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Abstract: The Quantum Reverse Shannon Theorem states that any quantum channel
can be simulated by an unlimited amount of shared entanglement and an amount of clas-
sical communication equal to the channel’s entanglement assisted classical capacity. In
this paper, we provide a new proof of this theorem, which has previously been proved
by Bennett, Devetak, Harrow, Shor, and Winter. Our proof has a clear structure being
based on two recent information-theoretic results: one-shot Quantum State Merging and
the Post-Selection Technique for quantum channels.

1. Introduction

The birth of classical information theory can be dated to 1948, when Shannon derived
his famous Noisy Channel Coding Theorem [1]. It shows that the capacity C of a clas-
sical channel £ is given by the maximum, over the input distributions X, of the mutual
information between the input X and the output £(X). That is

C(&) = max {H(X) + H(E(X)) — H(X, E(X))},

where H denotes the Shannon entropy. Shannon also showed that the capacity does not
increase if one allows to use shared randomness between the sender and the receiver.
In 2001 Bennett et al. [2] proved the Classical Reverse Shannon Theorem which states
that, given free shared randomness between the sender and the receiver, every channel
can be simulated using an amount of classical communication equal to the capacity of
the channel. This is particularly interesting because it implies that in the presence of
free shared randomness, the capacity of a channel £ to simulate another channel F is
given by the ratio of their plain capacities Cr(E, F) = % and hence only a single
parameter remains to characterize classical channels.

In contrast to the classical case, a quantum channel has various distinct capacities
[2-7]. In [2] Bennett et al. argue that the entanglement assisted classical capacity Cg of
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a quantum channel £ is the natural quantum generalization of the classical capacity of a
classical channel. They show that the entanglement assisted classical capacity is given
by the quantum mutual information

Ce(&) = max {H(p)+ H(E(p) —H(E®D D))},

where the maximum ranges over all input distributions p, ®, is a purification of p,
7 is the identity channel, and H denotes the von Neumann entropy. Motivated by this,
they conjectured the Quantum Reverse Shannon Theorem (QRST) in [2]. Subsequently
Bennett, Devetak, Harrow, Shor and Winter proved the theorem in [8]. The theorem
states that any quantum channel can be simulated by an unlimited amount of shared
entanglement and an amount of classical communication equal to the channel’s entan-
glement assisted classical capacity. So if entanglement is for free we can conclude, in
complete analogy with the classical case, that the capacity of a quantum channel £ to
simulate another quantum channel F is given by Cg (€, F) = gg—((% and hence only a
single parameter remains to characterize quantum channels.

In addition, again analogous to the classical scenario [8,9], the Quantum Reverse
Shannon Theorem gives rise to a strong converse for the entanglement assisted classi-
cal capacity of quantum channels. That is, if one sends classical information through a
quantum channel £ at arate of Cg(€) + ¢ for some ¢ > 0 (using arbitrary entanglement
as assistance), then the fidelity of the coding scheme decreases exponentially in ¢ [8].

Free entanglement in quantum information theory is usually given in the form of max-
imally entangled states. But for the Quantum Reverse Shannon Theorem it surprisingly
turned out that maximally entangled states are not the appropriate resource for general
input sources. More precisely, even if one has arbitrarily many maximally entangled
states as an entanglement resource, the Quantum Reverse Shannon Theorem cannot be
proven [8]. This is because of an issue known as entanglement spread, which arises from
the fact that entanglement cannot be conditionally discarded without using communica-
tion [10]. If we change the entanglement resource from maximally entangled states to
embezzling states [11] however, the problem of entanglement spread can be overcome
and the Quantum Reverse Shannon Theorem can be proven.

A §-ebit embezzling state is a bipartite state p4p with the feature that the trans-
formation pusp — uap ® Parp, where ¢ p denotes an ebit (maximally entangled
state of Schmidt-rank 2), can be accomplished up to an error § with local operations.
Remarkably, §-ebit embezzling states exist for all § > 0 [11].

In this paper we present a proof of the Quantum Reverse Shannon Theorem based
on one-shot information theory. In quantum information theory one usually makes the
assumption that the resources are independent and identically distributed (iid) and is
interested in asymptotic rates. In this case many operational quantities can be expressed
in terms of a few information measures (which are usually based on the von Neumann
entropy). In contrast to this, one-shot information theory applies to arbitrary (structure-
less) resources. For example, in the context of source coding, it is possible to analyze
scenarios where only finitely many, possible correlated messages are encoded. For this
the smooth entropy formalism was introduced by Renner et al. [12—14]. Smooth entropy
measures have properties similar to the ones of the von Neumann entropy and like in
the iid case many operational interpretations are known [12,15-29].

For our proof of the Quantum Reverse Shannon Theorem we work in this smooth
entropy formalism and use a one-shot version for Quantum State Merging and its dual
Quantum State Splitting as well as the Post-Selection Technique for quantum channels.
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As in the original proof of the Quantum Reverse Shannon Theorem [8] we need embez-
zling states.

Quantum State Merging was introduced by Horodecki et al. in [30,31]. It has since
become an important tool in quantum information processing and was subsequently
reformulated in [32], where it is called mother protocol. Quantum State Merging corre-
sponds to the quantum generalization of classical Slepian and Wolf coding [33]. For its
description, one considers a sender system, traditionally called Alice, a receiver system,
Bob, as well as a reference system R. In Quantum State Merging, Alice, Bob, and the
reference are initially in a joint pure state pspr and one asks how much of a given
resource, such as classical or quantum communication or entanglement, is needed in
order to move the A-part of p4pg from Alice to Bob. The dual of this, called Quantum
State Splitting, addresses the problem of how much of a given resource, such as classical
or quantum communication or entanglement, is needed in order to transfer the A’-part
of a pure state pa4'g, where part AA’ is initially with Alice, from Alice to Bob.

The Post-Selection Technique was introduced in [34] and is a tool in order to estimate
the closeness of two completely positive and trace preserving (CPTP) maps that act sym-
metrically on an n-partite system, in the metric induced by the diamond norm, the dual of
the completely bounded norm [35]. The definition of this norm involves a maximization
over all possible inputs to the joint mapping consisting of the CPTP map tensored with
an identity map on an outside system. The Post-Selection Technique allows to drop this
maximization. In fact, it suffices to consider a single de Finetti type input state, i.e. a state
which consists of 7 identical and independent copies of an (unknown) state on a single
subsystem. The technique was applied in quantum cryptography to show that security
of discrete-variable quantum key distribution against a restricted type of attacks, called
collective attacks, already implies security against the most general attacks [34].

Our proof of the Quantum Reverse Shannon Theorem is based on the following
idea. Let £4-, p be a quantum channel that takes inputs p4 on Alice’s side and outputs
E4—B(pa) on Bob’s side. To find a way to simulate this quantum channel, it is useful
to think of £4_, p as

Ea-p(pa) =tre [(UA—>BC) PA (UA—>BC)T] ,

where C is an additional register and U 4, p¢ is some isometry from A to BC. This is the
Stinespring dilation [36]. Now the idea is to first simulate the isometry U4_, pc locally
at Alice’s side, resulting in ppc = (UAﬁBc)pA(UA_)BC)T, and in a second step use
Quantum State Splitting to do an optimal state transfer of the B-part to Bob’s side, such
that he holds pp = £4- p(p4) in the end. This simulates the channel £4_, . To prove
the Quantum Reverse Shannon Theorem, it is then sufficient to show that the classical
communication rate of the Quantum State Splitting protocol is Cg (E).

We realize this idea in two steps. Firstly, we propose a new version of Quantum State
Splitting (since the known protocols are not good enough to achieve a classical commu-
nication rate of Cg(£)), which is based on one-shot Quantum State Merging [15]. For the
analysis we require a decoupling theorem, which is optimal in the one-shot case [16,37].
This means that the decoupling can be achieved optimally even if only a single instance
of a quantum state is available. Secondly, we use the Post-Selection Technique to show
that our protocol for Quantum State Splitting is sufficient to asymptotically simulate the
channel £4_, p with a classical communication rate of Cg(€). This then completes the
proof of the Quantum Reverse Shannon Theorem.

Our paper is structured as follows. In Sect. 2 we introduce our notation and give some
definitions. In particular, we review the relevant smooth entropy measures. Our results
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about Quantum State Splitting are then discussed in Sect. 3. Finally, we give our proof of
the Quantum Reverse Shannon Theorem in Sect. 4. The argument uses various technical
statements (e.g. properties of smooth entropies), which are proved in the Appendix.

2. Smooth Entropy Measures — Notation and Definitions

We assume that all Hilbert spaces, in the following denoted 7, are finite-dimensional.
The dimension of H,4 is denoted by |A|. The set of linear operators on H is denoted
by L(H) and the set of positive semi-definite operators on H is denoted by P(H).
We define the sets of subnormalized states S<(H) = {p € P(H) : tr[p] < 1} and
normalized states S—(H) = {p € P(H) : tr[p] = 1}).

The tensor product of H 4 and H p is denoted by Hap = Ha ® H p. Given amultipar-
tite operator pap € P(Hap), we write pg = trg[p4p] for the corresponding reduced
operator. For My € L(Hy4), we write My = M4 ® 1p for the enlargement on any
‘H 4B, where 1 p denotes the identity in £(H g). Isometries from H 4 to H p are denoted
by VA—>B-

For Ha, Hp with bases {|i)a}/2), {li))}%) and |A| = |B], the canonical iden-
tity mapping from L(H4) to L(H p) with respect to these bases is denoted by Z4_, g,
ie. Zoap(|i){(jla) = |i){jlp. A linear map €45 : L(H4) — L(Hp) is positive
if Eap(pa) € P(Hp) for all pg € P(Hga). It is completely positive if the map
(Ea—B ®ZLc— ) is positive for all H¢. Completely positive and trace preserving maps
are called CPTP maps or quantum channels.

The support of p € P(H) is denoted by supp(p), the projector onto supp(p) is
denoted by p° and tr [°] = rank(p), the rank of p. For p € P(H) we write ||ploo for
the operator norm of p, which is equal to the maximum eigenvalue of p.

