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Abstract LetY;, 1 <i < nbeii.d.random variables with the generalized Pareto dis-
tribution W, , with y < 0. We define the empirical mean excess process with respect
to {Y;, 1 <i <n}asin Eq. 2.1 (see below) and investigate its weak convergence. As
an application, two new estimators of the negative tail index y are constructed based
on the linear regression to the empirical mean excess function and their consistency
and asymptotic normality are obtained.
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AMS 2000 Subject Classification 62G32-60G70

1 Introduction

Suppose X, X, X», ..., X,, are independently identically distributed (i.i.d.) random
variables with distribution function F, which belongs to the max-domain of an
extreme value distribution G, with y € R, denoted by F € D(G,), i.e. there exist
sequences a, > 0 and b, € R such that

F' (apx +by) = Gy(x) :=exp (—(1 + yx)~/7)
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for 1 + yx > 0. Here, y is the so-called extreme value index. G, (x) is interpreted as
exp(—e™¥) for y = 0. In case of y < 0, x,, := sup{x : F(x) < 1} < oo. Then it follows
that (e.g. see Resnick 1987)

for all x > 0, where F = 1 — F. The excess Yy, of u by X for large u, is
Yx=Yxw):=X—ulX > u.
For y > 0and y + u < x,, it is known that for u close to x,

P(YXSY)ZP(X—u§y|X>u):w

F(u)

=1—F(XF_(XF_y_u))%1_
Fx, — (x, — )

(1 +vy =W, ()

Y-y
=)
with 0 = y(u —x,) > 0. Thus the distribution of Yy converges to the generalized
Pareto distribution W, ;.

Let u = X,_x,, where k =k(n) € N such that k - oo, k/n — 0 as n — oo,
and define

?i.k = Xn—k+i,n — An—k,n> i= 1, veey k. (11)

Then {f’,—k i=1,2, .., k} can be roughly regarded as a sample from the distri-
bution W, ;.

Assume Y ~ W, ,. The mean excess function of Y is given by ey(t) :=
E(Y —t|Y > t) for 0 <t < —o/y. Straightforward calculation shows that

o
eyt = —— + Y

I t=: Bo+ Bit. (1.2)
-y 11—y

Relation (1.2) can be used to estimate By and B, by linear regression on the
empirical mean excess function, and thus to obtain estimators for y and o. This
idea was presented also in Beirlant et al. (1996) and Reiss and Thomas (2007).
More precisely, assume Y7, Y5, ..., Yy are i.i.d. random variables distributed from the
distribution W, ,. Then the empirical mean excess function is defined by

| k
ey (1) = Y. —0)liy-n.
er(® #{i:Y,->t,15i5k}i§( i~ Dl

Denoting the order statistics of Y;’s by 0=Yx <Y, < Yo <.. <Yk and
putting t = Y;, we have

k
. 1 .
Zi = ey(Yi_’k) = ﬁ E Yj,k_Yi,k, l:(), 1,...,k—]. (13)
J=i+1
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It is easy to check that E(Z;|Yix) = Bo+ B1Yix fori=0,1, ...,k — 1. Thus, all the
points (Yi«, Z;),i =0, 1, ..., k — 1, can be used to estimate S, and g, by least squares
estimation as in linear regression models, i.e.

Y (Y= ¥) (i - Z)
Zf‘:ol (Yi,k - 1_/)2

where Y and Z denote the means of (Yo, Yix.... Y 1.4} and {Zo, Z1,... Zs1},
respectively. Consequently, by Eq. 1.2, the least squares estimators for y and o are

B = and Bo=Z —BY, (1.4)

N ~

Bi ~ B
1+ 4 1+8

p = (15)

Recall that {Y;; :i=1, 2, ..., k} can be roughly regarded as a sample from the
distribution W, ,. We define the mean excess estimator of the extreme index by

A X
~ X ﬂl
= > 1.6
1+ B (16)
where
s (E-2)
,Bl = P - =\2 (17)
im0 (Yi,k - Y)
with notation YO,k = 0, Zi = ﬁ Zl;zi+l ?/',k — i}i,k, }:} = k_l Zf;ol f]i.,k and 2 =
kil ZI»(_OI Zl'
i .

