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1. Introduction

Sobolev embeddings and inequalities have been the subject of many studies in the
past years. Best constant in Sobolev inequalities are fundamental in the study of
non linear PDEs on manifolds.

Let (M, g) a Riemannian n-manifold, H
q
1 (M) stands for the standard Sobo-

lev space of Lq -functions with their gradients also in Lq(M). The embedding
H

q
1 (M) ⊂ Lqn/(n−q)(M) is continuous for q ∈]1, n[, and we get the existence of

A, B > 0 two constants such that for any u ∈ H
q
1 (M)

||u||qqn/(n−q) ≤ A||∇u||qq + B||u||qq
The “best constant problem” consists in finding the smallest A possible such that
the above inequality remains true for any u ∈ H

q
1 (M). Knowing the precise value

of this best constant allow us to solve non linear PDEs. This problem is now com-
pletely solved: in 1974 Aubin established the value of this best constant. Precisely,
we have that for any ε > 0, there exists Bε such that for any u ∈ H

q
1 (M)

||u||qqn/(n−q) ≤ (
Kq(n, q) + ε

) ||∇u||qq + Bε||u||qq
where

K(n, q) = q − 1

n − q

(
n − q

n(q − 1)

)1/q (
�(n + 1)

�(n/q)�(n + 1 − n/q)wn−1

)1/n
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wn−1 being the volume of the standard unit sphere Sn−1. First Hebey and Vaugon,
then Druet proved that it was possible to take ε = 0 in the previous inequality.

When q = n, one could hope that Hn
1 (M) ⊂ L∞(M), but this is not true.

However, when u ∈ Hn
1 (M) we have eu ∈ L1(M). We then have another Sobolev

inequality which can be seen as an extension of traditional Sobolev inequalities to
this case, therefore called “exceptional case”. Precisely : there exists 3 constants
ν, µ, C > 0 such that for any u ∈ Hn

1 (M)

∫

M

eudV ≤ C exp
[
µ||∇u||nn + ν||u||nn

]
(1)

Once again, the “best constant” is the smallest µ such that inequality (1) is true for
any u ∈ Hn

1 (M). Cherrier [4] proved that for any ε > 0, there exists Aε, Cε > 0
such that for any u ∈ Hn

1 (M)

∫

M

eudV ≤ Cε exp
[
(µn + ε)||∇u||nn + Aε||u||nn

]
(2)

where µn = (n− 1)n−1n1−2nw−1
n−1, and µn is the smallest µ possible such that (2)

remains true for any u ∈ Hn
1 (M). Aubin [2] then proved that for any ε > 0, there

exists Cε > 0 such that for any u ∈ Hn
1 (M) with

∫
M

udV = 0

∫

M

eudV ≤ Cε exp
[
(µn + ε)||∇u||nn

]
(3)

This result is a better result in the sense that (3) implies (2). Once again, there are
applications to the resolution of non-linear elliptic PDEs, this time involving eu.

In this article, we prove that it is possible to take ε = 0 in (3) (hence in (2)) when
M is locally conformally flat. This introduces the notion of a second best constant,
precisely the smallest constant C such that for any u ∈ Hn

1 (M) with
∫
M

udV = 0

∫

M

eudV ≤ C exp[µn||∇u||nn]

and asks the question of extremal functions, which gives to solutions of PDEs that
couldn’t be studied to this point. Also, we will note that Hebey and Vaugon [16]
have also studied the case when M is locally conformally flat for classical Sobolev
inequalities, but the exceptional case of Sobolev inequalities use (by necessity)
very different technics. For example, our proof uses a second derivative in the var-
iational problem, which is of no use in the classical case where the functionals are
homogeneous. Also, a crucial step of the proof is a rather unusual way of using test
functions with a negative exponent.

