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Mathematical analysis of a simplified Hookean dumbbells model
arising from viscoelastic flows
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Dedicated to Giuseppe Da Prato on the occasion of his 70th birthday

Abstract. A stochastic model corresponding to a simplified Hookean dumbbells viscoelastic fluid is considered,
the convective terms being disregarded. Existence on a fixed time interval is proved provided the data are small
enough, using the implicit function theorem and a maximum regularity property for a three fields Stokes problem.

1. Introduction

Modeling of viscoelastic flows is of great importance for complex engineering appli-
cations involving blood, paints or adhesives. In the traditional macroscopic approach the
unknowns are the velocity, the pressure and the extra-stress satisfying the mass and momen-
tum equations supplemented with a so-called constitutive equation. This constitutive equa-
tion between the velocity and the stress can be either differential or integral and can be
justified by a kinetic theory [5, 33].

The simplest macroscopic example is the Oldroyd-B model which can be derived from to
the mesoscopic Hookean dumbbells model. The stochastic dumbbells model corresponds to
a dilute solution of liquid polymer, that is a newtonian solvent with non interacting polymer
chains. The polymer chains are modeled by dumbbells, two beads connected with elastic
springs, see Fig. 1.

The mass and momentum conservation laws lead to the following partial differential
equations for the velocity u, the pressure p and the extra-stress o

p(i—':Jr(u-V)u) — V- (2nseu) +0)+Vp = f, (1.1)

V.ou=0. (1.2)
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polymer chains

dumbbells

Figure 1 The mesoscopic dumbbells model for a dilute solution of liquid polymer.

Here p is the density, f a force term, 7; is the solvent viscosity and € (i) := %(Vu +(vVu)T)
is the symmetric part of the velocity gradient. On the other hand, the Newton law for the
beads leads to the following stochastic differential equation for the dimensionless spring
elongation g

dq = (—(u -V)gq) + (Vu)q — %F(q)) dt + % dB, (1.3)
where A is the relaxation time, F is the force due to the elastic spring and B is a vector of
independent Wiener processes modeling the thermal agitation and collisions with the solvent
molecules. The transport term (u - V)q in (1.3) corresponds to the fact that the trajectories
of the dumbbells center of mass are those of the liquid particles. The term (Vu)gq takes into
account the drag force due to the beads. The extra-stress o is then obtained by the mean of
the closure equation

o= ”Tp(E(q ®F(@q) — ), (1.4)

with 77, the polymer viscosity. The case F(¢) = ¢, namely Hookean dumbbells, leads
using formal stochastic calculus to the Oldroyd-B model where the extra-stress o satisfies

o+ A <88_C; + - -V)o — (Vu)o — U(Vu)T> =2npe(u). (1.5)

The FENE dumbbells model (see [5, 33] for a detailed description) is a more realistic
model corresponding to F(g) = 1_3—2[7, where b > 0 depends on the number of monomer
units of a polymer chain. In that case, there is no equivalent constitutive relation for the
extra-stress, but closure approximations (such as FENE-P, see for instance [5, 33]) have
been derived. These approximations can have significant impact on rheological prediction
(see for instance [2, 10, 26]). Recently, due to increasing computational resources, the
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equations (1.1)-(1.4) have been solved numerically to obtain more realistic results [9, 8, 11,
26, 29, 28, 7]. For a review of numerical methods used in viscoelastic flows we refer for
instance to [34, 4, 27].

We will focus in this paper on the stochastic description of the simplest dumbbells model,
namely the Hookean dumbbells model F'(g) = g. Although the Hookean dumbbells model
is too simple to reproduce experiment such as shear thinning for instance, it already contains
some of the mathematical and numerical difficulties included in the kinetic theory. Indeed,
this model is formally equivalent to the Oldroyd-B model and consequently, to the major
difficulties already present in the macroscopic model, we must add those coming from
stochastic modeling. These difficulties are:

i. The presence of the quadratic term (Vu)g which prevents a priori estimates to be
obtained and therefore existence to be proved for any data;
ii. The presence of the convective term (u - V)g which requires an adequate mathematical
analysis [30] and the use of numerical schemes suited to transport dominated problems;
iii. The Wiener process in (1.3) requires a specific mathematical treatment.

Concerning the analysis of macroscopic viscoelastic models, a large amount of publi-
cations can be found. The existence of slow steady viscoelastic flow has been proved in
[35, 3]. For the time-dependent case, existence of solutions locally in time and, for small
data, globally in time has been proved in [22] in Hilbert spaces. Extensions to Banach
spaces and a review can be found in [16]. Finally, existence for any data has been proved
in [31] for a corotational Oldroyd model only.

On the other hand, only a few papers pertaining to the kinetic theory have been published.
The complete analysis and numerical analysis of a one dimensional FENE shear flows can
be found in [23, 24]. Well posedeness of the dumbbell model in three space dimensions
has been proved for nonlinear elastic dumbbells in [15].