Recall the following standard definitions. The von Neumann entropy of p € S=(H)
is defined as'

H(p) = —tr[plogp]. ey
The quantum relative entropy of p € S<(H) with respect to o € P(H) is given by
D(pllo) = tr[plog p] — tr[plogo] 2

if supp(p) € supp(o) and oo otherwise. The conditional von Neumann entropy of A
given B for pap € S—(H) is defined as

H(A|B)p = —D(papllls ® pB). (€))
The mutual information between A and B for psp € S—(H) is given by
I(A:B), = D(pasllpa ® pp)- “)

Note that we can also write

H(A|B), =— inf  D(papllls ®op),
OBE =(HB
I(A:B), = inf D ® oB).
( )p oy (paBllpa ® oB)

L All logarithms are taken to base 2.
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We now give the definitions of the smooth entropy measures that we need in this work.
In Appendix B some basic properties are summarized. For a more detailed discussion
of the smooth entropy formalism we refer to [12,17,18,38,39].

Following Datta [18] we define the max-relative entropy of p € S<(H) with respect
too € P(H) as

Dmax(pllo) = inf{r e R: 2" -0 > p}. S

The conditional min-entropy of A given B for pap € S<(Hap) is defined as

Hnin(A|B), = — inf Diax(paBll1a @ oB). (6)
opeS—(Hp)
In the special case where B is trivial, we get Hyin(A), = —log || pallco-

The max-information that B has about A for psp € S<(H ap) is defined as

Imax (A : B)p = oBe‘isliféHB) Dmax(paBllpa ® op). (7

Note that unlike the mutual information, this definition is not symmetric.

The smooth entropy measures are defined by extremizing the non-smooth measures
over a set of nearby states, where our notion of nearby is expressed in terms of the
purified distance. For p, 0 € S<(H) it is defined as [39, Def. 4]

P(p,o)=+/1-F(p, o), ®)

where F(-,-) denotes the generalized fidelity (which equals the standard fidelity? if at
least one of the states is normalized),

F(p.o)=|Vp@® (I —trp)Jo & (1 —to)|, =F(p,0)+/(1 —trp)(l — tro).
)

The purified distance is a distance measure on S<(H) [39, Lemma 5], in particular, it
satisfies the triangle inequality P(p,0) < P(p,w) + P(w, o) for p,o,w € S<(H).
P(p, o) corresponds to one half times the minimum trace distance® between purifica-
tions of p and o.

Henceforth we call p, 0 € S<(H) e-closeif P(p, o) < ¢ and denote thisby p ~; .
We use the purified distance to specify a ball of subnormalized density operators around
p € S<(H):

B (p) ={p € S=(H) : P(p, p) < &}. (10)

Miscellaneous properties of the purified distance that we use for our proof are stated in
Appendix A. For a further discussion we refer to [39].

For ¢ > 0, the smooth conditional min-entropy of A given B for pap € S<(Hap) is
defined as

H:. (A|B), = sup  Hmin(A|B);. (11)
pABEBE (pAB)

2 The fidelity between p, o € S<(H) is defined by F(p, o) = | /A7 | |, where [Tl =t [VTTT .

3 The trace distance between p,0 € S<(H) is defined by ||p — o ||. The trace distance is often defined
with an additional factor one half; we choose not to do this.
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The smooth max-information that B has about A for pap € S<(H ap) is defined as

&
Imax

(A:B),=_ inf Imax(A : B);. (12)
PABEBE (paB)

The smooth entropy measure can be seen as a generalization of its corresponding von
Neumann quantity in the sense that the latter can be retrieved asymptotically by evaluat-
ing the smooth entropy measure on iid states (cf. Remark B.23 and Corollary B.25). In
Sec. 3 we give an operational meaning to the smooth max-information (Theorem 3.10
and Theorem 3.11).*

Since all Hilbert spaces in this paper are assumed to be finite dimensional, we are
allowed to replace the infima by minima and the suprema by maxima in all the definitions
of this section. We will do so in the following.

3. Quantum State Splitting

The main goal of this section is to prove that there exists a one-shot Quantum State
Splitting protocol (Theorem 3.10) that is optimal in terms of its quantum communica-
tion cost (Theorem 3.11). The protocol is obtained by inverting a one-shot Quantum
State Merging protocol.

The main technical ingredient for the construction of these protocols is the following
decoupling theorem (Theorem 3.1). The proof of the decoupling theorem can be found
in Appendix C.

Theorem 3.1. Let ¢ > 0,par € S<(Har) and consider a decomposition of
the system A into two subsystems Ay and Aj. Furthermore define oa r(U) =

tra, [(U @ L1p)par(UT @ 1p)]. If

log |A| + Hpin(A|R) B 1

log|A| < log — (13)
2 e

then

14,
oA R(U) — — ® pr

dU <e, (14)
|A1]

/U(A)

where dU is the Haar measure over the unitaries on system A, normalized to [ dU = 1.

1

An excellent introduction into the subject of decoupling can be found in [40]. Note
that our decoupling theorem (Theorem 3.1) can be seen as a special case of a more
general decoupling theorem [16,37]. It is possible to formulate the decoupling criterion
in Theorem 3.1 more generally in terms of smooth entropies, which is then optimal in
the most general one-shot case [15,16].

Quantum State Merging, Quantum State Splitting, and other related quantum infor-
mation processing primitives are discussed in detail in [15,30-32,41]. Note that we are
not only interested in asymptotic rates, but in (tight) one-shot protocols. This is reflected
by the following definitions.

4 For an operational meaning of the smooth conditional min-entropy see e.g. [12,15].
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Definition 3.2 (Quantum State Merging). Consider a bipartite system with parties Alice
and Bob. Let ¢ > 0 and papr = |p){(plaBr € S<(HapRr), where Alice controls A, Bob
B and R is a reference system. A CPTP map & is called e-error Quantum State Merg-
ing of p4 g R if it consists of applying local operations at Alice’s side, local operations
at Bob’s side, sending q qubits from Alice to Bob and outputs a state

(E®ZIR)(PABR) ~e PB'BR @ |OL)(PLIA B> (15)

where |¢p) (P, B, is a maximally entangled state of Schmidt-rank L and pppr =
(Za—p @LBR)PABR- q IS called quantum communication cost and e = |log L | entan-
glement gain.

Quantum State Merging is also called Fully Quantum Slepian Wolf (FQSW) or mother
protocol [32].

Lemma 3.3. Let ¢ > 0 and papr = |p){plapr € S<(Hapr). Then there exists an
g-error Quantum State Merging protocol for pa g with a quantum communication cost

of

1 1
0= 5 (00, — HnA1R)) +2-og 1| (16)

and an entanglement gain of

1 1
e= b (Ho(A)p + Himin(A|R) ) — 2 - log ;J , an

where Hy(A), = logrank(p,).

Proof. The intuition is as follows (cf. Fig. 1). First Alice applies a unitary Us— 4, 4,.
After this she sends A, to Bob who then performs a local isometry V4,5 p'p,- We
choose Ua— 4,4, such that it decouples A from the reference R. After sending the

Aj-part to Bob, the state on AR is given by % ® pg and Bob holds a purification of

this. But %‘l ® pr is the reduced state of pp'pr ® |¢pr)(PL]a, B, and since all purifi-

cations are equal up to local isometries, there exists an isometry V4, p—, p'gp, on Bob’s
side that transforms the state into pp/gr @ |or){(PL]A, B, -

More formally, let A = AjA; with log|A;| = [%(10g|A| — Huin(A|R)p) +2 -
log %1. According to the decoupling theorem (Theorem 3.1), there exists a unitary
Ua— a4, such that for oa,4,8r = (Ua-sa,a, ® ]lBR);OABR(UjHAIA2 ® 1gg),
HO’AIR — ‘I%ll ® PR Hl < ¢2. By an upper bound of the purified distance in terms of
the trace distance (Lemma A1) this implies o4, g ~¢ % ® PR.

We apply this unitary Us—. 4,4, and then send A to Bob; therefore ¢ =

(%(log |A] — Hpin(A|R),) +2 - log H Uhlmann’s theorem [42,43] tells us that there
exists an isometry V4,5, p'pp, such that

T
P (UAle m ® PR) =P ((]lAlR ® Va,8—8'BB;) A A,BR(LA R ® VAzB—>B’BBl)Ts

191) (61148, © P'aR) -
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State Merging State Splitting
R R
Alice Bob Alice Bob
PABR pure PAA’R PUrE
[ &~ -e
A B AAT A [ox)(¢xlas, B
apply isometry apply isometry
Uasa,a, V—:A’A|H4nz
A1 Ay B AB, B
J send Ay o l Jl send By R J
Aq Az A BB,
apply isometry apply isometry
Vinonmp Ub,pass
Ay By BB A B
*————— o °
[pr)(¢rla, B,
PBB'R Pure
R R

Fig. 1. From the protocol for Quantum State Merging, which we describe in Lemma 3.3, we get a protocol
for Quantum State Splitting with maximally entangled states. All we have to do is to run the Quantum State
Merging protocol backwards

Hence the entanglement gain is given by e = | 3(log|A| + Hmin(A|R),) —2 - log 1 |.
Now if p4 has full rank this is already what we want. In general log tr [,02] = log 1A <
log |A|. But in this case we can restrict the Hilbert space H 4 to the subspace H ;, on
which py4 has full rank. 0O

Definition 3.4 (Quantum State Splitting with maximally entangled states). Consider a
bipartite system with parties Alice and Bob. Let ¢ > 0 and paar = |p){plaa'r €
S<(Han'r), where Alice controls AA" and R is a reference system. Furthermore let
|k )Pk |a, B, be a maximally entangled state of Schmidt-rank K between Alice and
Bob. A CPTP map € is called e-error Quantum State Splitting of o4 4- g With maxi-
mally entangled states if it consists of applying local operations at Alice’s side, local
operations at Bob’s side, sending q qubits from Alice to Bob and outputs a state

(EQIR)(paa'R ® Pk ) (DK laB) Xe PABRs (18)

where papr = (Lo~ @ ZAR)PAAR- q 1S called quantum communication cost and
e = |log K | entanglement cost.

This is also called the Fully Quantum Reverse Shannon (FQORS) protocol [32], which
is a bit misleading, since there is a danger of confusion with the Quantum Reverse
Shannon Theorem.

Quantum State Splitting with maximally entangled states is dual to Quantum State
Merging in the sense that every Quantum State Merging protocol already defines a
protocol for Quantum State Splitting with maximally entangled states and vice versa.

