

products of complex exponentials ¢! @) = Hévzl elkeeet account for the nonlinear
interaction of different modes. The slowly varying modulation functions z';(r) are
yet to be determined from a system of modulation equations.
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6.1. Choice of the Interaction Set

We will choose the sets KC; such that the interaction of low modes with low
modes and high modes with low modes is incorporated, but the interaction of high
modes with high modes is discarded. It turns out that for our purposes an appropri-
ate choice of the multi-index set KC; is obtained as follows: fix positive integers K
and M with

K+M<10 and M < K.
We define, with the notation introduced at the beginning of Section 5,

K ={(, k) : max (|j], u(k)) = K + M}
VG, 20 + k) [jIS K+ M, uk) S M 12K +1)
V(. £ —n+R:jIZK+ M, |r| =M, nk) = M}

This set consists of pairs (j, k) for which we have obtained lower bounds for
|w§ — (k - w)?| in Section 5. We let

Kj=1{k:(.k) ek}

For convenience, we set zl]‘-‘(r) = 0 for multi-indices k that are not in ;.

6.2. Choice of Norm
We work with a weighted £2 norm for 2N-periodic sequences u = (u i) j\';_] N

N-1
2 2 2s 2|Nw;
> = D" ojluil?, o) = Nay,|*p*Nes! (23)
j==N

with s > 1/2 and p = 1. This choice is motivated by two facts. On the one hand,
the extended norm

lI(u, w)||* = [|Qu]® + [l (24)

with € = diag(w;) can be written in terms of the mode energies as

1 N
I, a1 = o= > o Ej (1),
j=l1

where the prime indicates that the last term in the sum is taken with the factor 1/2.
On the other hand, with the given choice of o, the norm behaves well with convo-
lutions.

Lemma 5. For the norm (23), we have

lus v < cllull- |Vl where (uxv)j= > ujvj, (25)
J1+ja=j mod 2N

with ¢ depending on's > 1/2, but noton N and p 2 1.
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Proof. We note the bound |w;| < |wj,| + |@},| for ji + j» = j mod 2N, which
follows from the addition theorem for sin(e + B). Together with the inequality
2|jl = Nlwj| < m|j|, this yields

—-1_-1 < -1
Z %jy Ojp =€9; -
Ji+j2=j mod 2N

The result then follows with the Cauchy—Schwarz inequality:

2 —1_—1 2 2
PACEVEED N LD I AN ED AT AR
j j

Jit+i=j J1+p=]

where = means congruence modulo 2N. O

6.3. Statement of Result

The approximability of the solution of the FPU system by modulated Fourier
expansions is described in the following theorem.

Theorem 2. Fix y > 0,p = 1,5 > 1/2, and let M and K be positive integers

satisfying M < K and K + M = 10. Then, there exist 5o > 0 and Cy > 0, C| >
0, C > 0 such that the following holds: if

(1) the dimension of the system satisfies N = 41 and N € N (M, y),

(2) the energy is bounded such that § == ~EN3 < §y,
(3) the initial values satisfy Ey(0) = 0 and

E;j(0) < CoES?U™Y for 0 < j <K,

_ 26
>k <ji<noi Ej(0) = CoES* KD, 20
with the weights 0; = |[INw;j |25 p2INoil from (23);
then, the solution u(t) = (u; (t))?l:__] N admits an expansion
wjuj(t) = > K@E® +wirit) with =N, Q27)

kG’Cj

!

where the remainder r(t) = (r;(t) e

v is bounded in the norm (24) by

(@), FO)Il < CV/esX™MN2t for 0 <1 <min(N3, e /%), (28)

with the specific energy € = E /(2N). The modulation functions z'j? () are polyno-
mials, identically zero for j = 0, and for 0 < © < 1 bounded by

Kk 2 2171—1 .
(Zkelcj Izj(t)l) < C1e82H=D for 0 < |j| <K,

ko) (29)
Z“K§|J'|§Naj (ZkeICj |Zj('c)|) < Cres2K-D),

The same bounds hold for all derivatives of zl]? with respect to the slow time

T = N73t. Moreover, the modulation functions satisfy z:l; = zlj‘
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The above estimates imply, in particular, a solution bound in the weighted
energy norm: for ¢ < min(N3, 6_1/2),

Ej(t) < CES?I=D for 0 <j| <K,

Y k<ijisnoi Ej@0) £ CLES* KD, (30)

We shall see later that such estimates actually hold on much longer time intervals.
The rest of this section is devoted to the proof of Theorem 2.

6.4. Formal Modulation Equations

Formally inserting the ansatz (22) into (3) and equating terms with the same
exponential e!®® lead to a relation

2 20k | o L@

where the dots, coming from the nonlinearity, represent terms that will be con-
sidered later. Since we aim at constructing functions without high oscillations, we
have to look at the dominating terms in (31).

For k = =*(j), where (j) = (0,...,0,1,0,...,0) with the non-zero entry
in the | j|th position, the first term on the left-hand side of (31) vanishes and the
second term with the time derivative dz¥ /dz can be viewed as the dominant term.
Recall that we have to consider only j # 0. For k € K; and k # £(;j), the first
term is dominant according to the non-resonance estimates of Section 5.

To derive the equations defining the coefficient functions z¥, we have to study

the nonlinearity when (22) is inserted into (3). We get for k = =£(;j) that

[ a2 N_6dzzj:<j> .
iw:
A P )
. o s
= —1a)§ Z (—1)UiHi2=N/CN) Z Zl;ll Z];z’
and for k # £(j)
dz¥ d2zk
2 2K 4 0j —3_%J —6_ J
—(k-w 4+ 21(k-w) N °—— + N 33
((1)] ( ) )Z] ( ) ar i (33)
. L .
——iw? > (=pUrtEen S ke
J1+j2=j mod 2N k!+k2=k

In addition, the initial conditions for u ; need to be taken care of. They will yield
the initial conditions for the functions zj.t(] ) for Jj#0:

dzk
> KOy =wjuj©0), D (i(k - @)25(0) + N—3d—f(0)) = w;1i;(0).
kEIC_/' kEICj t

(34)
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6.5. Construction of Coefficient Functions for the Modulated Fourier Expansion