In this paper, the mathematical analysis is proposed for a simplified time-dependent
Hookean dumbbells problem in two or three space dimensions. More precisely, we focus on
item i and iii above, thus remove the convective terms. The reason for considering the time-
dependent Hookean dumbbells problem without convection is motivated by the fact that this
simplified problem corresponds to the correction step in the splitting algorithm described in
[7, 21] for solving viscoelastic flows with complex free surfaces using macroscopic and/or
mesoscopic models. The consequence when removing convective terms is that the implicit
function theorem can be used to prove existence and convergence results, whenever the
data are small enough, thus the techniques presented in [6] are extended to a stochastic
framework. Our existence result is obtained as in [6] by invoking a maximum regularity
property for the three fields Stokes.

The outline of the paper is as follows. The simplified Hookean dumbbells problem is
introduced in the next section. Then, in section 3, mathematical existence of a solution is
proved in Banach spaces.
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2. A simplified Hookean dumbbells model

Let D be a bounded, connected open set of Rd, d = 2 or 3 with boundary d D of class
CZ andlet T > 0. Let (2, F,P) be a complete filtered probability space. The filtration
JF: upon which the Brownian process B is defined is completed with respect to P and is
assumed to be right continuous on [0, 7] . We assume also that the space €2 is rich enough
to accommodate a random vector gg : & — R¢ such that

2.1

{ qo is independent of B and (go); is independent of (qo);, 1 <i # j <d,
and E(go) =0, E(gq0 ® q0) = 1.

In fact, g is an initial condition for the dumbbells elongation ¢ which corresponds to the
equilibrium state since the conditions E(gg) = 0 and E(go ® go) = I lead to a vanishing
initial extra-stress. These conditions could be relaxed to yield constant initial stresses with
respect to the space variable x € D.

We consider the following problem. Given initial conditions ug : D — R?, g :
Q — R4 satisfying (2.1), a force term f : D x [0, T] — Rd, constant solvent and
polymer viscosities n; > 0, n, > 0, a constant relaxation time A > 0, find the velocity
u:Dx[0,T] — RY, the pressure p : D x [0, T] — R and the dumbbells elongation
vectorqg : D x [0, T] x Q — R? such that

dg — ((Vu)q - %q) dr — % dB=0 inDx(0,T)x £, 2.2)
ou Np .
pE—V-(Znse(u)—i—T(E(q@q)—l))—i—Vp:f inDx©O,T), 23)
V.u=0 inDx(0,T), 2.4)
u(.,0)=uy inD, 2.5)
q(.,0,.)=¢q0 inD x Q, (2.6)
u=0 ondD x (0,T). Q.7)

REMARK 2.1. Equations (2.2) and (2.6) are notations for
! 1
q(-xv ta a)) - qo(tv C()) - f <(VM(X, S))Q(x» s, (1)) - ﬁq(xa s, Cl))) ds
0

— %B(I, w) =0,

where (x,t,w) € D x [0, T] x Q.

System (2.2)—(2.7) formally contains the simplified Oldroyd-B problem studied in [6].
Indeed, using ito’s formula, one obtains that the variance

V.=E({@®q)
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satisfies the deterministic equation

WV Avu— Vv v (vu-1 T+11 in D x [0, T] 2.8)
ar T “T o Y n A '

see for instance problem 6.1 (p.355) in [25]. Thus setting
o= "TP V=1, (2.9)

equation (2.8) corresponds to the constitutive equation of the simplified Oldroyd-B model
without convective terms

do T
o+A <§ — (Vu)o — o (Vu) ) =2npe(), o(0)=0. (2.10)

In Remark 3.13 the link between the solution of the Oldroyd-B problem studied in [6] and
that of system (2.2)—(2.7) will be made precise from the mathematical viewpoint.

One of the difficulties of problem (2.2)—(2.7) is that we have to deal with stochastic
processes with value in Banach spaces. Indeed in classical textbooks, Ito formula (see for
instance Theorem 3.3, chapter IV, in [36]), relation (2.8) as well as classical existence and
uniqueness results for linear stochastic differential equation (Theorem 2.1, chapter IX, in
[36]) are not presented in this context. Hence, we will split the dumbbells elongation into
two components

q=q°+4q", (2.11)

where qS 1 x [0, T] — R? is the solution at equilibrium (that is to say when u = 0) and
obviously ¢? : Q@ x [0, T] x D — R is the discrepancy with respect to the equilibrium.
The stochastic process g3 is an Ornstein-Uhlenbeck process satisfying

dqS = —LgSar+ aB. SO =q (2.12)
2)\‘ \/X ’ ’ .

while the equation satisfied by ¢

%" _ g, @ +4% - ~q®, 4P =0, 2.13)
ot 21

is a differential equation with a stochastic forcing term.
In [6] we have proved that the extra-stress o solution of the simplified Oldroyd-B prob-
lem (2.10) was in spaces W-4(0, T; W' (D; R4X)) or in spaces

sym
rite(o, T1; whr(D; Rf;;f)), where the little Holder spaces 4 ([0, T]; E) are closed sub-

set of the classical Holder spaces C* ([0, T']; E) and are defined for all Banach space E and
forall0 < u < 1 by

W0, T); E) o= {f € R0, T): E): lim  sup WL ZSOE )