Lemma 3.5. Let ¢ > 0 and psar = |p)(plaar € S<(Haa'r). Then there exists an
g-error Quantum State Splitting protocol with maximally entangled states for paa'r
with a quantum communication cost of

1 1
g = [5 (Ho(A")p — Hmin(A'|R),) +2 - log J : (19)
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and an entanglement cost of
1 1
= LE(HO(A’),O + Hmin(A'|R) ) — 2 - log EJ . (20)

where Hy(A"), = logrank(pa/).

Proof. The Quantum State Splitting protocol with maximally entangled states is defined
by running the Quantum State Merging protocol of Theorem 3.3 backwards (see Fig. 1).
The claim then follows from Theorem 3.3. O

In order to obtain a Quantum State Splitting protocol that is optimal in terms of its
quantum communication cost, we need to replace the maximally entangled states by
embezzling states [11].

Definition 3.6. Let § > 0. A state uap € S—(Hap) is called a §-ebit embezzling state
if there exist isometries X o_, pa» and X gp_, g’ such that

(Xaoan ® Xpopp)ias(Xasan ®Xp_pp)' ~s pap ® 9)(Plap, (1)

where |Q)(d|apr € S—=(Ha p’) denotes an ebit (maximally entangled state of Schmidt
rank 2).

Proposition 3.7 [11]. §-ebit embezzling states exist for all § > 0.

We would like to highlight two interesting examples. For the first example consider
the state |, ) (Um|ampm € S=(H gm pm) defined by

m—1

|tm) ampm = C - > 10) 55 @ )55 .
Jj=0

where |@)(¢lap € S=(HaB), |¢){Plap € S—(Hap) denotes an ebit and C is such
that |t ) (m|am pm is normalized. Note that applying the cyclic shift operator U ,am
that sends A; — A;;1 at Alice’s side (modulo m + 1) and the corresponding cyclic
shift operator Ug, g at Bob’s side maps |¢) 408, ® |ttm)ampm 0 |@) 49By © | ) Am B

up to an accuracy of \/% [44]. For the choice |@)ap = |@)a @ |0)B, [m) {m|am gm

is a ‘/%-ebit embezzling state with the isometries X am_ ggam = Uapgam|@)a, and

Xpm_spypm = Upypm|@) By -
The second example is the state |y, ){fim|ap € S=(Hap) defined by

om om

B_<Z )12 Z =104 ® 1))

Itisa \/%-ebit embezzling state [1 113

5 The state [fim ) {fAm| AR is even a (y/ %, r)-universal embezzling state [11]. That is, for any |¢)(c|4/p €
S—(H 47 gr) of Schmidt-rank at most r, there exist isometries X 4_, 4 o/ and X g_, g g/ such that

(Xpgoaa @ Xp_pp)litm)(m|aB (X an ®XB_>BB/)T %\/Z |im){im|aB ® 15)(s| a7 -
m
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Remark 3.8. By using §-ebit embezzling states multiple times, it is possible to cre-
ate maximally entangled states of higher dimension. More precisely, for every §-ebit
embezzling state uap € S—(Hap) there exist isometries X4, 44’ and Xpg_, gp’ such
that

(Xaan ® Xp— ) HAB(Xaan ®Xppp) RologL HaB ® o) (PLla B
(22)

where |¢r)(¢r|ap € S=(H 4 p’) denotes a maximally entangled state of Schmidt-rank
L (with L being a power of 2).

We are now ready to define Quantum State Splitting with embezzling states.

Definition 3.9 (Quantum State Splitting with embezzling states). Consider a bipartite
system with parties Alice and Bob. Let ¢ > 0,6 > 0 and pasa'g = |p){(plaar €
S<(Haarr), where Alice controls AA” and R is a reference system. A CPTP map & is
called e-error Quantum State Splitting of p4 4/ g With a §-ebit embezzling state if it
consists of applying local operations at Alice’s side, local operations at Bob’s side, send-
ing q qubits from Alice to Bob, using a 5-ebit embezzling state [ A, By A1d OUtpUts a
state

(E®ZR)(PAAR @ U AembBemp) e PABRs (23)

where papr = (Za'—p @ LZAR)PAA'R- q IS called quantum communication cost.

The following theorem about the achievability of Quantum State Splitting with
embezzling states (Theorem 3.10) is the main result of this section. In Sec. 4 we use this
theorem to prove the Quantum Reverse Shannon Theorem.

Theorem 3.10. Lete > 0,&' > 0,8 > 0and paarr = |p){plaar € S<(Haa'r). Then
there exists an (¢ + &' + 8 - log |A’| + |A'|~Y2)-error® Quantum State Splitting protocol
for paarr with a 6-ebit embezzling state for a quantum communication cost of

| 1
g < Elriax(A/ “R),+2- logg +4 +loglog|A’|. (24)

Proof. The idea for the protocol is as follows (cf. Fig. 2). First, we disregard the eigen-
values of p, that are smaller than |A|~2. This introduces an error « = |A|~!/2, but
because of the monotonicity of the purified distance (Lemma A.2), the error at the end
of the protocol is still upper bounded by the same «. As a next step we let Alice perform a
coherent measurement W with roughly 2 - log | A| measurement outcomes in the eigenba-
sis of p4. Thatis, the state after the measurementis of the form w4 o' r7, = W) (wl|aa'R1,
with

) anrry = D V/Pilp ) anr @ i)y
iel
Here the index i indicates which measurement outcome occurred, p; denotes its proba-

bility and p’, ,,, = [0")(p" |44’k the corresponding post-measurement state.

6 The error term |A’|~1/2 can be made arbitrarily small by enlarging the Hilbert space H 4. Of course
this increases the error term & - log |A’|, but this can again be compensated with decreasing §. Enlarging the
Hilbert space H 4/ also increases the quantum communication cost (24), but only slightly.
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Fig. 2. A schematic description of our protocol for Quantum State Splitting with embezzling states in the
language of the quantum circuit model [45,46]. See the text for definitions and a precise description

Then, conditioned on the index i, we use the Quantum State Splitting protocol with
maximally entangled states from Lemma 3.5 for each state pfq g and denote the corre-
sponding quantum communication cost and entanglement cost by ¢; and e; respectively.
The total amount of quantum communication we need for this is given by max; g; plus the
amount needed to send the register /4 (which is of order loglog |A|). In addition, since
the different branches of the protocol use different amounts of entanglement, we need to
provide a superposition of different (namely e; sized) maximally entangled states. We
do this by using embezzling states.’

As the last step, we undo the initial coherent measurement W. This completes the
Quantum State Splitting protocol with embezzling states for p4 4-g. All that remains to
do, is to bring the expression for the quantum communication cost in the right form. In
the following, we describe the proof in detail. )

Let Q =[2-log|A’| =11, 1 ={0,1,..., Q,(Q + 1)} and let { P},};<; be a collec-

tion of projectors on H 4+ defined as follows. Pg“ projects on the eigenvalues of p4/
in [2_21°g|A/|, 0], Pg projects on the eigenvalues of p,s in [27€, 2_21°g‘A/‘] and for
i=0,1,...,(Q — 1), P, projects on the eigenvalues of p, in [277,27(*D].

7 Note that it is not possible to get such a superposition starting from any amount of maximally entangled
states only using local operations. This problem is known as entanglement spread and is discussed in [10].
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. . . . . . ~1/2
Furthermore let p; = tr[ Py pa]. oY arg = 1)) (0" a4k With [p") 4k = p; 2.
P/1p)aa'r and define the state paa'r = [0)(P|aar With
Q .
Byanr =Y12" pilp ) ank.
i=0
52 .
where Y = > 7 pi.
We have
PAA'R X a1|-1/2 PAA'R (25)

as can be seen as follows. We have

P(paar, paar) =1 — Fz(,aAA’R» paar) =1 —1(plp)anrl?

1_2171: PQ+

But because at most |A’| eigenvalues of p4 can lie in [2721°¢ A, 0], each one smaller
or equal to 272124 we obtain poy < |A/| - 2721l = |A|7! and hence
P(Paar. panr) < |A'|712.

We proceed by defining the operations that we need for the Quantum State Splitting
protocol with embezzling states for ps4/g (cf. Fig. 2). Define the isometry

WA/_)A/IAIZPA/®|I.>[A, (26)

iel

where the vectors |i) 4 are mutually orthogonal and 14 is at Alice’s side. We want to
use the e-error Quantum State Splitting protocol with maximally entangled states from
Lemma 3.5 for each pi‘ AR For eachi = 0,1, ..., Q this protocol has a quantum
communication cost of

1 1
6 = [§<Ho<A/>pf — Hain(A'IR) ) +2 - log ;1

and an entanglement cost of
1 , , 1
e = E(HO(A )pi + Hpin (A |R)pi)—2']0gg . 27

For A on Alice’s side, B; on Bob’s side and A’i, Bi 2¢ -dimensional subspacesof A1, Bj
respectively, the Quantum State Splitting protocol from Lemma 3.5 has the following

form: apply the isometry V'’ AA'AL > ABL on Alice’s side, send B’ from Alice to Bob (for

a quantum communication cost of ¢;) and then apply the isometry U’ , BBl B on Bob’s
side.
As a next ingredient to the protocol, we define the isometries that supply the

maximally entangled states of size e;. For i = 0,1, . let X! and
y g ! Q Aemb_>AembA'

i ; be the isometries at Alice’s and Bob’s side respectively, that embezzle,
Bemb—> Bemb B}
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with accuracy § - ¢;, a maximally entangled state of dimension e; out of the embezzling
state and put it in A’i B{.

