provided by RERO DOC Digital Library

Econ Theory (2009) 40:339-348
DOI 10.1007/s00199-008-0367-3

RESEARCH ARTICLE

The Zilcha criteria for dynamic inefficiency
reconsidered

Martin Barbie - Ashok Kaul

Received: 20 December 2006 / Accepted: 3 April 2008 / Published online: 23 April 2008
© Springer-Verlag 2008

Abstract We reconsider necessary and sufficient conditions for dynamic ineffi-
ciency given in Zilcha (J Econ Theory 52:364-379, 1990, J Econ Theory 55:1-16,
1991) and a critique by Rangazas and Russell (2005). First, we show that the charac-
terization given in Zilcha (1990) for nonstationary economies is correct and correct
Zilcha’s proof. Second, using this insight, we complement Rangazas and Russell’s
(Econ Theory 26:701-716, 2005) discussion of the counterexamples to Zilcha (J Econ
Theory 55:1-16, 1991). Third, we discuss consequences of our results for applied tests
of (in-)efficiency based on the Zilcha criteria.
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340 M. Barbie, A. Kaul

1 Introduction

We reconsider characterizations of dynamic (in-) efficiency in competitive stochastic
general equilibrium models as well as their observational implications. The analysis
focuses on important contributions that extend the Cass (1972) criterion to a stochastic
setup for nonstationary [Zilcha (1990)] and stationary economies (Zilcha 1991).

In a recent paper, Rangazas and Russell (2005) criticize Zilcha’s characteriza-
tions for dynamic inefficiency in overlapping generations models. They come to the
conclusion that the general characterization of dynamic inefficiency in stochastic nons-
tationary economies, the main result in Zilcha (1990), is (1) stated and (2) proved
incorrectly and offer a corrected version of this characterization. Contrary to the first
claim, we show in this note that the dynamic inefficiency characterization given in
Zilcha (1990) is stated correctly and is indeed equivalent to the corrected statement
given in Rangazas and Russell (2005).

However, as pointed out by Rangazas and Russell (2005), the proof offered by Zilcha
(1990) is incorrect. The Cass-type argument given by Zilcha proves only a weaker
result, namely that inefficiency holds if and only if a uniform boundedness condition
holds.! This is shown in Rangazas and Russell (2005). Our result shows that this
uniform boundedness condition holds if and only if Zilcha’s original characterization
for nonstationary economies is valid. In Sect. 2, we correct the proof of Zilcha’s result.

Rangazas and Russell (2005) present illustrative counterexamples to the Zilcha
(1991) criterion for inefficiency in stationary economies. They construct an economy
that satisfies his (stationary) inefficiency criterion but for which no improving reallo-
cation of capital exists. They show how the uniform boundedness condition is violated.
However, given that Zilcha’s (1990) statement of the result for nonstationary econo-
mies turns out to be correct, the question arises: What invalidates the test in Zilcha
(1991) that is based on the original result from Zilcha (1990)? We investigate this
question in Sect. 3 by elaborating on a counterexample given in Rangazas and Russell
(2005).

In Sect. 4, we then briefly discuss the consequences of our results for applied tests of
(in-)efficiency based on the Zilcha criteria. Our conclusion is that Zilcha’s stationary
criterion is valid only as a sufficient condition for efficiency, as is already pointed out
by Rangazas and Russell (2005), whereas the criterion cannot be used for a test of
inefficiency.

2 Zilcha’s characterization for nonstationary economies

The analysis focuses on contributions to the dynamic efficiency literature within the
framework of nonstationary (Zilcha 1990) and stationary stochastic OLG economies
(Zilcha 1991). We borrow our notation from Rangazas and Russell (2005). We also
refer to their paper for a description of the model.

I See also e.g. Chattopadhyay and Gottardi (1999), whose extension of the Cass type proof to a stochastic
environment in the context of a pure exchange economy yields a uniform boundedness condition.
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The Zilcha criteria for dynamic inefficiency reconsidered 341

Denote by S the time-invariant shock space (that affects the production function)
with generic element w,. S is assumed to be a compact Polish space.? Let Y£2* denote
the set consisting of infinite subsequences of the form (wo’a)l, R/ Y ) For each
t > 0, we define OJ—',* as the Borel o-algebra on °2* generated by cylinder sets of
the form B = x72 By with By C S, By isanopen setfor0 < k <t and By = §
for t > k (see footnote 4 on p.705 in Rangazas and Russell (2005)). We thus have
a measurable space (O.Q*,O F *) and consider a probability measure P on this space.
Denote the set of feasible allocations given the initial capital stock kg by “FPCA from
ko” (feasible production consumption allocation).