2. A first result in the exceptional case of Sobolev inequalities

Since no confusion is possible, through this whole article we will write Hn
1 for

Hn
1 (M) and Lq for Lq(M).
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Proposition 1. Let (M, g) be a Riemannian n-manifold locally conformally flat.
There exist two constants C1, C2 such that, for any u ∈ Hn

1
∫

M

eudV ≤ C1 exp[µn||∇u||nn + C2||u||nn] (4)

where µn = (n − 1)n−1n1−2nw−1
n−1, wn−1 being the volume of the standard unit

sphere Sn.

Proof. We use a proof by contradiction. We assume that for any α, Cβ > 0 there
exists vα,β = vα ∈ Hn

1 such that
∫

M

evα dV > Cβ exp[µn||∇vα||nn + α||vα||nn]

which means that for any α, β (β = ln Cβ )

ln

(∫

M

evα dV

)
> β + µn||∇vα||nn + α||vα||nn

For any α > 0, we consider the functional Iα such that for any u ∈ Hn
1

Iα(u) = µn

∫
M

|∇u|ndV + α
∫
M

|u|ndV + β

ln
∫
M

eudV

Let λα = infu∈H Iα(u), where H = {u ∈ Hn
1 | ∫

M
eudV > 1}. We have 0 < λα <

1, and standard variational techniques give the existence of uα ∈ Hn
1 such that

Iα(uα) = λα . We note that, since for any u ∈ Hn
1 , Iα(|u|) ≤ Iα(u), we can choose

uα ≥ 0. We then get

µn

∫

M

|∇uα|ndV + α

∫

M

un
αdV + β = λαln

∫

M

euα dV (5)

For any φ ∈ Hn
1 we have

I ′
α,u(φ) = nµn

∫

M

|∇uα|n−2∇uα∇φdV + αn

∫

M

un−1
α φdV − λα

∫
M

euαφdV
∫
M

euα dV
(6)

Since uα is a minimizer for Iα , we get for any φ ∈ Hn
1 , I ′

α,uα
(φ) = 0 and

I ′′
α,uα

(φ, φ) ≥ 0, which gives, after calculations

λα

∫
M

euαφ2dV
∫
M

euα dV
≤ µnn(n − 1)

∫

M

|∇uα|n−2|∇φ|2dV +

+αn(n − 1)

∫

M

un−2
α φ2dV + λα

(∫
M

euαφdV
∫
M

euα dV

)2

(7)

On the other hand, we easily prove (using the fact that M is compact) that for
any δ > 0, there exists B a ball of radius δ, a real number ε > 0, and (uαi) a
subsequence of (uα) such that

lim sup
αi→+∞

∫
B

euαi dV
∫
M

euαi dV
≥ ε (8)
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We now choose a ball B such that (8) is true on B, B of radius δ small enough
such that (B(2δ), g) is conformally isometric to the Eucledean ball (we recall
that M is locally conformally flat). We go back to (7) in which we write φ =
ηn/2(uα + a)1/2, where a > 0 (later stated more precisely) and we recall that
uα ≥ 0, and η is a C∞ cut-off function, η = 1 on M \ B(2δ), η = 0 on B, η ≤ 1.
We get

λα

∫
M

ηn(uα + a)euα dV
∫
M

euα dV

≤ µnn(n − 1)

∫

M

|∇uα|n−2|∇(ηn/2(uα + a)1/2|2dV

+αn(n − 1)

∫

M

un−2
α ηn(uα + a)dV + λα

(∫
M

ηn/2(uα + a)1/2euα dV
∫
M

euα dV

)2

(9)

In all that follows, we write C for a constant independant of α. We have

|∇(ηn/2(uα + a)1/2)| ≤ (uα + a)1/2|∇(ηn/2)| + ηn/2|∇(uα + a)1/2|
which leads to

|∇(ηn/2(uα + a)1/2)|2 ≤ C(uα + a)|∇(ηn/2)|2 + Cηn|∇(uα + a)1/2|2
≤ C(uα + a)ηn−2|∇η|2 + Cηn(uα + a)−1|∇uα|2