We construct the functions zl;(r) such that they are solutions of the system (32)
and (33), up to a small defect, and satisfy the initial conditions (34) for all j. We

write the functions as a formal series in § = ~/ EN3,
@ =V2e Dy N (0 =N Y8, (0, (35)
m21 m21

insert them into the relations (32)—(34), and compare like powers of §:

() d2z +(J)
+2i _N—3 J,m N—6 I m
@i dr + dr?
_ s 2a7—2 i1+j2—j)/ 2N k
=-wjN Z (= rRm DI Z Z Ji.mi jz my>
J1+j>=j mod 2N k! +k2=k(j) m1+ma=m
(36)
and for k # £(j),
dz¥ d2zk
2 25k . -3 " "m —6 J,m
(a)j — (k- w) )zjym + 2i(k - ®)N i + N 02 37
_ i 2a2 + i)/ (2N) k!
- _]w./'N Z _1)(11 Rt Z Z Zjy,my Jz my*
J1+Jj2=j mod 2N k! +Kk2=k m1+mo=m

This yields an equation for z n (K # £(j)) and for the derivative of z ) with a

& with
Lam 12 mo W1 ml.—}—mz = m, SO
+(/)

that both m and my are strictly smaller than m. Initial values for z; - are obtained
from (34). These differential equations possess a unique polynomial solution, since
the only polynomial solution to

right-hand side that depends only on the product z¥ z;

dz d?z
—a— — B = 38
tma =B =p (38)
with a polynomial p of degree d is given by
d 2\ ¢
d d

= E . 39
¢ ( e ﬂdtz) P 39)

=0

We now show in detail how the coefficient functions zl/‘ (7) for the first few
values of m = 1, 2, ... are constructed. According to the bound (26), we assume
f0r1§j§Kthat

wjuj(0) = V28 a;, i (0) = v2e8171p; (40)

(consequently w;ju_;(0) = ~2e8/171G; i ;(0) = +2e8V171b;), with factors
aj and b; whose absolute values are bounded independently of N, €, and 4.
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Case m = 1 For m = 1, the right-hand sides in (36) and (37) are zero. The
relation (37) shows that z'j‘ 1(7:) = 0 for k # =£(j). Equation (36) shows that

d i (r) = 0 and hence z i 1 (‘L’) is a constant function. Its value is obtained
from (34) It vanishes for j # %1, and is given by

1 : |
o = 5 (a1 Fiby), 20 = 5@ Fiby),

for the only non-vanishing functions with m = 1.
Case m = 2 The products z <11>zﬁ]) and iiliz i 1 with all combinations of
signs give a non-zero contribution to the right-hand side of (37). Notice that j = 0

need not be considered, because 1y = 0. This gives the constant functions

. (1 —(1 _
29,(0) = —2iz} |z, P O)N2

@3 — 40255 (1) = —iwdz{} 0z (ON 2,

and similar formulas for z° 22, 2(r) z2 2 (r) and z 2 2 (1:)

From (36) we obtain dizzi 5 ' (r) = 0, and hence z2 2 (r) is constant. The initial

values are determined from (34), that is,
@%@+59@yqqﬂm+@2mg—@
(220 - 55 0) +27 (250 - 3" 0) = b
since the values zzi 5 '(0) are already known. In the same way we get z . 2(r)

These functions are the only non-vanishing functions for m = 2.
Case m = 3 The non-zero terms in the right-hand side of (37) are formed of

2 . . .
products K 1 zlj‘z my> , where one 1ndex amongm1 ,mpisl and the otheris 2. We thus
obtain formulas for zﬁ (1), zl 3 ( ), zi3<1 (1), z; 3 <2>(‘L’), zgtgl)(t), and

similar formulas with negative index j-All these functions are constant. The rela-

tion (36) leads to differential equations with vanishing right-hand side for z; <33> (1)

and with constant right-hand side for zfél) , which thus becomes a linear polynomial

in .
kl

Case 4 < m < K Assuming that the functions 25, pare known for p < m — 1

and all j; and kl the relation (37) permits us to compute zk fork # £(j). We

further obtain z from (36) and (34). By this construction many of the functions
are constant and some of them are polynomials in 7, of degree at most m /2.

Case K < m < K+ M with M < K: A new situation arises for m = K,
because for | j| = K we have, according to the bound (26), that

wju;(0) = 2e85 a;, ij(0) = vV2e5K b, 41

withaj, bj = O(1). Hence, for m = K, we get differential equations for all diag-

onal functions zi( with initial values that in general are not zero. Otherwise, the

construction can be continued as before.
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(j,k,m)

7N

(1, k' m1)  (j2,k* ma)

Fig. 3. Binary decomposition

Since all coefficient functions are created from diagonal quantities z (t) we
have for all m = 1 that

zljﬁm(r) =0 if j # (k) mod 2. (42)
Furthermore, as long as m < K, we have

K A m < |j| or m < u(k) or
(1) =0 if [m;éjmod2 or m # (k) mod 2.

6.6. Bounds of the Modulation Functions

The above construction yields functions z¥ im that are bounded by certain non-
positive powers of N. From the explicit formulas of Section 6.5 we have

7y =0a)

590 =00), 251 =01, 5,0)=0N"2

550 =0M, 537 =00)

Gy P =00), 5y (r) O(N™?)

Zﬂ”(f) = O(N"2) + O(v), 23 W(r) = ON?)

aal@ =0, 3P =0ow?). VTP =00,

and similarly for negative index j. In the course of this subsection we show that
form < K + M,

N—1 2
Do DI, @I £C for 05T,
j=—N kele

with a constant C that depends on K and M, but is independent of N.
The behaviour of z];’m can best be understood by using rooted binary trees. For

multi-indices k # +(j) we see from (33) that Zl;,m is determined by the products

1 2 . . . :
z';l mlz';z my> Where j = ji+ jp. k = k! + k2, and m = m; + m», as illustrated
. . . . . . k .
in Fig. 3. Recursively applying this reduction, we see that z J.m can be bounded in
terms of products of diagonal terms zz;@ with p < m. For example, zélg contains

a term (zﬁ )2zl—y(31>‘ This is illustrated by the binary tree of Fig. 4.
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(1),1) (1, (1),
Fig. 4. Example of a binary tree with root (3, (1), 5)

In such rooted binary trees, there are two types of vertices: leaves of the form
(¢, £(£), p) and inner vertices (j, k, m) with k € K; and k # £(j) which have
two branches. Fork € ICj andm = K + M, we denote by Bk the set of all rooted
binary trees of this kind Wlth root (j, k, m). We note that the number of trees in
B]]" . 1s independent of N.

