View metadata, citation and similar papers at core.ac.uk brought to you by .. CORE

provided by RERO DOC Digital Library

SCIENCE CHINA
Mathematics

« ARTICLES - May 2012 Vol.55 No.5: 1053-1067
doi: 10.1007/s11425-011-4306-6

Modelling and mathematical results arising from
ferromagnetic problems

DESCLOUX Jean, FLUECK Michel* & RAPPAZ Jacques

Department of Mathematics, Ecole Polytechnique Fédérale de Lausanne (EPFL), Lausanne 1015, Switzerland
Email: jean.descloux@epfl.ch, michel.flueck@epfl.ch, jacques.rappaz@epfl.ch

Received May 19, 2010; accepted June 23, 2011; published online October 18, 2011

Abstract In this article, we investigate the equations of magnetostatics for a configuration where a ferromag-
netic material occupies a bounded domain and is surrounded by vacuum. Furthermore, the ferromagnetic law
takes the form

B = popr(|H|)H,

i.e., the magnetizing field H and the magnetic induction B are collinear, but the relative permeability u, is
allowed to depend on the modulus of H. We prove the well-posedness of the magnetostatic problem under
suitable convexity assumptions, and the convergence of several iterative methods, both for the original problem
set in the Beppo-Levi space W!(R3), and for a finite-dimensional approximation. The theoretical results are
illustrated by numerical examples, which capture the known physical phenomena.
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1 Introduction

We present in this article an application of stationary electromagnetics in the case of ferromagnetic
materials related to magnetic shielding.

It is well known that, in a ferromagnetic material, the behaviour of the magnetic induction B in the
function of the magnetic field H is nonlinear, and that B and H are not collinear in general, thus
resulting in hysteresis phenomena. However, in most industrial applications, it is sufficient to consider B
and H collinear, especially when the Euclidean norm of H (denoted by |H]) is large. In this case, we
have the relation

B = oy, (|H|) H,

where p, is defined as the relative magnetic permeability, and is a positive, decreasing and convex
function of the Fuclidean norm of H. The nonlinear mapping B +— H results in limiting the penetration
of electromagnetic fields into a space. This effect is often referred to as electromagnetic shielding or
screening of the ferromagnetic material.

A typical example takes place in the screening effect of the steel shell supporting a cell for aluminum
production. Let us detail this particular case: in the aluminum industry, pure metal is produced in
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electrolytic cells by the electrolytic processing of alumina created by very strong stationary electric
currents (several hundreds of thousands of Amperes). The liquid aluminum produced at the cell cathodes,
and the electrolytic bath in which are placed the anodes, are submitted to intensive electromagnetic forces.
The resulting effect is a motion of the liquids. In order to ensure the strength of the device, the lower
and lateral cell faces are covered by steel plates called “the shell of the cell”. The magnetic induction
is shielded by these shells and, therefore, the Lorentz forces and minimized. Hence the liquid motion in
the cells is smaller, which improves the stability of the process. In order to analyze the cell stability and
compute the fluid flow, it is thus important to predict this screen effect.

Let us consider a bounded domain 2 in the three-dimensional space R? occupied by a ferromagnetic
material with relative magnetic permeability p, and let Q' := R3\ Q stand for the exterior domain. We
assume that a stationary electric current with density j flows in a conductor surrounding {2 and creates
a magnetic field H and a magnetic induction B. Following [3,7] we start with the derivation of the
equation that governs the electromagnetic induction in terms of the magnetic field H. An existence and
uniqueness result for the obtained model is then given following the approach in [8-10]. The numerical
solution by an iterative procedure is then addressed. We first derive a fixed point algorithm to solve the
nonlinear problem by a sequence of linear problems to solve at each iteration. The analysis of the method
is handled for the continuous problem and a domain decomposition technique is presented and analyzed.
This technique allows to solve the problem only in a bounded region. Then, we present a finite element
method for the approximation of the continuous problem, and we study the convergence of the iterative
procedure for the discrete problem. Finally, numerical experiments performed in a realistic setup are
presented.

A large number of publications are devoted to the mathematical modelling and the numerical solution
to problems with absorbing ferromagnetic materials, with the Landau-Lifschitz law for propagation and
scattering of electromagnetic waves. Let us mention [13,14] and the references therein. Other papers
address the magnetostatic problem on thin plates [7,12] in which the thickness of the plate tends to zero
when g, tends to the infinity.