In this paper, we investigate the asymptotic normality of the mean excess esti-
mator p¥. The rest of this paper is organized as follows. In Section 2, we present
the main results. Extension of the mean excess estimator and comparison with other
estimators are discussed in Section 3. The proofs of the main results are shown in
Section 4.

2 Main Results

In order to investigate the asymptotic normality of the mean excess estimator 7%, we
need some asymptotic results on f; (defined in Eq. 1.4 and based on the sample from
the generalized Pareto distribution W, ). The asymptotic behavior of B is based on
a suitably defined empirical mean excess process T as follows.

Let U~ U,[0, 1Twitha >0if P(U <x)=x*for0<x<1.Incaseof « =1, it
is the uniform distribution on [0, 1] usually denoted by U|[0, 1]. Let U,, U,, ..., Uy be
i.1.d. random variables with distribution U,[0, 1] for some « > 0 with order statistics
0=Upk =Uix ... Uk < U1k =1

For fixed i : 2 <i < k, by Rényi representation for the uniform order statistics,
{Ujx/Uik : 1 < j< i} can be regarded as a sample of size i — 1 from U,[0, 1] with
mean (I — y)~! and variance

2. v

o, =
=2 -y)?
@Springer
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where y = —1/a < 0. Thus, by central limit theorem, for i < k

1 i (U w1 )
opVi— 17 \Uik 1-vy
converges in distribution to a standard normal random variable as i — co. More
generally, we consider the process T defined by

[kt]—1 U & 1
Ti(t) =0, 'k '/? (7’ - 7) , telo,1]. 2.1
, Z T " T 1)
The process T is called the empirical mean excess process. In case of y = —1, Ty is

called the uniform empirical mean excess process. For fixed ¢ € [0, 1], it follows by
central limit theory that Tk (f) converges in distribution to a normal random variable
with mean zero and variance . We need to investigate the weak convergence of
the process Ty to derive the limiting behavior of the estimates and test statistics
mentioned in the beginning.

To specify the relation between 31 and the process Ty, let U;=1+yo~'Y;
fori=1,2,...,k. Hence U,, U,, ..., Uy are i.i.d. random variables with distribution
U,[0, 1], where « = —1/y > 0, and Y,y = 0 (Ug—iy1.x — 1)/y fori =0, 1, ..., k. Thus
fori=0,1,....k—1,

k
o 1 o
Z;= vl ,-;1 Ukjrike — Ukivrk | = ;VIH'H,
and by Eq. 1.4,
by = Y (Uk—ivi e = U) (Vieipr = V) _ i (Ui = U) (Vi = V) (22)
Zf:o] (Uk—iz1.k — 0)2 PN (Uix — 0)2
and
Bo = %(V — BT -1)), 2.3)

where U and V denote the mean of {Us x, Usx, ..., Usy 1.4} and of {Va, Vi, ..., Vigi},
respectively.

Consider the numerator of the right hand side of Eq. 2.2. Recall that for i < k and
asi — oo
V; 1 - Ujk 1 =l U‘k 1 P

L= S 1) = LR )
U,‘,k i—lZ(Ui,k ) i—lZ<Ui,k l—y>+ﬂl_>ﬂl

=1 =1

Thus for large i, V; = %U,-,k + op(1), and hence as k — oo
kt1 ) ) k+1 .,
Y Uik =0)(Vi=V)=p1Y_ Uik = U)" +o0p(k).
i=2 i=2

So, in order to derive the consistency and asymptotic normality of o and B;, we need
to analyze the asymptotic behavior of the process 7.
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For the empirical excess process we have the following result, which is a key to
obtain the asymptotic normality of p¥.

Theorem 2.1 Suppose U, U, ..., Uy are ii.d. random variables with distribution
U,l0, 1] where o > 0. Let y = —1/a and the sequence of processes {Ty,k > 1} be
defined as in Eq. 2.1. Then

t
[Teo. rer0.n} = {0;1( / u*“/“B(u)du—LB(t)), te o, 1]},
0

atl/ 14+ o

where B is a standard Brownian motion.

We are interested in the limiting process (in distribution) of {T, k > 1}. Let

t
W) = ijl ( /0 w1 Bwydu — H—%BG)) , tel0,1]. (2.4)

atl/e

W is well defined in the neighborhood of zero and W(0) := lim,;o W(#) = 0. Simple
but tedious calculations imply that W is a Gaussian process satisfying EW(f) =0
and EW(OW(s) = t(t/s)"/* for0 <t <s < 1. Asa — oo, W converges to a standard
Brownian motion.