We estimate the modulation functions in a time-dependent norm on the space
of polynomials of degree not exceeding K + M,

d—f(r)‘ : 43)
T

1 l
el = 2" |5

i>0

By the weak non-resonance estimates of Section 5, we have for all (j, k) € IC with
k # +(j) that

k- -w)N3 N
@) B = - satisfy |o|+ |5 S C

k .
o = —2i
J a)?—(k-oo)2

d wf —(k-w)?’
(44)

with a constant C that does not depend on (j, k) € K and N. Since for a polyno-
mial p(t) of degree n, we have ||dp/dz]||; < n| pll:, the solution (39) of (38) is
bounded by ||z[|; < C(n)||pll. with a constant depending on n. Equation (37) thus
yields the recursive bound, for k # +(j) and form < K + M,

k k "
”’1ij . Sy Z Z Z m Zjim H’ij,mz , (45)
j14j2=j mod 2N k! yk2=k mi+ma=m
with
Cw’N~2

|7 — (k- @)?|

where C depends on K and M, but not on N, j, and k.
We resolve this recurrence relation via the binary trees. We denote by KE (b)
the number of appearances of (¢, (£), p) and its complex conjugate (—¢, —(£ ) p)
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among the leaves of atree b € Bi‘ and by K¢ p (b) the number of appearances of
€, —(£), p) and (—¢, (£), p). We then obtain

= 2wl

beBB

0]

k;(b)
e

k
[ )

T

with a factor I"(d) that is given recursively as follows: I'(b) = 1 for a tree with a
single node (j, £(j), m), and

L(b) = yfT (BT (b2)

for a binary tree b having a root (j, k, m) with k # =£(j) and composed of subtrees
by and b,.

Lemma 6. The estimates of Section 5 yield
I'(b) < Const.
with a constant independent of N € N'(M, y) (but depending on K, M and y).

Proof. We have y ]l.‘ = O(1) for all values of (j, k) with the exception of the cases
corresponding to the second inequality of (21) or to that of (14), where we have
only y = O(w;N), which is unbounded for large j. Nevertheless, we obtain the
statement of the lemma, because the non-resonance estimates of Section 5 permit
us to prove

YK YK —00) for ji+jo=jmod 2N and k' +k> =k, (48)

where we have set Ve =1land y =0if j € ;.

Indeed, letk = (j —r) +h Wlth s = Ze Lhy, and assume that k! is close to
(j —r), so that (k?) and | j»| are bounded by 2M < K + M. We distinguish two
situations. If so = > ¢ ﬂk% satisfies so # = jp, it follows from the first inequality of

Lemma 1 that y]l.zz = O(N~2). This is sufficient to get (48). If sp = jrorsy = —ja,
so that y}f = (1), an inspection of the possible values for (j;, k') shows that
y}jl = O(N~1). Also, in this case we have (48). O

By (45) and (47) the functlons zk n(T) with K # +(j) are estimated in terms of
the diagonal funct10ns o ep (r) with p < m. With similar arguments we find that

the derivative of z j’m (t), given by (36), is bounded by

STED YD VDI S

Ji+j2=j mod 2N kl4k2=d(j) mi+mar=m

=

J2,m2

k2
Nl

T

(49)
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Here we note that the factor wjN, which is large for large |j|, is compensated by

the factors present in zX m and Z¥’ Ty . This is a consequence of

YK vK = 0(@;N)™") for ji+ jo=j mod 2N and k' +k> = £(j),
(50)

which follows from the non-resonance estimates of Section 5 exactly as in the proof
of Lemma 6. The estimate ||z||; < |z(0)] + 2||| |l for z < 1 together with an
induction argument thus yields

< |5 O+ ¢ Z HH(HM

/(Zp(b)

521, .,

J.m

Ky, p(b) —(€)
<

T

where B ) is the set of binary trees with root (j, +(j), m), and KZ: » (b) have the
same meamng as in (47).

We have arrived at the point where we have to estimate the initial value z (0)
Gm (0) for
k # +(j), and of a—zk (0) for all k € K;. Using (49), this implies the bounded-
nessofz <J>(0) for |]| <K+Mandm £ K + M. For large |j| > K + M and

m=K the function z (r) is constant, and we have

defined by (34). It is bounded in terms of the scaled quantities a;, b;, z%

. i | —
ff,:)(m @i Fiby, SO = 1@ Fib),

because in this case zl]‘.‘ n(0) = 0 forall k # +(j). By induction, we thus obtain
for|j| > K+ Mand K <m < K + M that

T OPSC D (ad? + 1),

le—jl=M
By (51) we obtain a similar estimate for |||z |||r, and by (47) for all |||z mllz
Using
N-1
> ojlla;*+1b;*) £ C.
j=—N

which follows from the assumption (26) on the initial values, we obtain the follow-
ing result.

Lemma 7. Form < K + M, we have for t < 1

o2l ) <o 2
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Together with the observation that

=0 for m < min(|j|, K), (53)

j m

Lemma 7 yields (29). Analogous bounds are obtained for the derivatives. As a
further consequence of this reduction process by binary trees, we note that

kK =0 if kg #0 and m < min(¢, K), (54)

and the only non-vanishing coefficient functions for m = min(¢, K) are the diag-

+(e
onal terms z, i,Z).

