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Abstract We examine the dynamics of turbulence subgrid (or sub-filter) scales over a lake
surface and the implications for large-eddy simulations (LES) of the atmospheric boundary
layer. The analysis is based on measurements obtained during the Lake-Atmosphere Tur-
bulent EXchange (LATEX) field campaign (August–October, 2006) over Lake Geneva,
Switzerland. Wind velocity, temperature and humidity profiles were measured at 20 Hz
using a vertical array of four sonic anemometers and open-path gas analyzers. The results
indicate that the observed subgrid-scale statistics are very similar to those observed over
land surfaces, suggesting that the effect of the lake waves on surface-layer turbulence during
LATEX is small. The measurements allowed, for the first time, the study of subgrid-scale
turbulent transport of water vapour, which is found to be well correlated with the transport of
heat, suggesting that the subgrid-scale modelling of the two scalars may be coupled to save
computational resources during LES.
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1 Introduction

Quantifying the interaction of the atmosphere with an underlying water surface is of impor-
tance for many scientific endeavours such as improving lake evaporation models, developing
surface parameterizations for numerical simulations, studying the ecological implications of
climate change on water bodies, and understanding the local-scale atmospheric dynamics
in coastal areas (Brutsaert 1982; Parlange et al. 1995; Edson et al. 2007). However, water-
atmosphere interaction has generally received less attention than land-atmosphere interaction
(DeCosmo et al. 1996), mainly due to logistical difficulties in operating field studies over
water surfaces. The Lake-Atmosphere Turbulent EXchange (LATEX) field measurement
campaign was designed to help bridge this gap and address some of the issues listed above.
The experiment took place from mid-August through late October 2006, 100 m from the
shore, in a 3-m deep section of Lake Geneva, Switzerland (Fig. 1). The primary instrumen-
tation consisted of a vertical array of four sonic anemometers and four open-path H2O/CO2

analyzers.
The main goal of LATEX was to study the dynamics of small-scale turbulence over the

lake. The increasing interest in small-scale turbulence over the past decade is directly linked
to the emergence of large-eddy simulation (LES) as a leading technique for the simulation
of high Reynolds number (Re) turbulent flows in the atmosphere (Moeng 1984; Albertson
and Parlange 1999a, b; Wood 2000; Bou-Zeid et al. 2004, 2007; Patton et al. 2005; Stoll and
Porte-Agel 2006), oceans (Shen and Yue 2001; Sullivan et al. 2007), rivers (Bradbrook et al.
2000; Keylock et al. 2005), as well as in engineering systems (Piomelli 1999; Sagaut 2003).
In LES, all the large scales that one can computationally afford to capture on a numerical grid
(the resolved scales) are simulated. The dynamics of the small turbulent eddies cannot be cap-
tured and have to be parameterized using subgrid-scale (SGS) turbulence models. The results
of LES are sensitive to the SGS model formulation and hence significant research efforts
have focused on understanding the dynamics of small-scale turbulence and on developing
and testing various SGS models for applicability under different conditions.

Fig. 1 Location and orientation of sensors, analyzed wind sector, and the bathymetry (m) of Lake Geneva,
adapted from public domain satellite image (NASA World Wind) and bathymetry data (SwissTopo)
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Fig. 2 Significant wave height
versus wavelength during the
experiment as measured by a
submersible level transducer
(Pressure systems Inc. model
735; 0.05% accuracy) mounted
1.15 m below the water surface

The focus of our paper is on the dynamics of these small turbulent scales over the water
surface of the lake. Specifically, the aim is to answer the following two questions: (1) How are
SGS dynamics over the lake different from SGS dynamics over relatively flat land surfaces?
(2) How correlated are SGS fluxes and dissipations of water vapour (a passive scalar) and heat
(an active scalar) (Katul and Parlange 1995; Assouline et al. 2008), and if well correlated,
could their modelling be coupled/combined in LES.

To answer the first question, one has to look at the effect of water surface dynamics on
atmospheric turbulence at the measurement height, noting that during LATEX the average
upwind fetch was 15 km (Fig. 1). The lake is only 3 m deep at the measurement site and
turbulence in the water body is relatively weak and mainly generated by the shear at the
air-water interface. For wind speeds between 1 m s−1 and 10 m s−1, the heights of the waves
had a median of about 0.03 m and rarely exceeded 0.2 m (note that atmospheric measure-
ments start at a height of 1.65 m); wavelengths were about 8 m on average. Figure 2 shows the
significant wave height H1/3, defined as the average of the highest third of the waves, versus
wavelength. The wave speed was about 70% of the wind speed, and the wind speed and
the friction velocity u∗ reached up to 8 m s−1 and 0.3 m s−1 respectively. During low winds
(lower branch in Fig. 2), swell (and occasionally boats) generate much longer waves but their
heights never exceed 0.05 m. These features suggest that the dynamics of the water surface are
relatively weak, mainly local, and atmosphere-driven. Therefore, the LATEX experimental
site allows the study of a relatively simple case of atmosphere-water interaction where the
effect of the waves on atmospheric turbulence is minimal.