2 Modelling

It is well known that if the domain €2 is a vacuum or is occupied by a non ferromagnetic material (i.e.,
without magnetic effects in ), the field H, denoted in this case by Hj, can be described in function of
J by using the Biot and Savart law:

Ho(z) = - VaG(z,y) x j(y) dy, (1)

where G(x, y) is the Green kernel given by

1

R3: 2

G(w,y) =
here |-| denotes the Euclidean norm. In this case, the induction magnetic field By corresponding to Hy is

given by By = puoHjy, where pg is the magnetic permeability of the vacuum, and the following relations
hold in R3:

div(By) =0, curl(Hp) =3j. (3)

Now, let us assume that €2 is occupied by a ferromagnetic material with relative magnetic permeability
1y given as a function of the Euclidean norm of the magnetic field H. In fact, u, : Rt — R¥ is a given
mapping that depends on the material occupying Q. Let us set s = |H|. Since the relative magnetic
permeability of the vacuum is 1, we define the function y,. : R?® x RT — R+ by

e (,s) =pp(s), ifxeQ,
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. (x,s) =1, ifaxdgQ.

Let H and B be the fields produced by this stationary electric current density 7, which is assumed to
be unchanged in the presence of the ferromagnetic material. Stationary Ampere’s law leads to

curl(H) = , (4)
and, together with (3), it follows that
curl(H — Hy) =0 in R®. (5)
From this last relation, we conclude that there exists a scalar field v satisfying
H — Hy = V. (6)

Taking into account Gauss’ law div(B) = 0 together with the constitutive law B = pou,.H and (6), we
obtain

div(p,(Ho + V1)) =0 in R®. (7)

Since Hj is given by (1), it suffices to compute 9 from (7) in order to obtain H from (6). In order to
make this problem more precise, let us make the following remarks.

Remark 1. In order to obtain a finite energy, the fields H and Hj are of order O(|z|™?) when
tends to infinity and we can assume that ¢ (x) = O(|z|~") when |&| — .

Remark 2. In the bounded €2, the relative magnetic permeability u, is a function depending on
s = |H]|. By using (6), we can thus write u, = u, (|[Ho + V|), which implies that the problem (7) is
non linear.

However, in R — €, where Q is the closure of 2, we have g, = 1. Therefore, by using (3) and (7), the
function ¢ is harmonic outside €2 and the following relation holds:

A =0 inR>—Q. (8)

3 The mathematical problem

In order to establish a well-posed mathematical formulation of Problem (7), we formally multiply (7) by
a smooth function ¢, which is O(|&|") when |&| — oo, and we integrate it by parts to obtain

[, e Ho 4 V0) (Ho + V) - Vipda =0,
By setting
00np) = [ (e Ho (@) + V6 (@) VA(@) - Vip (a) da
and
Lo(e) == [ (e | Ho (@) + Vo @) Hy (@) Ve (@) do.
we are actually looking for v satisfying

ay (¥, ) = Ly (¢) for every ¢ = O(|sc|_1) when |z| — oo.

Now, in order to specify this problem, we define the Beppo-Levi space of order 1 (see [5, Chapter IX])
by

WHR3) = {(p :R3 = Rs.t. ﬁ(ﬁ' € L*(R?) and Vo € LQ(]R3)} ,
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where L?(R?) is the space of all Lesbegue square integrable functions on R?®. The semi-norm |90|W1(R3) =
[Vl 2 (rs) is a norm on WHR?).

With these definitions and notations, the weak form of Problem (7) reads as follows:

Find » € W (R3) such that

ay(, ) = Ly(p), Vo WHR?). (9)

Remark 3. The field Hy is given by the relation (1). In practice, the support of the current density j is
compact in R? and its measure is not vanishing. Hence Hy = O(|&|?) when |&| — co and Hy € L*(R?).
Problem (9) is therefore formulated in the appropriate spaces.

