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Abstract. We investigate the essential dimension of finite groups using the multihomog-
enization technique introduced in [KLS09], for which we provide new applications in a
more general setting. We generalize the central extension theorem of Buhler and Reich-
stein [BR97, Theorem 5.3] and use multihomogenization as a substitute to the stack-
involved part of the theorem of Karpenko and Merkurjev [KM08] about the essential
dimension of p-groups.

1. Introduction

Throughout this paper we work over an arbitrary base field k. Sometimes we
extend scalars to a larger base field, which will be denoted by K. All vector spaces
and representations in consideration are finite dimensional over the base field. A
geometrically integral separated scheme of finite type defined over the base field
will be called a variety. We denote by G a finite group. A G-variety is then a variety
with a regular algebraic G-action G×X → X on it.

The essential dimension of G was introduced by Buhler and Reichstein [BR97]
in terms of compressions : A compression of a faithful G-variety Y is a dominant
G-equivariant rational map ϕ : Y 99K X , where X is another faithful G-variety.

For a vector space V we denote by A(V ) the affine variety representing the
functor A 7→ V ⊗k A from the category of commutative k-algebras to the category
of sets.

Definition 1. The essential dimension of G is the minimal value of dimX taken
over all compressions ϕ : A(V ) 99K X of a faithful representation V of G.

The notion of essential dimension is related to Galois algebras, torsors, generic
polynomials, cohomological invariants and other topics, see [BR97], [BF03].

We take a slightly different point of view, which was used in [KS07] and [KLS09]:
A covariant of G (over k) is a G-equivariant (k-)rational map ϕ : A(V ) 99K A(W ),
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ROLAND LÖTSCHER

where V andW are representations of G (over k). A covariant ϕ is called faithful if
the closure of the image imϕ of ϕ is a faithful G-variety. Equivalently, there exists
a k̄-rational point in the image of ϕ with trivial stabilizer. We denote by dimϕ the
dimension of imϕ.

Definition 2. The essential dimension of G, denoted by edimk G, is the minimum
of dimϕ where ϕ runs over all faithful covariants over k.

The second definition of essential dimension is in fact equivalent to the first
definition. This follows, e.g., from (an obvious variant of) [Fl08, Prop. 2.5]. More-
over, in Definition 2 one may work with covariants between his favorite faithful
G-modules. In fact, the argument shows that for any faithful G-modules V and W
there exists a faithful covariant ϕ : A(V ) 99K A(W ) with dimϕ = edimk G. We will
exploit this to work with completely reducible faithful representations whenever
such representations of G exist.

In Section 2 we recall the multihomogenization technique for covariants from
[KLS09], generalizing some of the results of [KLS09] and, in particular, extend-
ing them to arbitrary base fields. Given G-stable gradings V =

⊕m

i=1 Vi and
W =

⊕n
j=1Wj a covariant ϕ = (ϕ1, . . . , ϕn) : A(V ) 99K A(W ) is called multi-

homogeneous if the identities

ϕj(v1, . . . , vi−1, svi, vi+1, . . . , vm) = smijϕj(v1, . . . , vm)

hold true for all i, j and suitable mij . Here s is an indeterminate and the mij are
integers, forming a matrix Mϕ ∈ Matm×n(Z). Thus multihomogeneous covariants
generalize homogeneous covariants. A whole matrix of integers takes the role of a
single integer, the degree of a homogeneous covariant. It will be shown that the
degree matrix Mϕ and especially its rank have a deeper meaning with regards to
the essential dimension of G. Theorem 5 states that if each Vi andWj is irreducible
then the rank of the matrix M is bounded from below by the rank of a certain
central subgroup Z(G, k) (the k-center, see Definition 5). Moreover, if the rank
of Mϕ exceeds the rank of Z(G, k) by ∆ ∈ N, then edimk G ≤ dimϕ − ∆. This
observation will be useful for several applications, in particular, for proving lower
bounds for edimk G.