This way
∫

M

|∇uα|n−2|∇(ηn/2(uα + a)1/2|2dV

≤ C

∫

M

|∇uα|n−2(uα + a)ηn−2|∇η|2dV + C

∫

M

|∇uα|nηn(uα + a)−1dV

On one hand we have, for any ε > 0, there exists Cε such that |∇uα|n−2ηn−2(uα +
a)|∇η|2 ≤ ε(η|∇uα|)n + Cε(uα + a)n/2|∇η|n. On the other hand, we have that
uα ≥ 0, which means that (uα + a)−1 ≤ a−1. We then get,

∫

M

|∇uα|n−2|∇(ηn/2(uα + a)1/2|2dV

≤
(

C

a
+ ε

)∫

M

ηn|∇uα|ndV + Cε

∫

M

|∇η|n(uα + a)n/2dV

We also have (uα + a)n/2 ≤ C(u
n/2
α + an/2) ≤ Cu

n/2
α + C and |∇η| ≤ C on M

which gives
∫

M

|∇η|n(uα + a)n/2dV ≤ C

∫

M

un/2
α dV + C

Since uα ∈ Hn
1 , ||uα||n/2 ≤ C, and this leads to, with all the previous,

∫

M

|∇uα|n−2|∇(ηn/2(uα + a)1/2|2dV ≤
(

C

a
+ ε

)∫

M

ηn|∇uα|ndV + Cε (10)



Best constants in the exceptional case of Sobolev inequalities 137

Since η = 0 on B, we also have
∫

M

ηn/2(uα + a)1/2euα dV =
∫

M\B
ηn/2(uα + a)1/2euα dV

and by Hölder’s inequality

∫

M

ηn/2(uα + a)1/2euα dV ≤
(∫

M\B
ηn(uα + a)euα dV

)1/2 (∫

M\B
euα dV

)1/2

We then get, together with (8), up to a subsequence,

(∫
M\B ηn/2(uα + a)1/2euα dV

∫
M

euα dV

)2

≤
∫
M\B ηneuα (uα + a)dV

∫
M

euα dV

∫
M\B euα dV
∫
M

euα dV

≤ (1 − c)

∫
M

ηneuα (uα + a)dV
∫
M

euα dV

with c > 0. From the previous, we get

λα

∫
M

ηn(uα + a)euα dV
∫
M

euα dV
− λα

(∫
M

ηn/2(uα + a)1/2euα dV
∫
M

euα dV

)2

≥ λαc

∫
M

ηneuα (uα + a)dV
∫
M

euα dV
(11)

and c > 0. Since uα ∈ Hn
1 , we easily bound the last bit of (9),

αC

∫

M

un−2
α ηn(uα + a)dV ≤ αC

∫

M\B
un−2

α (uα + a)dV

≤ αC

∫

M\B
un−1

α dV + Cαa

∫

M\B
un−2

α dV ≤ Cα (12)

We get back to (9) together with (10), (11) and (12) and we get

λαc

∫
M

ηneuα (uα + a)dV
∫
M

euα dV
≤
(

C

a
+ ε

)∫

M

ηn|∇uα|ndV + Caα + Cε

and, since c > 0 and uα + a > uα , this leads to

λα

∫
M

ηneuαuαdV
∫
M

euα dV
≤
(

C

a
+ ε

)∫

M

ηn|∇uα|ndV + Caα + Cε (13)

In (6), we write φ = ηnuα and we get

λα

∫
M

ηneuαuαdV
∫
M

euα dV
= nµn

∫

M

|∇uα|n−2∇(ηnuα)∇uαdV + αn

∫

M

un
αηndV
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Since
∫

M

|∇uα|n−2∇(ηnuα)∇uαdV

=
∫

M

|∇uα|nηndV + n

∫

M

uα|∇uα|n−2∇η∇uαηn−1dV

and since for any ε > 0 there exists Cε such that

|∇uα|n−1ηn−1uα|∇η| ≤ ε|∇uα|nηn + Cεu
n
α|∇η|n

we get that

nµn

∫

M

|∇uα|n−2∇(ηnuα)∇uαdV

≥ (nµn − ε)