Remark 4.  Since y, = 1 outside Q and divHy = 0 in R? (see (3) with By = uoHy), we obtain for all
v e WHR?):

Lo(¢) == [ el |Ho + VoD Ho - Vs
:—/,ur(|H0+V1/)|)H0-Vg0dx—/ H, Vodx
Q R3—Q
= —/ [wr(|Ho + V|) = 1| Hy - Vo dx — /3 H, -Vydx
Q R
= —/ [wr(|Ho + V|) = 1| Hy - Vo dx — / divHyp dz
Q R3

= [ 1o+ Vo)~ 1 Hy - Vo

This relation shows that we have to compute Hy only in Q when evaluating Ly (¢). A similar remark
holds for the computation of ay (), ¢). Problem (9) is thus equivalent to finding 1 € W1(R?) such that

ay (¥, ) = —/Q (- (|Ho + Vo|) — 1] Hy - Vpdz, Yo WHR?). (9bis)

As a consequence, when p, = 1 in €2, that is to say without ferromagnetism effect, we have a (1), ¢) =
Jgs V- Vodr =0 for all ¢ € W1(R3), which implies ¢ = 0 and so H = H,.

Now, let us assume that the function p, : RT™ — RT satisfies the following properties:
(H1) p, is a C! decreasing function on [0, co) satisfying:

1) 0< B < pe(s) < B,

2) pr(s) + spy (s) 2 a >0,
for all s € RT, where 3, 3" and « are positive constants. Let us mention that (H1) is satisfied in practice
with 8/ = a = 1.
Remark 5.  The hypothesis 2) above means that [ (su,(s)) > o and consequently, if g(s) is a primitive
of sp,-(s), then the function g is strictly convex. From a physical point of view, g(|H]|) is proportional to
the magnetic energy density, which is assumed to be convex by Hypothesis 2).

Theorem 1.  Under Hypothesis (H1) and when Hy € L*(R?), Problem (9) admits a unique solution
b € WHR3).

Proof.  Let us define the function g : Rt — R™ by g(s) = fos tu, (t)dt for s > 0, and the functional
L:WHR3) — R by

1
@)= [ o+ V) dot, [ Ho+ VP o

We are going to prove that £ is well-defined, continuous on W*(R?), strictly convex and coercive.
Then we will conclude that £ possesses a unique minimum v € W*(R3), i.e., such that £ () < L () for



Descloux J et al. Sci China Math May 2012 Vol. 55 No.5 1057

all o € WY(R?). Moreover, by using the fact that the gradient of the function & € R® — |¢] € R is given
by &/|€| and by computing the Gateaux derivative of £ at 1 in the direction ¢, we obtain

(L'(); ) = /RS pr(x, [ Ho(z) + V() |) (Ho () + V() - V() da,

which implies that v is the unique solution to Problem (9).

1) We start with the continuity of £. Hypothesis (H1) implies that 0 < g(s) < 38s? for all s > 0
and L (p) < 38| Ho + V<p|\2L2(R3) which shows that £ is well defined on W1(R?). Moreover, we have
jsg(s) = s, (s) < Bs and we easily prove that £ is continuous on W1(R3).

2) In order to prove that £ is a strictly convex functional, we use again Hypotheses (H1). We have
g'(s) = spr (s) = fB's and finally ¢” (s) = pr (s) +spl. (s) = « for all s € RT. It follows that the function
g : RT — RT is strictly increasing and strictly convex, and from these two last properties, that the
mapping y € R? — g(|y|) is strictly convex.

Now, if p,w € WL(R3) with ¢ # w, we have Vo # Vw. Let A C R3 be defined by A =
{x e R®: Vo (x) # Vw(z) ae.}. If 0 <X <1, and if meas(A N Q) # 0, we have

/quHo LAV 4+ (1— ) Va) de
= [ 90N o+ Vo) + (1= ) (o + V) d
< )\/Qg(|Ho +Vo|) de+ (1 - )\)/Qg(|Ho + Vwl|) dx.
If meas(A N (R3 — Q)) # 0, we have
/RS o+ AV + (1= X) Vol de

<)\/ \Ho + Vol d:c+(1—)\)/ \Ho + Vol da.
R3—-Q R3—-Q

Finally, since

1
)= [ a(Ho+ Vel doty, [ |Ho+ Vel o

we know that £ is strictly convex.

3) It remains to prove that £ is coercive, i.e., there exist two constants ( > 0 and n € R satisfying
L(p) = Cllellwgsy + 1. By using Hypothesis (H1), we verify that g (s) = 3B3's* for all s € R*. By
setting ¢ = é min(g’, 1), it follows that

L) > ¢ [ o+ Vel do> ¢ [ (P +2H0- Vot Vo) do > Cllelys ) = )

with 77 = HHOHLQ(Rs) + 1.