6.7. Defect in the Modulation Equations
‘We consider the series (35) truncated after K + M terms,
1
&) = 3 > kL. (55)
mEK+M
As an approximation to the solution of (3), we thus take

wjitj(t) = Y Kae®r, (56)
kE’Cj

The construction is such that #; (0) = u;(0) and i j(0) = 1;(0) forall j. The func-
tions zl;(r) do not satisfy the modulation equations (32) and (33) exactly. We denote
the defects, for j = —N, ..., N — 1 and arbitrary multi-indices k = (ky, ..., ky),
by

dz¥ 22k
df = (0 — (k- @))§ +2i(k - @)N~ 3d LN 6dr2]
—l—iwj Z (—1)Ur+2=D/@N) Z Zl;:z.lfzz. 7
Jji+j2=j mod 2N K Rk
By construction of the coefficient functions z , the coefficients of 6™ in a

8-expansion of the defect vanish form < K + M We thus have

2(K+M)
wj—Zd}f - z (—1)U1t2=D/CN) z Z Z
J1+j2=j mod 2N kl4k2=k m=K+M+1mi+my=m
1
Zk 8mN 4

Ji.mj ]2 m2

(58)

Using the estimate (52) of the modulation functions and Lemma 5, the defect is
thus bounded by

E ( zzmdkm) < CERTMHINT? for 0T <1 (59)

j=—N
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With (50), a stronger bound is obtained for the diagonal defects:

N-1 '
%ol
N

j==

2
) < CEETMHIN=S)2 for 0< < 1. (60)
T

The defect d'l.‘ vanishes for multi-indices (j, k) that cannot be decomposed as
Jj=Jj1+ jpandk =k! + k* withk! € K:jl,k2 e Kj,.
6.8. Remainder Term of the Modulated Fourier Expansion

We compare the approximation (56) with the exact solution u(¢) of (3) for
initial values satisfying (10). With the notation of Section 2 this yields, for j =
—-N,...,N—1,

iij +ojuj+V_;U@W =0
iUj+ i+ V_jU@) =19,
where the defect 9 (¢) is given by
w9 (1) = D d¥()e®" with =N,

k
and, by (59), bounded by
N—1
> o,»|w;‘z>\,»(t)|2 < cEKHMHIN=H2 for + < N3, 61)
j=—N

The initial values satisfy #;(0) = u;(0) and ﬁj (0) = u;(0).
The nonlinearity VU (u) = b(u, u) is a quadratic form corresponding to the
symmetric bilinear form

N-1
bu,v) = [ —iw; Z (_1)(j1+j27j)/(2N)wjle2 Ujvj
Jji+j2=j mod 2N j=—N
Using Lemma 5 and |w;| < 2, we thus obtain the bound
Ib(u, v)|| < 2127 'b(u, v)|| < 2¢||Qul|-| v

We then estimate the error 7 () = u () —u; (¢) by standard arguments: we rewrite
the second-order differential equation as a system of first-order differential equa-
tions
wjilj = w;7;
'l7j = —wj(a)jﬁj) +bj(ﬁ, u) + ().
We use the variation-of-constants formula and the Lipschitz bound
Ib(u, w) —b@, W = 2¢ (|Ru] + L) [|Ru — Q|| < 4cCVe||Qu — Q|

for |Qu| < C/e, |Qu]| £ C/e. By (61) we have ||9(r)|| £ CSKFMHIN—4 for
t < N3. The Gronwall inequality then shows that the error satisfies the bound (28)
for t < min(N?3, e ~1/2). This completes the proof of Theorem 2.
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7. Bounds in Terms of the Diagonal Modulation Functions

The following result bounds the norms (43) of the non-diagonal modulation

functions zl; with k # %(j) in terms of those of the diagonal functions zztw).

Lemma 8. Under the assumptions of Theorem 2, we have the bound

N
kel
2. k 2_(£) 2_—(€) 2 9k
(HN & = CH(H‘N )+ ‘HN ; T) + N5 for T,
(62)
for |jI = N andk = (ki, ..., ky) € K;, with

N—1 2

Do Dl ) S CEFMHINT, (63)

j=—N keK;

The constants C and C are independent of E, N and t.
We recall that szgim (1) = O@™int. KDy,

Proof. The proof uses arguments similar to those in Section 6.6. The defect equa-
tion (57) yields, for k # (j),

2 k|| <k 2 k!
L] IS D YD D L
Jj1+j2=j mod 2N k! 4+k2=k

—2a72 k
+ykw 2N ‘de t

2
N L

T

with y}‘ of (46). We denote by B;‘ the set of binary trees with root (j, k) that are
obtained by omitting the labels m’ at all nodes (j’, k', m’) of trees in B;‘ ,, for all

m < K + M, and by Kei(b) the number of appearances of (¢, ==(¢)) among the
leaves of a tree b. We then obtain the bound

posl s 3o e

a0

T

ki (b) -
e

+N2E (64)

with the same factor I'(b) as in (47), and with 19;? satisfying the estimate (63)
because of (59) and the bound yJ'.‘ = O(w; N). Since every tree in Bl.‘ contains the

leaf (£, &=(¢)) at least |k¢|| times, this yields (together with zﬂ[ = i<l))

Sro] (H(NQZ?
. 21

beBk

e
|22 < )Nk 69)
T T N

Since I'(h) < Const. and the number of trees in Bk is independent of N, this
implies the stated result. O

We also need another bound that follows from (64).
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Lemma 9. Under the assumptions of Theorem 2, we have the bound

N
<o 3o [
T
=1

for0 < j = N andk € Kj, where 15‘}.‘ is bounded by (63). The sum in (66) is

actually only over £ with |j — £| < K 4+ M. We recall z:? = 5

k
I

G
=

)+19}‘ for <1, (66)
)t

Proof. Foratree b € B}‘, let (£, 2=(€)) be a leaf such that |¢] is largest among the
leaves of b. For the other leaves (¢;, £(¢;)) we have £ + Zi £; = j and therefore
j — € < 3161 < K + M. Since z;; ) is bounded by O(N~251), we obtain
the result from (64). O

The next lemma bounds the derivatives of the diagonal functions in terms of
their function values.

