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Long Time Motion of NLS Solitary Waves
in a Confining Potential

B. Lars G. Jonsson*, Jiirg Frohlich, Stephen Gustafson '
and Israel Michael Sigal?

Abstract. We study the motion of solitary-wave solutions of a family of fo-
cusing generalized nonlinear Schrodinger equations with a confining, slowly
varying external potential, V (z).

A Lyapunov-Schmidt decomposition of the solution combined with en-
ergy estimates allows us to control the motion of the solitary wave over a long,
but finite, time interval.

We show that the center of mass of the solitary wave follows a trajectory
close to that of a Newtonian point particle in the external potential V (z) over
a long time interval.

1. Introduction

We consider a family of generalized nonlinear Schrodinger (NLS), and Hartree
equations. For a large class of nonlinearities these equations have solitary wave
solutions, and, in this paper, we study the effective dynamics of such solitary
waves. The equations have the form:

10p(z,t) = —A(z,t) + V(2)¥(z,t) — f(¥)(z,1), (1.1)

where t € R is time, 2 € R? denotes a point in physical space, ¢: R x R  C is
a (one-particle) wave function, V is the external potential, which is a real-valued,
confining, and slowly varying function on R?, and f(v) describes a nonlinear self-
interaction with the properties that f(v) is “differentiable” in ¥, f(0) = 0, and
f(¥) = f(1)). Precise assumptions on V and f are formulated in Section 2.
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The family of nonlinearities of interest to us includes local nonlinearities, such
as

f@W) =Xyl'y, 0<s< %, A>0, (1.2)

and Hartree nonlinearities

F@) =X@* [¥*)y, X>0, (1.3)

where the (two-body) potential ® is real-valued, of positive type, continuous, spher-
ically symmetric, and tends to 0 as |x| — oco. Here ® x g := [ ®(x — y)g(y) dly
denotes convolution. Such equations are encountered in the theory of Bose gases
(BEC), in nonlinear optics, in the theory of water waves and in other areas of
physics.

It is well known that for a large class of nonlinarities Eq. (1.1) has solitary
wave solutions when V = 0. Let n, € L2 be a spherically symmetric, positive
solution of the nonlinear eigenvalue problem

—An + pn = f(n) = 0. (1.4)
The function 7, is called a “solitary wave profile”. Among the solitary wave solu-
tions of (1.1) are Galilei transformations of 7,
VYsol = Sa(t)p(t)y(6)Mu(t)s (1.5)
where S, is defined by
(Sapy ) (@) := P =T (3 — a). (1.6)

Let o := {a,p,~, 1}, where p is as in Eq. (1.4). For s to be a solution to (1.1)
with V' = 0 the modulation parameters, o, must satisfy the equations of motion

a(t) =2pt +a, p(t) =p, y(t) = pt +p°t+v, p(t)=p (1.7)
with v € S!, a,p € R, € R, In other words, if o satisfy (1.7), then
Vsol(T: 1) = (Sa(t)p(t)y(t) M) (T) (1.8)
solves Eq. (1.1) with V' = 0. Let the soliton manifold, My be defined by
Mg := {Sapyy : {a,p, 7, 1} €ERT xR x ST x I}, (1.9)

where [ is a bounded interval in R, .

Solutions to (1.4) behave roughly like e=V#I?l as |z| — oco. So p~1/? is a
length scale that indicates the “size” of the solitary wave.

We consider the Cauchy problem for Eq. (1.1), with initial condition g
in a weighted Sobolev space. For Hartree nonlinearities, global wellposedness is
known [28]. For local nonlinearities, the situation is more delicate; see Condition 1
and Remark 2.1 in Section 2. Let the initial condition 1y be “close” to Mg. Then,
we will show, the corresponding solution ¢ will remain “close” to Mg, over a long
time interval. A certain “symplectically orthogonal” projection of ¢ onto My is
then well defined and traces out a unique curve on Mg. We denote this curve
by 1,(1), see Figure 1.1.
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FIGURE 1.1. The trajectory v(-,t) over the soliton Manifold M.

An essential part of this paper is to determine the leading order behavior of
o(t) = {a(t),p(t),y(t), u(t)} and to estimate error terms. To this end, let W be a
smooth, positive, polynomially bounded function, and define

Vi(z) = W(eyx) (1.10)

“

where €y is a small parameter. Furthermore, let 1y be an initial condition “€y-
close” to n,, € M, for some og. Roughly speaking, this initial condition has
length scale 1/,/1,. We will consider external potentials, V', as in (1.10), for a
scaling parameter €y satisfying

ev < /o, (1.11)

i.e., we assume that the external potential varies very little over the length scale
of 1. For simplicity, we choose 1o = O(1) and €, < 1, at the price of re-scaling
the nonlinearity.

We decompose the solution ¥ of (1.1) into a part which is a solitary wave
and a small part, a “perturbation”, w. That is, we write v as

Y = Sapy (N + w). (1.12)

This does not define a unique decomposition, unless 2d + 2 additional conditions
are imposed. These conditions say that the perturbation w is ‘symplectically or-
thogonal’ to the soliton manifold M.

One of our main steps is a derivation of differential equations in time for
the modulation parameters, o, which depend on the external potential. These
equations appear naturally when one projects solutions of (1.1) onto the soliton
manifold. To control the motions of ¢ and w, we make use of conserved quantities:
the energy

My (v) =5 (VP + VI d's - Fw), (1.13)
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where F’ (1)) = f(v) (this is a variational derivative), the mass (or charge)

1
Nw) =5 [ 1P, (1.14)
and the “almost conserved” momentum
1 _ _
P(y) = i /ww — V) de. (1.15)

To achieve control over the perturbation w, we introduce a ‘Lyapunov functional’

A, t) = Ko () = Ko (Sapynu), (1.16)
where o = o(t) = {a(t), p(t), ¥(t), n(t)}, and where
Ko(v) =My (@) + (0* + p)N(@) = 2p - P())

— %/ (V(a) +VV(a)-(x— a))|1/1|2 dz,

i.e., K, is essentially a linear combination of the conserved and almost conserved
quantities. Using the linear transformation v := Sa_plvzb, we change questions about
the size of fluctuations around S,py7, to ones about the size of fluctuations around
the solitary wave profile 7,,;). In this “moving frame”, the K, () terms in the
Lyapunov functional introduced above take the form

(1.17)

Koy (Supytt) = E,(u) + % / R |ul? d'a, (1.18)
where
Rv(z) =V(z+a)—V(a) —VV(a)  (x —a) (1.19)
and
Eu(u) == Hy=o(u) + pN(u). (1.20)

In the moving frame the Lyapunov functional depends on the parameters p and a,
but not on p and . Furthermore, 7, is a critical point of £,(n,), i.e., &, (1) = 0.
The change of frame discussed above simplifies the analysis leading to our main
result.

Simply stated, our main theorem shows that, for initial conditions g €y-close
to My, the perturbation w is of order € := ey + €, for all times smaller than Ce™!.
Furthermore, the center of mass of the solitary wave, a, and the center of mass
momentum p satisfy the following equations

a=2p+0(&), p=-VV(a)+O(&). (1.21)
The remaining modulation parameters p and -~y satisfy
f=0(&), 4=pn—V(a)+p*+0(). (1.22)

A precise statement is found in the next section.
This is the first result of its type covering confining external potentials. In-
deed, we can exploit the confining nature of the potential to obtain a stronger
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result than that of [17] (and that stated above) for a certain class of initial condi-
tions which we now describe. Consider the classical Hamiltonian function:

h(a,p) == (p* + V(a))/2. (1.23)

Given an initial condition g €,-close to 7, € Mg, where oo = {ag, po, Yo, t0}, We
require the initial position ag and momentum pg to satisfy

h(ag,po) — min h(a,0) < e, (1.24)

with ey, < Ce¢, < 1, for some constant C. For this class of initial conditions, our
main result shows that the perturbation w remains O(e) for longer times:

C
<72.
€v\/€n + €

This improvement is non-trivial. For example, it means that we can control the
perturbation of a solitary wave which undergoes many oscillations near the bottom
of a potential well.

One should contrast the effective soliton dynamics described in Eqns. (1.21)
and (1.22) with the Ehrenfest equations for the NLS which hold — just like the
conservation of energy — for energy-space solutions, under mild assumptions on
the potential and the nonlinearity (see [16, 22, 15, 32, 17]).

Note that the decomposition (1.12) of the solution of Eqn. (1.1) is in the
spirit of the modulation analysis, and Eqns. (1.21), (1.22) can be seen as modula-
tion equations derived from imposing a ‘biorthogonality’ condition (equivalent to
symplectic orthogonality in the present, Hamiltonian, setting); for previous work
see [25, 29, 27, 48, 41, 5, 42, 43, 44, 31, 14].

t (1.25)

Remark. We can also extend our analysis to a class of slowly time-dependent
external potentials without much additional work. We introduce a scale parame-
ter, T, in time: V(z,t) := W{(eyx, 7t). To determine the size of 7 heuristically we
consider

%h(a,p, t)=p(p+VV(at))+ %(d —2p)-VV(a,t) + 0V (a,t). (1.26)

We want the last two terms to have the same size. The second but last term is
of size €%ey, since & satisfy the classical equations of motion to order €2. The last
term is of size 7. Thus if 7 is chosen to be 7 = O(ed,) all our estimates will survive.

The following example suggests that accelerating solitary wave solutions of
Eq. (1.1) in a confining external potential can, in fact, survive for arbitrarily long
times. Choose V(z) := 2z - Az +d-x+c¢ >0 and A > 0 (positive matrix). Then
(1.1) has the following solution:

W, t) = PO EaF )G (1 q(r)) (1.27)

with
p=-VV(a), a=2p, ¥=p*+p—"V(a), (1.28)
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where 7, solves the equation
—An+ pn — f(n) + (z- Az)n = 0. (1.29)

Thus, given a solution of the equations of motion (1.28), a family of solitary wave
solutions is given by (1.27), for arbitrary times ¢. For details see Appendix D.