A generalization of a theorem from [BR97] about the essential dimension of cen-
tral extensions is obtained in Section 3 where the following situation is investigated:
G is a (finite) group and H a central subgroup which intersects the commutator
subgroup of G trivially. Buhler and Reichstein deduced the relation

edimkG = edimk G/H + 1

(over a field k of characteristic 0) for the case that H is a maximal cyclic subgroup
of the k-center Z(G, k) and has prime order p and that there exists a character
of G which is faithful on H , see [BR97, Theorem 5.3]. In this paper we give a
generalization which reads like

edimk G = edimk G/H + rkZ(G, k)− rkZ(G/H, k),
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MULTIHOMOGENEOUS COVARIANTS AND ESSENTIAL DIMENSION

where we only assume that G has no nontrivial normal p-subgroups if char k = p >
0 and that k contains a primitive root of unity of high enough order. For details
see Theorem 9.

Section 4 contains a result about direct products, obtained easily with the use
of multihomogeneous covariants.

In Section 5 we shall use multihomogeneous covariants to generalize Florence’s
twisting construction [Fl08]. The generalization gives a substitute to the use of
algebraic stacks in the proof of a recent theorem of Karpenko and Merkurjev about
the essential dimension of p-groups, which says that the essential dimension of a
p-group G equals the least dimension of a faithful representation of G, provided
that the base field contains a primitive pth root of unity. Our main result in this
section is Theorem 14 which gives a lower bound of the essential dimension of any
group G that admits a completely reducible faithful representation over k.

Acknowledgments. I am grateful to my PhD adviser Hanspeter Kraft for many
fruitful discussions about covariant and essential dimension and for helpful remarks
on this paper. Moreover, I wish to thank the anonymous referees who made valuable
comments on this and on an earlier version of this paper.

2. The multihomogenization technique

2.1. Multihomogeneous maps and multihomogenization

In [KLS09] multihomogenization has originally been introduced for regular co-
variants over the field C of complex numbers. We give a more direct and general
approach here and refer to [KLS09] for proofs if the corresponding facts can easily
be generalized to our setting.

Let T=Gmm and T ′=Gnm be tori split over k. The homomorphismsD∈Hom(T, T ′)
defined over k correspond bijectively to matrices M=(mij)∈Matm×n(Z) by

D(t1, . . . , tm) = (t′1, . . . , t
′
n) where t′j =

m∏

i=1

t
mij

i .

Let V be a graded vector space V =
⊕m

i=1 Vi. We associate with V the torus
TV ⊆ GL(V ) consisting of those linear automorphisms which act by multiplication
by scalars on each A(Vi). We identify TV with Gmm acting on A(V ) by

(t1, . . . , tm)(v1, . . . , vm) = (t1v1, . . . , tmvm).

Let W =
⊕n

j=1Wj be another graded vector space and TW ⊆ GL(W ) its associ-
ated torus.

Definition 3. A rational map ϕ = (ϕ1, . . . , ϕn) : A(V ) 99K A(W ) is called multi-

homogeneous (with respect to the given gradings V =
⊕m

i=1 Vi andW =
⊕n

j=1Wj)
of degree M = (mij) ∈ Matm,n(Z) if

ϕj(v1, . . . , svi, . . . , vm) = smijϕj(v1, . . . , vm) (1)
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for all i and j.

In terms of the associated homomorphism D ∈ Hom(TV , TW ) this means that

TV × A(V )
(t,v)7→tv

//

D×ϕ

��
�

�

�

A(V )

ϕ

��
�

�

�

TW × A(W )
(t′,w)7→t′w

// A(W )

(2)

commutes.

Example 1. Let V =
⊕m

i=1 Vi be a graded vector space. If hij ∈ k(Vi)
∗, for

1 ≤ i, j ≤ m, are homogeneous rational functions of degree rij ∈ Z then the map

ψh : A(V )99KA(V ), v 7→(h11(v1) · · ·hm1(vm)v1, . . . , h1m(v1) · · ·hmm(vm)vm),

is multihomogeneous with degree matrix M = (rij + δij)1≤i,j≤m.

Let ϕ : A(V ) 99K A(W ) be a multihomogeneous rational map. If the projections
ϕj of ϕ to A(Wj) are nonzero for all j, then the homomorphism D ∈ Hom(TV , TW )
is uniquely determined by condition (2). We shall write Dϕ and Mϕ for D and
MD, respectively. If ϕj = 0 for some j then the matrix entries mij of Mϕ, for
i = 1, . . . ,m, can be chosen arbitrarily. Fixing the choice mij = 0 for such j makes
Mϕ with property (1) and the corresponding Dϕ with property (2) unique again.
This convention that we shall use in the sequel has the advantage that adding or
removing of some zero-components of the map ϕ does not change the rank of the
matrix Mϕ.