—0; el ji—s|<s |t —s|"
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see for instance [32]. Since, according to [36] (Theorem 2.2 p. 26, Corollary 2.6 p 28
and Theorem 2.7 p. 29), a Brownian motion can not be expected in a more regular space
than LY (R2; C“/(O, ), u < % and 2 < y < oo, the use of Sobolev spaces in time is
not appropriate. Moreover, the reason for using little Hlder spaces is that in a stochas-
tic context, it is more convenient to deal with separable spaces; the spaces hk([O, Tl E)
provided with the norm of C#(0, T'; E) are separable Banach spaces if E is separable and
forall0 < u < u' < 1 we have cH c h* (see again [32]). We will use the notation
hg ([0, T]; E) for the restriction of functions of 2# ([0, T']; E) vanishing at the origin. For
simplicity, the notation will be abridged as follows whenever there is no possible confu-
sion. For 1 < r,y < 400,0 < u < 1 the space L" denotes L"(D; R) or L"(D; RY).
Also, h* (L") stands for h*([0, T]; L" (D; R)) or h*([0, T1; L" (D; R?)) and LY (h*(L"))
for LY (2; h*([0, T); L"(D; R))) or LY (Q; h*([0, T]; L" (D; R?))). The same notation
applies for higher order spaces such as W17, h!*#(W17) and LY (h'TH(W17)).

The implicit function theorem will be used to prove that (2.2)-(2.7) admits a unique
solution

ueh" TN WH N HY, qeLlVh* (W), peh (W' NLY), (2.14)

with2 <y < 00,0 < u < 1/2andd < r < oo whenever the data f, ug are small enough
in appropriate spaces. It will be shown that 2* ([0, T']; W17 (D)) c C([0, T x D), which
implies in particular, that a process ¢ € LY (h#*(W'")) has a continuous sample path for
almost each realization.

3. Existence of the simplified Hookean dumbbells model

We introduce, as in [16], the Helmholtz-Weyl projector [17, 18, 19] defined by
P.:L"(D;RY > H,, 1<r < oo, (3.1

where H, is the completion of the divergence free C3°(D) vector fields with respect to the
norm of L". The space H, can be characterized as follows (again see for instance [18])

H, ={fve L'(D:RY); V.-v=0, v-n=0onaD in a weak sense}.
Since D is of class C2, there exists a constant C such that for all feL
P fllLrpy < ClIfllLr(p)- (3.2)
We define A, := —P.A : Dy, — 'H, the Stokes operator, where

Dy, = {v e W2 (D;RH) N Wy (D;RY) | V- v =0). (3.3)
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It is well known (see [20]) for D of class C2, that the operator A, equipped with the usual
norm of L”(D; RY) is closed and densely defined in H,.. Moreover, the graph norm of A,
is equivalent to the W2 norm.

With the above definitions, (u, g) is said to be a solution of (2.2)-(2.7) if

u € h"VH(H) NRM(Dy,), q € LY (hH (W),

q adapted to (F;), with0 < u < 1/2,d <r < 00,2 < y < 0o and satisfies

1 1
dq—(qu—ﬁq>dt—ﬁdB=0 inD x (0, T) x £, (3.4)
0 .
po A= LRV Bq@q) ~D)=F[ inDxOT) (3.5)
u(.,0)=uy inD, 3.6)
g(,0)=gy inQ. (3.7)

We will assume that the source term is f € h*(L"), the initial data are up € D4, and
qo € L7 (R2) satisfying (2.1) together with the following compatibility condition

—FE, 0
—Arug+ P f(0) € Dy, "7,

where
Epoo = (Hr, DAr),L o = {x € H,;sup ||t A e x| (py < +oo}
’ t>0

is a Banach space endowed with the norm
. 1- —tA,
X1 £,y 0 := l1x Nl Lr (D) +sup It Are™ x| Lr (D).
t>0

We refer to [37, 14] for more details.
We can now state the main result of this paper.

THEOREM 3.2. Letd > 2, let D C R? be abounded, connected open setwith boundary
of class C> and let T > 0. Assume 0 < 1 < % 2 <y <ooandd <r < oo. Let
(2, F,P) a complete filtered probability space with F; right continuous for all t € [0, T
and upon which the Brownian process B € LY (h*) and the initial condition qy € LY are

defined. Moreover we assume qq satisfies (2.1). Then there exists 8o > O such that for every
f e h* (L"), ug € Da, satisfying

—F,,
—nsArug + P f(0) € Dy, 7,
and

IPrf = Pr f(O)llpe(rry + lluollw2r + 1| = nsAruo + Pr f(O) ||

Ey.o0 < 30,

Da,
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there exists exactly one solution of (3.4)-(3.7). Moreover, the mapping

(Pr f, uo) — (u(f,u0), q(f, uo))
is analytic.

Using the well known properties of the Helmholtz-Weyl projector [17, 18, 19], we obtain
the following result.

COROLLARY 3.3. Under the assumptions of the above theorem, there exists a unique
solution (u, q, p) of (2.2)-(2.7) with the regularity (2.14).

The vector field ¢° : © x [0, T] x D — R? is now more precisely defined. Given
go € LY(Q) satisfying (2.1), g5 € LY (2 h*([0, T1; RY)) is the unique solution (up to
indistinguishability and ensured by Theorem 2.1, chapter IX, in [36]) of (2.12). Moreover,
(using equation (6.8) section 5.6 of [25]) we obtain a relation for the covariance of qS :

E(qS(s5) ® ¢5(1) = e~ 51, Vs,1 €0, TI. (3.8)

Eventhough ¢ does not depend on x € D, we will consider when needed ¢ as an element
of LY (h*(WhT)).