Since our general shock space allows e.g. the case where S = [a, b] for some
positive constants a and b, it seems reasonable to require in the case of inefficiency
only an improvement (i.e., an increase in aggregate consumption) almost surely at each
point in time instead of requiring the improvement in each history (a)o,wl ,,,,, wt).3 In
the following, the a.s. qualification is always with respect to the probability measure
P. With this modification, the condition in Lemma 1 in Zilcha (1990) reads as: The
economy is inefficient if and only if for some ¢ > 0 there exists a set A, where A
el JF/ has strictly positive P-measure, and there exists another FPCA with % such
that

ks(w) = ?s (w) forw ¢ A andall s a.s. (D

ki1 (@) > ki1 (@) foro e A
ki1 (@) = ko1 (@) = [ (ks (@), 05) = f (ks (), 05) foro e A,s =1+ 1as.
©)

We now state Zilcha’s (1990) characterization of (dynamic) inefficiency in two equi-
valent forms:

Theorem 1 A FPCA {ks (w)};2, from kg is inefficient if and only if one of the following
equivalent conditions holds.

(a) (Zilcha (1990)) For some t > 0 there exists a set A= A\ U?izﬂ Ny, where
Aed F} has strictly positive P-measure, N el F¥ with P (Ng) = 0 for each
s=t+1,..., suchthat

0]

1
2 5w = ©

s=t

for each w € A where Vs (o) is defined Ys_1 (0) = f (ks (®) , ws) ¥y (@) ,
s=0,1,2, ..., withy_j (w) = 1.

2 Rangazas and Russell (2005) use a finite shock space. We can nevertheless use the notation from Rangazas
and Russell (2005) and make adaptations where our more general shock space requires this.

3 We thank Steven Russell for pointing out this reasonable extension to us. Zilcha (1990) did not consider
the exception of sets of measure zero in his Lemma 1.
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342 M. Barbie, A. Kaul

(b) Forsomet > 0 there exists a set A = A\ U;’it_H Ny, where A €0 Fi has strictly
positive P—measure, N €0 F¥ with P (Ng) =0 foreachs =t+1,...,anda
constant B such that

o0

1
B 4
me< @

s=t

for each v € A where Y5 (w) is defined Ys_1 (w) = [ (kg (@), ws) Vs (@),
s=0,1,2,...,withy_1 (w) = 1.

First, note that the modification in part (a) and (b) concerning the sets Ny come from
the modification in Lemma 1 of Zilcha (1990) to require the condition (2) (condition
(17 b) on p. 373 in Zilcha (1990)) to hold only a.s., which gives for each t a set
N, €° F}¥ with P (N;) = 0. In the proof of Theorem 2 in Zilcha (1990), we get
the estimate (23) in Zilcha (1990) on A except for w € U?i; 41 Ns. Similarly, the
construction of an improving reallocation of capital done on p. 377 in Zilcha (1990) is
carried out on A except for w € U‘S’i, 41 Ns. Without the a.s. qualification in (1)—the
case considered in Zilcha (1990)—the theorem remains the same with the exception
that for all zero measure sets we have Ny = (/.

Second, if we follow the lines of the proof of Theorem 2 in Zilcha (1990), in part (b)
there should be (instead of a constant B) a positive O]—',* -measurable function C (w)
(with K as a positive constant) which has the form C (0) = K/[{; (w) (k,+1 (w)
— EH (w) )]. The 0.’/T-',*-measurability of C ensures that C(w) = C(w) if
(w9, w1, ..., w) = (w9, w1, ..., o). Byourrestriction to interior allocations, ¥, (w)
is always bounded below, but k;11 (w) — E+ 1 () could become arbitrarily small
for some history ', so that there does not necessarily exist a uniform upper bound.
However, given that AAeO F} has strictly positive measure and that P (A) =
limy— 0 P ({ki41 (@) ki1 (@) > 1}), wemusthave P ({ki1 () —kept (@0)>1}) >
0 for some n, and by defining A" = {k;11 (@) — ki1 (@) > %}, we can assume the
uniform bound B.