Given an arbitrary rational map ϕ : A(V ) 99K A(W ) we construct a multihomo-
geneous map Hλ(ϕ) : A(V ) 99K A(W ) which depends only on ϕ and the choice of
a suitable one-parameter subgroup λ ∈ Hom(Gm, TV ). Our construction is similar
to the one given in [KLS09].

Let ν : k(V × k) = k(s)(V ) → Z ∪ {∞} be the discrete valuation belonging to
the hyperplane A(V ) × {0} ⊂ A(V ) × A1. So ν(0) = ∞ and for f ∈ k(V × k) \
{0} the value of ν(f) is the exponent of the coordinate function s in a primary
decomposition of f . Let Os ⊂ k(V × k) denote the valuation ring corresponding
to ν. Every f ∈ Os can be written as f = p/q with polynomials p, q where s - q.
For such f we define lim f ∈ k(V ) by (lim f)(v) = p(v, 0)/q(v, 0). It is nonzero if
and only if ν(f) = 0. Moreover, ν(f − lim f) > 0 since lim(f − lim f) = 0, where
lim f ∈ k(V ) is considered as an element of k(V × k). This construction can easily
be generalized to rational maps ψ : A(V )× A1

99K A(W ) by choosing coordinates
on W . So for ψ = (f1, . . . , fd) where d = dimW and f1, . . . , fd ∈ Os, we shall
write limψ for the rational map (lim f1, . . . , lim fd) : A(V ) 99K A(W ).

Let λ ∈ Hom(Gm, TV ) be a one-parameter subgroup of TV . Consider

ϕ̃ = (ϕ̃1, . . . , ϕ̃n) : A(V )×Gm 99K A(W ), (v, s) 7→ ϕ(λ(s)v),

as a rational map on A(V ) × A1. For j = 1 . . . n let αj be the smallest integer
d such that all coordinate functions in sdϕ̃j are elements of Os (if ϕ̃j = 0 we
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choose αj = 0). Let λ′ ∈ Hom(Gm, TW ) be the one-parameter subgroup defined
by λ′(s) = (sα1 , . . . , sαn). Then Hλ(ϕ) is the limit

Hλ(ϕ) = lim((v, s) 7→ λ′(s)ϕ(λ(s)v)) : A(V ) 99K A(W ).

Now recall from [KLS09, Sect. 2] the following facts.

Lemma 1.

• For any one-parameter subgroup λ ∈ Hom(Gm, TV ),

dimHλ(ϕ) ≤ dimϕ.

• There exists a one-parameter subgroup λ ∈ Hom(Gm, TV ) such that Hλ(ϕ) is
multihomogeneous.

• If ϕ : A(V ) 99K A(W ) is a covariant and all Vi, Wj are G-stable then Hλ(ϕ)
is a covariant too.

From now on let ϕ : A(V ) 99K A(W ) denote a covariant of G where V =
⊕m

i=1 Vi
and W =

⊕n

j=1Wj are G-stably graded representations. In general, the covari-
ant Hλ(ϕ) does not have to be faithful if the covariant ϕ is. However, recall the
following easy consequence of [KS07, Lemma 4.1].

Lemma 2. If the representations W1, . . . ,Wn are all irreducible, then Hλ(ϕ) is

faithful as well.

A faithful covariant ϕ : A(V ) 99K A(W ) of G is called minimal if dimϕ =
edimk G. Assume we are given a completely reducible representationW =

⊕n

j=1Wj

(each Wj irreducible) and another representation V =
⊕m

i=1 Vi of G. Then we
can replace a minimal covariant ϕ : A(V ) 99K A(W ) by the multihomogeneous
covariant Hλ(ϕ) (for a suitable one-parameter subgroup λ of TV as in Lemma 1)
without loosing faithfulness or minimality.

Note however that in contrast to the case k = C from [KLS09] a completely
reducible faithful representation W does not need to exist. For example, if k = k̄
and the center of G has an element g of prime order p, then g acts by multiplication
by a primitive pth root of unity on some of the irreducible components of W . That
is only possible if char k 6= p.

Definition 4. G is called semifaithful (over k) if it admits a completely reducible
faithful representation (over k).

By a result of Nakayama [Na47, Theorem 1] a finite group G is semifaithful over
a field of chark = p > 0 if and only if it has no nontrivial normal p-subgroups.