The first results of the above type, for bounded, time-independent potentials
were proved in [18, 19] for the Hartree equation under a spectral assumption. This
result was later extended to a general class of nonlinearities in [17]. Neither of these
works deals with a confining external potential. In particular, their results do not
extend to the longer time interval (1.25) described above. This type of results has
also been obtained for the Korteweg-de Vries equation see [13, 14].

For local pure-power nonlinearities and a small parameter €y, it has been
shown in [4] that if an initial condition is of the form Sy, pgo7u0» then the solution
P(z,t) of Eq. (1.1) satisfies

ev

x t
—, —)> = Inullf28a0) (1.30)

)
€y €v

in the C'* topology (dual to C'), provided a(t) satisfies the equation 3d = VW (a),
where V(x) = W(eyx). This result was strengthened in [26] for a bounded external
potential and in [8] for a potential given by a quadratic polynomial in z.

There have been many recent works on asymptotic properties for generalized
nonlinear Schrodinger equations. Asymptotic stability, scattering and asymptotic
completeness of solitary waves for bounded external potential tending to 0 at co
has been shown under rather stringent assumptions. See for example, [37, 38, 39,
5, 6, 10, 11, 7, 45, 46, 47, 12, 35, 40, 23, 33, 20].

Though these are all-time results, where ours is long (but finite)-time, our
approach has some advantages: we can handle confining potentials (for which the
above-described results are meaningless); we require a much less stringent (and
verifiable) spectral condition; we track the finite-dimensional soliton dynamics
(Newton equations); and our methods are comparatively elementary.

Our paper is organized as follows. In Section 2, we state our hypotheses and
the main result. In Section 3, we recall the Hamiltonian nature of Eq. (1.1) and
describe symmetries of (1.1) for V' = 0. We give a precise definition of the soli-
ton manifold Mg and its tangent space. In Section 4, we introduce a convenient
parametrization of functions in a small neighborhood of My in phase space, and
we derive equations for the modulation parameters o = {a,p,~, u} and the per-
turbation w around a solitary wave s = Sapy7,. In this parametrization, the per-
turbation w is symplectically orthogonal to the tangent space T, Mg to My at 7,.
In Section 5, we similarly decompose the initial condition ¥ deriving in this way
the initial conditions, oy and wy, for o and w, and estimating wq. In Section 6, we
derive bounds on the solitary wave position, a, and the momentum, p, by using
the fact that the Hamiltonian, h(a, p) is almost conserved in time. In Section 7, we
construct the Lyapunov functional, A(2,t), and compute its time derivative. This
computation is used in Section 8 in order to obtain an upper bound on A(v,t).
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This bound, together with the more difficult lower bound derived in Section 9, is
used in Section 10 in order to estimate the perturbation w and complete the proof
of our main result, Theorem 2.1. Some basic inequalities are collected in Appen-
dices A—C. In Appendix D, we construct a family of time-dependent solutions with
parameters exactly satisfying the classical equations of motion.

2. Notation, assumptions and main result

Let L® denote the usual Lebesgue space of functions, C° the space of functions
with s continuous derivatives, and Hs the Sobolev space of order s. Abbreviate
()% =1+ |z|%

Assumptions on the external potential. Let W(x) be a C3 function, and let
min, W(x) = 0. Let 3 € Z¢ with B; >0Vj=1,...,d be a multi-index. Given a
number r > 1 let W be such that

09W (2)] < Crax v ()1, for |B] < 3, (2.1)
Hess W (z) > py(x)" 2, (2.2)

and
W(x) > cylz|", for|z| > cp (2.3)

for some positive constants Crnaxv, p1, Cv, CL-

The number r is called the growth rate of the external potential. Here Hess W
is the Hessian of W with respect to spatial variables. Define V(z) := W{(eyx).
Then, for r > 1,

07V ()] < CveNeva) 17, for 5] <3, (2.4)
Hess V(x) > p1€2 (eyx)" 2, (2.5)

and
V(z) > cy(eyl|z])", for ey|z| > cp. (2.6)

Assumptions on the initial condition 1. The energy space, J4 ., for a given
growth rate r of the external potential, is defined as

A=Y e Hy: (2)/ % e L2}, (2.7)
Let /77, denote the dual space of /] ,.. The energy norm is defined as
1013, = I, + [{eva) 2 BlIE, (2.8)

since |V| < C{eyx)". We require ¢y € J4 ,. It is convenient to include € in the
definition of the norm, since the spacial variable of the external potential scales
with €y. The naturalness of the norm (2.8) becomes manifest in, e.g., Proposi-
tions 8.1 and 9.1.

In what follows, we identify complex functions with real two-component func-
tions via

C 3 9(x) = ¥1(x) +itha(z) «— P(z) = (Y1(2), ¥2(z)) € R



628 B.L.G. Jonsson et al. Ann. Henri Poincaré
Consider a real function ¥ (1/_;) on a space of real two-component functions, and let

F’ (1/7) denote its L2-gradient. We identify this gradient with a complex function
denoted by F’(1). Then

— _ -

F'() = F'() — F(o¥) = F(4)),
where o := diag(1, —1), since the latter property is equivalent to F' () = o F'(a4)).
Assumptions on the nonlinearity f.
1. (GWP [9, 50, 51, 28]) Equation (1.1) is globally well-posed in the space
C(R, 7,) N CHR, ). See Remark 2.1 below.
2. The nonlinearity f maps from H; to H_q, with f(0) = 0. f(v¥) = F'(¢)
is the L2-gradient of a C® functional F': H; — R defined on the space of

real-valued, two-component functions, satisfying the following conditions:
(a) (Bounds)

sup ||FH(U)||B(H1,H71)<OOa sup HF/”(U)HHP—’B(HLH—I)<OO7 (2.9)
[lwlla, <M lullg, <M

where B(X,Y') denotes the space of bounded linear operators from X
to Y.

(b) (Symmetries [17]) F(7 ) = F(¢) where 7 is either translation ¢(z) —
P(x + a) Va € R?, or spatial rotation 1 (z) — (R™1x), VR € SO(d),
or boosts pr: u(z) — ePTy(x), Vp € R or gauge transformations
1 — e1h, Yy € ST, or complex conjugation v — ).

3. (Solitary waves) There exists a bounded open interval I on the positive real
axis such that for all € I:
(a) (Ground state [3, 1, 2, 30]) The equation

—AYp+ pp — f(¢) =0 (2.10)

has a spherically symmetric, positive L? N C? solution, n = 7,,.
(b) (Stability: see, e.g., [49, 21]) This solution, 7, satisfies

au/nﬁ dz > 0. (2.11)

(c) (Null space condition: see, e.g., [17] and also [48]) Let £, be the linear

operator
_(Ly 0
L= ( 0 LQ) (2.12)

where Ly := —A + pu — fO(n), and Ly := —A + u — f@(n), with
fA = (%ew(Re(f)))(n), and f? = (&mw(Im(f)))(n). We require
that

N(L,)) = span{ <2> , (%f”) Ci=1,..d) (2.13)



Vol. 7 (2006) Long Time Motion of NLS Solitary Waves 629

Conditions 2-3 on the nonlinearity are discussed in [17], where further references
can be found. Examples of nonlinearities that satisfy the above requirements are
local nonlinearities

4
f@) = Bl + APy, 0<s1 <s2< 7 BeER, A>0, (2.14)
and Hartree nonlinearities

F@)=X@* [¥*)y, A>0, (2.15)

where @ is of positive type, continuous and spherically symmetric and tends to 0,
as |z| — oo. Of course, A can be scaled out by rescaling 1. For precise conditions
on & we refer to [9, 28].

Remark 2.1. For Hartree nonlinearities global well-posedness is known for poten-
tials 0 < V € L. [28]. For local nonlinearities, the situation is more delicate.
Global well-posedness and energy conservation is known for potentials with growth-
rate r < 2 [9]. For r > 2 and local nonlinearities, local well-posedness has been
shown in the energy space [50, 51]. For local nonlinearities, a proof of the energy
conservation needed for global well-posedness, and the application of this theory to

our results, is missing.

For V.= 0, Eq. (1.1) is the usual generalized nonlinear Schrédinger (or
Hartree) equation. For self-focusing nonlinearities as in examples (2.14) and (2.15),
it has stable solitary wave solutions of the form

No(r) () o= P @maOIF Wy ) (@ — a(t)), (2.16)
where o(t) := {a(t), p(t), 7(t), u(t)}, and
a(t) =2pt+a, y(t)=pt+p*t+~, pt)=p, ut)=yp, (2.17)

with v € S', a,p € R? and p € R, and where 7Ny is the spherically symmetric,
positive solution of the nonlinear eigenvalue problem

—An+ pn— f(n) =0. (2.18)
Recall from (1.6) that the linear map S,y is defined as
(Sapy)(@) = e "= (2 —a). (2.19)

In analyzing solitary wave solutions to (1.1) we encounter two length scales:
the size oc p~ /2 of the support of the function Ny, which is determined by our
choice of initial condition g, and a length scale determined by the potential, V',
measured by the small parameter €;,. We consider the regime,

€y
— < L (2.20)

NG
We claim in the introduction that if g is close to 7,, for some o then we
retain control for times o< ¢~!. Restricting the initial condition to a smaller class
of n,, with small initial energy, we retain control for longer times. In our main
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theorem, which proves this claim, we wish to treat both cases uniformly. To this
end, let ¢, and K be positive numbers such that €, € K[ey, min,cr \/ﬁ] and assume

h(ag,po) = %(pg +V(a)) <en (2.21)

(recall min, V(a) = 0). The lower bound for ¢, corresponds to our restricted class
of initial data, the upper bound to the larger class of data. In particular, ¢, > Key .