From the above results, it follows that £ is weakly lower semicontinuous (see [4, Chapter 3, Theo-
rem 1.2]) and since W!(R?) is a Hilbert space (consequently reflexive), there exists ¢ € W1 (R?) satisfying
L () < L(p) for all ¢ € WL(R3) (see [4, Chapter 3, Theorem 1.1]). Moreover, the strict convexity of £
implies the uniqueness of the minimum. This minimum is the unique solution to the following equation
involving the Gateaux derivative of L:

()6 = [ | Ho + T (Ho + V) Vo dz =0 (10)

for all § € W(R3) (see [4, Chapter 3, Theorem 4.4]). Therefore, 1 is the solution to Problem (9). O
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4 An iterative method converging to v € W*(R?)

As mentioned earlier, in order to compute H, it suffices to know how to compute the solution ) to
Problem (9), as the magnetic field is given by H = Hy + V.
Let us consider the mapping F : W' (R3) — W (R?) defined by

/ (-, | Ho + Vz|)(Ho + VF(2) - Vodr =0 for all ¢,z € WH(R?).
R3

Clearly, F is well defined since Hypothesis (H1) implies that the bilinear form a, (-,-) is continuous
and coercive on W' (R?) for every z € W*(R?®). Moreover, we have

||VF(Z)HL2(R3) < ﬁ ||HOHL2(R3) s Vze Wl(RB).
We observe that 1 is the solution to Problem (9) if and only if 1 is a fixed point of F in W (R3), ie.,

Y € WH(R?) satisfies ) = F (1)

Remark 6.  Looking at the definition of pu,., it is easy to see that the value of the function F(z)
actually depends only on the restriction of z on the bounded domain 2. As a consequence, if G (z) is the
restriction of F'(z) on €, then v is the solution to Problem (9) if and only if ¢ is a fixed point of G in
the classical Sobolev space H* (12).

In order to compute the solution % to Problem (9), we will use the following relaxed fixed point method:
a) Set ¥ in W1(R3) arbitrarily and choose € > 0.
b) Compute, for k =0,1,2,...:

U1 = F(¥), (11)
Vi1 = (1 — )Py + etpr. (12)

Remark 7. The solution to the equation Jkﬂ = F(¢x) is equivalent to the solution, at each step, to
the linear problem: for given 1y, find V1 € WH(R?) satisfying:

awk(ik+l7gp):L¢k (SD)? vtpewl(RBL k207172a"' (13)

Before proving the convergence of ¢ to the solution 1) to Problem (9), we establish two lemmas which
are variations of the results found in [2].

Lemma 1.  Under Hypothesis (H1) we have
(17 (1€]) &=pr (In)m) - (€=m) > min(a, B') [€=n|*  for all &n € R,

Proof.  First, we observe that Hypothesis (H1) implies that ;s (sur (s)) = afor s = 0 and by integrating
this inequality between r and ¢ with 0 < r < ¢, we obtain

tuy (t) —rpy (r) = at —r). (14)
Now, if &, 17 € R?, we obtain
S = (pr (1€) & = pr (Iml)m) - (€ —m)

= o (1€ 1€+ (ml) In* = (e (€]) +47 (Iml)) - (€m)
= (e (1€1) €] =2 (In[) n]) (€] = nl) + (v (I€]) 1 (1)) - (1€] 0] = &m) -

By using the relation (14), we obtain

S = a (1€l =) + (ur () +ur (InD)) - (€] In| = &)
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Since 8’ < p,(s) for all s € R and &n < |€]|n|, we finally have

S > a (€| —m)?+ 28" (€| |n| — &n) > min(a, B) [€-n]>.

The proof is complete. O
Lemma 2.  Under Hypothesis (H1) we have

lr (1€]) €= (In)m| < BlE—m|  for all & € R®.

Proof. If 0 < r < t, we have

tr (1) = vty (1) = [ (58 (5) + s ().

By using Hypothesis (H1), we see that the mapping s — su,. (s) is increasing and since .. (s) < 0, we
obtain

0 <ty () —rpr (r) < suppr (s) (E—7) .
520

In conclusion, we have for every ¢,7 > 0,
ltpr () = rpe ()| < Bl — 7]

Let us take &, n € R® and compute

lr (I€1) € = o (i) 1l

w2 (€D 1€ +12 () Inl® = 20 (1€]) o () (€m)

(1 (1€ 1€] =12 (1) 1)) + 2 (e (1E]) 12 (Im])) (€] Im] — &)
2 (1€ = Inl)* + 282 (€] [n] — &)

21(1€] = [n)? +2 (€] In| — €m)] = B2 [€—n|*.