Corollary 3. If G is semifaithful or, equivalently, if either chark = 0 or char k =
p > 0 and G has no nontrivial normal p-subgroup, there exists a multihomogeneous

minimal faithful covariant for G.

2.2. Degree matrix and k-center

The following subgroup of G will play an important role in the sequel.
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Definition 5. The central subgroup

Z(G, k) := {g ∈ Z(G) | k contains primitive (ord g)th roots of unity}

of G is called the k-center of G. In the sequel, as usual, ζn ∈ k̄ denotes a primitive
nth root of unity when either char k = 0 or (char k, n) = 1.

The k-center of G is the largest central subgroup Z which is diagonalizable as a
constant algebraic group over k. The elements of Z(G, k) are precisely the elements
of G which act as scalars on every irreducible representation of G over k.

Lemma 4. Let V =
⊕m

i=1 Vi be a faithful representation of G with all Vi irre-

ducible. Then ρV (Z(G, k)) = TV ∩ ρV (G).

Proof. Since both sides are abelian groups it suffices to prove equality for their
Sylow subgroups. Let p be a prime (p 6= char k) and let g ∈ Z(G) be an element
of order pl for some l ∈ N0. We must show that the following conditions are
equivalent:

(A) g acts as a scalar on every Vi; and
(B) ζpl ∈ k.

Since V is faithful the order of g equals the order of ρ(g) ∈ GL(V ), hence the
first condition implies the second one. Conversely, let ρ′′ : G → GL(V ′′) be any
irreducible representation of G. Then the minimal polynomial of ρ′′(g) has a root

in k since it divides T p
l

− 1 ∈ k[T ] which factors over k assuming the second
condition. Hence ρ′′(g) is a multiple of the identity on V ′′. In particular this holds
for all G → GL(Vi), proving the claim. �

Let G be semifaithful and let V =
⊕m

i=1 Vi,W =
⊕n

j=1Wj be two faithful rep-
resentations of G. For a faithful multihomogeneous covariant ϕ : A(V ) 99K A(W )
we will prove the following inequality relating the rank of Mϕ and the rank of
Z(G, k).

Theorem 5. Let ϕ : A(V ) 99K A(W ) be a faithful multihomogeneous covariant

between representations V =
⊕m

i=1 Vi, W =
⊕n

j=1Wj with all Vi and Wj irre-

ducible. Then

edimk G− rkZ(G, k) ≤ dimϕ− rkMϕ.

Moreover,

rkMϕ ≥ rkZ(G, k)

with equality in case that ϕ is minimal.

Remark 1. The case when G has trivial center (and k = C) is [KLS09, Prop. 3.4].

Proof of Theorem 5. Let ρV : G → GL(V ) and ρW : G → GL(W ) denote the rep-
resentation homomorphisms. We first prove the second inequality. By Lemma 4
we have ρV (Z(G, k)) ⊆ TV . Since ϕ is equivariant with respect to both tori-
and G-actions, ρW (g)ϕ(v) = ϕ(ρV (g)v) = Dϕ(ρV (g))ϕ(v) for g ∈ Z(G, k). Thus
ρW (Z(G, k)) = Dϕ(ρV (Z(G, k))) ⊆ Dϕ(TV ), whence rkMϕ = rkDϕ(TV ) ≥
rk ρW (Z(G, k)) = rkZ(G, k).
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The first inequality follows from the following Proposition 6, which yields a
compression A(V ) 99K X ′/S of A(V ) to the geometric quotient of a dense open
subset X ′ of imϕ by a free action of a torus S of dimension rkMϕ − rkZ(G, k).
�

Proposition 6. Under the assumptions of Theorem 5 there exists a subtorus S ⊆
Dϕ(TV ) of dimension rkMϕ − rkZ(G, k) and a G-invariant open subset W ′ ⊆
A(W ) on which Dϕ(TV ) acts freely such that the geometric quotient (imϕ∩W ′)/S
exists as a variety and its induced G-action is faithful.

For the proof of Proposition 6 we need the following result which is an obvious
generalization of Lemma 3.3 from [KLS09].

Lemma 7. Let ϕ = (ϕ1, . . . , ϕn) : A(V ) 99K A(W ) be a faithful multihomogeneous

covariant with Wj irreducible and ϕj 6= 0 for all j. Let πW : A(W ) 99K PP(W ) :=∏
j P(Wj) be the obvious G-equivariant rational map. Then the kernel of the action

of G on πW (imϕ) equals Z(G, k).