Lemma 10. Under the assumptions of Theorem 2, we have the bounds

0
I

forj=—N,...,N — 1, with

-()
A

<2(|Z (t)l-i—lz (r)|)+l9j for T<1, (67)

N-1
> o S CEFTMTINT?, (68)
j=—N

The constant C is independent of E, N and t.

Proof. From the defect equation (57) with k = £(j) we obtain

£(j)
=
dr

1
< 2w;N Z H‘N2 k
Ji+j2=j mod 2N k!4

]
@

N L

T

—1,/5
—l—cuj N

The last term is bounded by (60). We now use (65) for z /l and z * and note that

by (50) we have I'(b1)I" (h2) = O((w;N)~") for all by € B}?l and b2 € B?z . This
gives us

+(j)
dz
V=l s >
dr T .=
J1+j2=j mod 2N
Ik} |+1k2]
< S 11 (’HN%“ T) + N2,
k! +k2==£(j) ¢21
< 082 (”’szﬁj) n H‘szjﬂj) ) i Nzﬁj,
T T
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where 1 is bounded by (68) because of (60) and (63). For the second inequality we
note that the number of terms in the sums is independent of N, and that (£, =(;))
(for some combination of signs) must appear among the leaves, in addition to at
least two further leaves that account for the presence of the factor 8. On the other
hand, we have

<12

=(j)
I

T

Hence we obtain

(1= Cy82) (‘Hzﬁ”

= < 1,40 —{J) :
) 2 @115 Y o+ o,

which yields the result if C58% < % O

8. Almost-Invariant Energies of the Modulation System

We now show that the system of equations determining the modulation func-
tions has almost-invariants that bound the mode energies £ (¢) from above. This
fact will lead to the long-time energy bounds of Theorem 1. The construction of
the almost-invariants takes up a line of arguments from [18, Chapter XIII] and [9,
Section 4].

8.1. The Extended Potential
We introduce the functions
YO = 0fO)grec  with o;yf(@) = @)t (69)
with T = N 737, so that u;(t) ~ u;(t) = y¥(#). By the construction of the
J J kY y
functions zlj? from the modulation equations, the functions y'? satisfy

-k 2 .k s J1+j2—J) (2N)
ol +io; > (DU p > K=
Jj1+j>=j mod 2N kl+k2:k

(70)

where the defects e'?(t) = led'.‘(t)ei(k"")’ are bounded by (59). The nonlinearity

is recognised as the partial derivative with respect to Ay K of the extended potential
U(y) given by

i + 2N K3
Uy = = Z (= D)UrHzR/CN) 4y )0 oo Z yjl y/z Ve
J1+j2+/j3=0 mod 2N k! +Kk2+k3=0

(71)
Hence, the modulation system can be rewritten as
P+ olys + VSuU@y) =, (72)

-k

where V:;?L{ is the partial derivative of U/ with respect to y_ i
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8.2. Invariance Under Group Actions

The extended potential turns out to be invariant under the continuous group
action that, for an arbitrary real vector A = (A1, ...,Ay) € RY and for @ € R, is
given as

S1@)y = (@EVIyk)
Since the sum in the definition of I/ is over k! + k% 4+ k3 = 0, we have
USLO)Y) =U(y) for 6 e R. (73)

Differentiating this relation with respect to 6 yields

N—-1

d
0=g5|,_ H&OD = 2 itk MyFvium. (74)

o'l j=—N k

In fact, the full Lagrangian of the system (72) without the perturbations e';,

N-1
1 k.
L9 =5 D DO —ofyTiy) — U,
j=N k

is invariant under the action of the one-parameter groups Sy (¢). By Noether’s the-
orem, the corresponding Lagrangian system has a set of invariants 7y (y, y), which
we now study as almost-invariants of the perturbed system (72).

8.3. Almost-Invariant Energies of the Modulation System

We multiply (72) withi(k - 1) y k and sum over Jj and k. Using (74), we obtain
2. 2 ik MO + @iy = ZZl<k Myl
ik

where we notice that the second terms in the sum on the left-hand side cancel. The
left-hand side then equals — %ZX (y, y) with

Ty, y) =— D > ilk- My k. (75)
j=—-N k
Hence we obtain
d . _
DY) = Z D> ik vyl (76)
j=—N k

In the following we consider the almost-invariants as functions of the modulation
sequence z(t) = (zlj?(r)) and its derivative (dz/dt)(t) with respect to the slow
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time variable T = N 3z, rather than of y(¢) defined by (69) and y = dy/dt. For
A = w¢(£), a multiple of the £th unit vector, we write

dz . .
& (Z, 5) =2NZy,0)(y,¥) = 2NweZip)(y, y),

so that

dzk
& (7 ) = —2Nox Z > kw2 ';(i(k.w)z';JrN*%). (77)

j=—N Kk

By the estimates of the modulation functions we have at the initial time
& (200, d%(0)) | SCESCD for £=1.... K,
>k ot € (200, $(0)) | = QESED,
where Co depends only on the initial values (u(O) 1u(0)). From (76) we have

—&g( )_—12ng Z > ke Tkw 2d. (79)

j=—N Kk

(78)

Theorem 3. Under the conditions of Theorem 2 we have for t < 1

d
a&@miuwgw

where
O S CESTEAM=1 for 0 =1,...,K
ZfiV:K oy < CE§*K+M—1,

Proof. We insert (58) into (79) to obtain, with L = min(¢, K),

kl L+K+M+1 6
52 (z (T) <2Nog D lkez " B N-

—j.m%ji,m 12 my

where the sum is over all indices j, ji, jo» with ji + j» = j, multi-indices k, k', k?
with k! + k? = k and indices m, m{, m» < K + M with m > L (note (54)) and
my +my 2 K + M + 1. This sum contains a number of terms that is independent
of N. Estimating the modulation functions by (45) yields

—k k' K L+K+M+1 373
e 2)| 52w Skttt (T [ )25

where the number of terms in the sum is still independent of N. As in (48), the
non-resonance estimates of Section 5 yield

(80)

—k_ k' K _ -1
wekey_j vy v, = OWN T,
for ji + j» = j mod 2N and k' + k> = k. Among the terms in the product over 7,
two terms satisfy |ji — €] £ 2M, and all others |j;| < K + M. For the latter, we

estimate [|zX m |l by a constant, for the two others we use the Cauchy—Schwarz
inequality together with the estimate (52) to arrive at the stated result. O
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8.4. Almost-Invariant Energies and Diagonal Modulation Functions

The following lemma shows, in particular, that |Z2t(€> (7)]? is bounded in terms
of the almost-invariant &;.