This sets LATEX apart from the only other field experiment designed to study SGS
dynamics over water surfaces, the Ocean Horizontal Array Turbulence Study (OHATS,
Sullivan et al. 2006) which took place over the Atlantic Ocean, off the coast of Massa-
chusetts. The OHATS set-up consisted of two vertically-separated horizontal arrays, each
having nine sonic anemometers. Results from that study indicate that the interaction of the
atmosphere with the underlying ocean waves in OHATS is an important factor to consider,
mainly due to low wind speeds and the presence of swell generated far from the measurement
site (Sullivan et al. 2006). Under such conditions, the ocean dynamics are not a response to,
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or in equilibrium with, the local atmospheric dynamics and the effect of the high ocean
waves on atmospheric turbulence is important (DeCosmo et al. 1996; Sullivan et al. 2000).
Proper understanding and modelling of air-water interactions obviously require a thorough
investigation of the two limiting dynamics illustrated by LATEX and OHATS, as well as
intermediate regimes. A discussion of different water surface dynamic regimes subjected to
the disrupting effects of turbulence and the stabilizing effects of gravity and surface tension
can be found in Brocchini and Peregrine (2001a, b).

A novel aspect of LATEX was the high-frequency measurements of water vapour con-
centration fluctuations in the air allowing computation of SGS parameters, testing of SGS
models, and derivation of optimal model coefficients for water vapour. The second open
question of the paper can then be addressed by comparing them with the results for heat. The
findings are of particular importance since little has been reported in the literature on the SGS
dynamics of water vapour, as opposed to numerous studies on heat and momentum dynamics.

A short review of SGS equations and models is presented in the following section,
including the formulations of the two SGS models tested in this paper, the Smagorinsky
model and the non-linear model. Section 3 describes the experimental site and set-up. The
datasets and the processing needed to compute SGS parameters are detailed in Section 4.
Section 5 presents transects through the flow (at the resolution afforded by the set-up) illus-
trating the turbulent structures and their relation to the filter size. The optimal coefficients for
the two models and their dependence on filter size and stability are discussed in Section 6. In
Section 7, we test the ability of the models to reproduce the measured fluxes and dissipations,
and a comparative analysis of heat and water vapour SGS physics is included in Section 8.
We conclude with a synthesis of the results addressing the two questions raised above.

2 Subgrid-Scale Physics

Large-eddy simulation of high Reynolds number flows is computationally possible because
it resolves only the large eddies that contain most of the energy and perform most of the
turbulent transport of momentum and scalars. The large eddies are explicitly captured by
solving prognostic equations for their motion. These equations are obtained by applying
a filtering operation to the full Navier-Stokes equations to remove the contribution of the
unresolved eddies that are smaller than the grid size. The dynamics of these small eddies
cannot be captured; however, their effect on the resolved eddies cannot be totally removed by
the filtering operation due to non-linear scale interactions. This effect appears in the filtered
Navier–Stokes equations as the divergence of the subgrid-scale (SGS) stress defined as:

σi j = ũi u j − ũi ũ j , (1)

where ui , u j , and uk are the velocity components in three directions and the tilde (∼) denotes
the filtering operation. In practice, the isotropic (hydrostatic) part of σi j is lumped with the
pressure term and the equations are written with the divergence of the anisotropic (deviatoric)
part

τi j = σi j − 1

3
σkkδi j . (2)

Similar issues arise with the filtered scalar transport equations where the effect of the unre-
solved scales appears as the divergence of the subgrid-scale fluxes defined as:

qi = ˜ui b − ũi˜b, (3)

b being the temperature or the concentration of a generic scalar such as water vapour.
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To close the system of filtered equations, a model for the subgrid-scale stress or flux is
required. The results of large-eddy simulations are quite sensitive to this model especially in
the vicinity of solid boundaries where the subgrid-scale fluxes are the most important and
their physics are harder to parameterize due to the anisotropy of the flow (Meneveau and Katz
2000; Bou-Zeid et al. 2005). A large variety of subgrid-scale models have been proposed
in the literature; however, the performance of a given model depends, for example, on the
flow being simulated, grid resolution and performance assessment criteria. Usually, model
validation is performed a posteriori, i.e. results from LES are compared to results for the
same flow obtained through experimental measurements or through direct numeric simula-
tion (DNS, which solves the full Navier-Stokes equations for all turbulence scales). Although
this a posteriori assessment is the most pertinent test for LES and should be performed in
model validation, it often does not reveal why a given SGS model works well or not for a
given flow.

A complimentary approach for assessing SGS models is a priori testing. In this approach,
highly-resolved turbulent fields from laboratory or field observations or DNS are filtered to
split the turbulent fields into resolved and SGS fields (Meneveau 1994; Tong et al. 1999). The
resolved fields are used to model SGS statistics as is done in LES (for example to compute the
resolved strain rate tensor or the model coefficients as in Germano et al. 1991). These mod-
elled statistics are then compared to the measured statistics obtained from the experimental
or DNS SGS fields (Meneveau and Katz 2000; Porte-Agel et al. 2001b).

The most widely used model for the subgrid scales remains that of Smagorinsky (1963)
or variants of it. The model relates the subgrid-scale stress to the resolved strain rate tensor
S̃i j = 0.5(∂ ũi/∂x j + ∂ ũ j/∂xi ) via an eddy viscosity (hence the use of eddy model acronym
later in this paper):

τ
eddy
i j = −2c2

S�2
∣

∣˜S
∣

∣˜Si j , (4)

where |S̃| = (2 S̃i j S̃i j )
1/2 is the magnitude of the resolved strain rate tensor, cs is the

Smagorinsky coefficient, and � is the filter scale. Similarly, the SGS flux of a scalar can be
related to the gradient of that scalar via an eddy diffusivity,

qeddy
i = −Sc−1c2

S�2
∣

∣˜S
∣

∣

∂˜b

∂xi
, (5)

where Sc is the subgrid-scale turbulent Schmidt number for the scalar b (or the Prandtl
number, Pr, for heat).