Proof of Proposition 6. Removing zero-components of ϕ we may assume that ϕj 6=
0 for all j. Let Z := ρW (Z(G, k)). The torusDϕ(TV ) contains Z and has dimension
d := rkMϕ ≥ r := rkZ. By the elementary divisor theorem there exist integers
c1, . . . , cr>1 and a basis χ1, . . . , χd of X(Dϕ(TV )) such that

Z =
r⋂

i=1

kerχcii ∩
d⋂

j=r+1

kerχj .

Set S :=
⋂r

i=1 kerχi. This is a subtorus of Dϕ(TV ) of rank d − r = rkMϕ − rkZ
with S ∩ Z = {1}.

LetW ′ :=
∏n
j=1(A(Wj)\{0}). Since ϕ is multihomogeneous the closed subgroup

S ⊆ Dϕ(TV ) preservesX := imϕ and also the open subset X ′ := X∩W ′ ofX . The
S-action onX ′ is free in the sense of [MFK94, Def. 0.8] and in particular seperated.
In the notation of [MFK94] X ′ coincides with (X ′)s(Pre). By [MFK94, Prop. 1.9]
a geometric quotient X ′/S of X ′ by the action of the reductive algebraic group S
exists as a scheme of finite type over k. By [MFK94, Chap. 0, §2, Remark (2) and
Lemma 0.6] X ′/S is a variety. Moreover X ′/S is a categorical quotient. Since the
G-action on X ′ commutes with the S-action it passes to X ′/S. The kernel of the
G-action on X ′/S is contained in Z(G, k) by Lemma 7. Since Z ∩ S = {e} it is
trivial. �

To illustrate the usefulness of the existence of minimal faithful multihomoge-
neous covariants and Lemma 7 we give a simple corollary.

Corollary 8. Let G be a semifaithful group.

• If edimk G ≤ rkZ(G, k), then G=Z(G, k), hence G is abelian and ζexpG ∈ k.

• If edimkG ≤ rkZ(G, k)+1, then G is an extension of a subgroup of PGL2(k)
by Z(G, k).
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Proof. Let V =
⊕n

j=1 Vj be a completely reducible faithful representation of G
and let ϕ : A(V ) 99K A(V ) be a minimal faithful multihomogeneous covariant of
G. We may assume that ϕj 6= 0 for all j. Let X := imϕ. By Lemma 7 the group

G/Z(G, k) acts faithfully on Y := πV (X) ⊆ PP(V ). The nonempty fibers of the
restriction X 99K Y, x 7→ πV (x) of πV have dimension ≥ dimDϕ(TV ) = rkMϕ,
which is equal to rkZ(G, k) by Theorem 5. Hence, dimY ≤ dimX−dimDϕ(TV ) =
dimϕ− rkZ(G, k) = edimk G− rkZ(G, k).

In the first case, when edimk G ≤ rkZ(G, k), the variety Y must be a single
point, whence G = Z(G, k). In the second case, when edimk G ≤ rkZ(G, k) + 1,
the variety Y is unirational and has dimension ≤ 1 and it follows by Lüroth’s
theorem that G/Z(G, k) embeds into PGL2(k). �

Remark 2. Corollary 8 can be used to classify semifaithful groups with edimk G−
rkZ(G, k) ≤ 1. We conjecture that any semifaithful group G of edimk G ≤ 2 with
nontrivial k-center Z(G, k) embeds into GL2(k). In the case of k = C this follows
from [KS07, Theorem 10.2] combined with [KLS09, Theorem 3.1].

3. The central extension theorem

As announced in the Introduction we shall prove a generalization of the theorem
about the essential dimension of central extensions from [BR97].

Theorem 9. Let G be a semifaithful group. Let H be a central subgroup of G with

H ∩ [G,G] = {e}. Let H ′ be a direct factor of G/[G,G] containing the image of H
under the embedding H ↪→ G/[G,G] and assume that k contains primitive roots of

unity of order expH ′. Then

edimk G− rkZ(G, k) = edimk G/H − rkZ(G/H, k).