Using (2.11) and (2.13) problem (3.4)-(3.7) can be rewritten as, find

u € h'TH(H) N (Dy,). ¢ e LY (" W) nhg (W),

with2 <y <o0, 0 < u < 1/2, d <r < oo, such that

agP 1
% + 574" = Sau.q”) = (Vwg* in D x 0.7) x (3.9)
ou
P+ s A (3.10)
—LpV-(EG°©4¢° +0°® ") + Sl g) = P fin D x (0.7). (B.11)
u(.,0) =ugin D, (3.12)
with
Sa(u, qP) == (Vu)g®, (3.13)
Se(u,q”) = E(q” ®q"). (3.14)

It will be shown S; and S, are well defined in appropriate spaces.
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In order to prove Theorem 3.2, we shall introduce the mapping F : ¥ x X — Z, where
Y ={(P; f, uo), such that (f, ug) € h"(L") x Dy, and
— nyAruo + P f(0) € Dy, ),
W= {w e LY (h*(W'")); w adapted to (f,),E[O,T]] . Z=WxY,
X ={(u,q) € h""T*(H,) Nh*(Da,) x LY (W"THW) A hly (W),
q adapted to (]—",),e[oj]},

and for y = (P, f,ug) € Y and x = (u, gP) € X

agP 1
T ﬁqD — Sa(u, ¢y — (Vu)g®
F(y,x) = du )
%) por+ ncAnu = LV - (BlgP 8 45 +45 ©4P) + Scw.qP) — Pr f
u(.,0) —ug

(3.15)

with ¢S € LY (h*(W1")) defined by (2.12). Then problem (3.9)-(3.12) can be reformulated
as: given g € LY () satisfying (2.1), g5 € LY (h*(W'")) defined by (2.12) and y =
(P, f,up) € Y, find x = (u, ¢P) € X such that

F(y,x)=0in Z. (3.16)
The aim is to use the implicit function theorem by proving

e the spaces X, Y, W and Z equipped with appropriate norms are Banach spaces,
e F is a well defined, real analytic mapping,
e F(0,0) = 0 and the Fréchet derivative D, F (0, 0) is an isomorphism from X to Z.

This establishes the existence part in the conclusion of Theorem 3.2. The uniqueness part
is treated separately.

The space X is equipped with the norm || - || x defined for x = (u, ¢°) € X by

Ixllx = lluw, g x = lullpien ey + el ey + 167 1Ly g i)
Since X is a closed subspace of h1TH(H,) Nh*(Dy, ) x LY (h* (W), it becomes a Banach
space. The space Y is equipped with the norm || - ||y defined for y = (P, f, ug) € Y by

Iylly = 1P f, uolly
=P f — P fO)lpecery + lluollwzr + | — nsAruo + P f(O) |l

Ej,00.
s
DA,,

As a consequence of the continuity of the linear mapping

(P f, up) —> —nsAyuo + Pr f(0)
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from A" (H,) x D4, (equipped with the product norm) to L” and of to the completeness

of D_AYE’“OO, the space (Y, ||.|ly) is a closed subspace of h* (H,) x Dy, X WL and thus
a Banach space. The completeness of the filtration (F;);c[0,7] ensures that the space W,
equipped with the induced norm of LY (h*(W'")), is a Banach space. The space Z is
equipped with the product norm and becomes a Banach space .

The following Lemma ensures the space 4* (W !-") is a Banach algebra and as a Corollary,
it will be deduced the function F : ¥ x X — Z is well defined and analytic.

LEMMA 3.4. Forall0 < u < 1 and r > d, the space h*(W'") c C°([0, T] x D) is
a Banach algebra. Moreover, there exists a constant C such that for all u,v € h*(W")
the following inequality holds

luvllpewiry < Cllullpe ey 10l pe iy
( ) ( ) ( )

where (uv)(x,t) := u(x, t)v(x,t) forall (x,t) € D x [0, T].
Proof. Letu,v € h“(W”). LetO < s < r < T, using the triangle inequality it follows,

lu(v() —uls)vS)llwrr < [u@@@) = vy + 11 @@) —uls)vis) [y

Since h* C. L*° we also have h*(E) C. L°(E) for all Banach space E. Moreover,
since W17 is a Banach algebra for r > d (see [1]), we obtain

lu@v() = u)o)llyrr < CUullyynllv@ = vis) yir
Hlu®) = 1)y 10w ), (3.17)

where C; is a constant independent of « and v. Thus, we find
() v(t) — w( o)yt < Colllullymyrn 10l peawin 1 — s 1*
+||”||hu(wl-r) [t —s|¥ ||U||hu(wl,r)),
where C; is a constant independent of «# and v. Hence, u - v € CO(w'ry and
lu@)v(t) —uls)v(s)|ly.-
vl == sup u(@v(@)llyrr + u

1€[0,T] t,seLO,T] [t —s|*
1#£S

= C||M||hu(wl.r)||U||hu(wl~r)~
Moreover, from (3.17) we also deduce

i lu@vt) — uls)v(s)llyrr
m
805 |<s [t —s|*

=0,

which ensures u - v € h*(W ") and ends the proof of the lemma. O
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The same arguments can be used to prove

COROLLARY 3.5. Letu, v e h'"TH(W'), 0 < u < 1, d < r < oo, then the product
u - v belongs to h' (W) and there exists a constant C such that

||“v||hl+u(W1,r) = C”u”hHM(Wl-V)”U“hHM(Wl-’)'
COROLLARY 3.6. Let x; = (u', g'), xo = (u?, ¢°) € X, then
ba(x1, x2) := (Vu')g* € W,

be(x1,%2) := PV -E(q' ® ¢*) € h*(H,).