Another widely used set of SGS models is derived from the so-called similarity model
(Bardina et al. 1980), an approach that postulates that the SGS stress is proportional to the
turbulent stresses from the smallest resolved scales (between the grid scale � and a second
test filter scale α�). A simpler implementation of the similarity model can be derived by
performing a Taylor-series expansion of u yielding the non-linear model (Clark et al. 1979;
Liu et al. 1994)

τ nl
i j = Cnl�

2 ∂ ũi

∂xk

∂ ũ j

∂xk
. (6)

For the SGS flux of a scalar b, the non-linear model yields

qnl
i = Cb

nl�
2 ∂ ũi

∂xk

∂˜b

∂xk
. (7)

The coefficients of the Smagorinsky and nonlinear models appearing in Eqs. 4–7 can be
computed from LATEX data so that the mean measured SGS dissipation rates of turbulent
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kinetic energy (〈�〉 = −〈τi j S̃i j 〉) or scalar variances (〈χ〉 = −〈qi∂ b̃/∂xi 〉) match the mod-
elled ones (as done in Porte-Agel et al. (2000) and Kleissl et al. (2003) for example). We thus
obtain the most suitable coefficients for the Smagorinsky model,

c2
s = − 〈

τi j˜Si j
〉

2(�)2
〈∣

∣˜S
∣

∣˜Si j˜Si j
〉 , (8a)

Pr−1c2
s =

−
〈

qheat
i

∂˜T
∂xi

〉

〈

�2
∣

∣˜S
∣

∣
∂˜T
∂xi

∂˜T
∂xi

〉 , (8b)

Sc−1c2
s =

−
〈

q H2 O
i

∂ρ̃ν

∂xi

〉

〈

�2
∣

∣˜S
∣

∣

∂ρ̃ν

∂xi

∂ρ̃ν

∂xi

〉 , (8c)

and for the nonlinear model,

Cnl =
〈

τi j˜Si j
〉

�2
〈

∂ ũi
∂xk

∂ ũ j
∂xk

˜Si j

〉 (9a)

Cheat
nl =

〈

qheat
i

∂˜T
∂xi

〉

〈

�2 ∂ ũi
∂xk

∂˜T
∂xk

∂˜T
∂xi

〉 (9b)

C H2 O
nl =

〈

q H2 O
i

∂ρ̃ν

∂xi

〉

〈

�2 ∂ ũi
∂xk

∂ρ̃ν

∂xk

∂ρ̃ν

∂xi

〉 (9c)

where T is the temperature (K), ρv is the water vapour concentration (kg m−3), and the angle
brackets denote an averaging (in this paper time-averaging) operation. Even a coefficient
that matches the dissipation rates on average cannot guarantee good results since it does not
necessarily yield correct instantaneous energy dissipation or correct mean and instantaneous
stresses and fluxes. Another important aspect is the alignment of the measured and modelled
flux tensors (Clark et al. 1979; Meneveau and Katz 2000; Higgins et al. 2003, 2007) and the
mean magnitude and the correlation of their individual components. The correlations of the
measured and modelled fluxes and dissipations will be studied for both the Smagorinsky and
the non-linear models; however, our focus here remains on understanding the SGS physics
and answering the two questions introduced earlier, rather than testing the limits of a particular
model.

3 Site Description and Experimental Set-up

The measurements over Lake Geneva in Switzerland were collected on a 10-m high tower,
100 m away from the northern shore of the lake. The measuring campaign lasted from mid
August until late October 2006 (DOY 226 to DOY 298). Four sonic anemometers (Campbell
Scientific CSAT3) and four open-path gas analyzers (LICOR LI-7500) measured wind speed,
temperature, and humidity at 1.65, 2.30, 2.95 and 3.60 m above the water surface (Fig. 3).
The four pairs of CSAT3/LI-7500 were arranged as a vertical array oriented towards the
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Fig. 3 Upstream view and experimental set-up of LATEX

south-west with a vertical separation of 0.65 m. Only measurements with wind direction
from the south and south-west were used to ensure that the minimum fetch remained 10 km
and that the tower did not influence the measurements (see analyzed wind sector in Fig. 1). In
this sector, the average upwind fetch is about 15 km. Assuming that the internal equilibrium
layer height is roughly equal to 1/100 of the downstream distance (Brutsaert 1998; Bou-Zeid
et al. 2004), the minimum fetch of 10 km ensures that the measurements are fully within this
internal equilibrium layer of the lake.

Additional supporting measurements, depicted in Fig. 3, included (a) lake temperature
obtained by a Raman-scattering fibre-optic temperature profiler with a 4-mm vertical reso-
lution and about 0.01◦C temperature resolution (3 m range: 1 m above the water surface
and 2 m below); (b) lake current from a profiler (Nortek); (c) net radiation (Kipp & Zonen
NR-Lite); (d) surface water temperature (thermocouple and Apogee Instruments IRTS-P
infrared thermocouple sensor); (e) water temperature at 1.15 m depth (thermocouple); (f) air
relative humidity and temperature (Rotronic hygroclip S3 at 3.05 m and a thermocouple at
1.60 m); (g) and wave height and speed (Pressure Systems Inc. submersible level transducer
model 735; ±0.05% accuracy, mounted 1.15 m below the surface).