Now let

1

A T

t
/ u*dBu), te]l0,1].
0
It is easy to check that W is a Gaussian process and also satisfies EW(f) = 0 and

EW @)W (s) =1(t/s)"/* for0 <t <s < 1. Thus W 2 W. On the other hand, by partial
integration, W can be rewritten as

1

X -1
W) =0, (Ot(l + )i/

! 1
—1+1/a _
/0 u B(u)du Tta B(t)) . (2.5)

Note that the denominators of the integral parts in Eqgs. 2.4 and 2.5 are different!
We have the following interesting finding as a byproduct.

Corollary 2.1 Let B be a standard Brownian motion and o > 0. Then

1 t 1
{ / u "V Buw)du — —— B(@), t > 0}
0 1+O{

atl/a

d 1 gy 1
= — *Bu)du — ——B(@), t >0} .
{a(l—}—a)t‘/“/o u (u)du T a @®, t>

In particular, for o = 1

{l [B()d lB(t) t>0} {l [B()d lBt)t>0}
r/O””_z’— 2r/0””_2(’—'

Based on Theorem 2.1, we obtain the asymptotic normality of 8, and other
estimators.

1=
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Theorem 2.2 Suppose that Y1, Y5, ..., Y{‘ are i.i.d. random variables with the distribu-
tion W, , where y <0 and o > 0. Let p1, By, y and & are defined as in Egs. 1.4 and

1.5. Then
B, — N
(G m) (V) @9

12 (V—v)\ d (1—y)*N,

k (&—o) - ((l—y)(Nz—aNl) ’ 27)
as k — oo, where W is a Gaussian process on [0, 1] such that EW(t) =0 and
EW@®OW(s) =t(t/s)"" forany0 <t <s <1, and

! 1
N, = ay’l / (xfy - ﬁ) x 7 'W(x) dx,
0 _

o ! y ! 1
Ny =7 [UV/ Wy de — g / (w - 7> XTI dx} .
4 0 -y 0 -y

Now let us turn to the mean excess estimator p¥. Let U(t) = F<(1 — 1/¢) for

t > 1. Thenfor y <0, U(c0) = x, < oo and
U(oo) — U(tx)

im ———

oo Uoo) — U(0)

and

xY, x>0

(e.g. see Resnick 1987). In order to obtain the asymptotic normality of p ¥, we further
require that F satisfies the following second order condition:

U(oc0)—U(tx) y
T — X L _
yx 1

. TUo)-U _
tl_l)rgo A0 =x P x>0, (2.8)

where p <0 and A is an eventually positive or negative function such that [A| €
RV(p) and lim,_, ., A(¢) = 0. This condition is common in extreme value theory (e.g.
see de Haan and Stadtmiiller 1996).

Theorem 2.3 Suppose X, X>, ..., X, are i.i.d. raizdom variables with the distribution
function F such that F € D(G,) withy < 0. Let B{* and p* are defined as in Egs. 1.7
and 1.6, respectively, and assume the conditions (2.8) and k"> A(n/k) — A € R. Then

K2 (B =) S A+ Ny and K2 (¥ —y) 5 A+ (1 =yPNy,
as n — 0o, where N, is the same as in Theorem 2.2 and

1 1 Toy\Y Yy —xF
A =hrc? - *V*'/ =) ——dy ) dx.
O RO

For p =0, (y* — x")/p is interpreted as log(y/x).

In Theorem 2.3, A determines the bias of the estimates. If k is selected such that
k' A(n/k) — 0, then the bias vanishes asymptotically.
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3 Extension and Comparison
3.1 Extension

In this subsection we extend the mean excess estimator of the negative tail index.
First note that 8, defined in Eq. 1.4 can be written as

~ Z,]Zol Yi,kZiI(l - (ZZ‘ZOI Yi,kkil) (ZZ‘ZOI Zik71>

b= k-1 k-1 2
> ico Yi?klf1 - (Zi:() Yi,kk*l)

Let ¢ (x) be a nonnegative function on [0, 1] such that fol ¢ (x)dx = 1. Now we replace

the equal weight k~! in the formula above by ¢ (i/ k)k~! and obtain a weighted mean
excess estimator of 81, namely B;(¢),

EEE YiZip /0 - (3 205 Yo/ 0) (1 £ Zi9G/0)
LY ek — (LSS Yo k)

Bi(¢) =

Consequently, the weighted mean excess estimator for the negative tail index y is
defined by

Bi(¢)

b= P
PO R @

Similar to above, we also define the weighted mean excess estimator p % (¢) for the
negative extreme value index, i.e.