‘We are now ready to state our main result. Fix an open proper sub-interval
Icl.

Theorem 2.1. Let f and V satisfy the conditions listed above. There exists T > 0
such that for € := ey + €y sufficiently small, and €, > Key, if the initial condi-
tion 1o satisfies

||w0 - Saopo’YoT]lto||H1 + ||<€V1,>r/2(¢0 - Saopo’YonHU)||L2 < e (222)
for some oo := {ao, po; Y0, to} € R? x R? x S x I such that
h(ao,po) < en, (2.23)

then for times 0 <t < T(ey /€, + €2)71, the solution to Eq. (1.1) with this initial
condition is of the form

(1) = Sayp(tyv(n) (M) () +w(a, 1)), (2.24)

where ||w||lg, + ||<6V1'>T/2’LUHL2 < Ce. The modulation parameters a, p, v and p
satisfy the differential equations

p=—(VV)(a) + O(e?), (2.25)
a=2p+ O0(e?), (2.26)
i =pu—V(a)+p*+ O(), (2.27)
f= O(e?). (2.28)

Remark 2.2 (Remark about notation). Fréchet derivatives are always understood
to be defined on real spaces. They are denoted by primes. C and ¢ denote various
constants that often change between consecutive lines and which do not depend on
€y, € OT €.

3. Soliton manifold

In this section we recall the Hamiltonian nature of Eq. (1.1) and some of its
symmetries. We also define the soliton manifold and its tangent space.

An important part in our approach is played by the variational character of
(1.1). More precisely, the nonlinear Schrédinger equation (1.1) is a Hamiltonian
system with Hamiltonian

My (6) =5 [(VOP + VISP a's - Fw). (31)
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The Hamiltonian Hy is conserved, i.e.,

Hy (¢) = Hy (vo).- (3-2)

A proof of this can be found, for local nonlinearities and r < 2, in, e.g., Cazenave
[9], and for Hartree nonlinearities in [28]. An important role is played by the mass

/ [l de, (3.3)
which also is conserved,
N(@(t)) = N (do). (34)

We often identify complex spaces, such as the Sobolev space H; (R%, C), with

real spaces; e.g., Hy (R?,R?), using the identification 1) = 1)y +ithy < (b1, 109) = L.
With this identification, the complex structure i~! corresponds to the operator

= (01 (1)) . (3.5)

The real L2-inner product in the real notation is
(t, W) := /(u1w1 + ugwsy) dz, (3.6)
where @ := (u1,uz2). In the complex notation it becomes
(u,w) := Re/uﬂ) d?z. (3.7)
We henceforth abuse notation and drop the arrows. The symplectic form is
w(u,w) = Im/uﬂ) ddz. (3.8)

We note that w(u,w) = (u, J~'v) in the real notation.
Equation (1.1) with V' = 0 is invariant under spatial translations, 7", gauge

transformations, 7., and boost transformations, ’Z;bOOSt7 where
T (a,t) = Pz —at),  TE:p(x,t) — eVip(a, 1), (3.9)
TPt (i, t) o TP (0 — 2pt, ) (3.10)

The transformations (3.9)—(3.10) map solutions of Eq. (1.1) with V = 0 into
solutions of (1.1) with V' = 0.

Let 7.0: ¢(x) — P (x) be the t = 0 slice of the boost transform. The
combined symmetry transformations Sqp introduced in (2.19) can be expressed
as

Sapyn = T TP TEn,(z) = P =0Ty, (2 — a). (3.11)
We define the soliton manifold as

M = {Supr i : {a,p, 7,1} ERE xR x ST x T} . (3.12)
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The tangent space to this manifold at the solitary wave profile 1, € M is given
by

T, Mg = span(z, zg, 2b, %) (3.13)
where
. -V 0 0
Zy = va/];t n“|a:0 = < 077#> s Zg = 8_77?7gnﬂ . = <77H> y (314)
y=
00s 0 0, n
Zb = vp%b t77M|p:07t:0 = (xn#> ) Rs T < uo 'u) . (3.15)

Above, we have explicitly written the basis of tangent vectors in the real space.
Recall that the equation (2.10) can be written as &, () = 0 where

Eu(¥) = Hy=o(¥) + EN ().

Then the tangent vectors listed above are generalized zero modes of the operator
JL,, where L, := &//(n,). That is, (JL,)?z = 0 for each tangent vector z above.
To see this fact for zg, for example, recall that &), (1) is gauge-invariant. Hence
5;/1(77‘%77#) = 0. Taking the derivative with respect to the parameter v at v = 0
gives L,2z; = 0. The other relations are derived analogously (see [48]).

4. Symplectically orthogonal decomposition

In this section we make a change of coordinates for the Hamiltonian system

Y +— (o,w), where o := (a,p,7,n). We also give the equations in this new set
of coordinates.
Let 1
m(p) = 3 /ni(m) diz. (4.1)
Let
Crim  max (sl leva) 2o, IK2le). (42)
ze{wnu,nu,Ynu,aunu}
pnel

When it will not cause confusion, for o = {a, p,~, u} we will abbreviate

No = CapyTu-
Now define the neighborhood of Mg:
Us:={¢ € L*: inf |l —no|lL2 <6}, (4.3)

where ¥ := {a,p,v,p: a € R4 pe R v €St p € I}. Our goal is to decompose a
given function v € Us into a solitary wave and a perturbation:

P = Sapv(nu =+ w) (4'4)

We do this according to the following theorem. Let 3= {a,p,v,u: a € R p €
Ry e St pe I}
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Theorem 4.1. There exists § > 0 and a unique map ¢ € C'(Us, ¥) such that (i)
(¥ =gy, T '2) =0, Vz €Ty, My, Vo € Us (4.5)

and (i) if, in addition, § < (2C7)~ min(m(p), m'(n)) then there exists a con-
stant ¢y independent of § such that

N ()

sup [[<'(¥)[re < 1. (4.6)
PeUs
Proof. Part (i): Let the map G: L? x ¥ +— R?¥+2 be defined by
Gi(,¢) == —me, J V2 ), Vi=1,...2d+2. (4.7)

Part (i) is proved by applying the implicit function theorem to the equation
G(¢,¢) =0, around a point (1, ). For details we refer to Proposition 5.1 in [17].
Part (ii): Abbreviate:

ij = <a<j77<7 ‘]712§,k>7 (48)

where zcj is the k:th element of Sgp {2, 2g, 2b, 2s}. By explicitly inserting the
tangent vectors, we find that ||| 2 > inf,c;(m(p), m'(1)). Thus, Q is invertible
by Condition 3b in Section 2.

From a variation of ¢ in G(¢,s(¢))) = 0 we find

2d+2 }
() =D (T 20) (0 )k, (4.9)
j=1
where .
Qi = Qe+ (¥ — Ny, I~ 0, 2 1) (4.10)
Using the upper bound of §, and the definition of C; above, we find
2C;
/
sup ||’ (¥) |2 < - =:cj. 4.11
Sap I W = G Gy (1

O

We now assume ¥(t) € Us NS4, and set o(t) = ¢(¢(t)) as defined by
Theorem 4.1. Write
u = S;pl,yip =n,+w (4.12)
so that w satisfies
(w,J'z) =0, VzeT, M. (4.13)
Here w is the solution in a moving frame.
Denote the anti-self-adjoint infinitesimal generators of symmetries as

ICJ‘ = 6a;j, ICdJrj = imj, K2d+1 = i, ’C2d+2 = 8/»“ _j = 1, ey d (414)
and define corresponding coefficients
ay; = élj - 2pj7 Qdyj = 7].)j - anV(a), j = 1, ey d, (415)

agaq1 =p—p>+a-p—Via) =%, ozqyz=—fp. (4.16)
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Denote
2d+1
a-K:= Z o;iK;, and a-K:=a K+ asqi20,. (4.17)
j=1
Substituting ¢ = S,p,u into (1.1) we obtain
i =&, (u) + Ryu +ia - Ku, (4.18)
where
Ry(z)=V(x+a)—V(a)—VV(a)-x. (4.19)

To obtain the equations for (o, w) we project Eqn. (4.18) onto T,,Ms and (JT,M;)~+
and use (4.12). We illustrate this method of deriving the equations for o, for the
projection of (4.18) along in:

(n, (O + ) = (in, Lyw + Ny(w) + Ry (n+w) +ia- K(n+w)).  (4.20)
where we have used u = 1+ w and &/ (u) = Lyw + Ny(w) where L, := &](n) is
given explicitly as

Lyw = —Aw+ pw — f'(n)w. (4.21)
In particular, for local nonlinearities of the form g(|t/|?)t, we have in the complex
notation, since n(z) € R,
Lyw = —Aw + pw — g(n*)w — 2ng'(n*) Rew. (4.22)
Here
Ny(w) := =f(n+w) + f(n) + f'(n)w. (4.23)
We find the equation for /i once we note that 9;,(n, w) = 0, L,in =0, (in, Ryn) =0,
(n,Kn) =0 and £* = —K. Inserting this into (4.20) gives
i (1) = (i, Ny () + Ryyw) — - (K, w). (4.24)

The projection along the other directions works the same way: we use the fact
that these directions are the generalized zero modes of £,, and furthermore that
they are orthogonal to Jw. The calculations are worked out in detail in [17] (see
Eqns. (6.20)—(6.22) in [17]). We give the result:

= =9 e p = Vi(a) = (m' () 7 (@, Ny(w) + Ryw)

— - (KAum, iw) + (n, Ryn)), (4.25)
o= (m' (1) ™" ((in, Ny(w) + Ryw) — a- (K, w)) , (4.26)
ik = 2p1, + (m(p) 1) ({ikn, Ny(w) + Ryw) — a - (Kapn,w)), (4.27)

P =~ 00, V(@) + ()™ (= (@ Ry I 1) + (Do, Ny () + Ryvw)
—a - (Kdgn,iw)), (4.28)

and
ih = Lyw + N(w) + Ry (n + w) +ia- K(n+w) — if10,n. (4.29)
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Note that the first two terms on the right-hand side of Eqn. (4.28) can be
written as —0,, Vest (@, 1), where

Vla,) = a2 [ Vi@t 2)ln,(o) . (4.30)
Hence,

P = =VaVerr(a, 1) + (m(p) ™ (O 0, Ny(w)) + O([[wl|iz (e + o)), (4.31)
where |a]? = 3" |a;[2.