Moreover, the corresponding bilinear mappings by : X x X — Wandb, : X x X —
h* (H,) are continuous, that is, there exist two constants C1, Cp such that for all x1, x, € X
we have

ba(x1, x2)llw < Cillxillxllx2llx,

1be(x1, x2) |,y < Callxtllx lx2llx.
Proof. Let (u', g1, (u?, g%) € X. Using Lemma 3.4. it follows for almost w € £
(Vu')g* (@) € (W)
and
1V Yg? @) e wrry < Cllut iy g% @) i
where C is a constant independent of (!, ql) and (12, qz). Hence,
Iba(@', g, @ ¢*Nlw < Cll@', ¢Hlix @, ¢>)llx.

This ensures by ((u', g1), (u?, g2)) € LY (W (WL7)). Similarly, for almost w € 2 using
Lemma 3.4 it follows that for almost all w € Q

7' (@) ® ¢*(w) € W (W'")

and there exists a constant C independent of (u!, ¢') and (u?, qz) such that for almost all
w e Q

lg" (@) ® % (@)l wrry < Clig" @)l w167 @) | iy -

Using Bochner’s Theorem (see chapter 5 of [38]) we have Q 3 w — ¢'(0) ® ¢*(w) €
h*(W'7r) is Bochner integrable and b.((u!, ¢'), u?, ¢%)) € h*(H,). Moreover, the
Cauchy-Schwarz inequality implies

I6c(", g1y, @2, @D lwnwry < Cllu', ¢ ixlu?, ¢*llx.
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REMARK 3.7. The mappings Sy : X — W and S, : X — h*(W'") can be char-
acterized for all x € X by Sg(x) = bg(x, x) and S.(x) = b.(x,x). Thus, in virtue of
Proposition 5.4.1 in [13], the mappings S; and S, are well defined and even analytic in their
respective spaces.

REMARK 3.8. Using similar arguments, we also have for (1, ¢?) € X

/‘(V““))q’)(s)ds € LY (W' W) NG (Wh).
0

LEMMA 3.9. The mapping F : Y x X — Z is well defined and analytic. Moreover,
forx = (u,qP) € X and q¢5 € LY (W (W")) defined by (2.12) its Fréchet derivative in
(0,0), D, F(0,0) is given by

aq? 1,
I LR A v AR P
R ; ar T4 (Vu)q
= u
= F(0, 0 por FnsAu— 3PV -Eq” ®4¢° +9°@4q")

u (0)

Proof. In order to study the property of the mapping F : ¥ x X — Z we rewrite it as

follows
Sa(x) 0
Fiy,x)=Liy+Lwx—| 0 |-|3~AV-5w |, (3.18)
0 0

where L1 : Y — Z, Ly : X — Z are bounded linear operator defined for y = (P, f, ug) €
Y and x = (u, ¢P) € X by

aqg? 1 s
P v
. 2 . ) ar Taxd TV
== —_ = u
Y u’f T ey A= 2RV E(P ®4° +4° ®4P)
0

u (0)

and Sy : X - W, S. : X — h*(H,) are well defined and analytic (see Remark 3.7.).
Clearly, the first two terms in (3.18) are also analytic. Thus, F : ¥ x X — Z is analytic.
Moreover for x € X

D.F(0,0)x = Lox,

which completes the proof. O
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In order to use the implicit function theorem, it remains to check that D, F (0, 0) is an
isomorphism from X to Z. Therefore, we have to check that, for w € W and (f, ug) € Y
there exists a unique (u, ¢) € X such that

dgP 1,

1L gD (VugS =

ar T o4 (Vu)g® = w, -
u .

por iA=L PV B ®q% +q° ®qP) = [, 19

u (0) = uop.

LEMMA 3.10. Given w € W, (f,ug) € Y and q5 defined by (2.12), there exists a
unique (u, gP) € X solution of (3.19).

Proof. Solving the first equation of the above system, it follows for ¢ € [0, T'] and for
almost all w € Q

t
qP ) = f e~ (Vu(s)g (s) + w(s)) ds, (3.20)
0

The aim is to use equation (3.20) in the third equation of (3.19) in order to obtain a relation
for u. Fort € [0, T] we have

! —s
B 00’ 0) = [ ¢ F (BVu0g 0) 8.4°0) + Bw) 9.4°6)) ds.