<p
<p
The proof is complete. O

Theorem 2.  Assume that Hypothesis (H1) is satisfied and Hy € L*(R®). Then if € < 2/f3, then the
algorithms (11), (12) converges. The limit solution to the ilterative algorithm is the function solution
to Problem (9) and

Jm IV ¥k = ¥)l L2@s) = 0

Proof.  Let us define yy = p,.(-,|Ho + Vi |). Tt follows that py, is a function of @ € R3 with 8’ < uy <
B, and if Kk € W (R3) is such that

/Rgukak-Vapdx:/Rg,uk(Ho—sz/Jk)-chdx for all p € W(R?),

then we have ki, = ¢, — F (¢r).
Now, we define g (1) = —L(¢r, — TK%). By using (10) we have

1) = (L' (Yr — THE); Kk)

/ tir (5 [Ho + V (Y — 7hi)|) (Ho + V (Y — Thk)) - Vi d
R3

= /RS [/’I”I‘('7 |H0 + Vv ("/}k - T,‘ik)|) (HO +V ("/}k _ T/ik))
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— i (Ho + Vi/)k)] -VEkL dx + /3 Lk |V:‘€k|2 dx.
R

By using Lemma 2 we obtain

d
p q(7) >/ fie | Vg2 d:c—ﬁ/ 17| |V ke|® da > (1—5|T|)/ \Vir|? da.
T R3 R3 R3

It follows that for ¢ > 0 we have

t 2
Lt — ti) — L(tby) = —/O dqu(T) dr < (52 —t) /]R Viei|? de

By taking t = € and since ki, = 1, — F (1)), the relations (11) and (12) imply

62
L) - £ < (85 —¢) [ 19t

and when e < Z, the sequence (L(¢y)),e, is decreasing and bounded from below by £(1). Thus this
sequence is converging and we have

lim ||V =
k—o00 L2(R3)

Now we use Lemma 1 to obtain, when v = min(c«, 5/,1):

v [ V@ v de < [ e (Ho+ Vul (Ho+ V)
R3 R3
— p. (| Ho + Vr|) (Ho + V)] - V (¢ — ) da

- _/RS #o (|Ho + Vi) (Ho + Vi) - V (¢ — ) dar
_ _Aguk<ﬂo+v¢k>-V<w—wk> dx

= —/ Vg - V(0 — ) dx
R3
<B HV’%HLz(Rg) [V (& — i)l

L2(r3)

)

Finally, we obtain ||V (¢ — ¢k)|\L2(R3) < ||V/11.CHL2(R3
we obtain the convergence of vy, to ¢ when k — 0.

) and consequently, since limy_, ||V/£k||L2(R3) =0
5 A domain decomposition method

In the algorithm described in Section 4, we need to solve (13) to compute the iterate 141 from the
previous iterate 1, i.e., we need to find 1,11 € W (R3) satisfying for every ¢ € W1(R?) :

/ 1V Ppei1 - Vpdr = —/ wHo - Vodu,
R3 R3

where pu, = p,.(, [Ho + V]).
Following Remark 4, we obtain for every ¢ € W!(R?):

/ 1 Vibesr - Vodr = / [ur — 1) Hy - Vo dax. (15)
R3 Q

Since puy, = 1 outside 2, Equation (15) implies that {pvkﬂ is harmonic outside 2.
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Let us consider an open ball B, containing 2, centered at the origin, with radius r, and with boundary
0B,.. The Poisson formula [8] reads:

~ 2_ 2 b
V() = (2" = %) Vi1 (yg) ds(y), Ve eR3—B,. (16)
47r 9B, |(1; — y|
Therefore, if Bg is a ball centered at the origin and with radius R > r, Problem (15) is equivalent to
finding 1,11 € H' (Bg) satisfying (16) on the boundary dBg of Bg, and for every ¢ € Hi (Bgr):
/ eVt - Vods = / [k — 1] Hy - Vpda. (17)
Br Q

Here H' (Bg) = {¢ € L*(Bg) with |Vy| € L? (Bg)} is the classical Sobolev space and H{ (Bg) is the
set of functions in H' (Br) with trace vanishing on the boundary 9Bgp.