Thus we have obtained the dynamical equations for (o, w).

Remark 4.1. Related equations were derived in [48] for the perturbation of the
classical NLS equation by a more general nonlinearity (see also [41] for a study of
the nonlinear wave equation).

Remark 4.2. The transformation
o= (a,p,7,p) — 6 := (a, P,y,m) (4.32)

with P := p|n.|?. and m := &||n,||2. gives a canonical symplectic structure and
Darboux coordinates on Mg, i.e., for w =0
P = _azHV (Sap'ynu)v a= aPr"(V (Sap"/nu)v (433)
1 = Oy Hv (Sapynu), Y = =0nMv (Sapynu)- (4.34)

Here Vs Hy (Sapynp) = (mV Ve, 2P/m, 0, —P? /m? + V(a) — p).

5. Initial conditions 7¢, wy.

In this section we use Theorem 4.1 in order to decompose the initial condition g
as (see Figure 5.1)

Yo = Sﬁoyﬁoﬂo (nﬂo + wo) (5.1)
so that woLlJ 71Tm10 M. This decomposition provides the initial conditions &g
and wy, for the parameters, o, and fluctuation, w (determined for later times by

Theorem 4.1). The main work here goes into estimating wg. Let ¢: Us +— 3 be the
map established in Theorem 4.1. Then & = {ao, o, Yo, fio} and wy are given as

g0 :=s(1p) and
Wo ‘= S&_O%O’NYO (1/)0 - 7750), woJ_JT,mDMS. (52)

Recall the definitions of K (4.14), and C; (4.2). From Theorem 4.1 we have

supyey; lI<'(¥) L2 < er.
Bounds for wg and & are stated in the following proposition.
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FIGURE 5.1. Orthogonal decomposition versus skew-orthogonal decomposition.

Proposition 5.1. Let wg be defined as above. Let o := {ag, po, Yo, o} and let g
satisfy ||o — Ny llz2 < 8 (where 6 is from Theorem 4.1), and let ¢g € A4 . Then
there exists positive constants Cy, Cy, such that

|60 — ool < crl|vo — Noo L2, (5.3)

lwolltr, < CL(1+ pg + %0 = Do IE2) Y0 = 1o 1, (5.4)

and

[(eva)?woll> < 37| {eva)™? (Yo — 10y) 12

+ Co(1+ |pol® + € Jaol” + [[Y0 = 1oy I F2 + €vl|%0 = o I2) %00 = 71y 125 (5.5)
where Cy and Cy depend only on Cr, ¢; and r, where Ct is defined in (4.2) and cy
in Theorem 4.1.

Proof. First we consider inequality (5.3). Abbreviate ¢ := ¢(¢09) and analogously
for the components a, p, v, p of <. Let |s|? := Zfd:f |s;|2. From Theorem 4.1 we

know that ¢(¢) is a Cl-map. Thus, for j € 1,...,2d + 2 and some 6, € [0, 1]

(G0 —00)j = {5j (010 + (1 — 01)70y), (Y0 — Noy))- (5.6)
Since supyes, [Is"(¥)]| < ¢; the inequality (5.3) follows.
Consider inequality (5.4) and rewrite w(-,0) =: wg from (5.2) as

Wo = S&_O:%O:YO (w() - 7700) + S&_O:;Z)Of?o (7700 - 7750)' (57)
To estimate this, we first estimate the linear operator Sa_plvz
ISam ol < 21+ [pI*) /2|41, (5.8)

The first term in (5.7) is in the appropriate form, for the second term we recall
that 7 is a C'-map. Thus for some 65 € [0, 1]
2d+2

M50 = Moo = Z (50 - Uo)jagj ng‘a:0150+(1792)00 ’ (59)
j=1
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To calculate the norm of this expression, note that
OoNo = SapyZup, Where 2z, p := {ipn, + Vn,,izn,, in., 0unu} (5.10)

and ||z, [, < VBCr(1 + [p[?)Y/2. Let n(o,00) := (¢ — 00)02 + 0¢, and define
g% := 1+ |po — po|? + p2. The Hy-norm of (5.9), using (5.8) and (5.10) is

||n50 - 7700||H1 < |&0 - UO|H50770HH1 ’g:n(g,mgo)

< 2V5C1(1+ pP?)| 60 — 7ol < 9C1g2150 — 00l.

p=n(Po,po)

(5.11)

We now calculate the H; norm of wq (see (5.7)) using (5.3), (5.8) with momentum
p=Po — po+ po and (5.11). We find
||w0||H1 < QQ(H'(/}O - 7700|‘H1 + ”7750 - 7700HH1)
< 29(1+9C1c19”) 10 — oo ||,
The coefficient above is less then cg* + C, and g* < 3(1 + c}|[tho — Mo, |11 + [Po]*)-
Inserting and simplifying gives the inequality (5.4).
The quantity appearing in the third and last inequality (5.5), can be rewritten

(5.12)

as

<€V{L'>7-/2u}0 = <6vl‘>7-/28(;o%0:y0 ((’(/J() — 770-0) + (770-0 — 775—0)). (513)
We begin our calculation of the norm of (5.13) by considering the linear operator
(eya)"/%S,,,. We have

<€V$>T/28amw = Sapry(ev(z — a)>r/2¢ (5.14)
and ||Sapy ||z = ||¢||12. From Lemma A.4 we obtain
{eva) 2 Supythllne < Il{ev(z — (a — ag) — o))"/ ?4|vz
< 3O (||(ev ) e + gallvle),

where go := (ey]a—ao|)™/? + (ey|ao|)"/?). Using this we find the L2-norm of (5.13)
to be

(5.15)

[{eva)?wollrz < C(|[{eva)™* (Yo — Moy ) Iz + g2lYo — N 12
+ [{eva) 25y — Moo )2 + 920050 — Moo ll12).  (5.16)

The first and second term of the above expression is in an appropriate form. We
bound the third term by using (5.9), (5.10) and (5.14) to get

r/2

{eva)" "2 (5o = oo )l < 10 — ool [[{ev (x — )22 Iz

o=n(50,00) (5.17)
< 3max(r/2r=1) /501 9(1 4 ¢2)|60 — 00)-

The last term of (5.16) is straight forward to bound:

1050 = Mool < 160 = 0l 1860 12|y (30,00 51s)
S |&0 a UO|||ZP’“HL2’p:n(ﬁo’po)uzn(ﬁo’uo) S \/5019‘5'0 o UO|' .
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Inserting (5.17) and (5.18) into (5.16) gives

leva)2wnllue < O (Il feva)™(Wo = moo)
+ (92 + 901 +292)) oo = oy 1), (5.19)

where C' depend only on C7, ¢; and r. We simplify this, by repeatedly using
Cauchy’s inequality and (5.3) on the expression in front of the ||1)g — 7, ||r,2-term,
to obtain

eva)2wollie < C (Il eva)”2(wo = noy) Iz + (1+ o = 1oy I
+ €5 lY0 = noollfe + P2l + (evlao)") o = moulliz ). (5.20)
This gives the third inequality of the proposition. O
Recall the initial energy bound (2.22)

10 — o0 111, + [1{ev) ™" (10 = 11) 2 < €, (5.21)

and the bound on the initial kinetic and potential energy for the solitary wave
(2.23)

1

i(pg + V(ao)) < €. (5.22)
We have the corollary
Corollary 5.2. Let (2.22), (2.23) and (2.4)—(2.6) hold with €, < §. Then

|60 — ool < creo,  [Jwollm, < Cieo, (5.23)
[ (eya)™ Pwg |2 < Cheq (5.24)

and
h(&Oaf)O) < CB(Eh + 63 + 6Vﬁ())a (525)

where C1, Cy and Cs depend only on cr, cy (Eq. (2.6)), Cg := max(ey, €, €x)
and the constants in Proposition 5.1.

Proof. Starting from Proposition 5.1 the first three inequalities follow directly
through the energy bounds (2.22), (2.23) together with the observation that either
ev|ag] < e or ey (ev]ag|)” < Viag) < 2¢,. We also use that €, € and ey are all
bounded by a constant Cg.

The last inequality follows from the fact that h(a,p) := (p?> + V(a))/2 is a
C! function. For some 6 € [0, 1]

h(a,p) — h(ao, po) = ((p — po)@ + po) - (p — Po)
(5.26)
(a —ag) - VV((a—ag)d + ag).

DN | =

_|_
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Thus, using (2.4), and (z + y)7~! < 3max(0.0=3)/2) (1 4 20=D/2(|z|=1 4 |y|7~1))
gives

[ha, p) = hag, po)| < C(Ip = pol* + Ipol* +

e2la— ao|(1+ |ev(a — ao) ' + |eva0|r_1)). (5.27)

With p = pp and a = ag above, and |69 — 09| < creo, h(ag,po) < €, (2.23) and
(2.6) we have have shown (5.25). O

6. Bounds on soliton position and momentum

In this section we use the bounded initial soliton energy, Corollary 5.2, to find upper
bounds on position and momentum of the solitary wave. We express the norms
first in terms of h(ag, Pp) and the small parameters. In Corollary 6.2 we state the
final result, where the bounds are just constants times the small parameters €, €,
and ey .