Proof Obviously, (4) implies (3), but the converse is not obvious and requires a proof.
Suppose that the condition in part (a) holds and assume that (b) does not hold. Since
O.QI* = 8p x --- x § with §; = § for all 7 is a metrizable space (as the product of
metrizable spaces), by Theorem 12.5 in Aliprantis and Border (2006) the probability
measure P restricted to (O.QI* 0 .7-",*) is inner regular,* which implies that there exists
a closed set K €° JF} such that P (K¢) > 0 and Ko C A. For each w € Ky, define

Ti (w) = min {T > t such that Zz:t m > 1} . Note that {77 < n} €° F, since

(T <n) = U {Zf:[ e > 1} N Ko and {2;:, e > 1} N Ko € F*. Thus
also {T} = n} € Fr. If P(UR,{Ty =n}) = 0, the set A := Ko\(Js2, | N5 U

4 Strictly speaking, we should endow 0.(2,* with its Borel o -algebra 0B;. We can; however, identify each
set A €0 B, with the set A x Si1 X Siq2 x -+ from 0]—';* and that is what we have done when we consider

(091*’0 ‘7:t*) .
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The Zilcha criteria for dynamic inefficiency reconsidered 343

U;’it {T1 = s}) would satisfy condition (b) of the theorem (for B = 1). Thus, we
must have P(US2, {T1 =n}) > 0 and thus there must exist some #; > ¢ with
P ({Ty =1}) > 0. Now define Ay = {T} = tl}\U[jl=t+1 N; el F. Since O.Q;j
is a metrizable space (as the product of metrizable spaces), by Theorem 12.5 in Ali-

prantis and Border (2006) the probability measure P restricted to (0 2 0 J—',’:) is inner
regular, which implies there exists a closed set K| € Ji; such that P (K1) > 0 and

K C A. Define T (w) = min {T > f1 such that ZST:“_H m > 1} forw € Kj.

By the same arguments as before, there exists some t, > t; with P ({T» = 1}) > 0.5
Continuing inductively we obtain closed sets Ko 2 K1 2 K 2 --- with P(K;) > 0.
Since the K; are subsets of the compact space £2* (it is compact as the product
of compact spaces) and are thus compact themselves. By the finite intersection pro-
perty, they have a nonempty intersection (see Theorem 2.31 in Aliprantis and Border
20006). Let o™ € ﬂ?io K;. By construction, Z?:l m > i for every i, and so
>, m = 00. Clearly, w* € A.Further, o ¢ U;’it +1 Ns. This holds because for
each s there exists some #; > s, which by the construction of K; implies K; N N; = .
Thus w*™ € A, and we obtain a contradiction to assumption (a) of the theorem.

Remark 1 The integers ¢ and the sets A in conditions (a) and (b) can be different.

Remark 2 In the special case of a finite S, each set from 0]-}* has only a finite number
of elements. Further, with a probability measure P such that each time ¢ history
,,,,, a),) has strictly positive probability, the following holds: Ny €° F¥ with
P (Ng) = 0 implies Ny = ). Note that the case considered in Rangazas and Russell
(2005) in which shocks each period are i.i.d. with a finite support falls into this category.

We thus obtain as a corollary:

Corollary 1 Let S be finite and let P be such that P ({a)o,an, R wt}) > 0 for each
(wo,a)l, e, w,). A FPCA {ky (w)}52, from kg is inefficient if and only if one of the
following equivalent conditions holds.

(a) For somet > 0 there exists a nonempty set A €° F} such that

o]

1
Z%w<w ©)

s=t

for each @ € A where Vs (w) is defined Vs_1 (w) = [’ (ks (), ws) Yy (W),
s=0,1,2,...,withy_1 (w) = 1.

(b) (Rangazas and Russell (2005)) For some t > 0 there exists a nonempty set
A ef F; and a constant B > 0 such that

o0

1
B 6
2w " ©

s=t

5 Since K; € .7-';‘; 0 ]—';_H,

Kl\(U5:1|+2 N5 U US:,H_I {T» :s}) would satisfy condition (b) of the theorem and we had

e} 1
s=t1+1 Y5 (w)

if we had P(Uﬁ‘;twl {T2=n}) = 0, the set A :=
<1 foral]wexl.
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344 M. Barbie, A. Kaul

for each v € A where s (w) is defined s (w) = [/ (ks (w), wg) ¥s (),
s=0,1,2,...,withy_1 (w) = 1.