∫

M

|∇uα|nηndV − Cε

∫

M

un
α|∇η|ndV

and since ∇η = 0, η = 0 on B

λα

∫
M

ηneuαuαdV
∫
M

euα dV

= nµn

∫

M

|∇uα|n−2∇(ηnuα)∇uαdV + αn

∫

M

un
αηndV

≥ (nµn − ε)

∫

M

|∇uα|nηndV − Cε

∫

M\B
un

αdV (14)

Getting back to (13) and (14) we find

(nµn − ε)

∫

M

|∇uα|nηndV − Cε

∫

M\B
un

αdV

≤
(

C

a
+ ε

)∫

M

ηn|∇uα|ndV + Cα + Cε

and finally, choosing a big enough and ε such that nµn − 2ε − C/a > 0, we get
∫

M\B
|∇uα|ndV ≤ C

∫

M\B
un

αdV + Cα + C (15)

We need the following result.

Lemma 1. Let (M, g) a compact Riemannian n-manifold locally conformally flat.
For any open ball B of radius δ small enough there exists C such that for v ∈
Hn

1,0(B)

∫

B

evdV ≤ C exp

[
µn

∫

B

|∇v|ndV

]

where Hn
1,0(B) is the closure in Hn

1 (B) of the space of C∞-functions with compact
support in B.
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Proof. On (B, ξ) ⊂ R
n we know, thanks to Cherrier [4], that for any v ∈ Hn

1 (Rn)

∫

B

evdξ ≤ C exp

[
µn

∫

B

|∇ξ v|ndξ

]

Since M is locally conformally flat, we can choose a ball B(δ) ⊂ M of radius δ

small enough such that on B(δ), up to an isomorphism, g = �ξ , where ξ is the
Euclidean metric of R

n and with � ∈ C∞(B), � > 0. We have dξ = �−n/2dV
and |∇ξ v|n = �n/2|∇gv|n, which leads to, for any v ∈ H̊ n

1 (B)

∫

B

ev�−n/2dV ≤ C exp

[
µn

∫

B

�n/2|∇gv|n�−n/2dV

]

and this way, since � ∈ C∞(B), there exists C such that for any u ∈ H̊ n
1 (B)

∫

B

evdV ≤ C exp

[
µn

∫

B

|∇gv|ndV

]

	


We now consider ζ a C∞ cut off function, ζ = 1 on B, ζ = 0 on M \B(2δ), ζ ≤ 1
on M . With Lemma 1 we get

∫

M

eζuα dV ≤ C exp

[
µn

∫

M

|∇(ζuα)|ndV

]

We recall that on the n-manifold M \ B there exists C such that

∫

M\B
euα dV ≤ C exp

[
C

∫

M\B
|∇uα|ndV + C

∫

M\B
un

αdV

]

We have
∫

M

euα dV =
∫

M\B
euα dV +

∫

B

euα dV

≤ C exp

[
C

∫

M\B
|∇uα|ndV + C

∫

M\B
un

αdV

]
+ C

∫

M

eζuα dV

≤ C exp

[
C

∫

M\B
|∇uα|ndV + C

∫

M\B
un

αdV

]

+C exp

[
µn

∫

M

|∇(ζuα)|ndV

]

because M is locally conformally flat. We can bound from above

∫

M

|∇(ζuα)|ndV ≤
∫

M

ζn|∇uα|ndV + C

∫

M

un
αdV + C

∫

M\B
|∇uα|ndV
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This leads to, since ζ ≤ 1 on M ,