Recall (see (2.4) and (2.6)) that the potential V' is non-negative and satisfies
the following upper and lower bounds:

|0PV| < Cyeyleya)™™t, for || =1, (6.1)
and, if ey |a| > ¢, then
V(a) > cv(ev|al). (6.2)

To obtain the desired estimates on a and p we will use the fact that the soliton
energy,

ha.p) = 5 (7 + V(@), (6.3)

is essentially conserved. We abbreviate o := {a', ab, Q94+41, @24+2 . The size of «
is measured by |a|? := > la;[? and |a]s = sup,<; |o(s)|. We have the following:

Proposition 6.1. Let V satisfy conditions (6.1) and (6.2). Let hg := h(ao,po), and
set

~ OTl
Tl = P} )
(et + |atloo) (L + €v + ho)
where the constants Cy and cy are related to the growth rate of the potential (see
(2.4) and (2.6)). Then for times t < Tj:

Ip] < Cs(vVho + |a|oct + €v) and ev]al < Cy, (6.5)

where Co and Cy depend only on cp, cv, Cg , v, d, C3 and Cg = max(€y, €, €4)-
Cs is the constant in Corollary 5.2.

Pp— CV
OT T 21‘11&)((2,7'—1)/26‘Vd7

(6.4)

Proof. First we estimate p in terms of a, using the almost conservation of h(a,p)

d 1
—h(a,p) = 5

7 (2p-(p+VV(a))+VVia)-(a—2p)). (6.6)
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Now recall the definitions a” := —p — VV(a) and o' := @ — 2p together with the
upper bound (6.1) of the potential |[VV| < d'/2Cy ey (eya)"~! to obtain
1
[dih(a. p)| < lallp| + 5 Cvd ey al(eva) . (6.7)
2
Integration in time and simplification gives
Ma(t),p() < ho + t(lal) (Ipleo + 27 0 *Crevievlal)™) . (68)

Recall that h = 271(p? + V(a)) and that V > 0, thus |p|?> < 2h. Solving the
resulting quadratic inequality for |p|oc > 0 we find that

Ploe < V/2ho + 3t|a]oe + 271dY2Cyrey (ev]aloo) ™t (6.9)
The Eqn. (6.8) also implies
sup V(a(s)) < 2ho + 2tlaluc (Pl + 2714 Crev (evialo) ™). (6.10)

s<t

As can be seen in (6.9) we need to consider the possibility of large ey |al. Let
ev|al > cp, with ¢z, as in (6.2) then V(a) > cy (ey|a])”. Inserting this lower bound
and (6.9) into (6.10) we obtain

ev(ev]also)” < 2ho + 2t|a s <\/2h0 + 3t|a)os + d1/2cvev<ev\a|oo>rfl) . (6.11)

Lemma A.4 shows (e |a]o)" ™ < 2m2x(0r=3)/2(1 4 (e |alo)" 1) for r > 1. If the
maximal time satisfies the inequality ¢ < T; (see (6.4)), then the above inequality
implies

1 ~
evale < (- (Ca+ 207 +6C + §cv)1/r =:C,, (6.12)

2
cv
where we have used that hg is bounded by the constant Cg. Thus, either ey |a| < ¢f,
holds or, for the given time interval, (6.12) holds. In both cases ey |a| < C,, where

the constant only depends on Cy = C3Cg, Cy , cv, cr and 7. We insert this upper
bound on ey |a| into (6.9) and for times ¢ < T} we find

IPloo < C(vV ho + ||t + €v), (6.13)
where Cj := 3 + d*/2CyC5 L. O
Using the Corollary 5.2 we express the above proposition in terms of €, rather

than hg. Recall the requirement on ¢ from Theorem 4.1

Corollary 6.2. Let V satisfy (2.4)-(2.6) and let 1o € Us N A . Furthermore, let
o satisfy the eg-energy bound (2.22) for n,, with oo = {ag,po, Yo, o}, and let
h(ao,po) < €, (i-e., (2.23)). Let

Cr,
(€% +lale)(1 +ev + e, +ev)’

T1 = T2 = L2, (614)
lofoo + €7

where

Cﬁ

Cr = .
T A+ C)(1+C2)

(6.15)
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Then for times t < min(Ty,T3):
Ip| < Cp(\Ven + €0+ ev) and eylal < Cy, (6.16)

where C,, depends on Cp = max(ey, €y, €1), Cv, d, 7 and Cq. C3 is defined in
Corollary 5.2 and C,, in Proposition 6.1. The constant Cy is defined in (2.4).

Proof. Under the assumptions of the corollary we have that Corollary 5.2 holds
and hence

h(do,ﬁo) S Cg(ﬁh + 63 + EVGO). (617)

We now modify the constants and estimates of Proposition 6.1 to take the up-
per bound of hg into account. The new, maximal time derived from T} becomes
Ty < Ty. For times shorter than this time, ¢t < T}, the bound on €y |a| remains the
same. Using this estimate for € |a|, we simplify the |p| estimate. Note first that
Vho + ey < (Ven + €0 + €v)(1 + 24/Cs), inserted into (6.5) gives

1
Ip| < icp(\/a +ev + €+ |alt), (6.18)

where C, depends on Cs5, Cg, C, and d and r. With the choice of time interval T5
such that t < Ty, where T5 is given in (6.14), we obtain [p| < C,(\/€n+€+ey). O

7. Lyapunov functional

In this section we define the Lyapunov functional and calculate its time deriva-
tive in the moving frame. Recall the definition of £,(¢) in (1.20) together with
decomposition (4.4): ¥ = Supy(nu + w), with w L JT, M. Define the Lyapunov
functional, A, as

1 1
A= 5u(77u + w) + §<RV(77M + w)a Ny + w> - Su(nu) - 5(72\/77“,17“). (7'1)

Here we show that the Lyapunov functional A is an almost conserved quantity.
We begin by computing its time derivative. Let a® := —p—VV (a) and o'* := a—2p
(boost and translation coefficients). We have the following proposition

Proposition 7.1. Given a solution ¢ € 4, NUs to (1.1), define n, and w as
above. Then

%A =p- (VoRyw,w) — o™ - D?*V(a) - (zw,w) + R, (7.2)

where

. 1 r
R:=a"- (iw, Vw) +2p - (V Ry, w) — §ozt AVaRv s npu)
) (7.3)
i .
+ 5”“’”%2 - #(RVn/uaunu>-
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Before proceeding to the proof, we recall the definition of the moving frame
solution u defined by

u(z,t) == e PTVY(z + a, t). (7.4)

Here a, p and v depend on time, in a way determined by the decomposition of
Section 4, and the function ¢ is a solution of the nonlinear Schrédinger equation
(1.1). In the moving frame the Lyapunov functional A takes the form

A=Eu(u)+ %(Rvu, u) — Eu(Ny) — %(Rvma M) (7.5)
We begin with some auxiliary lemmas.
Lemma 7.2. Let ¢ € J4 , be a solution to (1.1). Then
O (¢, =iVe) = =((VV),¢)  and O (xp, ) = 2(¢, —iVe).  (7.6)

Proof. The first part of this lemma was proved in [17]. To prove the second part
we use the equation

Oz ¥]?) =iV - (2pd Vo — 20 V) — i(0th — Ok), (7.7)

understood in a weak sense, which follows from the nonlinear Schrédinger equa-
tion (1.1). Formally, integrating this equation and using that the divergence term
vanishes gives the second equation in (7.6). To do this rigorously, let x be a C!
function such that |Vy(z)| < C and

1 x| L
x(z) -—{ 0 |z|>2. (7.8)

and let xg(z) := x(%). Abbreviate jj, := (23 Vi) — 2,9 Ve)) and let R > 1. We
multiply the divergence term by x g. Integration by parts gives

‘/(V cjk)Xr A%z

ZL/M'VMﬂ@d%

<% [lildte. @9)

We note that j; € L' for all k, and is independent of R, thus as R — oo, this
term vanishes. The remaining terms give in the limit R — oo the second equation
in (7.6). O

Lemma 7.3. Let ¢y € J6 , be a solution to (1.1), and let u be defined as above.

Then
d 1 1 . 9

%(E,L(u) + §<’Rvu,u>) =p-(VoRvu,u) — 3¢ -D?V(a) - {zu,u)

1

2

(7.10)

+ o allullt> +a® - {iu, V),

where o' == ¢ —2p and a® = —p — VV(a).
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Proof. The functional &, (u) + %(Rvu, u), is related to the Hamiltonian functional
by

N =

Eulu) + 3 (Rvu,u) = Hy (9) + 307 + m)9l%s — p+ (i, V)
1

5 [V@+ V@) - )P i,

which is obtained by substituting (7.4) into &,(u) + 3(Ryu,u). Using the facts
that the mass [|¢||?, and Hamiltonian Hy (¢) are time independent, together with
the Ehrenfest relations, Lemma 7.2, we obtain

d

S €+ 5(Ryuw) = 5+ B)IBIE — 5 (. V0) +p- (VV)0)

- D) / (x — a)l? A = VV(a) - (i), V).