We are now ready to put the isometries together and give the protocol for Quantum
State Splitting with embezzling states for p4 4'g (cf. Fig. 2). Alice applies the isometry
Wy a1, Tollowed by the isometry

Q .
_ z i e
XAemblA_)AembAl]A - XAemquembAq ® |l)<l|]A
i=

and the isometry

[
i i .
VAN A Iy— AB I, = 'Eo VAA,AﬁQABé & 0)il1,-
=

Afterwards she sends /4 and B, that is
1 / / 1 /
q= miax E(HO(A )pi = Hmin(A'|R) ;i) +2 - log - + log (2 -log |A |—|

qubits to Bob (where we rename 74 to Ip). Then Bob applies the isometry

Q .
X = E X i 1)(i
BemblBﬁBembBlIB — Bemb"BembBi ®| >< |13
1=

followed by the isometry

0
Up,Bylz—BIz = z U iBiB ® |i)(ilig. (28)
i=0

Next we analyze how the resulting state looks like. By the definition of embezzling
states (cf. Definition 3.6 and Remark 3.8), the monotonicity of the purified distance
(Lemma A.2) and the triangle inequality for the purified distance, we obtain a state
0ABRIz = |0)(0|aBRIz With

Q
o) asriy = Y2 /Dilp ) asr ® li) 1y,
i=0

where |/3i><:5i|ABR = 55431? Rgts-e; pABR and pfABR = (Zy-s ®IAR)p,lAA/R for
i=0,1,..., Q. The state o4y, is close to the state wagri, = |®)(w|ariz With

Q
) asriy = Y2 /piloY) asr © i)y,
i=0
as can be seen as follows. Because we can assume without lost of generality that all
(p'|p") are real and nonnegative,8 we obtain

8 This can be done by multiplying the isometries U ; i in (28) with appropriately chosen phase factors.
1

B,—B
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2
P(OABRIzs WABRIg) = \/1 — F2(0ABRIz» WABRIp) = \/1 - |<U|w>ABRIB|

0 2
1 o
= |[1- ?'zpi<Pl|Pl>ABR
\ i=0
1 2 ? 1 2 . . ’
= |[1- ?'Zpi(ﬁl“)l)ABR = |1- ?'ZpiF([)zlABR’pilBR)
i=0 =0
2
- |1 RS \/1 P2 (! y
= — ?~2pi — P2 (Plyprs Pagr)
\ i=0
2
1 Y
<=L St
\ i=0
2
< |1=- lip 1 — (¢ +6-maxe;)?
= T — i i !

=¢+8 -maxe; <e+8-log|A|,
l

where the last inequality follows from (27). To decode the state 04 gy, to a state that is
(e+8-log |A’|)-close to p4 g r, we define the isometry Wg_, g, analogously to Wasa,
in (26). Because all isometries are injective, we can define an inverse of W on the image
of W (which we denote by Im(W)). The inverse is again an isometry and we denote it
by WIml(W)—>B'

The last step of the protocol is then to apply the CPTP map to the state c4gr1,, that
first does a measurement on BIp to decide whether o/, € Im(W) or not and then, if
o1y € Im(W), applies the isometry WI;ll(W)_) g and otherwise maps the state to [0) (0| 5.

By the monotonicity of the purified distance (Lemma A.2) we finally get a state that
is (¢ +8-log |A’|)-close to p4pg. Hence we showed the existence of an (& +6 -log |A'])-
error Quantum State Splitting protocol with embezzling states for p4 4/g wWith a quantum
communication cost of

— 1 AN . / . 1 /
g = max | = (Ho(A") ;i — Hinin(A'|R) 1) +2 - log — | +log [2 - log |A[]., (29

wherei € {0, 1, ..., Q}. But by the monotonicity of the purified distance (Lemma A.2),
(25) and the triangle inequality for the purifed distance, this implies the existence of
an (8 +8-log|A'|+ A7V 2)—error Quantum State Splitting protocol with embezzling
states for p 4’g with a quantum communication cost as in (29).

We now proceed with simplifying the expression for the quantum communication
cost (29). We have HO(A’)p,- < Hmin(A/)pi +1fori =0,1,..., Q as can be seen as
follows. We have

<27,
o0

270D = )Lmin(piy) = = ‘

i
Py

rank (pi‘,)
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where Amin (pi‘,) denotes the smallest non-zero eigenvalue of pix,. Thus rank (,o;,) <

2i+l — i 9y < ﬁ and this is equivalent to the claim.
P

Hence we get an (g + 8 - log |A’| + |A’|~'/?)-error Quantum State Splitting protocol
with embezzling states for p4 4/g With a quantum communication cost of

— 1 . AN . / . 1 /
g = max E(Hm(A)p,—Hm(A|R)p,+1)+2.1ogg +log[2-log|A'[].

Using a lower bound for the max-information in terms of min-entropies (Lemma B.13)
and the behavior of the max-information under projective measurements (Corol-
lary B.19) we can simplify this to

1 , 1 1 ,
g < |max = Imax (A : R),i +2-log — + > +10g|_2-10g|A|-|
i 2 e 2
1 , 1 1 ,
< Elmax(A :R)p+2-10g—+§ +10g(2-10g|A |—|.
€

It is then easily seen that

1 1
g < Elmax(A’ :R)p +2~logg +4 +loglog|A’|.

As the last step, we transform the max-information term in the formula for the quan-
tum communication cost into a smooth max-information. Namely, we can reduce the
quantum communication cost if we do not apply the protocol as described above to the
state pa 'R, but pretend that we have another (possibly subnormalized) state p4 4/ g that
is &’-close to paa’g and then apply the protocol for g4 4’g. By the monotonicity of the
purified distance (Lemma A.2), the additional error term that we get from this is upper
bounded by ¢’ and by the triangle inequality for the purified distance this results in an
accuracy of € + &' + 8 - log |A’| + |A’| /2. But if we minimize g over all p4 45 that are
&’-close to paa’gr, we can reduce the quantum communication cost to

1
(A":R),+2-log—+4+loglog|A’|. (30)
€

q = Elélax

This shows the existence of an (¢ + &’ + 8 - log |A’| + |A’|~/?)-error Quantum State
Splitting protocol with embezzling states for p44/g for a quantum communication cost
asin (30). O

The following theorem shows that the quantum communication cost in Theorem 3.10
is optimal up to small additive terms.

Theorem 3.11. Let ¢ > 0 and psa'r = |p){plaar € S<(Haar). Then the quantum

communication cost for any &-error Quantum State Splitting protocol® for p a4 g is lower
bounded by

q > 118 (A": R),. (31)

—2 max

9 We suppress the mentioning of any entanglement resource, since the statement holds independently of it.
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Proof. We have a look at the correlations between Bob and the reference by analyz-
ing the max-information that the reference has about Bob. At the beginning of any
protocol, there is no register at Bob’s side and therefore the max-information that the
reference has about Bob is zero. Since back communication is not allowed, we can
assume that the protocol for Quantum State Splitting has the following form: applying
local operations at Alice’s side, sending qubits from Alice to Bob and then applying
local operations at Bob’s side. Local operations at Alice’s side have no influence on the
max-information that the reference has about Bob. By sending ¢ qubits from Alice to
Bob, the max-information that the reference has about Bob can increase, but at most by
2g (Lemma B.10). By applying local operations at Bob’s side the max-information that
the reference has about Bob can only decrease (Lemma B.17). So the max-information
that the reference has about Bob is upper bounded by 2¢. Therefore, any state wpp at the
end of a Quantum State Splitting protocol must satisfy Imax (B : R), < 2q. But we also
need wpr X ppr = (Za— B ® Ir)(pa’r) by the definition of e-error Quantum State
Splitting (Definition 3.9). Using the definition of the smooth max-information, we get
q > 11‘S (A": R),.

—zmax

4. The Quantum Reverse Shannon Theorem

This section contains the main result, a proof of the Quantum Reverse Shannon Theorem.
The intuition is as follows. Let £4_, p be a quantum channel with

Easp: S=(Ha) = S=(Hp)
pa = Eap(pa),

where we want to think of subsystem A being at Alice’s side and subsystem B being at
Bob’s side. The Quantum Reverse Shannon Theorem states that if Alice and Bob share
embezzling states, they can asymptotically simulate £4_, g only using local operations
at Alice’s side, local operations at Bob’s side, and a classical communication rate (from
Alice to Bob) of

Cg = max I(B: R)eD)(@)

where ® 4 is a purification of ps and we note that I (B : R)cgr)@) = H(R), +

H(B)e(p) — H(BR)EoT) (@)
Using Stinespring’s dilation [36], we can think of £4_, 5 as

Ean(pa) = trc [(Uamp)paUa—c)' | (32)

where C is an additional register with |C| < |A||B| and U 4 pc some isometry. The idea
of our proof is to first simulate the quantum channel locally at Alice’s side, resulting in
pec = (Uaspc)pa(Ua—pe)', and then use Quantum State Splitting with embezzling
states (Theorem 3.10) to do an optimal state transfer of the B-part to Bob’s side, such that
he holds pg = £4-, p(p4) in the end. Note that we can replace the quantum communica-
tion in the Quantum State Splitting protocol by twice as much classical communication,
since we have free entanglement and can therefore use quantum teleportation [47].
Although the free entanglement is given in the form of embezzling states, maximally
entangled states can be created without any (additional) communication (Definition 3.6).
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More formally, we make the following definitions:

Definition 4.1. Consider a bipartite system with parties Alice and Bob. Let ¢ > 0 and
E : L(HA) — L(Hp) be a CPTP map, where Alice controls H 4 and Bob Hg. A CPTP
map P is a one-shot reverse Shannon simulation for £ with error & if it consists
of applying local operations at Alice’s side, local operations at Bob’s side, sending c
classical bits from Alice to Bob, using a §-ebit embezzling state for some 5 > 0, and

IP—Ello <e, (33)

where ||.||o denotes the diamond norm (Definition D.1). ¢ is called classical communi-
cation cost of the one-shot reverse Shannon simulation.

Definition 4.2. Let £ : L(Ha) — L(Hp) be a CPTP map. An asymptotic reverse

Shannon simulation for £ is a sequence of one-shot reverse Shannon protocols P" for

E®" with error ey, such that lim,_, o &, = 0. The classical communication cost ¢, of
Cn

this simulation is lim sup,,_, ., = = c.

A precise statement of the Quantum Reverse Shannon Theorem is now as follows.

Theorem 4.3. Let E4—. g : L(HA) = L(Hp) be a CPTP map. Then the minimal clas-
sical communication cost Corst of asymptotic reverse Shannon simulations for E4_, p
is equal to the entanglement assisted classical capacity Cg of Eo— p. That is

CQrsT = max I(B: R)¢Ee1)(0) (34)

where ®pp = |O)(P|ar € S=(HaRr) is a purification of the input state ps €
S—(H)."°

Proof. First note that by the entanglement assisted classical capacity theorem Corst >
Cg [2]."! Hence it remains to show that CorsT < CE.