Our result shows that the statement of the characterization of dynamic inefficiency
in Theorem 2 of Zilcha (1990) is correct and that the “correction” in Rangazas and
Russell (2005) is merely a restatement of the same condition.® However, Rangazas
and Russell (2005) are right in pointing out that the proof offered by Zilcha (1990) is
incorrect: what is proved in Zilcha (1990) only allows us to conclude that inefficiency
is equivalent to the seemingly different condition (b). Additional work is needed to
prove the validity of the statement of Theorem 2 in Zilcha (1990). Our proof fills this

gap.

3 Detecting inefficiency in stationary economies

In a sequel paper, Zilcha (1991) presented a necessary and sufficient condition for
dynamic inefficiency of stationary economies based on his characterization in Zilcha
(1990), Theorem 2. Rangazas and Russell (2005) present a counterexample to Zilcha
(1991) showing that his condition for stationary economies is only necessary, but
not sufficient for dynamic inefficiency. They show that the economy does not satisfy
condition (6) and conclude correctly that the allocation is efficient. However, they
claim incorrectly that the economy satisfies the (seemingly) weaker condition (5).”
So given that the statement of Theorem 2 in Zilcha (1990) is correct, what makes
the Zilcha (1991) inefficiency characterization for stationary economies fail? It turns
out that the restatement of his Theorem 2 from Zilcha (1990) in Zilcha (1991) on
p. 7 is incorrect. The restated condition is not necessary and sufficient for dynamic
inefficiency any more. We will now investigate these points in detail.®

For the ease of notation we dispense with (population) growth, which was introdu-
ced in Zilcha (1991). The Zilcha dynamic inefficiency test for stationary economies
for a finite S then reads [see Theorem 1 in Zilcha (1991) and p. 706 in Rangazas and
Russell (2005)]:

6 In fact, Rangazas and Russell (2005) make their statement of condition (a) and (b) (and also of Lemma
1 of Zilcha (1990)) only for sets A of positive measure from the o-algebra 0.7-'3‘ , not for sets of positive
measure from a o —algebra 0]—',* for some t > 0. If one allows for arbitrary nonstationary allocations as
in Zilcha (1990), this will in general not be sufficient. Consider e.g. an economy with two possible shock
realizations each period. Suppose that we always have f’ (k (w) , ;) < m < 1fort > 2 if w| = w. For the
other date 0 shock @ suppose we always have f/ (k (w) , w;) > 1 fort > 2 if | = @. Then there exists no
positive measure set from 0]—'(’)k such that (3) holds, but there exists the positive measure set A = S x {Q}
from OF; ik where (3) holds. With Lemma 1, p. 370 in Zilcha (1990), one can increase consumption with
positive probability without lowering it anywhere, so that the economy is dynamically inefficient. See also
the original statement in Theorem 2 of Zilcha (1990), which corresponds exactly to our condition (a).

7 They write on p. 711 of their paper that in the stationary economy they construct, the Zilcha inefficiency
criterion for stationary economies and hence (5) is satisfied, while (6) does not hold.

8 SeeZilcha (1991) and Rangazas and Russell (2005) for a description of the notion of stationarity employed.
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The Zilcha criteria for dynamic inefficiency reconsidered 345

Theorem 2 (Zilcha 1991, Theorem 1) A stationary competitive allocation is
dynamically inefficient if and only if

Ef{lnr ()} <0 @)

holds, where E {Inr (w)} = fQ In f/ (k (Tfla)) , a)o) u>® (dw), T is the shift operator
andr (w) = f' (k (T_la)) ,a)o).