X BX(¢)
Xp) = ———,
v 1+ BX (¢
where
sy = R0 T2/~ (£ 25 Tirs /) (+ 050 Zig i/ )
1 .

LY P2/ — (F X Vo k)

The asymptotic normalities of fi(¢), 7(¢), {¥(¢) and 7% (¢) are shown in the
following theorem without proof.

Theorem 3.1 Let ¢ be nonnegative on [0, 1] such that fol ¢(x)dx = 1.

(1) Assume the conditions in Theorem 2.2. Then «/l;(ﬁl(qﬁ) — ﬂl) 4 Ni(¢p) and
V(P @) —7) La- )2 Ny (¢), where

Oy fol (7 - fol Vg1 —tdi)x (1 — X)W(x)dx.

Ni() =
l Jix2¢ (1 —xdx — ([ x7¢(1 — x)dx)’

@ Springer
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(2) Assume the conditions in Theorem 2.3. Then \/E( Alx(qﬁ) — ,31) 4 A(p) + Ni(¢)
and VK(7¥X (@) — y) > A@) + (1 — )*N1(§). where

Mo (77 = [ 7 = ndt)x (1 — 0 ( [y (L) Yo dy)dx

Ap) =
[l —xdx — (f) x7¢(1 — x)dx)’

Remark 3.1 For ¢(x) =1 with 0 < x < 1, it is easy to see that ,31(¢), 7 (), le(ff)),
7X(¢), Ni(¢) and A(¢) are the same as B, 7, B, 7¥, N; and A, respectively.

Example 3.1 Let’s turn to Eq. 1.3 and consider the variance of Z; conditional on Y.
Simple calculation shows that for 0 <i < k

(0 +yYir)?

Var(Z;|Yix) = (k —i)(1 —2y)(1 —p)?’

which can be approximated by
1 ( i)*z}’*l o?
k k (1 =2y)(1 = y)?
for large k since supy; 4 li/k— W, ,(Yir)| — 0 a.s. as k — oo. Similarly to the

weighted least squares estimation (i.e. B=(X’X~1X)"1X’2-1Y in the linear model
Y = XB + e with e~ N(0, X)) but without considering the correlation between
Zi|Yir and Z;|Yx, we derive the weighted least squares estimators Bl (¢) and 7 (@),
where ¢(x) = Qy +2)(1 —x)?*! for 0 < x <1 and —1 < y < 0. Consequently, we
obtain B (¢) and p ¥ (¢). In this case,

2y +2
y+2

I
Ni(p) =2y *(y +2)%0, / (1 xy) W (x)dx.
0

In application, since we do not know the value of y, we can replace the weight

function ¢ by @, where @(x) = (27 + 2)(1 — x)*’*! and 7 is some consistent estimator
of y (for example, we can let 7 be $%). Under the same conditions we can prove that

VEPX@) —v) S Alp) + (1 — )Ny ().
3.2 Comparison

Note that N; is a normal random variable with mean zero, and

! 1
Var(N;) =E <ay" / (x’y - 7> x 7T W(x) dx)
0 I—vy
1 1 1 1
= 20;2/ / (t"’ - 7> <s"” - 7> = s dsdt.
0 Ji -y 1—vy

With simple calculations (for example, by Maple version 9.0) we get

2

21—y — 1293)
(I =2y)(1 =3y)2(1 —4y)’

Var(N)) =

@ Springer



Methodol Comput Appl Probab (2008) 10:577-593 585

and if k'2A(n/k) — L =0,

KRGY ) 4 N(o, 2(1 —p)'d —y —12y%) )

(1 =2y)(1 =3y)*(1 —4y)
Again, a simple calculation shows that

16(y +2)2(0+y +v?)