We start by making some general statements about the structure of the proof, and
then dive into the technical arguments.

Because the Quantum Reverse Shannon Theorem makes an asymptotic statement, we
have to make our considerations for a general n € N. Thus the goal is to show the exis-
tence of a one-shot reverse Shannon simulation P’} __ , for £5”,  that is arbitrarily close
to 5%1 g forn — o0, has a classical communication rate of Cg and works for any input.
We do this by using Quantum State Splitting with embezzling states (Theorem 3.10),
quantum teleportation [47] and the Post-Selection Technique (Proposition D.4).

Any hypothetical map P’} , (that we may want to use for the simulation of S?i B
can be made to act symmetrically on the n-partite input system Hf” by inserting a
symmetrization step. This works as follows. First Alice and Bob generate some shared
randomness by generating maximally entangled states from the embezzling states and
measuring their part in the same computational basis (for n large, O (n log n) maximally
entangled states are needed). Then, before the original map P _, , starts, Alice applies a
random permutation 7 on the input system chosen according to the shared randomness.
Afterwards they run the map PX_> g and then, in the end, Bob undoes the permutation

10 Since all purifications give the same amount of entropy, we do not need to specify which one we use.

11" Assume that C QRST < Cg — & for some § > 0 and start with a perfect identity channel 74, g. Then we
could use CorsT < Cf — § together with the entanglement assisted classical capacity theorem to asymptot-

ically simulate the perfect identity channel at a rate Ci€ 5 > 1; a contradiction to Holevo’s theorem [3,46].
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HAcmbBemb embezzling map A b Bemn
X — ‘d)m) <¢77L|Aebn Bebit,
(a)
Pl — ———Pis(PA)
KA b Bemb ——— Pn ——— HAcmbBemb
‘¢m> <¢m |Aebit Benic ™|
(b)
pﬁ ’PZ—>B —,PZ—>B (ptﬁll)
(0

Fig. 3. (a) X is the map that embezzles m maximally entangled states |m ) (dm | A p; Beopie OUt OF L Ay Bemp -
These maximally entangled states are then used in the protocol. (b) The whole map that should simulate

5;?13 takes p'f ® LA, Bemp © 9m ) (Dm | Ay Bepy With oy € S= (7‘[%") as an input. But since this input
is constant on all registers except for A, we can think of the map as in (¢), namely as a CPTP map PZ B
which takes only the input pj’_‘

by applying 7! on the output system. From this we obtain a permutation invariant

version of P} _ . Since the maximally entangled states can only be created with finite
precision, the shared randomness, and therefore the permutation invariance, is not per-
fect. However, as we will argue at the end, this imperfection can be made arbitrarily
small and can therefore be neglected.

Note that the simulation will need embezzling states 4., B.,,;, and maximally entan-
gled states [¢,) (P | Ay By (fOr the quantum teleportation step and to assure the per-
mutation invariance). But since the input on these registers is fixed, we are allowed to
think of the simulation as a map P’ _, 5, see Fig. 3.

Let 8 > 0. Our aim is to show the existence of amap P’ _, ,, that consists of applying
local operations at Alice’s side, local operation at Bob’s side, sending classical bits from
Alice to Bob at a rate of Cg, and such that

IER" 5 —Ph_ pllo < B. (35)

Because we assume that the map P’ __ , is permutation invariant, we are allowed to use
the Post-Selection Technique (Proposition D.4). Thus (35) relaxes to

(8", = Ph . ) ® Trr)@igp) |, < Bln+ =47, (36)

where ¢} 5 p/ is a purification of ¢}, = fwff;éd(wAR), WAR = |w){w|ar € S=(HAaR)
and d(.) is the measure on the normalized pure states on H 4 induced by the Haar
measure on the unitary group acting on H 4 g, normalized to [ d(.) = 1.

To show (36), we consider a local simulation of the channel S?i g at Alice’s side
(using Stinespring’s dilation as in (32)) followed by Quantum State Splitting with embez-

zling states. Applied to the de Finetti type input state ¢’y . o/, We obtain the state

Cl’;CRR/ = (fo—>Bc ® ]IRR/)gXRR’(UZ—)BC ® 11RR’)T-

As described above, this map can be made permutation invariant (cf. Fig. 4).



Quantum Reverse Shannon Theorem Based on One-Shot Information Theory 597
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Fig. 4. A schematic description of the protocol that is used to prove the Quantum Reverse Shannon Theorem.
The channel simulation is done for the de Finetti type input state ¢! R R - Because our simulation is permutation
invariant, the Post-Selection Technique (Proposition D.4) shows{‘hat this is also sufficient for all input states.
The whole simulation is called P" in the text. (i) and (ii) denote the subroutine of Quantum State Splitting with
embezzling states and quantum teleportation; with local operations on Alice’s and Bob’s side and a classical
communication rate of ¢,

Now we use this map as (’P/’;H g ®Zgpg) in (36).12 We obtain from the achievability
of Quantum State Splitting with embezzling states (Theorem 3.10) that

P((ES" g @ Irr) i gr)s (Ph g ® TRR) (i pp)) < +& +38n -log|B| +|B| ™"/,

for a quantum communication cost of

1 1
gn < =15 (B : RR/)(g®n®I)(§n) +2-log — +4+1logn +loglog|B]. 37
€

2 max

Because the trace distance is upper bounded by two times the purified distance
(Lemma A1), this implies

I(ES" 5 —Php) ® Irr)Chgr) |, < 2(e+& +8n - log|B| +|B|™"/?).
By choosing ¢ = ¢’ and § = #ng\ we obtain

IES™ 5 —Pi ) @ Trr)(Ch gp) Il < 68’ +2- B2,

12 S0 far this map needs quantum communication, but we are going to replace this by classical communi-
cation shortly.
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Furthermore we choose &’ = %ﬂ(n + 1)_(“”2_1) — %|B|_"/2 (for large enough n) and
hence

|, < Bln+1)~04F-D,

” ((gle - PZ—)B) ® IRR/)(CXRR’)

This is (36) and by the Post-Selection Technique (Proposition D.4) this implies (35).
But the map (P} _, ; ® Zrp’) uses quantum communication and we are only allowed
to use classical communication. It thus remains to replace the quantum communication
by classical communication and to show that the classical communication rate of the
resulting map is upper bounded by Cg.
Set x =2 -log 5 +4 +logn + loglog |B|. It follows from (37) and below that the
quantum communication cost of (P} _,  ® Zgp') is quantified by

1 .
qn = EllflaX(B : RR/)(g®n®I)(§n) + X.

We can use quantum teleportation [47] (using the maximally entangled states
| @) (Dm | Acpit B, ) tO transform this into a classical communication cost of

cp < I[ildx(B : RR/)(g@m@I)({n) +2x.

By the upper bound in Proposition B.12 and the fact that we can assume |R'| < (n +
)IAP=1 (Proposition D.4), we get

Cn < 150 (B 1 R)gongryem +2 - log |R'| + 2
’ 2_
< T (B : R)gongmyen) +2 - log[(n+ DA 4 2.

By a corollary of Carathéodory’s theorem (Corollary D.6), we can write
Thp =D pi( @y )",
i

where @, p = [®)(®/[sg € S=(Hag),i € {1,2,..., (n+ 1)?AIRI=2} and p; a prob-
ability distribution. Using a quasi-convexity property of the smooth max-information
(Proposition B.21) we then obtain

’ 2_
en = Inax (B 1 R) gongr)(s, pi(@iyen +2 - log [(’“ nA 1] +2X

< max I, (B : R jen+l [ +12'A”R‘—2]+2-1 [ +1'A'2—1]+2
< max ( D[(cem@hy® Hog | (n+1) og|(mn+1) X

max
e . 2|A||R|-2 |A]2—1
< max i (B & R)jggryojer+log [(n +1) ]+2 log [(n +1) ]+2x,
where the last maximum ranges over all ® gz = |P)(P|ar € S=(HAR).

From the Asymptotic Equipartition Property for the smooth max-information
(Lemma B.24) we obtain

2
¢ < nemax I (B : R)earye) + V- E@) =2 log ‘;—4 +log | (n-+ 1)2AIRI2]

+2 - log [(n + 1)“”2—1] +2y,
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where £(¢') = 8,/13 — 4 -loge’ - (2 + 5 - log|A|). Since &’ = tB(n + H—AaP=1 _

%|B | ~"/2, the classical communication rate is then upper bounded by

c
¢ = limsup limsup — < max /(B : R)(eo)(0)-
B—0 n—oo I P

Thus it only remains to justify why it is sufficient that the maximally entangled states,
which we used for the quantum teleportation step and to make the protocol permutation
invariant, only have finite precision. For this, it is useful to think of the CPTP map P} _,
that we constructed above, as in Fig. 3 (b). Let ¢” > 0 and assume that the entangle-
ment is ”-close to the perfect input state LA, By @ [0m) (P | Acpii Bew- The purified
distance is monotone (Lemma A.2) and hence the corresponding imperfect output state
is ¢”-close to the state obtained under the assumption of perfect permutation invariance.
Since ¢ can be made arbitrarily small (Definition 3.6), the CPTP map based on the
imperfect entanglement does the job. O
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Appendix A: Properties of the Purified Distance

The following gives lower and upper bounds to the purified distance in terms of the trace
distance.

Lemma A.1 [39, Lemma 6]. Let p, 0 € S<(H). Then

% Nlo =0l < P(p,0) <Vlp—oll +lp] — tlo]|. (AD
The purified distance is monotone under CPTP maps.
Lemma A.2 [39, Lemma 7]. Let p, 0 € S<(H) and € be a CPTP map on H. Then
P (E(p), E(0)) = P(p, o). (A2)
The purified distance is convex in its arguments in the following sense.

Lemma A.3. Let p;, 0; € S<(H) with p; =~ o; fori € I and p; a probability distribu-
tion. Then

> pivi ~e Y pioi. (A3)

iel iel
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Proof. Letp =2 ., pipiando = >, pio; and define p = p ® (1 —tr[p]), 6 =
p® A —trio])aswellas p; = p; ® (1 —tr[p;]) and 6; = o; ® (1 — tr [0;]) for all
iel.