The raw data were collected at 20 Hz using a Campbell Scientific CR5000 data logger
and all computations were done later, with pre-processing and data conditioning including
triple rotation to correct the yaw, pitch, and roll misalignments of the sonic anemometers,
linear detrending, and the density correction for fluxes (Webb et al. 1980). All instruments
were purchased directly before the experiment and intercompared in the laboratory for cali-
bration. In the laboratory, under zero wind conditions, the sonics had errors on the order of
0.021 m s−1 (maximum was 0.054 m s−1, manufacturer specification for offset is 0.04 m s−1).
The standard deviation of the mean temperature readings of the four sonics in the laboratory
was 0.53◦C while LICOR readings were all within 3%. For temperature and water vapour
concentrations, we corrected the averages of the field measurements using the relative mean

123
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offsets of the different instruments measured in the laboratory. However, note that only devi-
ations from the mean are used as we explain later in the paper, and hence these corrections
will have an insignificant impact on the results.

4 Computation of Gradients, Fluxes, and Dissipations

We first note that the mean of the temperature and humidity over an averaging period (typically
15 min) are subtracted from the signals before computing the subgrid fluxes and gradients of
these scalars. This is needed because the accuracy of the means measured by the sonic ane-
mometers (for temperature) and gas analyzers is not always satisfactory; these instruments
are much better suited for the measurements of the turbulent deviations. This approach is in
accordance with previous field studies of SGS physics (e.g. Porte-Agel et al. 2001b; Kleissl
et al. 2003) and implies that the effects of mean gradients and interactions with the mean flow
(for scalars) will not be captured; these effects should not be very critical at the turbulence
scales we are studying. The components of the SGS stresses and fluxes are computed accord-
ing to Eqs. 1 to 3. The filtering operation needed in these equations was performed in two
dimensions (which was found to be equivalent to filtering in three dimensions with a filter
size reduced by about 16%—Higgins et al. 2007). The 20 Hz data were first filtered in the
vertical direction using a box filter of size 2dz = 1.3 m; this operation was applied separately
to the upper three sonic-Licor pairs and to the lower ones as depicted in Fig. 4 (left side).
Taylor’s frozen turbulence hypothesis was then employed to transform the two box-filtered
time series into streamwise spatial series. This transformation allowed the application of a
Gaussian filter (of any size �) in the streamwise direction, yielding two spatial data series
labelled as P1 (for the lower three sonic-Licor pairs) and P2 (for the upper three pairs) in
Fig. 4 (right side). The gradients of filtered quantities were needed in all three directions, and
the points around which these gradients were computed are points P1 in Fig. 4 coinciding
with sonic-Licor pair number 2 at a height z = 2.3 m. The vertical gradients were computed
using first-order one-sided finite differences (FD) between points P1 and P2. The streamwise
gradients were computed using a fourth-order centred differences (CD) scheme applied to
the data stream P1, assuming Taylor’s hypothesis. The dx step was taken to be equal to dz
(see Kleissl et al. 2003). Tests performed for this study show that using second-order centred
differences in the streamwise direction made no significant difference to the results.

Fig. 4 Filtering and gradient computations in LATEX
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The cross-stream gradients could not be computed from the experimental settings since
that would require at least two vertical arrays at two cross-stream locations. We can how-
ever approximate these terms by assuming turbulence isotropy or we can ignore them and
effectively compute the two-dimensional (2D) surrogates (in the x-z plane) of the fluxes and
gradients. The first approach (isotropy assumption) is usually preferable but it is problematic
to apply for this dataset since, for momentum, it involves assuming turbulence isotropy in
all three directions, which implies setting the missing contractions 〈S̃12 S̃12〉 and 〈S̃23 S̃23〉
equal to 〈S̃13 S̃13〉 and 〈τ12 S̃12〉 and 〈τ23 S̃23〉 equal to 〈τ13 S̃13〉. These assumptions are not
very realistic in a wall bounded flow at such a small distance from the surface since the com-
puted vertical gradient S̃13 and flux τ13 will be higher than the (1, 2) and (2, 3) components.
Subtracting the means of S̃13 and τ13 could be performed but will not solve the problem
since the turbulent part will not be isotropic either. For scalars, isotropy can be assumed
in the horizontal directions only but for the non-linear model this would transform some
cross-product terms into streamwise quadratic terms (in the denominators of Eq. 9). To avoid
these issues, the 2D surrogates of the fluxes and gradients are computed, i.e. only the x and
z components are included in the analysis. This approach is justifiable on the basis that the
vertical components are expected to be much larger close to the surface and the cross-stream
terms contribution to the tensor contractions in Eqs. 8 and 9 will be small. The only cross-
stream term that we include is d ṽ/dy appearing in the strain rate tensor S̃i j ; this term can
be accurately estimated from the continuity equation as: d ṽ/dy = −(dũ/dx + dw̃/dz) and
including it is expected to improve the estimate S̃i j .