Var(Ni(p)) = 3y +3)27 +3)2 — (1 — )21 —2y)

where ¢(x) = 2y +2)(1 — x)>?*! x € [0, 1], and hence if k!> A(n/k) — 1 =0,

KRGX (o) — ) 4 N (0’ 16(y +2°(1 =)’ +y +y?) ) .
3(y +3)Qy +3)2—y)(1 —2y)

One interesting fact is that the asymptotic variance of 7 (¢) is symmetric about
y = —1/2 and attains its smallest value 0.81 at y = —1/2 (see Fig. 1 below).

Until now there exist five well-known estimators for the negative extreme value
index: maximum likelihood (ML) estimator (Drees et al. 2004; Smith 1985), moment
(M) estimator (Dekkers et al. 1989), Pickands (P) estimator (Pickands 1975), prob-
ability weighted moment (PWM) estimator (Hosking et al. 1985) and negative Hill
(NH) estimator (Falk 1995). Our new mean excess (ME) estimator and weighted
mean excess (WME) estimator related to ¢ are scale and shift invariant as the
mentioned five estimators. We plot the asymptotic variance of all the estimators
for y € (—1.25, 0) if possible. From Fig. 1, we see that the maximum likelihood
estimator and the negative Hill estimator have the smallest asymptotic variance and
that our new estimators are of smaller asymptotic variance for most of y. Thus, our
mean excess estimator and weighted mean excess estimator are comparable with
the other estimators. Note that the asymptotic normality results for the maximum
likelihood estimator and the negative Hill estimator only hold for —1/2 <y <0
and —1 < y < —1/2, respectively, while the weighted mean excess estimator (related

Fig.1 Asymptotic variance w
of the estimators: maximum

likelihood (ML), moment (M),

Pickands (P), negative Hill < |-
(NH), probability weighted -
moment (PWM) estimators,
mean excess (ME) estimator
and weighted mean excess
(WME) estimator related to ¢

Asy. Variance

@ Springer



586 Methodol Comput Appl Probab (2008) 10:577-593

to ¢) holds for —1 < y <0 and the others hold for y < 0. Since the maximum
likelihood estimator is obtained by numeric calculating the roots for two equations,
its computation capacity is very large and sometimes the roots can not be obtained
(see Hiisler and Li 2006). Meanwhile, our (weighted) mean excess estimators are
explicit functions of the order statistics and can be easily calculated. In view of these
points, we believe that our (weighted) mean excess estimators are good replacements
for the maximum likelihood estimator and negative Hill estimator for y < 0.

4 Proofs

Proof of Theorem 2.1 Note that F(t) = P(U, <t) =1t*. Let f and Q be the density
function and the inverse function of F, respectively. Then f(f) = at*~! and Q(t) =
/% Let

ok (@) = k' F(Q0)) (U .k — Q0)),

where [kf] denotes the smallest integer not less than kt. Then by the weighted
approximations to the general quantile process (e.g. see Theorem 2.1 in Csorgé
and Horvath 1993, page 381), there exist a sequence of Brownian bridges { Bx(f), t €
[0, 1]} such that for0 < v < 1/2

k1/2—v sup Y

1 K
1 SIS

pi(t) = Bi(o)| = 0p(D)

as k — oo. Thus, fori =1, 2, ..., kK — 1, we obtain that

Uik = QG/k) +k~"2(F(QG/ k) [Bili/ k) + k™ (i/ k)" O p(1)]

- (i/k)”“(l Fa k23 k) B/ k) +a_1k_1+”(i/k)_l+"0p(l)>
=: (i/k)"* (1 + Ak, i) (4.1)

for sufficiently large k, where the O p-item is uniform in i.

Without loss of generality we assume By (f) = Wy (f) — tWy (1), where Wy is a
standard Brownian motion. By the laws of the iterated logarithm for Brownian
motion (see e.g. Borodin and Salminen 2002, page 53), it follows that for each ¢ such
that0 < e <2/«

sup i/ k)PP B/ R)) = Op(D).