Remark 3. Theorem 9 generalizes the following results about central extensions:
[BR97, Theorem 5.3], [Ka08, Theorem 4.5], [KLS09, Cors. 3.7 and 4.7], [Le04,
Theorem 8.2.11] as well as [BRV08, Theorem 7.1 and Cor. 7.2] and [BRV07, Lemma
11.2].

If G is a p-group then Theorem 9 can be deduced from the theorem of Karpenko
and Merkurjev about the essential dimension of p-groups.

Proof of Theorem 9. It is straightforward to reduce to the case where H is cyclic.
We leave this to the reader. The assumptions on G and H imply the existence of
a faithful representation of G of the form V ⊕ kχ where χ is faithful on H and
V =

⊕n

i=1 Vi is a completely reducible representation with kernel H . We prove the
two inequalities of the equation edimkG−edimkG/H = rkZ(G, k)−rkZ(G/H, k)
separately.

“≤”: Let ϕ : A(V ) 99K A(V ) be a minimal faithful multihomogeneous covariant
of G/H . Define a faithful covariant of G via

Φ: A(V ⊕ kχ) 99K A(V ⊕ kχ), (v, t) 7→ (ϕ(v), t).

Clearly Φ is multihomogeneous again of rank rkMΦ = rkMϕ+1 = rkZ(G/H, k)+
1, where the last equality comes from Theorem 5. Moreover, by the same theorem,

edimk G ≤ dimΦ−(rkMΦ−rkZ(G, k)) = edimk G/H−rkZ(G/H, k)+rkZ(G, k).
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“≥”: Let ϕ : A(V ⊕ kχ) 99K A(V ⊕ kχ) be a minimal faithful multihomogeneous
covariant of G. Let m := |H | and consider the G-equivariant regular map

π : A(V ⊕ kχ) → A(V ⊕ kχm)

defined by (v, t) 7→ (v, tm). It is a geometric quotient of A(V ⊕kχ) by the action of
H . The composition ϕ′ := π ◦ϕ : A(V ⊕ kχ) 99K A(V ⊕ kχm) is H-invariant, hence
we get a commutative diagram:

A(V ⊕ kχ)

ϕ′

''P

P

P

P

P

P

π

��

ϕ
//____ A(V ⊕ kχ)

π

��

A(V ⊕ kχm)
ϕ̄

//___ A(V ⊕ kχm),

where ϕ̄ : A(V ⊕kχm) 99K A(V ⊕kχm) is a faithful G/H-covariant. Since π is finite
the rational maps ϕ, ϕ′ and ϕ̄ all have the same dimension edimk G. Moreover,
ϕ′ and ϕ̄ are multihomogeneous as well. The degree matrix Mϕ′ is obtained from
Mϕ by multiplying its last column by m and from Mϕ̄ by multiplying its last
row by m. Hence rkMϕ = rkMϕ′ = rkMϕ̄. Application of Theorem 5 yields
edimk G/H− rkZ(G/H, k) ≤ dim ϕ̄− rkMϕ̄ = edimkG− rkZ(G, k). This finishes
the proof. �

Corollary 10. Let G and A be groups, where G is semifaithful and A is abelian.

Assume that k contains a primitive root of unity of order expA. Then

edimk(G×A)− rk(Z(G, k)×A) = edimkG− rkZ(G, k).

Proof. Apply Theorem 9 to the central subgroup {e} ×A ⊆ G×A. �

4. Direct products

Proposition 11. Let G1 and G2 be semifaithful groups. Then

edimk G1×G2−rkZ(G1×G2, k) ≤ edimk G1−rkZ(G1, k)+edimk G2−rkZ(G2, k).

Proof. Let V =
⊕m

i=1 Vi and W =
⊕n

j=1Wj be faithful representations of G1 and
G2, respectively, where each Vi and Wj is irreducible. Let ϕ1 : A(V ) 99K A(V )
and ϕ2 : A(W ) 99K A(W ) be minimal faithful multihomogeneous covariants for G1

and G2. Then rkMϕ1
= rkZ(G1, k) and rkMϕ2

= rkZ(G2, k) by Theorem 5. The
covariant ϕ1 × ϕ2 : A(V ⊕W ) 99K A(V ⊕W ) for G1 × G2 is again faithful and
multihomogeneous with rkMϕ = rkMϕ1

+ rkMϕ2
= rkZ(G1, k) + rkZ(G2, k).