∫

M

euα dV ≤ C exp

[∫

M\B
|∇uα|ndV + C

∫

M\B
un

αdV

]

+C exp

[
µn

∫

M

|∇uα|ndV + C

∫

M\B
|∇uα|ndV + C

∫

M

un
αdV

]

≤ C exp

[
µn

∫

M

|∇uα|ndV + C

∫

M\B
|∇uα|ndV + C

∫

M

un
αdV

]

Together with (15) we get

ln

(∫

M

euα dV

)
≤ µn

∫

M

|∇uα|ndV + C

∫

M

un
αdV + Cα + C

But, according to (5)

µn

∫

M

|∇uα|ndV + α

∫

M

un
αdV + β = λαln

(∫

M

euα dV

)

≤ ln

(∫

M

euα dV

)

because λα ≤ 1. This leads to

α

∫

M

un
αdV + β ≤ C̄

∫

M

un
αdV + Cα + C

Since α and β can be chosen as wanted, if α ≥ C̄, we get a contradiction when β

goes to +∞. This proves the proposition. 	


3. A stronger result in the exceptional case of Sobolev inequalities

We now prove the theorem.

Theorem 1. Let (M, g) be a locally conformally flat n-manifold. There exists C

such that for any u ∈ Hn
1 with

∫
M

udV = 0

∫

M

eudV ≤ C exp

[
µn

∫

M

|∇u|ndV

]

where µn = (n − 1)n−1n1−2nw−1
n−1, wn−1 being the volume of the standard unit

sphere Sn−1, µn being the smallest constant possible such that the above inequality
remains true for any u ∈ Hn

1 ,
∫
M

udV = 0. In other words, there exists C such that
for any u ∈ Hn

1

∫

M

eudV ≤ C exp

[
µn

∫

M

|∇u|ndV + 1

vol(M)

∫

M

udV

]
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Proof. Once again, we proceed by contradiction. Assume that for any Cα , there
exists vα ∈ Hn

1 with
∫
M

vαdV = 0 such that

∫

M

evα dV > Cα exp

[
µn

∫

M

|∇vα|ndV

]

which means that for any α > 0 (α = lnCα)

ln

(∫

M

evα dV

)
> α + µn

∫

M

|∇vα|ndV

Let H = {u ∈ Hn
1 | ∫

M
eudV > 1,

∫
M

udV = 0}. We consider the functional Iα

such that for any u ∈ H

Iα(u) = α + µn

∫
M

|∇u|ndV

ln
(∫

M
eudV

)

Let λα = infu∈H Iα(u) With our beginning assumption, we have that 0 < λα < 1.
We now prove with the variational method that there exists uα ∈ H such that
Iα(uα) = λα .

Let (ui), ui ∈ H for any i, a minimizing sequence for Iα (i.e, Iα(ui) goes to
λα with i). For any u ∈ H we get with Poincare’s inequality

∫

M

|u|ndV ≤ C

∫

M

|∇u|ndV

so in order to prove that (ui) is bounded in Hn
1 , one only has to prove that∫

M
|∇ui |ndV is bounded. Since λα < 1, for a set α there exists c > 0 such

that λα < 1 − c, and since Iα(ui) goes to λα , for i big enough there exists c′ > 0
such that Iα(ui) ≤ 1 − c′. This way, we get

µn

∫

M

|∇ui |ndV + α ≤ (1 − c′)ln
(∫

M

eui dV

)
(16)

On the other hand we know, thanks to Aubin [2] that for any ε > 0 there exists Cε

such that for any u ∈ H

ln

(∫

M

eudV

)
≤ Cε + (µn + ε)

∫

M

|∇u|ndV

Getting back to (16) we get that for any ε > 0 there exists Cε such that

µn

∫

M

|∇ui |ndV + α ≤ (1 − c′)Cε + (1 − c′)(µn + ε)

∫

M

|∇ui |ndV

It is possible to choose ε such that µn − (1 − c′)µn − (1 − c′)ε > 0 and we get that
there exists C such that