Using (3.8) we obtain for the first term in the right hand side of the above equation

t t
/e_’ZLASE(Vu(s)qS(s)®qs(t))ds=/ e™ 7 Vu(s)ds.
0 0

Using same arguments for the term E(¢° (1) ® ¢ (¢)), we obtain

t 3
E(1" 0000+ 0©"0) = [ T @uw + Tuts)Nds G2y
0

t =S
+ / e T Ew(s) ® ¢5(1) + ¢5(1) ® w(s))ds. (3.22)
0
Going back to (3.19) it follows that u satisfies
ou
pE—anAru—i—k*Aru =P f+PV-g, u(0) = uo, (3.23)

where k € C*°([0, T]) is defined for ¢t € [0, T] by k(¢) := nk—”e_%, g € W"(W'") is defined
fort € [0, T] by

t 1—s
g(t) == ”A—” / T Ew(s) @ ¢5(1) + ¢5 () ® wis))ds.
0
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and k x A,u denotes the convolution in time of the kernel k with A,u. The right hand side
of (3.23) is well defined using Corollary 3.6. Moreover we have g(0) = 0 and then since
(f, uo) € Y we obtain that the compatibility condition

P
—nsArug + P f(0) € DA, o

is satisfied. It suffices now to apply Lemma 13 in Appendix A of [6], which ensures the
existence and uniqueness of u € R (H) N h*(D,,). Going back to (3.20) with a given
u € LY (hW*(W'7)), using the regularity of w and Remark 3.8, we find there exists an unique
gP e LY (W' (W) Nkl (W) adapted to the filtration (up to indistinguishability). O

We are now in position to prove next Lemma.

LEMMA 3.11. Letd > 2, let D C R? be a bounded, connected open set with boundary
of class C* and let T > 0. Assume 0 < p < % 2 <y <ooandd <r < oo. Let
(R, F, P) a complete filtered probability space with F; right continuous for all t € [0, T]
and upon which the Brownian process B € LY (h**) and the initial condition g9 € LY
are defined. Moreover we assume qq satisfies (2.1) and let g5 € LY (h*(W'")) satisfying

(2.12). Then there exists 5o > O such that for every f € h* (L"), ug € Dy, satisfying

——E,,00

—nsArug + P f(0) € DA, s

and

I Prf — Prf O)llaeery + luollwzr + I — nsAruo + Pr f(O)]]

<$
,DArEM,oo = 00,

there exists exactly one solution of (3.9)-(3.12). Moreover, the mapping

(P f,uo) = (u(f, uo), ¢ (f, uo))

is analytic.

Proof. We apply the implicit function theorem to (3.16). From Lemma 3.9, F is well
defined and analytic, F(0,0) = 0 and from Lemma 3.10. D, F(0, 0) is an isomorphism
from X to Z. Therefore, we can apply the implicit function theorem in the analytic case (see
for instance Thm 4.5.4 chapter 4 p. 56 of [12]). Thus there exists §o > Oand ¢ : ¥ — X
analytic such that for all y := (P, f, ug) € Y with ||y|ly < §o we have F(y, ¢(y)) = 0.

Let us now check the uniqueness. Assume (u, qD ) € X satisfying (3.9)-(3.12). Using
a standard result on system of ordinary differential equation we obtain g satisfies for
tel0,T]

t
(1) = o) /0 ®(s) " (Vuls))q® (s)ds, (3.24)
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where @ : D x [0, T] — R?*¢ is the fundamental matrix satisfying
! I
S, x)=1 +/ (Vu(s) — —) D (s, x)ds.
0 2A

Using a fixed point theorem in 2* (W) (see [13]), we obtain

@ e W10, TT; W (D; R?*9)). Then by reversing time, it is also possible to show
&~ Lalso belongs to rite(o, T1; whr(D; ]RdXd)). Moreover, using representation (3.24),
relation (3.8), Corollary 3.6, Remarks 3.8 and Corollary 3.5, it follows

o1 :=E@q”®q¢%) = f e & (s, )Vuls, )ds € i THW),
0
o :=E(g* ® ") = / T (Vuls, N (@ (s, )T ds DT e hITE(W)
0

and

o3 :=E@” ®¢”)

=® / / ®(s, )" (Vuls, e 7
0 JO
(Vulk, DT (@ Yk, ) ds dk T € h' w7,

where .7 denotes the transposition. Thus, it follows

0 1
% = —XUI + (Vu)o1 + Vu,
d 1
T = —ror oV + (Vi)'
and
003 1 T T
TS = —XU3 + (Vu)oz + 03(Vu)” + (Vu)or + o1 (Vu)" .

Finally, setting 0 = "T”(a] + 07+ 03) € RIARWY) we obtain

A (do r 1 r

2 Vo —e (Vi) ) + —0 = (w + (Vi) ) ,

Np ot Np

which correspond to (2.8) with definition (2.9). Then, using Theorem 1 of [6], one obtains
the existence of exactly one solution u € A'*#(H,) N h*(Dy4,). Going back to (3.24), we
obtain the uniqueness (up to indistinguishability) of g? € LY (W' (W) N hlf (W'7))
adapted to the filtration. O
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COROLLARY 3.12. Under the assumptions of the above Lemma, there exists a unique
(u,qP, p) e X x (W n L(z)), satisfying

% + LqD _ (Vu)qD = (Vu)qs inD x (0, T) x Q,
ot 2A
ou

'OE —2n,V - €(u)

—2LV-E((q° +47) ® @* +4") +Vp = f in D x (0.T).
u(.,0)=ugin D,
with qD adapted to (Ft)i>o0.
Let us go back to the proof of Theorem 3.2.