By assumption we have F (4;,6;) > ~/1 —¢? for all i € I and using the joint
concavity of the fidelity [46] we obtain

P(p,o)=,/1—F2(p,6) = I—FZ(ZPiﬁi,ZPi(}i)

iel iel

IA

1- (Z piF (i, a,-))2 <e.

iel

Appendix B: Basic Properties of Smooth Entropy Measures

1. Additional definitions. Our technical claims use some auxiliary entropic quantities.
For pa € S<(H ) we define

Hax(A), = 2 - logtr [pl{z] , (B1)
Hy(A), = logrank(pa), (B2)
HR(A)pz—sup{AeR:pA22)\~,02}, (B3)

where Hyax(A), is called max-entropy. For ¢ > 0, the smooth max-entropy of pa €
S<(Ha) is defined as

Hp (A, = inf  Hpax(A);. (B4)
paeBE(pa)

The conditional min-entropy of pap € S<(Hag) relative to op € S=(Hp) is given
by

Hmin(A|B)p\0' = —Dmax(paBll1a ® oB). (B5)

The quantum conditional collision entropy of A given B for pap € S<(Hap) is
defined as

_ _ 2
Hc(AIB), =— inf 1ogtr[(<]1A®oB”“)pAB(11A®aB”“>) } (B6)

opeS—(Hp)
where the inverses are generalized inverses.!3
Asin [18] we define the min-relative entropy of p € S<(H) with respecttoo € P(H)
as

Duin(pllo) = = logir [ % | (B7)

13 For p € P(H), p*' is a generalized inverse of p if p,(f1 = p*]p = po = (p*])o.
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2. Alternative formulas. The max-relative entropy can be written in the following
alternative form.

Lemma B.4 [12, Lemma B.5.3]. Let p € S<(H) and o € P(H) such that supp(p) <
supp(o). Then

Dmax(pllo) = log o ™/2po ™2, (BS)
where the inverses are generalized inverses.

Using this we can give an alternative expression for the max-information.

Lemma B.5. Let pap € S<(Hag). Then

Imax(A : B)p = HO(A)p - min(A|B)pB‘A, (B9)

—1/2 __paB
rank (p4)

where ppgja = (pa ® 1p) (pa ® 113)71/2 and the inverses are generalized

inverses.

Proof. Without loss of generality we can restrict the minimum in the definition of the
max-mutual information to o € S—(Hp) with supp(pap) < supp(pa) & supp(op).
To see this note that Dax(paBllpa ® pp) is finite but Dimax(papllea ® op) = oo for
any op € S—(Hp) with supp(pap) < supp(pa) ® supp(op).

Therefore we can use Lemma B .4,

Inax(4 s B), = minlog | (04 ® o)™ pan(oa @ o) ™| _

_ —-1/2 1172 PAB
mln og H(—nk(p ) ®op)” "(pa ®1p) rank(ps)
14
X (pa ®1p)~ I/Z(W & UB)_l/2
o0
We have ppja = (04 ® 15)~"/2 0885 (pa ® 15)7"/ € S—(Hap) because
w[pp] = (pa' ®Upoas | _ | pa'pa | _
peIal= rank(o4) | | rank(pa) |

Hence we can write

. 14
Inax(A : B)p = n(}zn Dmax(,OBIA”m ® op) = Ho(A)p — Hmin(A|B) pp4-
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3. Upper and lower bounds. The conditional min-entropy is upper bounded by the
quantum conditional collision entropy.

Lemma B.6. Let pap € S<(Hapg). Then
Hmin(A|B)p = HC(A|B)p~ (BIO)

Proof. Let op € S—(Hp) be such that Hyin(A|B), = —Dmax(paBllpa ® op). We
know that supp(pap) € 14 ® supp(op) (argumentation analogous as in the proof
of Lemma B.5), and hence we can use the alternative expression for the max-relative
entropy (Lemma B.4)

Humin(A|B), = —log  max  fr [a)AB (]IA ®g;1/2) OAB (]1,4 ® U;l/z)] .

wAp€S=(HaB)

But for pap = trfp"ﬁ € S_(Hap) we have

. “12 -1/2
Hc(A|B), = —IOgKBegl_H(lHB)tr [PAB (]IA ®Kp / )PAB (1A R Kp / )]

v

—logtr [pAB (]lA ® 651/2) PAB (]1A ® 051/2)]

n —1/2 ~12
—logtr[pap] — logtr [PAB (ﬂA ®op Y ),OAB (]lA ® oy Y )]

—log max tr[a)AB (]1A®01;1/2) PAB (ILA ®0£1/2)]

wpApeS=(Hap)

v

Hmin(A|B)p'

The max-relative entropy is lower bounded by the quantum relative entropy.
Lemma B.7 [18, Lemma 10]. Let p, 0 € S<(H). Then
Dmax(pllo) = D(pllo). (B11)
The min-relative entropy is nonnegative for normalized states.
Lemma B.8 [18, Lemma 6]. Let p, 0 € S—(H). Then Dyin(pllo) > 0.

From this we find the following dimension lower bounds for the conditional min-
entropy.

Lemma B.9. Let pap € S<(Hag). Then

—log| Al < Humin(A|B)p)p, (B12)
—log |A| < Hmin(A|B), +logtr[pas]. (B13)
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Proof. Let papr € S<(Hapr) be a purification of psp and define papg = tr[p;ABBRR]

S—(Hapr)- By a duality property of min- and max-entropy [15, Prop. 3.10] we have

Hmin(A|B)ﬁ|,6 = HRE?E?HR) Diin(PARIITA ® oR).

Using the nonnegativity of the min-relative entropy for normalized states (Lemma B.8)
we obtain

T4

oreS—(Hg) |A] oreS=(HR)

= logIAI +Hmin(A|B);3|;3
= log |A| + Hmin(A|B)p|P'

0< min Din (ﬁAR” & UR) = log|A| + min Drjin (ﬁAR”]lA ® O’R)

Inequality (B13) is proved in [39, Lemma 20]. O
The following dimension upper bound holds for the max-information.
Lemma B.10. Let pap € S<(Hap). Then
Imax(A : B), <2 -logmin{|A]l, |Bl}. (B14)

Proof. 1t follows from the dimension lower bound for the conditional min-entropy
(Lemma B.9) that

1
Inax(A : B)p < Dmax (IOAB”/OA ® ﬁ) =log |B| — Hmin(B|A)pp <2 -log|B|.

Using the alternative expression for the max-information (Lemma B.5) and again
Lemma B.9 we get

Imax(A : B), = Hp(A), — min(A|B)pB‘A <2-log|Al.
O
Remark B.11. In general there is no dimension upper bound for Dyax(04agllpa @ pB)

as can be seen by the following example. Let pap = |p){plap € S=(Hap) with
Schmidt-decomposition |p) a4 = D ; Aili)a ® |i) . Then

Dinax(pa 1104 ® pp) = log (Z x;l), (B15)
i

where the sum ranges over all i with &; > 0.

The following is a bound on the increase of the max-information when an additional
subsystem is added.

Lemma B.12. Let ¢ > 0 and papc € S—(Hagc). Then

15 (A:BC), < IE, (A : B),+2-1og|C|. (B16)
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Proof. Let pap € Bf(pap) and 6 € S=(Hp) such that I, (A : B), =
Dmax (PaBlloa ® o) = log u. That is,  is minimal such that - p4 ® 6p > pap and
this implies u- g4 @5 ® \%CI > ‘]ﬁ - paB ® 1¢. Furthermore define papc € B (paBC)
such that tre [fapc] = pap (by Uhlmann’s theorem such a state exists [42,43]).

By the dimension lower bound for the min-entropy (Lemma B.9), we have
Huin(C|AB) 55 > —log |C|. Therefore |C| - pap ® 1¢c > papc and hence u - o4 ®
5B®|1C—C‘ > ﬁ'ﬁABC-

Now let Dyax (,5ABC||,5A Q0o ® %) = logA. That is, A is minimal such that

A-pPA®op R lﬂc_c‘ > papc. Thus it follows that A < - |C|2 and from this we get

- - ~ 1c R -
I5ax(A 1 BC), < Dpax (,OABCH,OA ®0p® m) < Dmax (PaBllpa ® 65)+210g|C|

=15(A:B),+2-log|C].

max

0
The max-information can be lower bounded in terms of the min-entropy.
Lemma B.13. Let ppap € Sg (Hap). Then
Inax (A : B)p > Huin(A)p — Hmin(A|B),. (B17)

Proof. Let 6p € S—(Hp) such that Iax(A 1 B)p, = Dmax(paBllpa ® o) = logA.
That is, A is minimal such that A - p4 ® 6 > pap. Furthermore let & be minimal such
that i - |[palloo - Ta ® B = paB.

Since [|palloo - Ta = pa, we have that A > p. Now set Hnpin(A|B) 5 = —logv,
i.e. vis minimal such that v - 14 ® 6 > pap. Thus v = i - || pallco and we conclude
Imax(A : B)p, =logh >logu = —logllpallcc +10gv = Hmin(A)p — Hmin(A|B) )5

> Hmin(A)p - Hmin(A|B)p~

O

The max-information can be upper bounded in terms of a difference between two
entropic quantities.

Lemma B.14. Let pap € S<(Hap). Then
Imax(A : B)p < Hr(A)p — Hmin(A|B). (B18)

Proof. Let6p € S—(Hp) such that Hyin(A|B), = Hpin(A|B) 5 = —log . That is,
w is minimal such that u - 14 ® 63 > pap. Since multiplication by pg ® 1 p does not
affect p4p (note that the support of p4p is contained in the support of ps ® pp), we
also have u - pg QOB > pPAB.