(7.11)

Collecting p - p and p - VV together, and combining p and VV (a) gives

L e + SRy w) = 2 s +p- (o + V)0

7(13+VV(a))~<iw,V1/)>f%d~D2V(a)~/(zfa)|w|2dd:r. (7.12)

From the definition of u, (7.4), the following relations hold

[Plle = llullLe, (v, Vi) = pllullf. + (iu, V), (7.13)
(V)0 4) = (VVa)u,u),  ((z — a)y, ) = (zu, u). (7.14)
Substitution of (7.13)—(7.14) into (7.12) gives, after cancellation of the p-p terms,

%(Su(u) + %(Rvu, u)) = g||u||%2 +p-{(VV, = VV(a))u,u)

— (p+ VV(a)) - (iu, Vu) — %d -D*V(a) - /x\u|2 dlz. (7.15)

The last remaining step is to rewrite the second last term as & — 2p + 2p and
combine its p term with the difference of the potentials, recalling the definition
of Ry, to obtain

@ (et + 3Ry, u) = Bl +p-{(VuRy o, u)

— (p+VV(a)) - (iu, Vu) + %(Zp —a)-D*V(a) - /x\uF dz. (7.16)

Identification of the boost coefficient a® := —p — VV (a) and the translation coef-
ficient o := @ — 2p gives the lemma. O

The time derivative of the second part of the Lyapunov functional (7.5) is
computed in the next lemma.
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Lemma 7.4. Let 1, be the solution of (2.18), and let p depend on t. Then

d

E(‘S’u(nu) + %(RVW’ 77u>) =

fr L o :
Sl + 0+ 50" - (VaRu ) + Ry, 0, (7.17)

where o't := a — 2p.

Proof. The result follows directly, upon recalling that &, (n,) = 0 and %a“ +p

=4 O

To proceed to the proof of Proposition 7.1, we restate our condition for unique
decomposition of the solution to the nonlinear Schrédinger equation, ¢ € UsNJ4 -,
in terms of u:

u=mn,+w and wlJT,M,. (7.18)

Given Lemma 7.3 and Lemma 7.4, Proposition 7.1 follows directly.

Proof of Proposition 7.1. Lemma 7.3 states
d 1 1
—(&u(u) + 5 (Ryu,u)) = p- (VaRyu,u) — =o' - D*V(a) - (zu, u)
# gl +a” - .V,
Insert u = n, + w above, and use wl{n,, iVn,, xn,}. Recall that 7, is a real
valued symmetric function, hence (zn,,7,) = 0 as well as (in,, Vn,) = 0. We
obtain

d 1
ﬁ(f;ﬂ(u) + §<Rvu,u)) =

D (<VaRVwa ’LU> + 2<vaRV77/u w> + <vaRV77/u T’/L>)
1 1. .
— §a“ -D*V(a) - (zw, w) + §M(Hw||iz +mul?2) +a® - (w, V) (7.20)

Subtracting the result of Lemma 7.4 we find

%A =p- ((V Ry)w,w) — %a“ -D*V(a) - (2w, w)

. 1, '
+aP- (iw, Vw) + 2p - (V Ry, w) — §at AVaRvnu, ) + gHwHiz
— (Ryny, 0umy. (7.21)

Note that the terms on the second and third line are at least fourth order in the
small parameters. The last two lines is the definition of R in the proposition. O
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8. Upper bound on A

This section we estimate A from above using Corollary 6.2 in Proposition 7.1.
Taylor expansion of £, (n(t) + w(z, t)) around 7 at t = 0, gives

€y (u(, 1)) = Eu () (@) e=0 < Cllwolly, - (8.1)
The remaining terms in the Lyapunov functional are estimated using the inequality
HessV(z) < CéZ|z|[*(eya) =2 together with Taylor’s formula and Lemma B.3.
Furthermore, we use from Corollary 6.2 that |eyag| < C. We obtain for a 6 € [0, 1]

{(Rvu,u)) — (Rvn,m)l,—o = (Rvw,w)) + 2(Rvn, w)|,_g
= e%,\(x -Hess V(26 + &) - z, 21, Re(wo)) + [{Rvwo, wo)|
< C(e} lwollLz + lwollf= + ||€v$<€v17>(“2)/2wo||i2)- (8.2)
We now use Corollary 5.2 and Lemma C.1 in (8.2) and (8.1) to obtain

[(Ryvu,u)) = (Rvn, )], < Cleteo +€5) (8.3)
and
€ (u(@, 1)) = Eulu(n) (2))]e=0 < Ceg. (8.4)
Thus, finally
[Ali=o < C(€§ + € €0)- (8.5)

Proposition 8.1. Let ¢ € UsNJA ., and let A, w and o be defined as above, and §
as defined in Theorem 4.1. Then

d _ 2
A < O((ev + 60+ vanevlleva(eva) =2 2wl + lalev | (ev o)) w7,

+ ((ev + o+ Ve + lal) (lwll, +€)), (8:6)
for times 0 < t < min(Ty,T3), where Ty and Ty are defined in Corollary 6.2.

Proof. Proposition 7.1 implies

d
|72 < CUpIVaRyw, w)| + |a" || Hess V(a)|[(zw, w)]

+la[wlliz [ Vwlliz + [pled [w]ee + |6 + |alllw]f2 + [@le)).  (8.7)
An alternative form of Eqn. (8.7) is

d
|72 < CUPIVaRyw, w)| + |af[Hess V(a)||{zw, w)]
+(Iplet, + lal)(lwll, +€3)), (8.8)

where we have used ey < C and |a;| < |af, Vj.
Using Corollary B.2 we estimate the Ry terms to obtain
d _ r—
A= C(lplevlev]al{eva) "= 2w + alev (ev|aloe) ™2 [(evaw, w)]
+(Ipled +lal)(Jwllf, + ). (8.9)
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The proposition now follows upon using ey|a| < Cy and [p| < Cley + € + \/€)
for ¢ < min(77,T3) from Corollary 6.2 and the inequality:

(evarw,w) < |[(ev]al)/2w]2a. (8.10)
O
Equation (8.5) and Proposition 8.1 yield an upper bound on A:
d
|A| < Ce2 + Ot ey + tsup |—Al. (8.11)
s<t dt

9. Lower bound on A

In this section we estimate the Lyapunov-functional A from below. Recall the
definition (7.1) of A:

1 1
A=Eun+w) = Eun) + 5 (Rv(n+w),n+w) — 5(Rvn,m). (9.1)
We have the following result.

Proposition 9.1. Let A and w be defined as above. Then for a positive constant C',
1 _
A2 Spallwlfy, + Coplev elleva) =2 2ullts — Cllwlfy, — O fwle. (92

where v and p; > 0 are defined in (2.4), Cy is the positive constant defined in
Lemma A.1 and ps > 0 is a positive number. The constant Cy depends on the
constant C,, defined in Corollary 6.2 bounding the size of ey |al.

Proof. By Taylor expansion we have
1
Exn+w)—E,(n) = §<£nw, w) + R;S) (w), (9.3)

where £, := (Hess&,)(n) and by Condition 2a, |R$,3) (w)| < Cllwllf;, . The coerciv-
ity of £, for wlJT, M is proved, under Conditions 1-3 on the nonlinearity (see
Section 2), in Proposition D.1 of [17] (¢f. [48]). Thus

(Lyw,w) > pa|lwllfy, for wlJT,Ms. (9.4)
The remaining terms of A can be rewritten as
(Ry (1 + w),n +w) — (Ryn,n) = (Ryw,w) + 2(Rymw).  (9.5)
In Lemma A.1 we show that
Ry > Copi(ev|z])*(eya)™2 for r > 1. (9.6)

Using Lemma A.1, (9.4), (9.6) and the fact that (Ryn, w) < CeZ ||w||L2 we obtain
the lower bound on A. O
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10. Proof of Theorem 2.1

The upper bound (8.11) together with the bound from below in Proposition 9.1
yield the inequality

1 e 2
SP2llwli, + Coprlevaleva) 2w, = Cllully, — Cellwlie < Ceg + Cejeo
+tCsup ((6 +vaeylevalevz) P Pw|fa + aley || (ev]a]) ! 2w]|?:

7 (e + v + lah(wlE, + ), (101)

for 0 < t < min(7y,7T3), where T} and Ty are defined in Corollary 6.2 and € :=
€v + €. The right-hand side is independent of the operator ¢ — s, sup,«, in
the given time interval, we can therefore apply this to both sides of (10.15. To
simplify, let

C
p:=min(22, 2P (10.2)
8 3
We absorb higher order terms into lower order ones. Furthermore, we assume

p
(oo +eve+ ven) (1 +ev)’

in agreement with Corollary 6.2. Both p and C' above depend on I, clarifying the
need for e < C(I). Note that

T3C(e4/en)ev < p, T3C|alsoey < p, and T3C((e+/€r)e2 +|aloo < 2p. (10.4)
We obtain

t <min(Ty,T5,T5), where T3 := c (10.3)

_ 2
psup (4wl +3llevaleva) = 2w}, )
s<t

< C(suplwliy, + e lwlz) + ¢ + cfeo)
s<t
re 2 2
+ psup (levateva) =222, + [lleval 2w, + 262 + 2wl ). (10.5)
s<t

Note that g(y) := |y| — y*(y)~! < 271, y € R. Indeed g(—y) = g(y) and g is
continuously differentiable on (0,00), g(y) > 0 since |y| > y*(y)~! with g(0) =
g(00) = 0. The function g(y) has one critical point on (0,00) at y = (271(v/5 —
1))~1/2 with value max g = (3 —v/5)(2(v/5—1))~/2 < 271, This proves the claim.
We now use this intermediate function g(x) to estimate the term above with |z|'/2.
We have

evlz| — (ev|z|)*(eva) 2 < g(ev]a]) < 5. (10.6)

N | =

We also have the inequalities
Clwllfy, < p™ C?llwllzy, +47 pllwlif,,  Cedflwlln, < C*p~ ey + 47 pllw|ff,
(10.7)
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Thus we have 3p[lwl|f;, on the right-hand side and 2p of terms containing (e ).
Moving those to the left-hand side of (10.5) using the above inequalities and sim-
plifying we obtain