Theorem 4. Under the conditions of Theorem 2, there exists ¢ > 0 independent of
E and N such that

& (=), j—:(r)) > (1= oM (2 @F + 12, Y @) - 9, and
& (20), L) < (1 +e8aN (110 @P + 15, T @F) + 00,
for T <1, with 9 bounded as in (80).
Proof. &; has the four terms |zié€) |2 in the sum (77) and further terms contain-

ing z]; for (j,k) € K with k # %(j) and k; # 0. For such (j, k) we note that

a)/_z(kga)g)(k - @) is bounded independently of N, and from Lemmas 8 and 10 we
have the bound

d _ ~
o)+ ‘Ez‘;m < cs(lzy" @)+ 1z, (@) + 0% + 5,

with 19;‘ bounded as in (63), and with 55 bounded as in (68). This yields the result.
O

8.5. Bounding the Mode Energies by the Almost-Invariant Energies

We are now in the position to bound the mode energies E;(t) = E;(u(t), u(t))
of (8) in terms of the almost-invariants

Eet) =& (z(r), j—:(f)) for T =Nt

Theorem 5. Under the conditions of Theorem 2, we have

N
Ej(t) £ (C+c8h) D 827y t) +9; for t <min(N?, e7!/?),
=1

where ¥ is bounded as in (80) and C, ¢ are independent of E and N. The constant
C depends only on Cy of (78), and ¢ depends on Cy of (26). The sum is actually
only over L with |j — €| < K + M.

Proof. We insert in €; () the modulated Fourier expansion (27) for w;u ;(¢) and
1j(t) and use the remainder bound (28). We use Lemmas 9 and 10 to bound the
modulation functions z¥ in terms of the diagonal functions zeiw), and Theorem 4
to bound the diagonal functions in terms of the almost-invariants &. This yields

the stated result. O
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Theorem 6. Under the conditions of Theorem 2, we have
|E1(t) — E1(1)| £ CES®  for t < min(N3, e '/?).

Proof. We insertin €;(¢) the modulated Fourier expansion (27). Using the estimate
(52) we obtain

Ei@) = 4N @R + 127 M @) + O(Es?).

Together with Theorem 4, this gives the result. O

8.6. Dependence of the Almost-Invariant Energies on the Initial Values

Lemma 11. In the situation of Theorem 2, consider perturbed initial values
((0), u(0)) whose difference to (u(0), (0)) is bounded in the norm (24) by

| (w(©) —1(0), a(0) —u() | £ 9 with ¥ < CsKTMTINT2,

Then, the difference of the almost-invariant energies of the associated modulation
functions (z'j) and (Z'J?) is bounded by

)& (z(r), g(r)) —& (‘z’(r), g(r))‘ <Co8'N! for £=1,... K

i ot & (20), @) — & (70), T0)| < cosf N

Sfor T £ 1, with a constant C that is independent of E and N.

Proof. We follow the lines of the proof of (52), taking differences in the recursions
instead of direct bounds. Omitting the details, we obtain

2

< Co?,

T

N—1

. k _ >k
Z oj Z H‘Zj <j
j kE/Cj

j==—N

for ¢ < 1, with a constant C that is independent of E and N. Together with the
definition of £ and the bounds (52), this yields the result. O

8.7. From Short to Long Time Intervals

By the estimates of the modulation functions, we have for the almost-invariants
at the initial time the estimates (78), where Co can be chosen to depend only on
the constant Cg of (26). We apply Theorem 3 repeatedly on intervals of length 1.
As long as the solution u(z) of (3) satisfies the smallness condition (26) with a
larger constant 60 in place of Cg, Theorem 2 gives a modulated Fourier expansion
corresponding to starting values (u(f,), u(t,)) at t, = n. We denote the sequence
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of modulation functions of this expansion by z, (7). ThE estimate (28) of Theg—
rem 2 for # = 1 allows us to apply Lemma 11 with & < C| SKAM+I N =4 (with C,
depending on Cy) to obtain, for t = N3,

& (m0), L2 (@) = & (a1 0), P ()| < Cot+RHMH N

for £=1,...,K,
N
dz, 1 2KAM+1 =5
ZIZKGK ‘5@ (Zn(r) (r)) & (Zn+l(0) (0))‘ <Cs N™

with C depending on Co. Theorem 3 now yields the same estimates with 7 = 0,
possibly with a different constant C depending on Cp. Summing up we obtain

€6 (200, T2 ) = & (m(0), T2 )] < Cotrrrriy=s

for ¢=1,...,K,
3 dﬂ dzo C§2K+M+1 =5
2o & (2000, T2 0) = & (200, T2 @) | < C8KH+1

and the same estimates hold when the argument 0 of z, is replaced by t < N3,
Again, Cc may be different and depends on 60- For 1, < ¢oN 25=M=1 with ¢y =
Co/ c , the first expression is smaller than CO(S”K N3, and the second one is smaller
than Co82X N—3. Hence we obtain, for n < coN28~M~land t < N3,

‘eg (z,,(r) (r))‘ <208 N3 for £=1,... K,

g}w ‘5@ (zn(r), %"(f))‘ < 20062K N3,

By Theorem 5 we therefore obtain, for 1 < cgN25~M 1

Ej(t) S (C+c8)8* N3 <208 N3 for £=1,...,K,
N
z 0 Ej(t) £ (C+c8?)8*K N3 < 208K N3,
j=K

where C depends only on Cy and hence on Cy, but not on 60. Provided that 60 has
been chosen such that 60 = 2C, we see that the solution satisfies the smallness
condition (26) up to times r < coN 25—M=1 5o that the construction of the modu-
lated Fourier expansions on each of the subintervals of length 1 is indeed feasible
with bounds that hold uniformly in n. The proof of Theorem 1 is thus complete.
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9. Including the First Near-Resonance

The non-resonance estimates of Section 5 are crucial for the construction of the
modulated Fourier expansion. The restriction max(|j|, u(k)) < 10 in Lemma 1
leads to the rather severe restriction K + M < 10 in Theorem 1, which together
with the condition K < M yields M < 4 and hence limits the result to a time scale
t < N2573, We discuss the case K = 6, M = 5 (so that K + M = 11) in order to
stretch the time interval by a further factor 8.