{i: 1<i<k}
Hence
sup Uik — (i/k)"*| = op(1) (42)
{i: 1<i<k}
and
sup Ak, i) = op(1). (4.3)

{i: kl—l/(l+2f)§i§k, 1 }
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By Eq. 4.1 we have

Z Uk = Z(J/k)“"‘ +a kI Z(;/k)—“”“ Bi(j/ k)
j=1 Jj=1 j=1
i—1
o kT Op) Y (kT

=1

and

k_1/22< lk 1+a>

KT GR — 5G] = DR k) Ak )

@/ k)1 + Ak, i) (z/k)l/ﬂ(l + Ak, )
o= kT Y G R B (i o N o~ kT O p( T Y (kT e
i/ Ve + Ak, D)) i/ Ve + Ak, D))

=:11(k, i) — o(k, i) + 13(k, i) + 14(k, D).
We first show that

sup

[kt]—1
Uik o
12 )
Z 1 + o

k10420 << = U[kt] k
L[ g L Buw| = ora1 4.4
e | BrGodut o Byo)] = 0p(), (44)

In order to show Eq. 4.4, it suffices to verify that as k — oo

sup sup |r1 (k, i)| =op(l), (4.5)
(i k' -1/A+20) <j<k—1} {t:i/ k<t<(i+1)/ k}

sup sup |Ta(k, i) — 7Bk([)‘ =op(l), (4.6)
(i K1=1/0420) <j<k—1} {1: i/ k<t < (i4+1)/ K} I+ a

t
/ u—1+1/aBk(u)du| =op(l), (4‘7)
0

etk ) — —
sup sup rsk, i) — —

(i k' -1/0+20) <j<k—1} {t:i/ k<t<(i+1)/ k}

and

sup sup |t4(k, i)| =op(l). (4.8)
(i k' -1+ <j<k—1} {t:i/ k<t<(i+1)/ k}

Relations (4.5) and (4.8) hold immediately by Eq. 4.3. By the modulus of conti-
nuity for Brownian motion (see e.g. Borodin and Salminen 2002, page 53) it follows
that

sup | Bi(i/k) — Bk(1)] = Op((klogk)™'/?). (4.9)
i/k<t<(i+1)/k
@ Springer
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Using Egs. 4.3 and 4.9, we can show that Eqs. 4.6 and 4.7 follow. Thus Eq. 4.4 holds.
On the other hand, for 0 < ¢ < 1/2

[kf]—1
~12 —1/2~ 7 1-1/(1428) __
sup k ( - ) <k 72k =o(l) a.s.
Z U[kt]k l+a

O<t<k—1/0+2¢) =1

and
i /t U By — —— By(o)
u u)yau — ——
0<I<k—8(]+25) atl/e [, k l +a« k
1 ! 1
< sup  [Br(0]  sup W/ W sip LB
0<t<k=1/(1+2) 0<t<k-1/0+20) OF 0 O<t<k-1a420 1 + o
= sup  2[Bi(D)]
O<t<k=1/(+2¢)
= sup  2(Wi@l+1|Wi(D]) = op(1).
Otak—1/01420
So,

[kt]—1

1 ! 1
s -172 ( > ( / w "V B (wydu— —— Bi(t ) =op(l
0381 Z U[kz]k 14+ atl/e |, Kk(u) l+a x(®) p(1)

and the statement of Theorem 2.1 follows by the fact

1
atl/(x

! 1 t 1
f w TV B (wydu — —— Bi(t) = / w VW () du — —— Wi ().
0 I +a 0

at!/ 14+«

[m}

By Theorem 2.1 and the Skorohod construction, there exist a sequence of
Gaussian processes {Wi(?) : t€[0, 1]}, satisfying that for each k>1 and 0<tr<s<l],
EW,(t) = 0 and EW,(t) Wi (s) = t(t/s)”7, such that

sup |Te() — Wi(0)| > 0, ask — oo. (4.10)
t€[0,1]

In the proofs of Theorem 2.2 and 2.3, we will use these Gaussian processes W’s
of Eq. 4.10.