We now elaborate on an example constructed by Rangazas and Russell (2005) that
has the following features: the (finite number of) shocks each period are i.i.d. and the
realizations that occur with positive probability are real numbers f = o' > @? >

> w® = awiths > 2anda > 0. Thereisaninterval [kq, kg | withky, kg > Oanda
continuous function g (k, w) thatis both increasing in k and w such that the dynamics of
capital accumulation is described by g, i.e., k;+1 = g (k;, @) . Further ky = g (ky, @)
andkg = g (k,g, ﬂ), i.e. if the capital stock starts in [ka, k,g], the capital stock will stay
there forever. As noted in Rangazas and Russell (2005), the series Z?io m can be

rewritten as Z?io Hlfzo f' (k¢ (w) , ;) . The production function f is chosen such
that f’ (k, ) is decreasing in k and increasing in @. The example is constructed in such
a way that E {ln ! (kg Z[))} < 0, where the expectation is taken with respect to the
i.i.d. random variable @ distributed on w! > w? > --- > *. Given the monotonicity
properties of f’and that all capital stocks are contained in [ka, k,g], this implies that
(7) is satisfied, seemingly indicating inefficiency.

A feature of the example is that f’ (kg, B) > 1, which implies that neither (5) nor

(6) holds. To see this, consider for any finite sequence of shocks (wg, w1, ..., ®;) the
continuation path given by * = (wg, w1, ..., w;, B, B, B, .. .) . Note that
o N
D117 (ke (@) 07)
s=07=0
—ZHf (kr () . wf>+1'[f (ke (). @) Z H ' (ke (%), B)
s=01=0 s=t+1 t=t+1
>ZHf (ke (@) wz)+]_[f (ke (@), ) Z H /' (kg, B) — oo
s=01=0 s=t+1 t=t+1

This implies that each positive measure set A €° F} for some ¢ > 0 contains a path
o such that D72, m = oo and thus Zilcha’s (1990) original inefficiency criterion
(5) fails for this economy.

Rangazas and Russell (2005) show that if f’ (k,g ,3) > 1 then there is always
a positive-measure subset A €’ F; on which > ——— . — exceeds any particular
bound. The argument presented in the proof of Zilcha’s (1990) Theorem 2 implies
that an allocation is inefficient if and only if there is no subset of this type: that is,
if and only if >, m is bounded almost surely. So they reached the (incorrect)
conclusion that the inefficiency condition from the statement of the theorem is wrong,
and that it needed to be replaced by the condition that > 12 m is almost surely
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346 M. Barbie, A. Kaul

bounded. As we show, however, this revision of the statement of the theorem turns out
to be unnecessary. We show that > 1o m is uniformly finite (i.e. finite for every
w € A), as Zilcha’s statement of Theorem 2 requires, if and only if it is uniformly
bounded, and that uniform boundedness and almost-sure boundedness are equivalent,
in this context.

How does condition (7) from Zilcha (1991) deviate from Zilcha’s (1990) original
inefficiency condition? To see what Zilcha’s stationary economies criterion accom-
plishes, consider

t t t
[T/ ke @), 00) =exp D In[f (ke (@), 00)] < exp D In[f ko> )]

=0 =0 =0

The random variables In [ f! kg, wr)], t=0,...,rareii.d. (and integrable) and thus
the strong law of large numbers implies

t

%Zln [ ke 00)] =5 E{In f' (ke @)} <0 as. 8)

=0

where almost surely (a.s.) refers to the probability measure £° on the set of paths
982* (and on the o-algebra ° F*) generated by the i.i.d. random variables on the shock
space S. Note that under the probability measure 1>, each single path  €° £2* has
probability 0, i.e. u*° ({w}) = 0. (8) implies that

t
H f/ (k¢ (w), wr) < exp |:%E {ln f/ (kg 6)}]

=0

a.s. for ¢ sufficiently large and thusY % (exp [3 E {In f’ (kq, 5)}])l < oo implies

>0 [Memo f (ke (@), 00) = 3272 5oty < 00 as..
The critical feature of the result is that it only guarantees convergence almost sur-
ely and not convergence for every w €° £2*. The mistake in Zilcha’s (1990) proof of