To check the effect of these assumptions, various tests were done (only feasible with
the Smagorinsky model) and the effect of the treatment of the missing cross-stream gradi-
ents on the results was found to be minimal. When the isotropy assumption was tested, we
noticed very small changes in the values of the optimal model coefficients for momentum and
scalars, and a small decrease in the effect of stability on these coefficients compared to those
obtained with the adopted 2D surrogate approach. This indicates either that the contribution of
the missing terms is not important or that their trends are the same as the other terms that are
computed and included (vertical and streamwise). The approach we selected is, however, the
most realistic and gives the results that best match previous a priori studies. It gave indeed
the same value of cs at neutral atmospheric stability as Kleissl et al. (2003, 2004), whereas
assuming isotropy and removing the means of S̃13 and τ13 gave values about 10% lower. In
addition, it allows the comparison of the two SGS models.

The averaging operation (or the computation of correlations later in the paper) is always
performed over 15-min time intervals. This was the base period for all runs and each run
yields one data point (model coefficient, correlation, . . .). For some aspects of the analysis,
data from the 15-min runs were subsequently conditionally averaged based on atmospheric
stability.

5 Flow Structures

To compare the filter scale to the size of the eddies at the measurement heights, we first
look at vertical slices of the streamwise and vertical turbulent wind velocities, as well as
the turbulent components of temperature and water vapour concentration depicted in Fig. 5.
A low-pass filter of size 0.65 m is applied in the streamwise direction to match its frequency
content with the vertical direction (following Porte-Agel et al. 2000); however, note that the
actual resolution in the streamwise direction is typically much higher than the grid displayed
in Fig. 5 (resolution=wind speed/sampling frequency). Well-defined flow structures can be
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Fig. 5 Contour plots in a vertical plane of the turbulent components of the streamwise and vertical velocities,
temperature, and water vapour concentration. The bold black square depicts the size of the filter. The horizontal
grid lines show the vertical locations of the four sensors. The vertical grid lines show “virtual” streamwise loca-
tions of the sensors after applying Taylor’s hypothesis and filtering out scales smaller than dx = dz = 0.65 m
from the streamwise signal. The intersections of the grid lines can be interpreted as grid nodes where the flow
is sampled to produce these slices. The turbulent components for this figure are computed based on 1-min
averages to filter out the very large scales

identified. The strong correlation between w′, T ′ and q ′ and their anti-correlation with u′ are
also visible indicating that these slices correspond to a period of upward heat flux 〈w′T ′〉,
water vapour flux 〈w′q ′〉 and downward momentum flux 〈w′u′〉. Most of the measurements of
LATEX correspond to periods of unstable stratification as measured by the stability parameter

z

L
= z

κg
〈

w′θ ′
v

〉

−u3∗θv

, (10)

where z is the measurement height, L is the Obukhov length scale, u∗ is the friction velocity,
θv is the virtual potential temperature, κ is the von Karman constant, g is the gravitational con-
stant, and the brackets denote averaging, which is performed in time over 15 min. Unstable
stratification corresponds to negative values of z/L . We note that even when the sensible
heat flux was downward suggesting stable stratification, the latent heat flux was upward and
frequently balanced the stabilizing effect of the sensible heat flux. Values recorded for the
sensible heat flux H during the experiment ranged approximately between −15 W m−2 and
40 W m−2, while the latent heat flux LE was always positive and higher than the sensible heat
flux but rarely exceeded 150 W m−2.

Figure 5 also illustrates that eddies with sizes on the order of 1 m are quite active in carrying
vertical fluxes. This size can be compared to the basic filter size �= 1.3 m used herein and
depicted by the bold square in Fig. 5. The relative size of the structures is often comparable to
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or smaller than the filter size, which underscores the importance of SGS fluxes and dynamics
in the vicinity of boundaries (in the friction layer) in LES of high Reynolds number flows
where the viscous sublayer cannot be resolved (Pope 2004). In this limit, the SGS fluxes con-
tribute significantly to the total fluxes; therefore, their function is not limited to dissipating
turbulent kinetic energy (TKE) from the resolved scales. We found that the SGS contribution
could be up to 40% of the total vertical fluxes of momentum and scalars.

6 Dependence of SGS Model Coefficients on Filter Size, Height, and Stability

The values for the model coefficients obtained from Eqs. 8 and 9 were computed and their
variation with z/L was investigated for various filter sizes �. As previously discussed, most
LATEX data were taken under unstable conditions and we hence restrict our analysis to
variations of the coefficients with z/L < 0. The averaging operations were performed (sepa-
rately for the denominators and numerators of Eqs. 8 and 9) over 15 min, resulting in 673 data
points. Furthermore, we note that the box filter size in the vertical direction is limited to 1.3 m
by the set-up of the experiment, whereas the horizontal Gaussian filter size can be varied; the
filter size reported here is the effective size � = (�vertical�hori zonal)

1/2. The anisotropy of
the filter resulting from this approach can affect the results, as will be discussed.