Proof of Theorem 2.2 Note that for i > 2,
i1 Ui

Vi_ 1 . —1—/2
Ui,k_i_IZUzk klz(l

(Wili/ k) + 0p(D)k2( — 1)\ or, + % (by Eq. (4.10))

RN O
)/) =D oty

k -V

where o p(1) is uniform in i. Denote

T, k) = Ui (Wi i/ k) + op(D)k' (i = 1) 7o,
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and 7 =1 3" 7(i, k). Then Vi=t(, k)+y(1—y)"'Uix and V=7+y(1—y)"'U.
Since

1 k+1 . . 1 k+1 B y .
< Y (Ui =0)(Vi—=V) = < > (Ui —U) (ﬁ(Ui,k —~U)+tii k) — f)

i=2 =2
vl k+1 5 1 k+1
= (Ui —0) + > (Ui — U)o,
1—yk P k Py

it follows that

y Ay (Ui - O)el k)
I= L (U - 0)

Recall that, with 8; = y/(1 + y) and Eq. 4.11,

=

(4.11)

1=

kszrl( ik — _)kl/zf(i,k)

€ ) = :
(1 1) k2k+1( lk_U)Z

By Eq. 4.2, it follows that
k't (i k) = 0y, (i/ k)7 " Wi (i/ k) + 0p(1)
and
1 k
K2 = 0y gi/k)-y-lwk(z‘/k) +op(l)

for large k, where o p(1) is uniform in i. Again, by Eq. 4.2,

oyt Y (Gl - ) (@ k)T Wii/ k) + 0p(1)

K2 (B - 1) = o2 +or)

1
=o' / (x*V - L) X7 "Wie(x)dx + op(1).
0 l—y
On the other hand, by Eq. 2.3,
Vk(fo —ﬂo)=%~/%(17—31(0 —D—p)
=~ (VK + V(b — pa - )

o ! y ! 1
=— <ay/ x*V’ka(x)dx——oy’l/ (x’y——> x*”’ka(x)dx>
14 0 l-y 0 -y

+op(D).

Thus Eq. 2.6 holds.
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Now consider y and 6. By Eq. 1.5 we have

N 12 (8 _
kl/z(); _ )/) — k1/2 ( ,81 _ ,8] ) _ k (ﬂl 51)
I+ 1+hA (1+/§1)(1+,31)

and

7 2 (B, — 2(5 _
K26 — o) = k'/2< /30A B ) _ k' (ﬁo ] ,30) ~ Bok' (ﬂ1 ﬂl) |
1+4 1+8 1+ A (1+/§1)(1+ﬁ1)

Thus Eq. 2.7 immediately follows by Eq. 2.6 and so Theorem 2.2 holds. O

Proof of Theorem 2.3 Let E,, E,, ..., E, be i.i.d. random variables distributed with
F,(x)=1—-1/x,x>1.Then

(Xpinto 2 UEn i},

where U(t) = F~ (1 — 1/t) for t > 1. It means that

k=1 N k—1 =
Z (Yi,k - Y) = Xn—k+i,n - Z Xn—k+j.n
i=0 i=0 j=0
. k—1 =
= U(Enfkﬂ',n) - E Z U(Enkarj.n)
i=0 j=0
k—1 | =l
=2 | U Enossin) = ¢ Z Uso(En—icrjn) | % [U(En—n) — U(c0)]
=0 j=0
where
U(OO) - U En— inn
Uoo(En7k+i,n) = ( kt )
U(OO) - U(Enfk,n)
Defining
) =
Usoln, ) = ZO Uso(En—ictin):
| k
Voo En-tvin) = 17— 2 Uso(Ensctin) = Uoe(En-ctin)
J=i+1
and

k-1

_ 1

Voo(n, k) = E E Voo(Enfkﬂ',n)»
=0
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we can also rewrite the denominator and the second factor in the numerator of A;*.
Thus X £ BE, where
3150 (Uoe(En—krin) = Uso(t, k) (Voo Enictin) = Voo, k)

'élE - - k—1 - 2
Zi:O (UOO(En—k+i.n) - Uoo(n, k))

Note that E” ~ U,[0, 1] with @« = —1/y > 0, since P(E” <x) = P(E > x'/7) =
x~ V7 for x € [0, 1]. Hence

{(Enk+j,n)y} d {kam,n} d {Uk—j+l,k} @12)
Eyitin O<i<j<k Uk—ivin ) o<ic j<k Uk-i+1.k Osi<jsk’
where Uy, U,, ... are i.i.d. random variables distributed with U,[0, 1].