Theorem 2 causes the argument to appear to imply that the requirement that Z?io m

should be uniformly finite is stronger than necessary, and that it would be enough for
> m to be almost surely finite. This is where Zilcha seems to have gone wrong
in his 1991 paper (Zilcha 1991). In that paper, he restates Theorem 2 so that the requi-
rement is for > 72 m to be finite almost surely. Later in the paper, he presents cri-

terion (7) and shows that it is equivalent to almost-sure finiteness of Z?io m Sohe
concludes, incorrectly, that (7) is necessary and sufficient for inefficiency. As Rangazas
and Russell (2005) counterexample illustrates, almost-sure finiteness of Z?io m is
not sufficient for almost-sure boundedness of that sum. So they were able to construct
an example in which the inefficiency criterion (7) is satisfied but the allocation is effi-
cient. However, our argument shows that uniform finiteness of Z?io m is neces-

sary and sufficient for uniform boundedness thereof. In the example, > 72 m is
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The Zilcha criteria for dynamic inefficiency reconsidered 347

not uniformly finite. So it is not a counterexample to Theorem 2 of Zilcha (1990), as
incorrectly asserted in Rangazas and Russell (2005).

To see how the condition > 2 m = oo on a set of measure zero interact with the
impossibility of “Zilcha reallocation” (as outlined in Rangazas and Russell (2005)),
consider paths of the form (wg, w1, ..., o, B, B, B, ...) . They form a set BY°, the set
of paths for which after some finite ¢ only the high shock g occurs. This set has measure
zero. For T define B! as the set of paths whose first ' entries coincide with the first T
entries of some member of the set B/°. For any finite 7', this set has positive mesure.
Consider any A > 0. Given that f' (k, B) > f’ (k,g, ,B) > 1 forall k [ka, kﬂ] it

follows that given such a A we can always find a T such that > m > A for

all o € BI'. Thus, the paths on which the capital stock vanishes has strictly positive
probability and the allocation is dynamically efficient. This is the argument used by
Rangazas and Russell (2005), p. 713 to show efficiency. At the same time, for the
measure zero set B the inefficiency condition of Theorem 2 in Zilcha (1920) does

not hold. Our Theorem 1 implies that under Zilcha’s assumptions, sets like B/ cannot
be ruled out without ruling out sets like B/°.

4 Consequences for applying (In-)efficiency tests

How useful are Zilcha’s (in-)efficiency characterizations for applied tests of (in-)
efficiency? Our analysis showed on the one hand that for nonstationary economies the
dynamic inefficiency characterization given in Zilcha (1990) is correct, and in fact,
equivalent to one given in Rangazas and Russell (2005). This seems to be good news,
because testing whether a series as in (3) converges for every w is easier to test than
testing whether there is additionally a uniform bound B over all w as in (4). This
should make it easier to derive econometric tests from the characterization.

On the other hand, for stationary economies, there seems to be no way to construct
tests of inefficiency based on some sort of law of large numbers as done in Zilcha
(1991). More generally, all statistical/econometric testing procedures usually do not
take into account sets of measure zero, i.e. make statements at most “almost surely”.9
In the light of the importance of sets of measure zero in evaluating efficiency of a
given allocation, it seems very difficult to come up with such a test.

It should, however, be noted that these problems arise only if the test indicates
inefficiency, i.e. with the sufficiency part of the inefficiency criterion. If we have
E {Inr (w)} > 0, we can conclude that Z?io % = 00 a.s. with a similar argument
as shown above [see the proof of Theorem 1 in Zilcha (1991)]. This is clearly sufficient
to conclude dynamic efficiency from (5). In Barbie et al. (2004), we provide some
evidence from U.S. economic data that this may be the empirically relevant case.

9 The sets of measure zero that are excluded in a testing procedure as described in the previous section are
different from those sets of measure zero excluded in Theorem 1. First, Zilcha (1991) has only a finite S, so
that Ny = ) for the measure zero sets from Theorem 1 (compare with Remark 2). Second and more general,
if such a test is done for a general shock space, the paths excluded by the test are from 0F *\ U?i% F¥ and
are thus different from the sets Ny in Theorem 1.
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348 M. Barbie, A. Kaul

Another aspect of Zilcha’s definition of dynamic efficiency is that it rules out gains
from risk sharing from different agents and therefore may be of limited empirical
relevance. An efficiency concept that takes such considerations into account is e.g.
used in the influential paper of Abel etal. (1989). 10 1n Barbie et al. (2004), we construct

an example in which >"7° m = 00 a.s., but there are nevertheless efficiency gains

by intergenerational risk sharing in the sense of Abel et al. (1989). This fact may
help encourage future research on the difficult but important question of dynamic
inefficiency.
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