Furthermore pg > Amin(04)- pg , where Anin (0) denotes the smallest non-zero eigen-
value of p. Therefore ﬁtm) -pA®dp > pap- Now let Dnax (paplpa @ o) = log A,

i.e. A is minimal such that A - p4 ® 65 > pap. Hence A < u - )Lr;iln(pA) and thus

Imax (A : B)p < Dmax(paplpa ® o) < HR(A)p - min(A|B)p-
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This can be generalized to a version for the smooth max-information.
Lemma B.15. Let ¢ > 0 and pap € S—(Hap). Then

2

2
I£. (A:B), < HEI*(A), — HE/*®(AIB), — 2 - log 2—4. (B19)

max min

Proof. By the entropy measure upper bound for the max-information (Lemma B.14) we
obtain

[Lw(A:B), < min [Hr(A); — Hmin(A|B);]

PABEBE (paB)
< min [min [HR(A)m0m, — min(A|B)l'lAwl'lA]] ,
wapeB/48(pap) L TIA

where the minimumranges overall 0 < IT4 < 14 suchthatITgpwapIlg ~¢/2 wap. Now
we choose 63 € S—(H p) such that Hy,in(A|B) w5 = Hmin(A|B), and use Lemma B.27
to obtain

L. (A:B), < min min [Hg(A) e, — Hmin(AlB)HAwl'IAl&]]
wapeB/B(pap) L A
=< min min [HR (A)HAa)HA] - Hmin(A|B)w|5 }
wapeB/H(pap) L TIA
= min min [Hg(A) e, | — Hmin(A|B)w] ,
wapeB/B(pap) L Ta

where the minimum ranges over all 0 < ITy < 14 such that [TawapIla =2 wap.

2
As a next step we choose wap = wap € 852/48(pA3) such that H;i£48(A|B)p =
Hpmin(A|B)g. Hence we get

e . . e?/48
[ux (A : B)p < min [HrR(A)non, | — Hoyp (AIB),,
A

where the minimum ranges over all 0 < ITy < 1, such that [Ta@apTla /2 ®aB.

Using Lemma B.28, we can choose 0 < ITy < 14 with [Tgp@apIla ~¢/» @ap such

2
that Hr(A)n,om, < Hélaf(m(A)(;) —2-log %. From this we finally obtain

&2
A|B), —2-log —
(A|B), %2 55

2

€
A|B), —2-log —.
(A|B), %5,

2
£, (A B), < HEJP(A) — HE/H

max min

S H82/48(A)p _ H£2/48

max min



606 M. Berta, M. Christandl, R. Renner

4. Monotonicity. The max-relative entropy is monotone under CPTP maps.
Lemma B.16 [18, Lemma 7]. Let p, 0 € P(H) and € be a CPTP map on 'H. Then
Dmax(pllo) = Dmax (E(p)IE(0)). (B20)

It follows that the max-information is monotone under local CPTP maps.

Lemma B.17. Let pap € S<(Hap) and T be a CPTP map on Hap of the form £ =
EAx Q ER. Then
Imax (A : B)p > Imax(A : B)é’(p)- (B21)

Proof. Letop € S—_(Hp). Using the monotonicity of the max-information under local
CPTP maps (Lemma B.16) we obtain

Dinax(E(pap)l€a(pa) @ Ep(GB))

min  Dpax(E(pap)I€a(pa) @ wp)
wpeS—(Hp)

Imax (A : B)E(p)~

Imax (A : B)p = Dimax(paBlloa ® 68) >
>

5. Miscellaneous properties. The max-information of classical-quantum states can be
estimated as follows.

Lemma B.18. Let pap; € S<(Hapr) with papr = X icr p,-,ofw ® |i)(i|1,p28 €
S<(Hagp) and p; > 0 fori € I as well as the |i) mutually orthogonal (i.e. the state is
classical on I). Then

Inax (Al - B), > malx Imax (A : B)pi. (B22)
e

Proof. Let op € S—(Hp) such that I,,x (AT : B)p = Dmax(paBIllpar ® 6) = log A.
That is, A is minimal such that

oD piph ®Gp @il = D piphy @ li)il.
i i

Since the |i) are mutually orthogonal and p; > O for i € I, this is equivalent to
Viel:h py®Gp=plp
Set Dinax (0, 0%y ® G) = log A;, i.e. ; is minimal such that A; - p', ® G5 > p, 5.
Hence A > max;<; A; and therefore
Imax(Al : B), =logA > max A; = max Dmax(loiu;”pix ® 0p) = max Imax (A : B)pi~
iel iel iel
O

From this we obtain the following corollary about the behavior of the max-informa-
tion under projective measurements.
Corollary B.19. Let pap € S<(Hap) and let P = {P;\}iel be a collection of pro-
Jectors that describe a projective measurement on system A. For tr [P/"4 0A B] # 0, let
pi =tr [PA,OAB] and ply p = iPAPABPA' Then
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Imax(A : B), > max Imax (A : B)p,-, (B23)
1

where the maximum ranges over all i for which ,01"4 g 1s defined.

Proof. Define a CPTP map & : S<(Hap) > S<(Hapr) withE() =, [PL(OPL]®
|i)(i|7, where the |i) are mutually orthogonal. Then the monotonicity of the max-infor-
mation under local CPTP maps (Lemma B.17) combined with the preceding lemma
about the max-information of classical-quantum states (Lemma B.18) show that

Imax(A : B)p > Imax(A @ B)gp) > mi’ch Imax (A : B)pi-

The max-relative entropy is quasi-convex in the following sense.

Lemma B.20 [18, Lemma 9]. Let p = > ;; pipi € S<(H) and o = >, pio; €
S<(H) with p;, 0; € S<(H) fori € 1. Then

Dpax(pllo) < r{léalx Dmax (pilloi). (B24)

From this we find the following quasi-convexity type lemma for the smooth max-
information.

Lemma B.21. Let ¢ > 0 and pap = > ;¢ pipyp € S<(Hap) with p'yp € S<(Hap)
fori e 1. Then

IH.(A:B), < max Inax (A B) i +log |1]. (B25)
1S

Proof. Let ,52 p € B¢ (;ofl1 p) and 61"9 € S_(Hp) fori € I. Using the quasi-convexity of

the max-relative entropy (Lemma B.20) we obtain

max

max /5. (A : B),i +log|I|
iel

= max Dunax (75174 ® 65) +log 1]

> Dinax (Z pibgll D pidh ® &g) +log 1]

iel iel
zlogmin[k eR:Zpi,&i\B §A.Zpi,5i‘®&é]+log|ll
iel iel
() _ y » v
> log min MeR:ZPm’AB Su-2p1p2®26§ +log 7]

iel iel jel
. - i |
=logmin { p € R: > piflyp Swzfmpi,@Z?-afg ,
iel iel jel

where step (i) holds because > c; pidy ® X Gé > e Pify ® . Now set

.53. = Zjel % . 61_{3 and pap = D g .p,~,5f43. By the convexity of the purified distance
in its arguments (Lemma A3) we obtain
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max I

(A:B), +log|l|

zlogmin{MGRiﬁAB < - pa®op}

> min min  logmin{v e R: pgp <v-ps ® op}
paBEBE (pap) opeS=(Hp)

=I5 (A:B),. 0

max

6. Asymptotic behavior. The following is the Asymptotic Equipartition Property (AEP)
for smooth min- and max-entropy.

Lemma B.22 [38, Theorem 9]. Let ¢ > 0,n > 2 - (1 — &%) and pap € S—(Hag). Then

1(€)
mm(A|B)p®n > H(A|B), — W (B26)
le (A),on < H(A), + 1€ (B27)
n max 14 P \/E
where n(e) =4/1 —2-loge - (2+ % -log |A)).
Remark B.23 [38, Theorem 1]. Let pap € S—(H ap). Then
1
hn%) hm Hélm(A|B)p®n = H(A|B),, (B28)
e—>0n—
1
lim lim —Hy . (A),en = H(A),. (B29)

e—>0n—oopn

The Asymptotic Equipartition Property for the smooth max-information is as follows.
LemmaB.24. Lete > 0,n > 2 - (1 — &2) and pap € S=(Hap). Then

2
(A:B)yon <I(A:B),+ ‘é’:(\/‘;) _ % log ;—4, (B30)

max

where £(¢) = 8/T3 — 4 -Toge - (2+ 1 - log |A|).

Proof. Using the entropy measure upper bound for the smooth max-information
(Lemma B.15) together with the Asymptotic Equipartition Property for the smooth min-
and max-entropies (Lemma B.22) we obtain

1 82/48 1 e /48 2 82
(A5 B)gon < —H 3 (A)pon — ~HE S (AIB) pon — = - log -
2 g2
< H(A), — H(A|B), — — -log —
24
A P 8221 2+ L joga]
. —_— j— 0 — . O —_ 0
Jn E\ag) B\ 08
£ 2 . &
<I(A:B 2 log &
(ArB)p+ == loe oy
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Corollary B.25. Let pap € S—(Hap). Then

lim lim —
g—>0n—00

(A:B)yen =I1(A: B),. (B31)

max

Proof. By the Asymptotic Equipartition Property for the max-information (Lemma B.24)
we have

1 HON &2
Elg%nll)m I (A B),en < I(A:B),+ hm hm W - -log o

where £(¢) = 84/13 —4-loge - 2 + % -log|Al). Thus we obtain

1
lim lim — 15, (A: B),en < I(A: B),.
n

e—>0n—00

To show the converse we need a Fannes-type inequality for the von Neumann entropy.
We use Theorem 1 of [48]: Let p, 0 € S—(H) with p &, 0. Then |H(p) — H(o)| <
elog(d — 1)+ H((¢, 1 — ¢)), where d denotes the dimension of H.

Because the max-relative entropy is always lower bounded by the relative von Neu-
mann entropy (Lemma B.7) we get

(A: B)yen = min min  Dmax (,5” 1o ® o )
max P B e n ABIFA B
pZBEBS(p%B)UI;ES;(H% )

> min min _ D(pizlIp% ® og).
ﬁ:BGBS(pAB) JBES—(H® )

Noting that D(pagllpa ® o) = D(papllpa @ pg) + D(pp|lop) and using the Fannes
type inequality we then obtain

1 o1 _ _ _
Fl%nlg&) ;Imax(A i B)pen > lim lim — min D pllp% ® pg)

EDONTOON B et (oFh)
> = _ 1. _ P n n _
lim tim -~ {D(p oS @ pg") —3- H((e, 1 —¢)) —e-log[|Al"|B|" — 1]

—& - log[|AI" — 1] — & -log[|1B" — 1]}

. . 3
= D(pallpa ® pB) *g%nlggo [; -H((e, 1 —¢)) —e-{log[|A]| B[] +log |A]| +10g|B|}]

=1(A:B),.