A difficulty now arises in the construction of zl; with j = 5 and the multi-index
k=(-3,00,2,0,0,...,0) € ICj,becausehere'a)j —k-w=ws —2w4+3w; =
O(N~9); see Lemma 1. We introduce the lowest-order resonance module

M={n-(-3,0,0,2,—-1,0,...,0)|n € Z},
which is included in the larger resonance module

Zm =0, Z£3k4 —0]

MC’keZN
=1

We remove from the modulated Fourier expansion (22) pairs (j, k), for which
k — (j) € Mork+ (j) € M. To keep the defect small, we have to modify the
definition of the diagonal coefficient functions =Y,

We consider the pair (j, k) with j =5andk = (-3,0,0, 2,0, ...), for which
k — (j) € M. The use of (33) would lead to a small denominator of size O(N ~9),
which then makes the construction of the modulated Fourier expansion impos—
sible. Instead of using (33), we set z = 0 and include the terms zk zk with

J1+ j2 = ] =5andk! +k? =k = ( 3,0,0,2,0,. )1nthedeﬁn1ngf0rmula
(32) for z ). This leads to

dz<5> d2z< _ _
Tk e iwZeier 0= -2 |

with @« = N3Qws — 3w; — ws), which is small of size O(N~2). Since by con-
struction, each of the coefficient functions z (1) contains a factor N 2, we are
concerned with a differential equation of the form

2

j—i + ,3272 = p(v)e", z(0) = zo, (81)
where « and B are of size O(N~2), and p(t) is a polynomial with coefficients
that are uniformly bounded in N. For large N, this differential equation is of sin-
gular perturbation type, and the general solution will have oscillations with a high
frequency of size O(N?). We are interested in a particular solution that does not
have such high oscillations. The ansatz %(r) = A(7)e'®" transforms (81) into a
linear differential equation for A(t) with a polynomial right-hand side, for which
a polynomial solution can be found as in (39). Integration of A(7)e'®" then yields
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a smooth solution of (81) of the form zo + C(7)el*” — C(0), where C(7) is a
polynomial with uniformly bounded coefficients.

The only difference from the computations of Section 6 is that the coefficient
functions zl;(r) are no longer polynomials, but linear combinations of polynomials
multiplied with exponentials e!”, where a = (N ~2). Such functions also satisfy
lzll: = C forz = 1.

In the following we write h ~ k if h — k € M. For a given multi-index k we
collect all modulation functions Z?(‘L’) with h ~ Kk, and instead of (69) we consider
the functions

w;yk(t) = @M,
h~k

with T = N3¢, so that y;‘ depends only on the equivalence class [k] = k + M
of k. The construction of the modulation functions z]; has been modified in such
a way that in the modulation equations (70) for the above-defined y}?, the sum is
now over equivalence classes of multi-indices k'], [k?] with k! + k? ~ Kk instead
of multi-indices k', k? with k! + k? = k (see also [8] for the construction of
resonant modulated Fourier expansions). Consequently, in the extended potential
U of (71) the sum is now over k! 4+ k> 4+ k* ~ 0. Therefore, the group invariance
property (74) is no longer true for all A € RY, but only for A L M, that is, if
311 — 24 + A5 = 0O; but then 7, is an almost-invariant. This does not affect the
almost-invariant energies £; with j # 1,4, 5, but instead of &1, &, &5 we have
only two independent almost-invariants

271 + 3124 and 74 + 275,

where Z; = £ /w; is the corresponding action. Though Theorem 5 is still valid in
this modified setting, it no longer bounds the normal mode energies E; in terms
of almost-invariants. A way out is to bound the critical &£, &4, & in terms of the
remaining almost-invariants, using that wyZ, = & =2 0 by Theorem 4 (which
remains valid in the present modified setting):

&1 £ N1 (27 + 31y)
E4 S 2Nwy (T4 + 275)
Es < Nws(Zy + 275).

However, we then obtain essentially the same bound for £ and &5 and consequently
for E4 and E5. These considerations lead to the following extension of Theorem 1
tothe case K =6, M = 5.

Theorem 7. Fix y > 0 and p 2 1. Then, there exist §9 > 0 and ¢ > 0,C > 0
such that the following holds: if

(1) the dimension of the system satisfies N = 32 and N € N'(5, y),

(2) the total energy E is bounded such that § := ~/EN3 < §,
(3) the initial normal mode energies satisfy E;(0) = 0 for j # £1,
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then, over long times
t < eN2§76,

the normal mode energies satisfy the estimates

|E1(1) — E1(0)| £ CES?, (82)
Ej(t) SCES*D j=1,...,4, (83)
Es(t) < CES®, (84)
N
szi E;(t) £ CESS. (85)
j=6

The proof uses a variant of Theorem 2 where K = 6, M = 5, and the initial
energies in the modes satisfy (83)—(85). The partly resonant modulated Fourier
expansion is constructed as described above. One verifies that Theorems 4 and 5
remain valid, also, in this modified situation, and an analogue of Theorem 3 holds
for the remaining almost-invariants.

The inclusion of further near-resonances to arrive at even longer time-scales
appears feasible in principle, but is beyond the scope of this paper.

10. Quartic and Higher-Order Potentials

We consider the Fermi—Pasta—Ulam B-model, that is, the lattice (1) with poten-
tial V(x) = x* /4 (this corresponds too = 0 and 8 = 1 in the problem of Section 2).
For the discrete Fourier coefficients we obtain the system

2 — _ Ui+t ia=i)D/2N) o
Uj +wjuj = wj § , (=D WjiWjrWj3 UjUjplhj3,
Ji+j2+j3=j mod 2N

with frequencies w; as in Section 2. This is a complex Hamiltonian system with
potential

1 R,
_ Grtiat3+ja)/2N) o
Uw) = Z (=D WjWj@j3Wjy Uj U jpU jsUh jy -
J1+j2+j3+ja=0 mod 2N

The normal mode energies are defined as in Section 2.