∫
M

|∇ui |ndV ≤ C, and (ui) is bounded in Hn
1 . Hence, (ui)

converges weakly in Hn
1 to a function uα , strongly in any Lq and a.e. We get that∫

M
uαdV = 0 and

∫
M

euα dV > 1. Hence, uα ∈ H . Since (ui) goes to uα weakly
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in Hn
1 and

∫
M

eui dV goes to
∫
M

euα dV, and since (ui) is a minimizing sequence
for Iα , we have

µn

∫
M

|∇uα|ndV + α

ln
(∫

M
euα dV

) ≤ lim
i→+∞

µn

∫
M

|∇ui |ndV + α

ln
(∫

M
eui dV

) = λα

Since λα = infu∈H Iα and uα ∈ H this means Iα(uα) = λα . Precisely,

λα = α + µn

∫
M

|∇uα|ndV

ln
(∫

M
euα dV

) (17)

We also get, for any φ ∈ Hn
1 , I ′

α,uα
(φ) = γα

∫
M

φdV, which means, given the
expression of I ′

α,uα
: for any φ ∈ Hn

1

nµn

∫

M

|∇uα|n−2∇uα∇φdV − λα

∫
M

euαφdV
∫
M

euα dV
+ λα

V

∫

M

φdV = 0 (18)

We deduce from Proposition 1 that there exists C1, C2 such that, for any u ∈ Hn
1

ln

(∫

M

eudV

)
≤ C1 + µn

∫

M

|∇u|ndV + C2

∫

M

|u|ndV (19)

According to (17) and (19), we only have to prove that there exists C (not depending
on α) such that ||uα||nn ≤ C to get a contradiction. Indeed,

α ≤ λαln

(∫

M

euα dV

)
− µn

∫

M

|∇uα|ndV by (17)

≤ C + λαµn

∫

M

|∇uα|ndV + C2

∫

M

|uα|ndV − µn

∫

M

|∇uα|ndV by (19)

≤ C + µn(λα − 1)

∫

M

|∇uα|ndV + C2

∫

M

|uα|ndV (�)

and λα − 1 ≤ 0.
In order to bound ||uα||n, the idea is to test in (18) � = uk

α , where k < 0. Since
uα changes sign, we proceed as follows. Let

�1 = {x ∈ M|uα(x) ≥ 1}
�−1 = {x ∈ M|uα(x) ≤ −1}

� = {x ∈ M| |uα(x)| ≤ 1}

(�1, �−1, � depending on α), and let f the real function defined by

f (x) = x−1/n when x ≥ 1

= x when − 1 ≤ x ≤ 1

= −|x|−1/n when x ≤ −1
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The function f is Lipchitzian. We consider φ = f ◦uα . Since f is Lipchitzian and
uα ∈ Hn

1 then φ ∈ Hn
1 . We then have

∇φ = −1

n
u−(n+1)/n

α ∇uα on �1

= ∇uα on �

= −1

n
|uα|−(n+1)/n∇uα on �−1

We get

∫

M

|∇uα|n−2∇uα∇φdV = −1

n

∫

�1∪�−1

|uα|−(n+1)/n|∇uα|ndV +
∫

�

|∇uα|ndV

In (18), we take φ = f ◦ uα , we get

−µn

∫

�1∪�−1

|uα|−(n+1)/n|∇uα|ndV + nµn

∫

�

|∇uα|ndV

+λα

V

∫

�1

|uα|−1/ndV − λα

V

∫

�−1

|uα|−1/ndV

+λα

V

∫

�

uαdV = λα

∫
M

euα�dV
∫
M

euα dV

= λα

∫
�1

euαu
−1/n
α dV − ∫

�−1
euα |uα|−1/ndV + ∫

�
euαuαdV

∫
M

euα dV
(20)