By Theorem 2.1, there exists a sequence of Gaussian processes Wy’s with mean
zero such that EW (1) Wy(s) = t(¢t/s)"" for 0 < ¢t < s < | and that by Eq. 4.10

k

1 Eprrin)’ 1 k"o, k—i+1
_ _ % n).
ey <<En_k+i,n> 1=y ) Tkmipn Ve ) For

J=i+1

(4.13)

The op-term above is uniform forall0 <i < j < k.
By Eq. 2.8 and Lemma 2.1 in Drees (1998), it follows that for each ¢ > 0, there
exist Ag ~ A, tp > Osuch that forall t > fo and x > 1,
U(0)-U(tx)
Tt — % . x' =1
Ag(D) P

< Exy+p+£‘

Without loss of generality, we assume Ay = A. First consider the case p < 0. Let
0 < & < —p. Then for large k, with x = E,_y4in/Ep—knandt = E,_j,

Ep_ivin\’
Uoo(En—k—H',n) = (%) 1+A (En—k,n)
n—k,n

(En—k+z,n )p _ 1
n—k.n E — [ pte
| M L (1) <7 "“") (4.14)
P Enfk,n
and the o p(1)-term is uniform for 0 < i < k. Hence

sup
0<i<k

En_isin\”
Uoo(En_k+,-,n)—( E "*‘”) ‘=0P(1) (4.15)
n—k,n

holds since A(t) — 0 and

Uoo(En—yj Eniiin\’ Ey iin— En iy
co(Bnterjn) :< " k+'*”> L AE-ie) | 22— 4 0p(1)
Uoo(En7k+i,n) En7k+i,n pEnfk,n
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follows for large k and the op(l)-term is uniform for 0 <i < j < k. Hence using
Eq. 4.13

1 i Uoo (En—k+j,n) . 1
k—i — Uoo (En—k-H,n) 1— Y

J=i+1
- 1 i <<En_k+j’n)y 1 )
k —i =it 1 En—k+i,n 1 - Y
k 14 P
A(Enfk n) <En—k+jn>y <En—k+jn - En—k+in )
+ Ny ’ s 2 +op(1)
k—i it Ey i+vin pEn,k.n
K, k—i+1
= — | Wi (—— 1
k—i+1( W )+0P()>
k P P
A(Enflcn) <En—k+/'n>y (En—k+/n - En—k+i.n )
+ Ny ’ = +op(1)
k—i =it En_kyin pEn—k,n
_ (i, k)
o Uoo(En—k+i,n) '

So,

Voo(Enka,n) = %Uoo(Enkari,n) +1(, k)

and, with notation 7 = k! Zf»:ol (i, k),

Vo (k. n) = %Uoo(n, k) + 7.

Similar to the proof of Theorem 2.2, we have

LY K G K) (UseEneiin) — Unc (1, 5))
% Zf‘{:_()l (Uoo(En—k+i,n) - Uoo(n» k))z

K2 (BE — 1) =
By Eq. 4.12,
((Entsin/ Enten) Yosizk = Uk-is1 ibosizk
and by Eqgs. 4.2 and 4.15, we get

sup |Uso(En—icyin) — ((k — i)/ k)| = op(1).

0<i<k

Again, similar to the proof of Theorem 2.2, it follows that

k—i\7" k—i
12 - _
k't k) =0, (—k ) Wk< X )

) TR D () () e

J=i+1
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since (k/n) E,_k.n £ 1and k'?A(n/k) — . Hence

1
R =) £ REGE=p) oy [ (e = ) o Weods

1 1 x L _ P
—H»oy’z/ (x’y — 7> xv! / (X)y y-x dydx.
0 I—vy 0 \X P

For p =0, let ¢ be such that 0 < ¢ < min{—y, 1/2}, then Eq. 4.14 and 4.15 still
hold with the replacement log(E, _i+tin/En—kn) for ((%)p — 1) /p. Since

n—k,n

KUY = k2 (KUY = 0p(1), it follows that for all 0 < i < k

En— in ¢ — €
| AE, k) (ﬁ) | £ P AE D (6RO )| = 0r ).

Thus, by Taylor expansion, Eq. 4.14 implies
Uoo(En—k+jn) (En—k+jn>y ( <En—k+jn> —1/2
L — : 14+ A(E, i) log [ —2 ) +op (k1% ).
Uoo(Enkari,n) En7k+i,n "k £ En7k+i,n d ( )
The rest of the proof follows the steps of the Proof of Theorem 2.2.

The asymptotic normality of $¥ follows by that of B X. Thus Theorem 2.3 holds.
a
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