In order to compute the solution Jk-«—l to Problem (17), we use a Schwarz algorithm with overlap
and Dirichlet-Dirichlet boundary conditions. The two domains are Bg and R — B,., their overlap being
Bgr — B,.. In order to solve the harmonic problem in R? — B,., we use Poisson’s formula. The algorithm
becomes:

a) Initialize »(*) € H} (Bg) by solving

/ ukV%(O)-Vgpdxz/[uk—l]H0~V<pda:, Yo € Hy (Bg).
Bnr Q

b) For n =0,1,2,3,4, ..., compute »"t1 € H' (Bg) satisfying

/ MkV%(nJrl) ! VSD dr = / [/1’]6 - 1] HO : VQO d{E, VQD € H(% (BR)7
Br Q
and

2 2 (n)
%(n+1)(w) _ (R r ) / ” (yg ds (y) Vx € 0Bg. (18)
47‘(7" OB, |:1} — y|

We have the following result:

Theorem 3.  If i1 € W(R3) is the solution to Problem (15), we have the estimate

r

s =Pl < (

) [Prs1 — 56O e (081)-

This estimates implies in particular

Jim [Prs1 — 5| ooy = 0.

Proof. We define (™) = ’l’;k;_l,_l — (" on Bp and have:

R2 _ 2 (n—1)
e (gy = T =7 )/ ¢ (z) ds(y), Va € OBp. (19)
47r OB, |a; — y|
It follows that
R? —1r?) 1
)| oo < le™ V| oo ( / d . 20
ez (0Br) & lle Iz ©OBr) g mfélggR o5, | —y|3 s(y) (20)

By considering & at the north pole of the sphere 9B, and by using the spherical coordinates, we obtain
after setting o =r/R:

T 2w 2 &3
/ 1 Bds(y):/ " do .2 7% sin () Vs
aB,. |z — y| 0 0 (r2sin® (0) + (R —rcos(0)))2
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_ 2w /” sin (0)
Ra Jo — (sin® (6) + (|} — cos (6))?)2
2r 208

~ Ra (1-a?)

With this estimate we have proven that

(R? —7r2) 2 203

srr Ra 1 a2 =l Ve o,)-

||€(n)|\L°°(aBR) < He(n_l)”L‘”(aBr)

Now, we verify that fBR Vel . Vodr = 0 for every ¢ € H} (Bg) and consequently that we have
div(ux Ve™) = 0 in Bg. Moreover

e (@) | < [le™ | @Br) < ale™ V| pe(op,) for € OBg.
By using a maximum principle (see [11] for instance), we obtain
n n— n— T n—
He( )”LOO(BR) < 04H€( 1)HL°°(8BR) < 04H€( 1)HL°°(BR) = Rﬂe( 1)HL°°(BR)'

The proof is complete. O

Remark 9. By using the relation (19), we prove that He(")HHl/z(aBR) is bounded by [e™ V||~ (a5,
and there exists a constant C' such that

e |1 (5r) < Clle™ V| L am,)-
It follows that
1€ 1 gy < Clle™ V| oo ()

Theorem 3 together with the definition of e(™ implies that there exists a constant again denoted by C'
such that

~ r n
[Bsr — 7™ s 5y < c( R) |

6 Approximation in finite-dimensional space
Let W), € WL(R?) N W2(Q) be a finite-dimensional subspace, of W1(R3) N WH°(Q), where
Wh>(Q)={g: Q2 = Rst. Vge L*(Q)}.

By using the same arguments we used for the proof of the existence and uniqueness of the solution
¥ € W (R?) to the exact problem, we can prove that there exists a unique solution v, € W), satisfying

/RS b1y (o | o + V0u)) (Fy + Vi) - Vigrd =0, Yy, € Wy (21)
Let us consider the mapping Fy, : Wj, — W}, defined by
/]RS (s [ Ho + Vzp|)(Ho + VFr(zp)) - Vorde =0, Vo, zn, € Wh.
Clearly, F}, is well-defined since Hypothesis (H1) implies that the bilinear form

a: (w,9) = / 1y (1| Ho + V2|) Vo - Vipda
R3
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is continuous and coercive on W}, for every z € W), and
Lo(9)= [ ol Ho+ Ve Hy - Viodo
RS

is a continuous linear form for every z € W,.
Moreover, we have
HVFh(Z)HLQ(]Rs) < 6HH0HL2(R3)7 Vze W,

and 9y, is the solution to Problem (21) if and only if ¢, is a fixed point of F}, in Wy, i.e.,
Yy, € Wy, satisfies ¢y, = Fp, (¢p,) .
In order to compute the solution %y, to Problem (21), we will use the following fixed point method
L= B (0F), k=0,1,2,...
which is equivalent to solving at each step the finite dimensional linear problems: find 1/)5“ € Wy s.t.
g (Ly T, on) = Lyt (pn), Yon €Wh, k=0,1,2,... (22)

when w,g € Wy, is given.