The Smagorinsky coefficient cs is expected to increase with increasing height to filter size
ratio z/� to reflect the increasing mixing length cs� (see, for example, Mason and Thom-
son 1992). On the other hand, it is often assumed that the effect of atmospheric stability on
the Smagorinsky coefficient is negligible under unstable conditions (whereas the coefficient
decreases sharply under stable conditions, see Kleissl et al. 2004). This assumption of a
constant cs (for a given z/�) under unstable conditions implies that increased mixing due
to buoyancy in the unstable boundary layer has little effect on the turbulence structure. A
review of previous studies (Porte-Agel et al. 2001a; Kleissl et al. 2004, for example) that
did not report any sensitivity to increasing instability reveals that such studies were mostly
restricted to the mildly unstable boundary layer (−z/L < 1). Other experimental studies
(Chamecki et al. 2007) reported a continuous increase in cs as the instability (measured by
using the Richardson number) increased.

During LATEX, higher values of −z/L were observed due to the smoothness of the water
surface (under low wind conditions) keeping u∗ low, while allowing the heat fluxes to reach
values similar to those observed over land (latent and sensible heat fluxes sometimes exceeded
150 W m−2 and 40 W m−2, respectively). The resulting data indicate that cs values are signif-
icantly affected by stability. Figure 6 depicts the profile of cs as a function of z/� for different
classes of stability: near neutral (0 < −z/L < 0.1), unstable (0.1 < −z/L < 1), and very
unstable (1 < −z/L). We note that for z/� = 1.77, the filter is square; however, as we depart
from this value, the filter becomes rectangular. The filter is also anisotropic due to the lack
of explicit filtering in the cross-stream direction. To discriminate between the effects of filter
anisotropy and filter size, we apply a correction for the anisotropy as proposed by Scotti et al.
(1993). To apply this correction, we compute the effective cross-stream width from Higgins
et al. (2007) who found that a 2D filter is equivalent to a 3D filter with a smaller effective size.
Higgins et al. (2007) conclude that 0.86�2D = �3D or 0.86(�x �z)1/2 = (�x �y �z)1/3.
This finding can then be used to compute the effective �y of a 3D filter that has the same
�x, �z, and effective size of our 2D filter from�y = 0.863(�x �z)1/2 = 0.636(�x �z)1/2.
Once we have the size of the filter in all three dimensions, we apply the correction factor
as given by Eq. 16 in Scotti et al. (1993). The same results, but with cs values corrected for
filter anisotropy, are presented in Fig. 7. The values of cs increase with the height-to-filter
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Fig. 6 Conditional averages of
cs , for three different classes of
stability, versus z/�

Fig. 7 The Smagorinsky
parameter cs corrected for
anisotropy (Scotti et al. 1993),
versus z/� for three classes of
stability

ratio z/� for all stabilities, as expected. The effect of increasing instability is to increase the
integral scale and vertical mixing; this seems to flatten the profile of cs as the shear is reduced
and the variations of SGS dissipation with filter scale decrease. Depending on the value of
z/�, cs might increase or decrease with stability.

The measured SGS Schmidt number is shown in Fig. 8 for � = 1.3 m (square filter).
The anisotropy correction for the scalar coefficients Pr−1c2

s and Sc−1c2
s can be shown to

be equal to the correction for c2
s ; this is done using the isotropic turbulence estimate for the

dissipation of scalar variance and arguments similar to Scotti et al. (1993). Hence, here we
compute the scalar coefficients without correction and then compute Pr and Sc using the
uncorrected values of c2

s . This result implies that the SGS Prandtl and Schmidt numbers are
not sensitive to filter anisotropy.
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Fig. 8 The measured Schmidt number for water vapour as a function of stability

The approximate value of Sc is around 0.3 and shows a decrease from around 0.37 at
near-neutral stabilities to around 0.27 under highly unstable conditions. Note that here we
quantify stability in terms of �/L which is proportional to z/L since we have a constant ratio
z/� = 1.77. The value of 0.3 is very close to values reported in the few other studies that
investigated the subgrid-scale Schmidt number through the dynamic SGS approach. Pitsch
and Steiner (2000) found a value of Sc around 0.4 in (compressible) LES of a methane-air
flame. Stoll and Porte-Agel (2006) obtained a value of about 0.3 away from the wall for a
passive scalar in a neutral boundary layer, increasing as the wall was approached to around
0.4 at z/� = 1 (further increase was noticed at lower z/� but those points are likely to be
significantly affected by the wall-model). A value of about 0.3 was again obtained through
a dynamic model by Mitsuishi et al. (2003) for mass transfer across an air-water interface.
While to our best knowledge, no previous a priori determination of the SGS Schmidt number
for a passive scalar has been reported, the available evidence suggests that a value of the
subgrid-scale Sc in the range of 0.3 to 0.4 holds well for a wide variety of flows. This is
remarkable and underlines a basic strength of large-eddy simulation: the subgrid scales have
universal properties and are easier to model than the full turbulence spectrum required in
Reynolds-averaged Navier–Stokes (RANS) simulations. Note also that the value of the SGS
Schmidt number of 0.3 is significantly lower than the 0.7 typically used in RANS to account
for all turbulent scales, although the optimal value for RANS is known to be more flow
dependent (see, for example, Yimer et al. 2002).