On �1, uα ≥ 1 so u
−1/n
α ≤ 1 and then

∫
�1

euαu
−1/n
α dV

∫
M

euα dV
≤ 1

On �, |uα| ≤ 1 so

∫
�

euαuαdV
∫
M

euα dV
≤ 1

In fact,
∫
M

euαφdV
∫
M

euα dV
≤ C

With the same kind of arguments, we easily verify that
∫
M

φdV ≤ C. This leads
to, with (20)

nµn

∫

M

|∇uα|n−2∇uα∇φdV ≤ C (21)
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The key idea now is to consider the function v such that |v| ≤ 1 on M defined by

v = u(n2−n−1)/n2

α on �1

= uα on �

= −|uα|(n2−n−1)/n2
on �−1

We verify that
∫
M

|∇v|ndV ≤ C
∫
M

|∇uα|n−2∇uα∇φdV where φ = f ◦ uα as
defined earlier, and by (21),

∫
M

|∇v|ndV ≤ C. In order to go on with the proof, we
need the following Lemma,

Lemma 2. Let (M, g) a Riemannian n-manifold. For any p ≥ 1, q > 0, there
exists C such that, for any u ∈ Hn

1 ,

[∫

M

|u|pdV

]n/p

≤ C

∫

M

|∇u|ndV + C

∣
∣
∣
∣

∫

M

h(u)dV

∣
∣
∣
∣

q

(22)

Where h is the real function defined by h(x) = (sign(x))|x|n/q

We prove the Lemma.

Proof. We consider the functional I such that for any u ∈ Hn
1

I (u) =
∫
M

|∇u|ndV + ∣∣∫
M

h(u)dV
∣∣q

[∫
M

|u|pdV
]n/p

Since I is homogeneous, we consider P = {u ∈ Hn
1 | ∫

M
|u|pdV = 1} and µ =

infu∈P I (u). Using the fact that for any k ≥ 1, the embedding of Hn
1 in Lk is

compact, standard techniques give the existence of w ∈ P such that I (w) = µ. It
is clear that µ ≥ 0, we now want to prove that µ > 0. If µ = 0, since I (w) = µ

then
∫
M

|∇w|dV = 0 and w is constant. Since
∫
M

h(w)dV = 0 then w ≡ 0. But∫
M

|w|pdV = 1 since v is in P , which is absurd. This way µ > 0, and we proved
(22). 	

We go on with the proof of the Theorem. We apply (22) to v defined above with
q = (n2 − n − 1)/n. We get for any p ≥ 1

[∫

�1

up(n2−n−1)/n2

α dV −
∫

�−1

|uα|p(n2−n−1)/n2
dV +

∫

�

up
αdV

]n/p

≤ C

∫

M

|∇v|ndV + C

(∫

�1∪�−1

uαdV +
∫

�

h(uα)dV

)(n2−n−1)/n

where h(uα) = (sign(uα))|uα|n2/(n2−n−1). We already proved that
∫
M

|∇v|ndV ≤
C. Since M = �1 ∪ � ∪ �−1,

∫

�1∪�−1

uαdV +
∫

�

h(uα)dV =
∫

M

uαdV −
∫

�

uαdV +
∫

�

h(uα)dV
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Since uα ∈ H ,
∫
M

uαdV = 0, and since on �, |uα| ≤ 1 we get
∫
�

h(uα)dV ≤ C

and this way

[∫

�1

up(n2−n−1)/n2

α dV −
∫

�−1

|uα|p(n2−n−1)/n2
dV +

∫

�

up
αdV

]n/p

≤ C

With p = n3/(n2 − n − 1) we get

∫

M

un
αdV −

∫

�

un
αdV +

∫

�

un3/(n2−n−1)
α dV ≤ C

With the same argument that on � |uα| ≤ 1, we get that
∫
M

un
αdV ≤ C, which is

the contradiction we are looking for, according to (�). The theorem is proved. 	
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