We performed numerical experiments with the FPU S-model. Fig. 5 shows the
mode energies E(¢) as functions of time for £ = N —2_ 1t is observed that time
intervals proportional to N3 are, again, a natural time scale for the slow motion of
the energies. Further numerical experiments indicate that the mode energies behave
like

Exj_1(t) ~ ES*U™V f(N31) for j 22, with § = EN. (86)
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Fig. 5. Normal mode energies E ; (7) as functions of time for the FPU B-problem with initial
values (11); increasing j corresponds to decreasing values of Ej(f). For even j we have
Ei(t)=0

J

Theorem 8. Consider the potential V (x) = x9t! with an integer ¢ = 2, which
gives a nonlinearity of degree q in (3). Fixy > 0,p = 1, and let M and K be
positive integers satisfying M < K and K + M = 10. Then, there exist 69 > 0
and ¢ > 0, C > 0 such that the following holds: if

(1) the dimension of the system satisfies N 2 41, N € N(M, y), and N is an
integral multiple of g — 1,

(2) the total energy E is bounded such that § == ~ E9-1N5—4 < §,

(3) the initial normal mode energies satisfy E;(0) = 0 for j # %1,

then, over long times
t < eNZ§M-L

the normal mode energies satisfy the estimates

|E1 (1) — E1(0)] < CES?, (87)
Eip(j-ng-n®) S CEFU™D j=1,.. K, (88)
N
D P Eri(-ng-n® = CESED. (89)
=K

The other mode energies are identically zero.

To our knowledge, this is the first rigorous result on the long-time behaviour
of the mode energies in the FPU S-model for large particle numbers N. The proof
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by modulated Fourier expansions is very similar to that of Theorem 1 and there-
fore is not presented in detail. We have an analogue of Theorem 2, now with
8§ = ~/E49-1N5-4, and valid on time intervals t < min(N3, e~ @~D/2) with ¢ =
E/(2N). Theorems 3—6 remain valid with subscript £ replaced by 1+ (¢ —1)(g —1).
The proof, again, gives explicit formulas for the dominant terms for § <« 1:

Ery(j—1yq-1»(®) = 2E8*U"VC(la;()* + O@* + N7,
where C = [c_ |20 =D@=D 4 ¢, 2H20-D@=D withcy = \%2» (w1u1(0) % it (0))
as in (19), and the first functions a;(¢) are given by

3
7224-2(g 4+ 1)(g — 1)

All the linear combinations of frequencies appearing in these formulas are of
size O(N73). In particular, we have

(ei(qwl —wg)t _ 1.

1
ai(t) = 5 a(t) =

_ (g + Dg(g — Dxr?
a1 = @g = 24N3

For the f-model (¢ = 3), the period of a;(¢) is approximately 4 times smaller
than that for the «-model (¢ = 2). In Fig. 5 we have therefore chosen an interval
that is 4 times smaller than in Fig. 2, so that for large N the same number of periods
is covered.

The decay of the mode energies with powers of § = EN < 1 in the B-
model was observed numerically by FLACH ET AL. [12]. The mode energy values
Eyj_1 ~ E3§/ 8n2)2(j —D gtated in [12] are qualitatively similar, though not iden-
tical to the expressions obtained with our derivation.

+ ON7).

11. Conclusion and Perspectives

We have given a rigorous analysis of the FPU «-model for large particle num-
bers N with initial excitation in the first mode and total energy E distinctly smaller
than the inverse of the third power of the particle number, thatis, § = VEN 3« 1.
Our results show the presence of several time-scales in the problem: On the fast
time scale r ~ N, there is almost-harmonic oscillation. On the time scale 7 ~ N3,
there is energy flow into the higher modes and the formation of a packet: the mode
energies have bounds that decay geometrically with the mode number (with a rate
proportional to § at least for the first modes) and they behave quasi-periodically in
time. These energy bounds persevere over a longer time scale t ~ N257> (meta-
stability). Analogous results are obtained for the FPU B-model (for EN <« 1) and
for higher-order nonlinearities.

It is instructive to compare and contrast our results and techniques with those
of BamBust and PonNo [1]. That paper considers the scaling § ~ 1 as opposed to
our 8 < 1. It obtains results on metastability for time scales r ~ N3. The proofs
in [1] use a resonant normal form, which turns out to be integrable as a pair of
uncoupled KdV equations for the FPU «-model. Integrability is lost, however, in
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the resonant normal forms of higher-order nonlinearities [2]. In contrast, we work
with a non-resonant modulated Fourier expansion in time, for which the associated
modulation system possesses a full set of almost-invariant energies that bound the
mode energies from above. Integrability plays no role here. Both [1] and the present
paper work far from the thermodynamic limit E/N ~ 1 as N — oo.

The techniques developed in this paper are not restricted to the particular case
of the FPU «- or f-models with excitation of only the first mode. They allow for
extensions to:

— other single excited modes (of low or high frequency), several excited modes,
packets of excited modes,

— other potentials, other nonlinearities (that are combinations of convolutions
and multipliers in mode coordinates),

— multidimensional lattices,

— Hamiltonian partial differential equations such as nonlinear wave equations
and Schrodinger equations,

— numerical discretizations.

The availability of (weak) non-resonance estimates for the frequencies is a key
issue, which influences the actual time scales and has to be studied from case to
case. In each case, however, there appear the phenomena of formation of a packet
of modes with geometrically decaying energies and metastability of the packet over
longer time scales.

For numerical experiments relating to some of the above issues in the FPU prob-
lem, we refer to [4,5,19] and further papers cited therein. Formation of a packet and
metastability in Hamiltonian partial differential equations have been studied, ana-
Iytically using modulated Fourier expansions and also numerically, in the doctoral
thesis of GAUCKLER [15].
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