The measured Prandtl number depicted in Fig. 9 shows a trend similar to that of the
Schmidt number with a more significant sensitivity to stability. Pr displays a clear decrease
with increasing buoyancy, decreasing from around 0.38 at neutral stability to around 0.2
under highly unstable conditions. This indicates that the relative efficiency of heat trans-
port increases in comparison with the efficiency of momentum transport as the surface layer
becomes more unstable. The trend of increasing Pr as we approach neutral conditions is in
agreement with the model used by Brown et al. (1994) and Mason and Brown (1999); how-
ever, the values do not match. That model predicts a value of Pr ≈ 0.7 at neutral stability
decreasing to 0.44 under highly unstable conditions. The 0.38 value that we obtain at neutral
stability is closer to the estimate of 0.47 by Mason (1989), who matched the subgrid-scale
dissipation and its estimate based on the Kolmogorov theory in the inertial subrange (similar
to the approach of Lilly 1967, for cs). We again note that the SGS Prandtl number is lower
than the value of 0.7 typically used in RANS (Pope 2000) although, as we noted for the
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Fig. 9 The measured Prandtl number for heat as a function of stability

RANS Schmidt number, the RANS Prandtl number is highly flow dependent (see review in
Kays 1994).

The variation of Pr with stability seems to be related to the active role of temperature
since smaller variations are observed for the Sc of water vapour, a passive scalar. However,
as the stability tends to neutral, the temperature field becomes almost homogeneous and the
accuracy of the measurements of temperature variations tends to decrease. This explains the
increased scatter of Pr values for single data points for small values of −�/L (Fig. 9) and
indicates that more analysis is needed to confirm and explain the physical basis of the increase
of Pr as the stability tends to neutral. This, however, will be left to future investigations based
on results from LATEX and other field experiments.

The variations of Prandtl and Schmidt numbers with the height-to-filter size ratio z/� are
shown in Figs. 10 and 11, for different stability ranges. A decrease of about 30% is observed
for both numbers as the filter size decreases (z/� increases), and the effect of the filter
size is hence considerably smaller than for the Smagorinsky coefficient, which doubled as
z/� increased from 0.5 to 2 (Fig. 7). A very similar effect of z/� on Pr was observed by
Porte-Agel et al. (2001b), where all three-dimensional components were available and the
filter size varied by actually changing the experimental set-up, although their values were 5
to 10% higher than the values reported here. This decrease of Pr and Sc and the coinciding
increase of cs as the filter size decreases indicates that the effect of the filter size on the SGS
diffusivities of heat and water vapour (−c2

s Pr−1�2|S̃| and −c2
s Sc−1�2|S̃|) is smaller than

its effect on the eddy viscosity for momentum (−c2
s �

2|S̃|).
The variation of the non-linear model coefficients with filter size and stability was also

investigated and we observed an increase of the coefficients with increasing z/�. However,
unlike with the Smagorinsky coefficients, there is no analytic correction for filter anisotropy,
which makes it difficult to distinguish between the effect of the filter size and aspect ratio.
Therefore we only report results obtained with the square filter, with a subsequent height-to-
filter size ratio of z/� = 1.77. For this ratio, the non-linear model coefficients were found
to be not very sensitive to variations in stability. The values of Cnl for heat and water vapour
were very close, both around 0.35, a value close to that observed by Porte-Agel et al. (2001b,
Fig. 11) for neutral conditions (they report an increase under stable conditions, which cannot
be checked here). For momentum, the value of Cnl was found to vary between 0.2 and 0.4.
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Fig. 10 Conditional averages of
Pr, for three different classes of
stability, versus z/�

Fig. 11 Conditional averages of
Sc, for three different classes of
stability, versus z/�

7 Effect of Filter Size on the Modelled Fluxes and SGS Coefficients

Even if the optimal coefficient is used in LES, the modelled fluxes will not be identical to the
measured SGS fluxes. The models imply that the SGS stress tensor is aligned with the strain
rate tensor (Smagorinsky model) or with the resolved stress tensor (similarity models) and
that the model coefficients are constant over the averaging period or direction. In reality, the
alignment assumption is not accurate (Liu et al. 1994; Tao et al. 2002; Higgins et al. 2003)
and the optimal model coefficients vary considerably in space and time. The realistic aim of
an SGS model is therefore to yield accurate SGS and resolved statistics, rather than to repro-
duce exact SGS fluxes locally in time and space. In spite of these arguments, an often used
indicator of the realism of an SGS model is the correlation coefficient between individual
components of the measured and modelled stress or flux tensors/vectors. As discussed in
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Fig. 12 Distribution of the
correlations between measured
and modelled vertical water
vapour fluxes

many references dealing with LES and SGS models (e.g. Meneveau and Katz 2000), good
correlation coefficients are observed for SGS models that still do not perform well in LES
(such as the similarity model alone). Therefore, results from such a priori correlation analysis
must be interpreted carefully and we use them here to probe the alignment trends and physics
of SGS fluxes rather than to validate the models. In addition, correlations have been reported
in many other references dealing with SGS modelling and LES (e.g. O’Sullivan et al. 2001;
Sullivan et al. 2003) and here we use the opportunity to compare the correlation coefficients
trends for water vapour with previously observed trends for heat and momentum.

Another interesting parameter to analyze is the correlation of measured and modelled
dissipation rates. Matching the dissipation averaged over 15 min allowed us to compute the
optimal coefficients; however, the correlation coefficients of the instantaneous modelled and
measured dissipation rates (within the 15-min run) indicates how well the model captures
the unsteady dynamics of SGS dissipation. This correlation will hence reflect the variability
of the model coefficient and is insensitive to the tensor misalignment.