_ 2 _
sup ([, + levr(eve) =2 w7, ) < O'¢ + 0% (swp ullh,). (108)

Abbreviate k := C’e2. Let

— 2
X = Slilf <||w||12{1 + Hev\x|<evx>evx( 2)/2w||L2) . (10.9)
Equation (10.8) implies
X <C%2X? + k. (10.10)
Solving this inequality, we find
2
. p
X <2 ded Kk < —. 10.11
< 2w, provided r < 777 ( )
The definition of X and x implies
|lwln, <€, and ||eva:<evx)evx(T72)/2wHL2 < /(e (10.12)

the expressions for our modulation parameters, the estimate of the aj-terms in
(4.25)—(4.28) gives us |a| < ce? and time interval t < T”, where

Lemma C.1 allow us to rewrite (10.12) as ||w|[,4 , < ce. Inserting (10.12) into

_9 €p 1 )

T2 T2 ey
Using €;, > Key (that is, €, is not an order of magnitude smaller then ey ), we can
shorten the time-interval to have an upper limit of

T" .= C( +evfen) t. (10.14)

We now choose € such that (10.11) holds and e < 1§, where 4 is defined in
Theorem 4.1. Then there is a maximum 7Tj such that the solution v of (1.1) is in
Us for t < Ty. Thus the decomposition (4.4) is valid and the above upper bounds
for ||w|/u, and « are valid for ¢t < min(Tp, C(€? + €yy/€,)'). Thus there exists
a constant C such that 0 < Cp < C, such that for ¢ < Cr(e® + €y\/€,) "' the
theorem holds. This concludes the proof of Theorem 2.1. O

T’ := cmin(e (10.13)

Appendix A. Lower bound on Ry
In this appendix we estimate Ry from below. Recall that
Ryv(z)=V(z+a)—V(a) —VV(a) -z (A1)

and
Hess V > p1e2 (eyx)7=2/2, (A.2)

where p; is a positive constant. We have the following result:
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Lemma A.1. Let a,z € R? and 0 < ey, € R. Then (i) if r > 2 or (ii) if r < 2 and
Ev|a| S Ca,'
Ry (2) 2 Coprel ol (eva) 2, (A.3)

where

1 . .
S ———— in case (1)
Co = gr—2+max(0, )r(rfl) (A4)

1 . .
R alE: in case (ii).

Proof. Consider the case x = 0, from the definition of Ry it follows that Ry (0)
= 0, thus the estimate holds. Let « # 0, the function Ry () is the Taylor expansion
of V(z + a) around a to first order. The Taylor series remainder

1
/ (1-6)x-HessV(a—+6x)-xdb, (A.5)
0
integrated by parts, gives the identity
1
/ (1—-0)x-HessV(a+6zx) xdf =
0

(1-0)z-VV(a+ 0m)|é + /01 VV(a+60z) -2df =Ry (x,t). (A.6)

Inserting the lower bound of the Hess V' into the Taylor remainder gives the in-
equality

1
Ry () > p162V|a;|2/ (1—0) 1+ |a+20/)""2/2d40 = pre |z|?I. (A7)
0

To estimate I, we first consider case (a), with » > 2. The integrand of I is
estimated by the following lemma.

Lemma A.2. Let y >0 and b > 0 then

2\b/2 -
1 _ < (1 +y ) < 2max(0,¥)- <A8)
Qmax(O,T) 1+ |y‘b

This lemma is proved at the end of this appendix. For z # 0 denote & = z /||,
aj =a-, and a; =a— a)¥, and abbreviate b := r — 2. Lemma A.2 then implies

2 b/2

b/2 2| 12\0/2 € )

l+ela+a0?)"" = (1+ebla <1+7a+x0 )
( vl | ) ( viad] ) 1+6%/\a1_|2( |+ |zl )
1 b/2 b

- W ((1 +6%/‘aJ_|2) +€Z€, |a” + |CC‘9| )

1 1
> 5+ e oy +lal6] (A.9)

where we used 2m2x(0,%%) < 2. Thus

1 1 ! — 1 1
I>>+ —63_2/ (1= 0)]ay +[2]6] a0 = ~ + =72, (A.10)
472 0 42
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The integral I, evaluates to

I, = |ay + |xH7 — |ay|" = r|z|sign(ay)|ay|" "), (A.11)

1
D |

which is the remainder of a Taylor series of ‘aH + |z ‘T around a|, as expected. At
a) = 0 we have

L (A.12)
2= r(r—1) '
To estimate I for a # 0, we use the following lemma
Lemma A.3. Let y € R and r > 2. Then
T 1 T
Lyl =1y > ooyl (4.13)
The lemma is proved at the end of this appendix. Since a # 0 we can pull
it out of I, and use y := |x|/a| in the lemma to obtain
r—2
i (A.14)

Iy > ——.
2= r2p(r - 1)
Note that the above result is a lower limit than we obtained in (A.12), so we can

use (A.14) for all a. Now, inserting this inequality into (A.10) and the result into
(A.7) to obtain

2 2 r T
> 21127 > ev || ev || ) A1l
Ru(@) 2 a1 2 (Vi 4 (A15)

Once again using Lemma A.2 gives

Ry (z) > Cipre|z|? (eya)" 2, (A.16)

where
1

- Qmax(O,%‘L)zerT(T _ 1)7
This concludes part (i) of Lemma A.1, except for the proofs of Lemma A.2 and
A.3 which is done below.

Now, we estimate the integral I for the case (ii), with r < 2 and ey|a| < C,.
Introduce the change of variables p = (1 — 6)2. The integral takes the form
e 1 5 5
I= 5/0 de, where g(p) := 1+ € |a+2(14+ /p)|". (A.18)
The triangle inequality together with 0 < p <1 gives
g(p) < 14267 |al® + 267 [2*(1 — v/p) < (1 + max(2¢;[a?, 1)) (eva)®.  (A.19)
The upper bound ey|a] < C, and the estimate 1 + max(2¢2|a|?,1) < 2 + 2C?
together with a trivial integral gives that I is bounded from below as
1

2(2(1+C2)) %

Inserting this result into (A.7) concludes the lemma. o

Cy r>2. (A.17)

I> 02<€V.T>T72, where Cy := (A.20)
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Now consider Lemma A.2. It is a combination of the inequalities Theorem 13
and Theorem 19 in [24].

Lemma A.4. Let y € R and b > 0 then

2\b/2
1 < (1 +y ) / < 2max(0,%) (A 21)
2max(0,2T7b) - 14+ |y‘b - ’ ’
Proof. Denote
(1+y2)P2
f(y,b) == W (A.22)

We first note that f(y,b) = f(—y,b), thus we can restrict our attention toy > 0. At
y =0 we have f(0,0) =1 and at y = 00, f(0c0,b) = 1. The function is differentiable
for y > 0, the only critical point for y > 0 is at y = 1, where the function takes
the value

f(1,b) =2%271, (A.23)
If b > 2 its a maximum, and if b < 2 its a minimum, the lemma follows. O

To prove Lemma A.3 we begin by stating it again.

Lemma. Lety € R and r > 2. Then

T 1 T
Lyl —1—ry=> " (A.24)

Proof. Denote
T 1 I
Flysr)=1+yl —1—ry— o=lyl" (A.25)
The lemma is equivalent to f > 0, for r > 2. We note that f is twice differentiable
at all points except y = —1 and y = 0. We observe that the inequality is satisfied
for both of these points since we have f(0;7) =0 and f(-1,7r)=r—1— 2%1 >0
for r > 2. Consider the derivative of f with respect to y:

. _ 1 . _
Oyf(y;r)=r (Slgn(l +y)l+y[ - 52 sign(y)ly|"~' — 1) : (A.26)

We wish to show that f decays monotonically on y < 0 and hence, that d,f <0
for -1 < y < 0 and y < —1. We also wish to show that f increases monotonically
for y > 0 with 9, f > 0. To show this, consider first the case y > 0: using that
(1+y)" ' >14y"!, we have 9,f > 0 for y > 0.

For the interval —1 < y < 0, use that b" < b for any b € (0,1), to obtain

Byfly;r) = (L—[y) "t + 22"yt = 1<~y + 227"y
=—(1-2>")[y[<0, r>2. (A27)

For the last interval y < —1 we re-write (A.26) as
Oyt (ysr) = =1 ((yl = 177 = 227"y 4 1) (A.28)

Upon calculating 85 f, and solving 6; f =0 for y in this interval we find that 0, f
has a maximum at |y| = 2 with value 9, f(2;r) = 0. Hence, 0, f < 0 for y < —1
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and —1 < y < 0. We have showed that f decays monotonically on y < 0 and
increases monotonically on y > 0, and f(0;r) = 0. Hence f > 0 for all y € R,
which proves the lemma. O

Appendix B. Upper bound on Ry and V, Ry
In this appendix we estimate Ry and derivatives of Ry from above. From the
proof of Lemma A.1 we have the following identity

1
Ry (z) = /0 (1 —-0)x-HessV(a+ 0x) - xdf. (B.1)

Furthermore, in (2.4) we made the assumptions that, for 3 € Z? and |3| < 3,
02V ()| < Cyeld (eya) 1P, (B.2)
We begin with the following result for derivatives of Ry .

Lemma B.1. Let a,z € R?, 0 < ey € R and ey|a| < Cy,, as in Corollary 6.2.
Furthermore let 8 € Z4, with 0 < 8; < 1Vj =1,...,d and |3| = 1. Then, (i) if
r>2:
07 Ry | < O[] (eya) =30, (B.3)
or (i) if 1 <r < 2:
0RY| < Caél [of?(eva) ™2, (B.4)
where
Cy = 2710vd(2(1 + C2)ymax(r=30)/2 " ¢y .= Cyd(6v2 + In(1 + C,)).  (B.5)
Here Cy is the constant in (2.4).