7. Technical lemmas.

Lemma B.26 [49, Lemma A.7]. Let p € S<(H) and I1 € P(H) such that I1 < 1. Then

P(p, TpIl) < tr[p]™"/? - Vtr[p]? — t[[12p]2. (B32)

Lemma B.27. Let pap € SS(HAB),O’B,Q)B S S:(HB) and 0 < Tlap < lp with
1a®wp —TMap(la ®op)lap > 0. Then

Hmin(A|B)l'lpl'[\a) > Hmin(A|B)p\a- (B33)
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Proof. Set Hyin(A|B) s = —logA,i.e. A is minimal suchthat A-14 ® op —pap > 0.
Hence A - Tap(14 ® 0)1ap — MappapIlap = 0. Using 14 @ wp — Hup(ls ®
o)1 > 0 we obtain

A-Ta®@wp —Tappapllap =2 (1g®@wp —Iap(la @ op)Ilsp)
+A - Map(la ® op)1ap — Mappapllap > 0.
The claim then follows by the definition of the min-entropy. O

Lemma B.28. Let ¢ > 0 and pa € S<(Ha). Then there exists 0 < T14 < 14 such that
pa Re MMapalla and
2
§2/6 €
Hi (A = Hr(A)mpn +2 - log 5 (B34)

max

Proof. By [49, Lemma A.15] we have that for § > 0 and ps € S<(H4), there exists 0 <
IMa < 14 suchthattr[(La — I13) pa] < 38 and HY (A), > Hr(A)men — 2 - log 1.

Furthermore Lemma B.26 shows that tr [(14 — IT3) pa] < 38 implies p4 N
[Mapally. Fore = /68 this concludes the proof. O

Appendix C: Proof of the Decoupling Theorem

Let A’ be of the same dimension as A. Denote by F4 4/ the swap operator of A @ A’.
Let ITY, be the projector on the symmetric subspace of A ® A, and IT), the projector on
the anti-symmetric subspace of A ® A. We need the following facts (see also [31]):

Fanrr = Fan ® Frr

rank(IT3) = |A[(JA| £1)/2

F2=1

My = $(Laa £ Fan)

tr[Faal = |A|

tr[(Ya @ da)Faal =tr[Yadal

tr[(Yar @ Yar) - (Laa ® Fre))] = tr[y3]

Lemma C.1. Let A = A Aj. Then

1 1
/ (U UY (ayay ® Fara YU @ UYAU < ——Tgu+ ——Fap, (C1)
UA) [A1] |[Az]

where dU is the Haar measure over the unitaries on system A.

Proof. For any X that is Hermitian, it follows from Schur’s lemma that
/ (U';"®U'I')X(U®U)dU=a+(X)HX+a7(X)HX,
U(A)
where a4 (X) - rank () = tr[XTT]. Choosing X = G = T4,4; ® Fy 4, we get

1
tr [T (g, ® Faya) | = 3t [ (L £ Fan) Ly © Faya) |

1 1
Etl'li]lAzA/z®FA1A/1]:*:§U'|:FAA/(]1A2A/2®FA1A/1)]

= P Ay £ 5140402
—2 2 1 22 1l -
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Since rank (IT%) = 1|A[(JA| £ 1) we get

AP AL £ Ag]AL)E |As] £ A

a+(G) =
|A[(JA| £ 1) |Al £1
From
a(G)+a_(G) _ 1 (1Asl+]Ail  [A2] = [AI]Y _ |42lA] - |Ad]
2 2\ 4] +1 Al — 1 A2 —1
1 AP = 1A 1
S0 Ar=1 STau
Al AR -1 | A1
and

a+(G) —a_(G) _ 1 (|As|+]A1]  |Az| — A4
2 T2\ A+ |A] — 1
_ lAdiAl =14l 1 |A]2 — | Az _ !

AP =1 Al AR -1 T |Ag

follows that

/ U@ UNHGWU @ U)dU = a,(G)IT +a_(G)TT;
U(A)
a+(G) +a_(G)
= —]lccf +

2 2

1 1
< _]lAA/ + _FAA/'
|A1] |A2]

a4+(G) —a_(G) Feer

O

Lemma C.2. Let psr € P(Har), A = A1A and o4, r(U) = tra, [(U @ Lr)par
(U® 1) Then

1 1
/ r I:O’AIR(U)Z] dU < —1r [p,%] +— [pfm] , (€2)
UA) [A1] [Az]

where dU is the Haar measure over the unitaries on system A.

Proof. Using Lemma C.1 we have
/ tr [UAIR(U)z]dU =/ tr[(crAlR(U)@)aA/lR/(U)) FAIA«IRR/]dU
UA) UA)
= / tr [(U ®U ® Lgrr)(par ® parr)(U U ® ]lRR’)T(]lAzA’Z ® FA]A’IRR’):I au
U(A)

—u [(m ® park) ( [ woudyuyeFpUenws FRR/)]
U(A)

1 1 1 1
<tr [(PAR ® paR) ((mﬂAA’ + mFAA’) ® FRR’)i| = mtr [P%e] + mtr [,OE\R] .
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Lemma C.3 [12, Lemma 5.1.3]. Let S be a Hermitian operator on H and & € P(H).
Then'*

ISl < Vir@) Hg*”ﬁg*”“”z.

Proof of Theorem 3.1. We show the theorem for

log |Al + Hc(A|R), _ logl

log |A1] < ,
og|Ay] < 7 -

(C3)

which is sufficient because the conditional min-entropy is upper bounded by the quan-
tum conditional collision entropy (Lemma B.6). Using Lemma C.3 with§ = 14, ® wg
for wg € S—(HR), it suffices to show that

- _ 2 2
/ H (]IA‘ ®le/4) (041r(U) — T4, ® pr) (]lAl ®le/4) H dU < —.
v 2 A1l

We have
(]lAl ®a);1/4) oar(U) (]lAl ®a),;1/4)
= s, [ 10) (La @) par (L @ ) W @ 10)7].

Let par = (]lA ®wEI/4) PAR (]lA ®w;1/4) and 64, r(U) = try, [(U®1g)
PAR(U @1 R)T]. Our inequality can then be rewritten as

2
~ ~ 112 &

U) — dU < ——.

/U(A) [5212@) =741 ® frly U =< [A1]

Using 74, ® pgr = fU(A) G4, rR(U)dU we get
~ L2 . <2
/Um |64, R) — 74, ®PR”2dU:/U(A)tr[(UAlR(U)—TAI ® pr)’|dU
— [ Muloa w64 r ® pr)]—t ® Pr)G A g(U)]+t ® pr)* |t du
/U(A){T[UA,R( )} 1[64,R(U)(Ta, ® pR)]—tr[(Ta, ® BR)G A, R( )]+r[(TA] PR) “

:/U(A) tr[&AlR(U)2]dU —tr [(TAl ®,5R)2] :/U(A) i |:5A|R(U)2j| dU — |Alﬁ i [ﬁﬂ

where (i) follows from Lemma C.2 and (ii) follows from (C3) and the definition of
Hc(A|R),. O

14 The Hilbert-Schmidt norm is defined as ||z = /tr [TTT'].
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Appendix D: The Post-Selection Technique

We use a norm on the set of CPTP maps which essentially measures the probability
by which two such mappings can be distinguished. The norm is known as the diamond
norm in quantum information theory [35]. Here, we present it in a formulation which
highlights that it is dual to the well-known completely bounded (cb) norm [50].

Definition D.1 (Diamond norm). Let £4 : L(HA) — L(Hp) be a linear map. The
diamond norm of £4 is defined as

I€allo = sup IE4 ® Lkl (D1)
keN

where | Flli = sup,es_ () IF (@)1 and Ty denotes the identity map on states of a
k-dimensional quantum system.

Proposition D.2 [35,50]. The supremum in Definition D.I is reached for k = |A|. Fur-
thermore the diamond norm defines a norm on the set of CPTP maps.

Two CPTP maps £ and F are called e-close if they are e-close in the metric induced
by the diamond norm.

Definition D.3 (De Finetti states). Let 0 € S—(H) and u(.) be a probability measure
on S_(H). Then

¢t = /0®"u(0) € S_(H®") (D2)

is called de Finetti state.
The following proposition lies at the heart of the Post-Selection Technique.

Proposition D.4 [34]. Lete > 0 and £} and F'{ be CPTP maps from L(Hf’“) to L(Hp).
If there exists a CPTP map Ky for any permutation m such that (£y — Fj}) omw =
Ky o (&% — F}), then £ and F'; are e-close whenever

|(EL = F) ® Trr) g ||, < e+ D~IAP=D, (D3)

where {XRR, is a purification of the de Finetti state {} , = fafgd(oAR) with CARr =
o) (o|lar € S=(Ha ® HR), Ha = Hg and d(.) the measure on the normalized pure
states on H A @H g induced by the Haar measure on the unitary group acting on H A QHp,
normalized to [ d(.) = 1. Furthermore we can assume without loss of generality that

IR'| < (n+ 1)lAP—1,

Theorem D.5 [51, Carathéodory]. Let d € N and x be a point that lies in the convex
hull of a set P of points in RY. Then there exists a subset P’ of P consisting of d + 1 or
fewer points such that x lies in the convex hull of P'.

Corollary D.6. Let ¢, = [o$pd(oaR) as in Proposition D.4. Then (' = > p;

()" with oy p = |0') (@i |ar € S=(Hag),i €{1,2, ..., (n + HHAIRI=2} ang p;
a probability distribution.
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Proof. We can think of ¢}, as a normalized state on the symmetric subspace
Sym"(Hag) C H%. The dimension of Sym” (H ) is bounded by k = (n+ 1)/4/IRI=1,
Furthermore the normalized states on Sym” ({4 g) can be seen as living in an m-dimen-
sional real vector space where m = k — 1 +2 - @ = k*> — 1. Now define S as
the set of all £}, = ‘U;x@?e’ where war = |w)(w|ar € S=(Har). Then ¢}, lies in

the convex hull of the set § ¢ R~ Using Carathéodory’s theorem (Theorem D.5),
we have that ¢ lies in the convex hull of a set S’ C S, where S’ consists of at

most p = k> — 1 + 1 = k? points. Hence we can write i g as a convex combina-
tion of p = (n + 1)?1AlIRI=2 extremal points in §', ie. £t = > pi (@' 2)®", where
Wy = o) @ [ar € S=(Har),i € {1,2,..., (n + D?AIRI=2} and p; a probability
distribution. O
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