Proof. (of Theorem 3.2.) Let y := (P, f,up) € Y. We proved in Lemma 3.11. that
x = u(y),qP(y)) is unique in X but g(y) := g5 4+ ¢P(y) is only in LY (h*(W'7))
because of the regularity imposed by ¢°. Obviously, ¢ is unique (up to indistinguishability)
and the mapping ¥ 3 y — x(y) € X is analytic. O

REMARK 3.13. In the proof of uniqueness (in Lemma 3.11.), we proved that V :=
E(g ® g) satisfies (2.8) with V e h!TH(W7). Setting o := 7i\—”(v — I), we have

o € hITH(WLr) and satisfies (1.5). Theorem 1 in [6] ensures (u, o) € hlTH(H,) N
h*(Da,) x R (W) coincides with the unique solution of the Oldroyd-B problem.
This previous argument is based on the equivalence between the Oldroyd-B model and the
Hookean dumbbells one. This fact being established, the existence and uniqueness could
also be directly ensured by Theorem 3.2 and 3.3 of [6], but our approach is more general.
Indeed, we only need that the linearized problem have a unique solution thus the original
problem does not need to have a deterministic equivalent. In that case, existence still holds
but uniqueness is only ensured by the implicit function theorem. This is, there exists a
neighborhood V x U C Y x X of (u, ¢P) = (0, 0) and an analytic mapping ¢ : ¥ — U
such that (y,x) € V x U and F(y, x) = 0is equivalentto y € V and x = ¢(y).

REMARK 3.14. Since we proved E(g ® g) € h!TH(W'7), assuming f € h'TH(L"),
some compatibility conditions and using the same arguments as in [6], it is possible to
prove the existence of a solution of (2.2)-(2.7) satisfying u € h>+t*(H,) N h'+t#(Dy,) and
g € LY (h*(W17)) (g still remains in LY (h*(W ")) because of the Brownian motion).

Acknowledgments

Philippe Clément acknowledges Tudor Ratiu for an invitation to the Bernoulli Center,
Lausanne. Andrea Bonito and Marco Picasso thank Alexei Lozinski and Jacques Rappaz
for the permanent interest they have shown for this research.



A simplified Hookean dumbbells flow 397

REFERENCES

(1]
(2]

(3]
(4]
(5]
[6]
[71
[8]
[91
[10]
(1]
[12]

[13]
[14]

[15]

[16]

[17]
[18]
[19]
[20]
[21]
[22]

[23]

(24]

[25]

ADAMS, R. A., Sobolev Spaces. Academic press, INC., London, 1970.

AKHAVAN, R. and ZHOU, Q., A compariso of FENE and FENE-P dumbbell and chain models in turbulent
flow. J. Non Newtonian Fluid Mech., 109 (2003), 115-155.

ARADA, N. and SEQUEIRA, A., Strong steady solutions for a generalized Oldroyd-B model with shear-
dependent viscosity in a bounded domain. Math. Models Methods Appl. Sci., 13(9) (2003), 1303-1323.
BAAUENS, F. P. T., Mixed finite element methods for viscoelastic flow analysis : a review.J. Non Newtonian
Fluid Mech., 79 (1998), 361-385.

BIRD, R., CURTISS, C., ARMSTRONG, R. and HASSAGER, O., Dynamics of polymeric liquids, vol. 1 and 2.
John Wiley & Sons, New-York, 1987.

BONITO, A., CLEMENT, PH. and PICASSO, M., Mathematical and numerical analysis of a simplified time-
dependent viscoelastic flow. Numer. Math. submitted.

BONITO, A., PICASSO, M. and LASO, M., Numerical simulation of 3d viscoelastic flows with complex free
surfaces. accepted in J. Comp. Phys., (2005).

BONVIN, J. and PICASSO, M., A finite element/Monte-Carlo method for polymer dilute solutions. Comput.
Vis. Sci., 4(2) (2001), 93-98. Second AMIF International Conference (Il Ciocco, 2000).

VAN DEN BRULE, B. H. A. A., VAN HEEL, A. P. G. and HULSEN, M. A., Simulation of viscoelastic flows
using brownian configuration fields. J. Non Newtonian Fluid Mech., 70 (1997), 79-101.

VAN DEN BRULE, B. H. A. A., VAN HEEL, A. P. G. and HULSEN, M. A., On the selection of parameters in
the FENE-P model. J. Non Newtonian Fluid Mech., 75 (1998), 253-271.

VAN DEN BRULE, B. H. A. A, HULSEN, M. A. and OTTINGER, H. C., Brownian configuration fields and
variance reduced connffessit. J. Non Newtonian Fluid Mech., 70 (1997), 255-261.

BUFFONI, B. and TOLAND, J., Analytic theory of global bifurcation. Princeton Series in Applied Mathemat-
ics. Princeton University Press, Princeton, NJ, 2003. An introduction.

CARTAN, H., Calcul différentiel. Hermann, Paris, 1967.

DA PRATO, G. and SINESTRARL, E., Differential operators with nondense domain. Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (4), 14(2) (1988), 1987, 285-344.