Corollary B.2. Under the same conditions as in Lemma B.1 we have

07 Ry| < Ceg|z*(eva) 2, (B.6)
where C depends on C7 and Cy above.
Proof. Use that (e, z)™2*("=3.0) < (¢, 2)"~2 in Lemma B.1. O

Proof of Lemma B.1. For the case = 0, (0?Ry)(0) = 0 and thus the lemma is
satisfied. For = # 0, and since V € C3, we have from (B.1) that

d 1
MRy (x,t) = may / (1—6)(020,,0,,V)(a+ 0z)d6. (B.7)
k=1 0

The upper bound on the potential, (B.2), gives

d 1
|00, R ()] < €4.Cy Y |z / (1=6)(1+ € Ja+0x*)72/2ds,  (BS)
k=1 0
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here Cy is the constant in (2.4). To estimate |07 Ry|, we use the inequality

d
> lwwa| < djaf?, (B.9)
k,=1

to obtain
1
08Ry ()] < cvde§|x|2/ (1= 0)(1+ 2 Ja+0a?)"3/2 = dCyé 2?1, (B.10)
0

To estimate the integrand, we consider first case (i), with r > 3, ey |a| < C,.
Before we estimate the integral I, we estimate part of its integrand with the triangle
inequality together with €y |a| < C, and § <1 to obtain

1+ ela+ 0z <14 202 4 2|z)? < (14 max(202,1)){eyx)>. (B.11)

Thus
|0P Ry (,1)] < Cred |z (eya) 3, (B.12)

where
C1 = 271Cyd(2(1 4 C2))r=3)/2, (B.13)

To extend this case to include r > 2, we note that for r € [2, 3] the exponent
in the integrand of I, r — 3 < 0, and that 1 + €2 |a + 0x|*> > 1 to obtain

<27 (B.14)
We conclude that for r € [2,3] |[0°Rv| < 27'dCy e} |z|?. Thus upon changing
(B.12) and (B.13) into
|0°Ry ()| < C1€} || (ey a)max(r=3.0) (B.15)
where
Oy == 2710y d(2(1 4 C?))max(r=3.0)/2, (B.16)
part (i) is proved.

For the case (ii), with » < 2 we need a more precise estimate that the case
of r € [2,3]. To obtain this, recall that = # 0 and let us introduce the notations
&:=ua/lz|, a) :==a-%and ay :=a— a). Then |a + 0z|* = a2 + |a) + 9|x||2. By
the change of variables y = ey (a + 0]x|) and that 1 +a3 > 1, we find

1 ev (a)+|z|) dy 1

— L. B.17
A+ y2)B2 ez 2 (B.17)

B 6V|'T| eya)

The goal is to show that (e, 2)27"1 is bounded by a constant independent of ey, .
To show this, we consider two intervals for |z| first €y |x| < 1. For this interval
(eya)?7" < 227" and I < ey, thus (eyx)?~"1 < 2.
For the intervals ey |z| > 1 and 1 < r < 1.5. We show that I3 is bounded by
a constant. Indeed, regardless of the values of a and |z| we have
> dy -3
Bs2 [ e VA NI (B4
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for 1 <r < 1.5. Thus
2—r
(v T <622 6 (B.19)

evlz|
For 7 € [1.5,2] we need a better estimate, we use that (1 + y?)3="/2 >
(14 y*)'/2, thus

eviaptlzl) gy evay +ev|z| +/1+ el la+ x|
IQ S = ln(
ey a) \/ ]. + y2 EVCLH + A/ ]. + C‘Q/Gﬁ

To estimate this, we consider four different regions. For a > 0 and [z| > |a] it
is bounded by In(1 + 4ey|z|). For a) > 0 and |z| < |a| it is bounded by In2. For
ay < 0 and |z| < |a] it is bounded by In(1 + 2C,). For aj < 0 and |z| > |a] it is
bounded by In ((1 + 2C,)(1 + 4ey|z])). Thus

I, <In(2+2C,) + In(1 + 4ey |x|)

< (ey]z|)*?1n (10(1 + Cy)), for eylz] > 1,

). (B.20)

(B.21)

where we have used that for ey|z| > 1, ¢ > 0 we have ¢ + In(1 + 4dey|z|) <
(¢ +1n5)(ey|z|)}/2. Thus

2—r
(eva)®~"T <In(10(1 + Ca))% <241 (10(1 4 C,)). (B.22)
€y |T
Comparing the constants above for the I estimate we find that
Cy = Cyd(6vV2 +1In(1 + C,)), (B.23)
is sufficient. This concludes the proof of the lemma. O

To bound Ry from above we could use the same methods as above, but the
upper bound will be to large to fit into the energy space. But we have the following

Lemma B.3. Forr > 1 and ey|a| < C,
Rv < Ci(1+ € [x(eva)?), (B.24)

where
Oy =20y (2 +2C%)(=D/2, (B.25)

Proof. For r > 2, we there exists a 6 € [0, 1] such that
Ry < Oyé|z|?(xf + a)™ 2. (B.26)

Since r — 2 > 0 we estimate ey |20 + a| < ey|z| + C, and (1 + 2a|z|? + 2C2) <
(2 +2C?){eyx)? we obtain the lemma for r > 2 as

Ry < Oy (2+2CH)0=272)¢y 12|z (e )" 2. (B.27)
For r € [1,2) we use that there exists a 6 € [0, 1] such that
Ry = (VV(20+a,t) —VV(a)) -z < Cyey|z|({ey (20 +a)) "t +(Co)"1). (B.28)
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Once again ey |26 + a| < ey|z| + C, and we obtain

Ry < Cyeyla|((2+202) D2 (e a)"=1 +(C,)"71). (B.29)
To estimate the second term, recall (10.6), to get
evlz] <271+ (ev]z])*(eya) 2 (B.30)
To estimate the first term in (B.29), let y = ey |x| > 0, r € [1,2] and calculate
- r— r— y yly) ! y 1
v = =y - 2 = (yJi <>y>)<y> Sy Sz B
Thus
eviz|(eva) ™t <271 4+ (ey|z)*(eva) 2 (B.32)
Collecting the above two terms gives
Ry < 20v(2+202) D21 4 (ey |2])*(eva)"2). (B.33)
Since (B.33) for r > 2 is larger than (B.27) we have proved the lemma. O
Appendix C. Bound in energy-space
In Eq. (10.12) we show that
[wllo = l[wlls, + [lev[e|(eva) ™2 w]| , < Ce. (C.1)

We want to show that [|w||s , < Cylwllo. This result follows from the following
lemma:

Lemma C.1. For r € (0,00) there exists a constant ¢, such that

2 r—2
< 1Hy)

0 <1+ min(0,¢,.) < W <1+ max(0,¢.) <2, (C.2)
where 2/(r—2)
2—r (2 "
= — , 2, .
c 5 <T> r# (C.3)
and forr =2, ¢, =0.
Proof. Denote
1 2 _ 1 r—2
f(z):M:1+z_r—z_2, z>1. (C.4)

Z”‘
Note that for 22 = 1442, f is the function we want to estimate for the lemma. For
r =2, f =1, thus ¢, = 0. The function f is at least C' for z > 1. Now consider
r # 2. We note that f(1) =1 and f — 1 as z — oo. The critical point on [1, 00)
of fis at 2. := (r/2)"/"=2) > 1, where the function take the value

fe) =147 <2>2/(T_2) . (C.5)

r r

A maximum (minimum) for » < 2 (r > 2). This concludes the proof. O
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Appendix D. A family of time-dependent solutions

In this appendix, we construct a family of solutions to the nonlinear Schrédinger
equation with a quadratic, time-independent potential.
Let ¢(x,t) have the form

U(z,t) = eip(t)~(ov—a(t))+iv(t)ﬁu(9,j —af(t)), (D.1)
where 7, is a real-valued function, not yet determined. We substitute this function
into (1.1), and let y := & — a to obtain

0=p-yi.+(¥ +p2 —a-p)ijy +iVij, - (@ —2p) — Afjy — f(7) + V(Y +a)iju. (D.2)
By adding and subtracting the terms (1 + V(a))7,, and VV (a) - y7, and as usual
defining Ry :=V(y+a) — V(a) — VV(a) - y we find

0= (p+VV(a) yilu+ (¥ +p* —a-p+V(a) = p)ij +iViy, - (@ — 2p)
+ (A + p)ijp — f(u) + Ry . (D.3)
If we choose
p= *VV(CL), a=2p, ¥= p2 T V(a)ﬂ (D4)
then the Eqn. D.3 reduces to
0= —Adjy, + piy — f(u) + Rvil, (D.5)
where 7, = 7,(y), and A = 859,. In general this equation is time-dependent due

to the appearance of a in Ry, but for potentials of the form V(z) = z-A-z+v-x+d,
with constant matrix A, vector v and scalar d, we have

Ry=Wy+a)-A-(y+a)+v-(y+a)+d—(a-A-a+v-a+d)
—(a-A-y+y-A-a+v-y=y-A-y. (D.6)

The right-hand side is independent of a, and hence of time. Equation (D.3) reduces
to

0=—Afy + piy — f() +y- A yi. (D.7)
Thus, if there exists nontrivial solutions to this equation, we have constructed
a family of solutions () (@=a)+175 (7 — g) where 7j, solves (D.7). Existence of
solutions to a general class of equations that includes (D.7) under some restric-
tions on b := p+y- A -y and with a class of local nonlinearities is shown by
Rabinowitz [34] and extended to more general potentials by Sikarov [36]. Sikarov
require the following potential conditions: b > —¢, where |¢| < oo,
inf Vulliz + (bu,u) >0 (D.8)

ueH, ufl2=1

and that b grows to infinity in almost all directions as |y| — oo.
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