Thus, by Theorem 5,

edimkG1×G2−rkZ(G1×G2, k) ≤ dimϕ−rkMϕ

= dimϕ1+dimϕ2−rkZ(G1, k)−rkZ(G2, k).

Since dimϕ1 = edimkG1 and dimϕ2 = edimkG2, this implies the claim. �

Remark 4. We do not know of an example where the inequality in Proposition 11
is strict.
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5. Twisting by torsors

In the sequel we use the following notation.

Definition 6. Let V =
⊕m

i=1 Vi be a graded vector space. Define the variety
PP(V ) by

PP(V ) := P(V1)× · · · × P(Vm).

It is the geometric quotient of the natural free TV action on the open subset
(A(V1) \ {0})×· · ·× (A(Vm) \ {0}) ⊂ A(V ). We write πV : A(V ) 99K PP(V ) for the
corresponding rational quotient map.

Now assume that V =
⊕m

i=1 Vi is a faithful representation of G where each Vi is
irreducible and let ϕ : A(V ) 99K A(V ) be a multihomogeneous covariant of G with
ϕj 6= 0 for all j. Since ϕ is multihomogeneous the composition πV ◦ ϕ : A(V ) 99K
PP(V ) is TV -invariant. Hence there exists a rational map ψ : PP(V ) 99K PP(V )
making the diagram

A(V )
ϕ

//___

πV

��
�

�

�

A(V )

πV

��
�

�

�

PP(V )
ψ

//___ PP(V )

commute. Let Z := Z(G, k) which acts trivially on PP(V ) and let C ⊆ Z be
any subgroup. We view ψ as an H := G/C-equivariant rational map. Let K/k
be a field extension and let E be an H-torsor over K. We will twist the map
ψ by the H-torsor E to get a rational map EψK : EPP(VK) 99K

EPP(VK). For
the construction and basic properties of the twist construction we refer to [Fl08,
Sect. 2]. The twisted variety is described in the following lemma.

Lemma 12. EPP(VK) '
∏m

i=1 SB(Ai). Here SB(Ai) denotes the Severi–Brauer

variety of the twist Ai of EndK(Vi ⊗K) by the H-torsor E. Moreover, the class

of Ai in the Brauer group Br(K) coincides with the image βE(χ) of E under the

map

H1(K,H) → H2(K,C)
χ∗

−→ H2(K,Gm) = Br(K),

where χ ∈ C∗ is the character defined by gv = χ(g)v for g ∈ C and v ∈ Vi.

Proof. The first claim follows from [Fl08, Lemma 3.1]. For the second claim see
[KM08, Lemma 4.3]. �

For a smooth projective variety X the number e(X) is defined as the least
dimension of the closure of the image of a rational map X 99K X . This number is
expressed in terms of generic splitting fields in the following Lemma 13.

Definition 7. Let X be a K-variety and let D ⊆ Br(K) be a subgroup of the
Brauer group of K. The canonical dimension of X (resp. D) is defined as the least
transcendence degree (over K) of a generic splitting field (in the sense of [KM08,
Sect. 1.4]) of X (resp. D). It is denoted by cd(X) (resp. cd(D)).
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Lemma 13 ([KM06, Cor. 4.6]). Let X =
∏n

i=1 SB(Ai) be a product of Severi–

Brauer varieties of central simple K-algebras A1, . . . , An. Then e(X) = cd(X) =
cd(D), where D ⊆ Br(K) is the subgroup generated by the classes of A1, . . . , An.

Our main result in this section is the following theorem, which is a generalization
of a result of Karpenko and Merkurjev [KM08, Theorems 4.2 and 3.1].

Theorem 14. Let G be a semifaithful group and let V =
⊕m

i=1 Vi be a faith-

ful representation of G with each Vi irreducible. Let E be a G/C-torsor over an

extension K of k where C is any subgroup of Z(G, k). Then

edimkG− rkZ(G, k) ≥ e(EPP(VK)) = cd(imβE).

Proof. Let ϕ : A(V ) 99K A(V ) and ψ : PP(V ) 99K PP(V ) be as at the beginning of
this section and assume that ϕ is minimal, i.e. dimϕ = edimkG. By functoriality
we have dimEψK ≤ dimψK . Hence

e(EPP(VK)) ≤ dimEψK ≤ dimψK = dimψ.