Remark 10.  Algorithm (22) is the discrete version of the relaxed fixed point method (11)-(12) of
Section 4 in which we set € = 1. It follows that for solving the discrete problems (22) in W},, we can use a
domain decomposition method that is analogous to the one given in Section 5. To do this, we discretize
only Bg (and not R?) with a tetrahedral mesh for instance, and use a standard finite element method
for solving the discrete version of (17).

In the following, we introduce the inner product in W,

(), = /R 1o (| Ho + Vi) V- Vo dae

and the norm [juf|,, = ((u; u))ll/h % which is equivalent to every norm in the finite dimensional space Wj,.

We reinforce Hypothesis (H1) by setting
(H1) p, is a C? decreasing function on [0, 0o) satisfying for every s € [0, 00):
1) B < pr(s) < B,
2) pin(s) + st (5) > @ > 0,
3) ()| <y, and p;. (0) = 0,
where v is a non-negative constant.

Observe that the first two hypotheses imply

lim |12, ()] = lim (=, (5)) < lim 0,

s—00 s—00 s—00 S

and the third hypothesis leads to

o W O _ o U 8 = O _

s—0 S s—0 S

Thus there exists a positive constant A such that

!/
|'urs(8)| <A, Vse[0,00).
Theorem 4.  Assume that Hy € L2(R3) N L>(R3) and that Hypothesis (H1) is satisfied, and let
Yy, € Wy, be the unique solution to Problem (21). Then there exists k> 0 such that if ||1n — V9 ||y, < &,



1064 Descloux J et al. Sci China Math May 2012 Vol. 55 No.5

Before proving this theorem, we give two results that can be easily verified.

Lemma 3. Let f : R3 — R be the mapping defined by f(€) = p. (|€]). If &,m,¢ € R3, € # 0, then we
have

§-m

€l
£:n&-¢
1€l [€]

f1(€m = . (I€])

F1(&)n.Q) = (€])

e (o= 506

&l je? 1€l
Lemma 4.  Assume the hypotheses of Lemma 3 hold. Then
(€ m.Q < (v +20) [l -

Proof of Theorem 4. Let pp, € W), be given and compute ¢, = Fp, (Yn+on)—Frn(W¥n) = Fr(Un+on)—tn.
Thus ¢h + 1/)h = Fh(wh + Sah) and

/}R3 (5 [ Ho + V(Yn+on)|) (Ho + V(Yn+¢n)) - Vzpdr =0, Yz, € W,

By taking z; = ¢y, it follows that

Jn1, = (@m0, = [ e | Ho + 90nl) [V o
= [ G 1o+ 01 = 1 o+ Vet IV 60 + (Ho + Fn) - V) da
= [ (e (B0 + 900 = (o + T Gt o) DHIVO P + (o + Vi) - V) do
By using a Taylor expansion and Lemma 4, we obtain
I6n1, < [ LB+ VoDl Vil + 5 v+ 20) Vi)
x {|Von|* + | Ho + V| - |V} da.

Using Hypothesis (H1), i.e., 0 < —sl. (s) < r(s) — a, we obtain by setting o = SUPse[0,00) 7 (8)] :

w2, </Qur<|Ho+wh|—a>|wh||v¢h| da:+o/ﬂ|wh||v¢h|2 dz
1 2 2
+ Q2(“7—!—2)\)|V%0h| [V on|” dx
1
+/ 2(’Y+2)\)|thh|2|Hg+th|-|V¢h| dx.
Q

Therefore, there exists a positive constant C' such that

«

2
< ([ Ho +V 1-— v Vo d
o3, < [mntEo 4 wu(1= g %o ) Vel I96 do
+C IV onl e 1760 ey (1900 )+ 00wy + 1900 ) [V e

By using the inequality p,(s) < 8 and the equivalence of the norms in W, there exists another constant
D such that

fonl3, < (1= ) [ ol 1B+ F0nl) [ n] [V o

+ Dllenlly, lenlly, (lenlly, +lonly, +lenly, lénly,)
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(67
< (1 - ﬂ) lonlly, Nénlly,
T Dlignlly, Iénlly, Uonlly, +Idaly, +lenl, lonl, ).