Ly, E, W. and ZHANG, P., Well-posedness for the dumbbell model of polymeric fluids. Comm. Math. Phys.,
248(2) (2004), 409-427.

FERNANDEZ-CARA, E., GUILLEN, F. and ORTEGA, R. R., Mathematical modeling and analysis of viscoelastic
fluids of the Oldroyd kind. In Handbook of numerical analysis, Vol. VIII, Handb. Numer. Anal., VIII, 543—
661. North-Holland, Amsterdam, 2002.

FUJIWARA, D. and MORIMOTO, H., An L, -theorem of the Helmholtz decomposition of vector fields. J. Fac.
Sci. Univ. Tokyo Sect. IA Math., 24(3) (1977), 685-700.

GALDI, G. P., Anintroduction to the mathematical theory of the Navier-Stokes equations. Vol. I, volume 38
of Springer Tracts in Natural Philosophy. Springer-Verlag, New York, 1994. Linearized steady problems.
GALDI, G. P., SIMADER, C. G. and SOHR, H., A class of solutions to stationary Stokes and Navier-Stokes
equations with boundary data in W—1/9-4_ Math. Ann., 331(1) (2005), 41-74.

GIGA, Y., Analyticity of the semigroup generated by the Stokes operator in L, spaces. Math. Z., 178(3)
(1981), 297-329.

GRANDE, E., LASO, M. and PICASSO, M., Calculation of variable-topology free surface flows using CON-
NFFESSIT. J. Non Newtonian Fluid Mech., 713 (2003), 127-145.

GUILLOPE, C. and SAUT, J. -C., Existence results for the flow of viscoelastic fluids with a differential
constitutive law. Nonlinear Anal., 15(9) (1990), 849-869.

JOURDAIN, B. and LELIEVRE, T., Mathematical analysis of a stochastic differential equation arising in
the micro-macro modelling of polymeric fluids. In Probabilistic methods in fluids, 205-223. World Sci.
Publishing, River Edge, NJ, 2003.

JOURDAIN, B., LELIEVRE, T. and LE BRIS, C., Existence of solution for a micro-macro model of polymeric
fluid: the FENE model. J. Funct. Anal., 209(1) (2004), 162—193.

KARATZAS, 1. and SHREVE, S. E., Brownian motion and stochastic calculus, volume 113 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 1991.



398 A. BONITO, PH. CLEMENT and M. PICASSO J.evol.equ.

[26]  KEUNINGS, R., On the Peterlin approximation for finitely extensible dumbbells. J. Non Newtonian Fluid
Mech., 68 (1997), 85-100.

[27]  KEUNINGS, R., Micro-marco methods for the multi-scale simulation of viscoelastic flow using molecular
models of kinetic theory. Rheology Reviews, (2004), 67-98.

[28] LASO, M. and OTTINGER, H. C., Calculation of viscoelastic flow using molecular models: the connffessit
approach. J. Non Newtonian Fluid Mech., 47 (1993), 1-20.

[29] LASO, M., OTTINGER, H. C. and PICASSO, M., 2-d time-dependent viscoelastic flow calculations using
connffessit. AICHE Journal, 43 (1997), 877-892.

[30] LEBRIS, C.and LIONS, P. -L., Renormalized solutions of some transport equations with partially Wspan 1, 1
velocities and applications. Ann. Mat. Pura Appl. (4), 183(1) (2004), 97-130.

[31] LIoNs, P. L. and MASMOUDI, N., Global solutions for some Oldroyd models of non-Newtonian flows.
Chinese Ann. Math. Ser. B, 2/(2) (2000), 131-146.

[32] LUNARDIL A., Analytic semigroups and optimal regularity in parabolic problems. Progress in Nonlinear
Differential Equations and their Applications, 16. Birkhduser Verlag, Basel, 1995.

[33]  OTTINGER, H. C., Stochastic processes in polymeric fluids. Springer-Verlag, Berlin, 1996.

[34] OWENS, R. G. and PHILLIPS, T. N., Computational rheology. Imperial College Press, London, 2002.

[35]  RENARDY, M., Existence of slow steady flows of viscoelastic fluids of integral type. Z. Angew. Math. Mech.,
68(4) (1988) T40-T44.

[36] REVUZ, D. and YOR, M., Continuous martingales and Brownian motion, volume 293 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag,
Berlin, 1994.

[37]  SINESTRARI, E., On the abstract Cauchy problem of parabolic type in spaces of continuous functions.
J. Math. Anal. Appl., 107(1) (1985), 16-66.

[38]  YosIDA, K., Functional analysis, volume 123 of Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 1980.

Andrea Bonito

Institut d’Analyse et Calcul Scientifique
Ecole Polytechnique Fédérale de Lausanne
1015 Lausanne

Switzerland

andrea.bonito@a3.epfl.ch

Marco Picasso

Institut d’Analyse et Calcul Scientifique
Ecole Polytechnique Fédérale de Lausanne
1015 Lausanne

Switzerland

marco.picasso@epfl.ch

Philippe Clément
Mathematical Institute
Leiden University

P.O. Box 9512

NL-2300 RA Leiden

The Netherlands

and

TU Delft

Faculty of EEMCS/DIAM
P.O. Box 5031

NL-2600 GA Delft

The Netherlands
PPJEClement@netscape.net