We now show that dimψ ≤ dimϕ− rkZ(G, k). Let X := imϕ ⊆ A(V ). The fibers
of πV |X : X → PP(V ) are stable under the torus Dϕ(TV ) ⊆ TV . The dimension
of Dϕ(TV ) is greater than or equal to rkZ(G, k), since it contains the image of
Z(G, k) under the representation G ↪→ GL(V ). Moreover, Dϕ(TV ) acts generically
freely on X . Hence the claim follows by the fiber dimension theorem. Since the
restriction of V to C is faithful, the characters χ1, . . . , χm generate C∗. Lemmas
13 and 12 imply e(EPP(VK)) = cd(EPP(VK)) = cd imβE , hence the claim. �

We now go further to prove a generalization of [KM08, Theorem 4.1]. Our
generalization however involves two key results from their work.

Theorem 15 ([KM08, Theorem 2.1 and Remark 2.9]). Let p be a prime, K be

a field and let D ⊆ Br(K) be a finite p-subgroup of rank r ∈ N. Then cdD =
min

{∑r

i=1(Ind ai− 1)
}
taken over all generating sets a1, . . . , ar of D. Here Ind ai

denotes the index of ai.

For a central diagonalizable subgroup C of an algebraic group G and χ ∈ C∗

we denote by rep(χ)(G) the class of irreducible representations of G on which C
acts through scalar multiplication by χ.

Theorem 16 ([KM08, Theorem 4.4 and Remark 4.5]). Let 1 → C → G → H →
1 be an exact sequence of algebraic groups over some field k with C central and

diagonalizable. Then there exists an H-torsor E over some field extension K/k
such that, for all χ ∈ C∗,

IndβE(χ) = gcd{dimV | V ∈ rep(χ)(G)}.

We have the following result.

Corollary 17 (cf. [KM08, Theorem 4.1]). Let G be an arbitrary group whose so-

cle C is a central p-subgroup for some prime p and let k be a field containing a

primitive pth root of unity. Assume that for all χ ∈ C∗ the equality

gcd{dimV | V ∈ rep(χ)(G)} = min{dimV | V ∈ rep(χ)(G)}

holds. Then edimk G is equal to the least dimension of a faithful representation

of G.
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Proof. Let d denote the least dimension of a faithful representation of G. The upper
bound edimk G ≤ d is clear. By the assumption on k we have rkC = rkZ(G, k) =
rkZ(G). Hence, by Theorem 14, it suffices to show cd(imβE) = d− rkC for some
H := G/C-torsor E over a field extension K of k.

By Theorem 15 there exists a basis a1, . . . , as of im βE such that cd(imβE) =∑s

i=1(Ind ai − 1). Choose a basis χ1, . . . , χr of C∗ such that ai = βE(χi) for
i = 1, . . . , s and βE(χi) = 1 for i > s and choose Vi ∈ rep(χi)(G) of minimal
dimension. By assumption dimVi = gcd

{
dim V | V ∈ rep(χi)(G)

}
, which is equal

to the index of βE(χi) for the H-torsor E of Theorem 16.
Set V = V1 ⊕ · · · ⊕ Vr. This is a faithful representation of G since every normal

subgroup of G intersects C = socG nontrivially. Then cd(imβE) =
∑s
i=1(Ind ai−

1) =
∑r

i=1 Indβ
E(χi) − rkC =

∑r

i=1 dimVi − rkC = dim V − rkC ≥ d − rkC.
The claim follows. �

We conclude this section with the following conjecture, which is based on The-
orem 14 and the formula

cd(D) =
∑

p

cd(D(p)) (3)

for any finite subgroup D ⊆ Br(K) with p-Sylow subgroups D(p). This formula
was conjectured in [CKM07] (in caseD is cyclic) and discussed in [BRV07, Sect. 7].

Conjecture 18. Let G be nilpotent. Assume that k contains a primitive pth root

of unity for every prime p dividing |G|. Let dp denote the least dimension of a

faithful representation of a p-Sylow subgroup of G, and let C(p) denote a p-Sylow
subgroup of C := soc(G). Then

edimk G =
∑

p

(dp − rkC(p)) + rkC.

Remark 5. Formula (3) was proved in [CKM07] in the special case where D is
cyclic of order 6 and k contains Q(ζ3). In particular, let G = G2 ×G3 where Gp is
a p-group of essential dimension p for p = 2, 3. Then edimkG = 4 for any field k
containing Q(ζ3).
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