It follows that
«
onlly, < (1-—%3) lenlly, + D llenlly, Uenlly, +1onlly, + lenly, [Enlly,)-

From this last relation, it is easy to prove that there exists £ > 0 such that if ||| b, < K then

«
ol < (1= 57) onl, -

If we set ) = @[Jﬁ — Yp, we have ¢, = Z‘H — Y, and using the above relation we obtain

k
o = vl < w (1 55) -

When 9 € W), is chosen such that t[[1)) — ¥y ]|y, < &, the conclusion follows. O

7 Numerical results

In Section 4, we have seen that the relaxed fixed point method is converging when e < 2/, independently
of the starting point 1y in W*(R?) (see Theorem 2). In our physical applications, 3 = 4000 (see Figure 2)
and € = /23 is very small. Following this result, the convergence of ¥y to v, when k tends to infinity, is
very slow since 1,41 is almost egal to .

However, in the finite-dimensional situation of Section 6, the convergence of ¥F to 1, =~ 1 when k
tends to infinity is faster since we can take ¢ = 1 (see Theorem 4). However, in this case, we have to
take @[12 very close to ¥p,. Actually, our result of convergence holds when |4y, — wgllwh < K, where k could
depend on the finite space W), C W1 (R3) . The theoretical results of Sections 4 and 5 tends to claim that
K converges to zero when W), becomes dense to the limit in W*' (R?®). The following numerical results
show that, in fact, this is not the case and that the algorithm presented in Section 4 on the continuous
problem is converging even if e = 1. In other words, it seems that, for every starting point g, the fixed

point algorithm

div(p, (-, | Ho + V4*|)(Ho + V*H1)) =0

Relative permeability as a function of |H|
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o —~ 2500
=

= 2000
=
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0
0 2 4 6 8 10

|H| x10*

Figure 1 Geometry of the test-case with the plate in Figure 2 Relative permeability u,(|H|) as a function

black, the observation plane in gray and the support of of |H|
electrical current in line
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[ I I T T

Figure 3 Magnetic field in the observation plane as if the plate where not there (left) and with the plate (right). We can

observe the screening effect behind the plate

N N

L AN

CALAVN NN

AN RN AN ST

Figure 4 Magnetic field H in the observation plane for a current of 105 A (left) and for a current of 103 A (right). We

can observe the saturation of the plate for high current

is converging.

This problem is open. In order to support this, we will consider a ferromagnetic rectangular plate 2, 5
meters wide, 4 meters high and 2 centimeters thick, which is placed in front of an idealized infinitely long
wire with zero section. The origin O is placed at the center of the plate; the axis Oz is in the direction
of the thickness of the plate; the axis Oz is in the direction of the length and Ozj is in the direction
of the height of the plate. The total electric current of 1 A flows in the wire parallel to Oxy and passes
through the point (1.01,0,0) (see Figure 1). The relative magnetic permeability p, as a function of |H|
is given in Figure 2. In Figure 1 we also represent the observation plane we have chosen to observe the
screening effect behind the plate when we go away perpendicularly from it. The small ball B, is with
radius r = 3.5 meters centered at the origin O and the radius of the ball Br is R = 4.4 meters.

In order to build the finite-dimensional space W}, we use a finite element method with piecewise
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polynomials of degree 1 on a tetrahedral mesh T}, discretizing the big ball Br. We solve the approximate
problem set in the whole space R? by using the finite-dimensional version of the domain decomposition
algorithm presented in Section 6.

Figure 3(left), shows on the observation plane the magnetic field Hy as if the plate were not present.
Because the current support is perpendicular to the observation plane, the magnetic field is parallel to
that plane. Figure 3(right) shows on the observation plane the magnetic field H at the same scale. We
can observe the screening effect behind the plate. Moreover, we can observe that near the plate boundary,
the magnetic field is perpendicular to the plate when outside the plate and parallel to the plane of the
plate when inside the plate. This is due to the jump of w, across the plate boundary with continuity of
B -nandof H xn .

Figure 4 shows H in the observation plane for different values of the current: the current is 106 A on
the left figure and 10® A on the right figure. We can see the saturation effect: with a current of 10% A,
the plate has no screening effect anymore. This can also be observed with p,.: for a current of 1 A, the
relative permeability in the plate is almost constant to 4136; for a current of 10® A, j, is almost constant
to 106.
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