All correlation coefficients are computed from the instantaneous values of fluxes or dissi-
pation during a period of 15 min (yielding one correlation value per run). This computation
is repeated for all runs yielding a dataset of correlation coefficients. The following results
in this section present probability density functions (PDFs) of these correlation datasets or
report their medians and standard deviations.

The probability distribution of the correlations between measured and modelled vertical
fluxes of water vapour is depicted in Fig. 12 (for both models), for the square filter yielding
z� = 1.77. As frequently reported in the literature, the non-linear model performs better than
the Smagorinsky model. The same results but for the correlations of variance dissipations
are presented in Fig. 13. Again we observe that the non-linear model is better correlated with
the measurements. Note that the correlations of the dissipations are significantly higher than
the correlations of the fluxes.

Since the SGS dynamics depend strongly on the filter size � (Pope 2004), it is interesting
to compare how the correlations vary with �. However, the relative magnitude of � com-
pared to the characteristic size of turbulent eddies is more important than the absolute value
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Fig. 13 Distribution of the
correlations between measured
and modelled dissipations of
water vapour variance

of the filter size. A surrogate of the integral scale of turbulence in wall-bounded flows is the
height above the ground z; therefore, and we analyze the correlations as a function of z/�.
As previously noted, the stability parameter z/L is also important and will affect the integral
scale of turbulence; however, we do not assess the sensitivity of the correlations to stability
here.

The medians and standard deviations of the distributions depicted in the figures above are
listed for different z/� ratios in Table 1. Also included in the Table are the correlations for
the streamwise fluxes of water vapour and for the vertical and streamwise fluxes of heat, with
both models. The first part (four lines) of the Table reports the correlations for streamwise
and vertical heat fluxes. All correlations seem to peak around z/� ≈ 1 and decrease for any
changes in z/� thereafter. In the streamwise direction, the non-linear model performs much
better than the eddy model; however, its advantage decreases at low z/�. In the vertical
direction, the performance of the two models is close and, surprisingly, the eddy model gives
much higher correlation at low z/�.

This comparative change in correlation behaviour as z/� decreases indicates that, as the
grid size � increases and the LES filtering tends to the Reynolds average (close to walls),
the validity of the eddy viscosity hypothesis for relating fluxes and strains improves (at least
in comparison to the scale similarity hypothesis, which is more appropriate for inertial range
turbulence far from walls). As discussed above, these near wall regions are typically the
most critical for an SGS model (highest SGS fluxes and dissipation); the relatively higher
correlations of the Smagorinsky model in these regions is a very significant result.

The second part of the Table (lines 5–8) presents the same results but for water vapour, and
we observe the same peak in the correlations at about z/� ≈ 1 with correlations higher for
the streamwise than the vertical flux component. The non-linear model again displays higher
correlations in general except for low z/� values. Overall, the correlations for water vapour
are slightly lower than for heat; this could be due to lower accuracy in the measurements of
water vapour concentrations.

The last part of the Table reports the correlation between modelled and measured dissipa-
tion for heat and water vapour. As for fluxes, a peak of correlations is again clear at z/� ≈ 1,
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Table 1 Median (standard deviations in parentheses) of the correlations between the measured and modelled
fluxes for different height to filter ratios

z/� = 0.5 z/� = 0.7 z/� = 1 z/� = 1.3 z/� = 1.77 z/� = 2

qheat
1 , qheat,eddy

1 0.40 (0.18) 0.42 (0.17) 0.39 (0.15) 0.35 (0.13) 0.28 (0.11) 0.26 (0.10)

qheat
1 , qheat,N L

1 0.54 (0.31) 0.65 (0.26) 0.74 (0.22) 0.75 (0.22) 0.69 (0.22) 0.66 (0.21)

qheat
3 , qheat,eddy

3 0.43 (0.14) 0.47 (0.13) 0.49 (0.13) 0.48 (0.14) 0.44 (0.14) 0.42 (0.13)

qheat
3 , qheat,N L

3 0.24 (0.17) 0.39 (0.16) 0.58 (0.17) 0.68 (0.18) 0.61 (0.18) 0.54 (0.17)

q H2O
1 , q H2O,eddy

1 110.36 (0.17) 0.34 (0.15) 0.28 (0.14) 0.22 (0.12) 0.17 (0.10) 0.15 (0.10)

q H2O
1 , q H2O,N L

1 0.47 (0.31) 0.53 (0.28) 0.57 (0.25) 0.52 (0.25) 0.44 (0.24) 0.41 (0.24)

q H2O
3 , q H2O,eddy

3 0.38 (0.16) 0.39 (0.15) 0.38 (0.15) 0.34 (0.15) 0.26 (0.14) 0.23 (0.14)

q H2O
3 , q H2O,N L

3 0.21 (0.17) 0.33 (0.18) 0.49 (0.18) 0.51 (0.20) 0.4 (0.19) 0.34 (0.17)

χheat , χheat,eddy 0.58 (0.21) 0.64 (0.18) 0.72 (0.19) 0.75 (0.20) 0.70 (0.19) 0.66 (0.19)

χheat , χheat,N L 0.64 (0.32) 0.75 (0.26) 0.86 (0.21) 0.90 (0.20) 0.84 (0.22) 0.80 (0.20)

χ H2O , χ H2O,eddy 0.53 (0.23) 0.59 (0.21) 0.64 (0.21) 0.65 (0.21) 0.57 (0.21) 0.52 (0.20)

χ H2O , χ H2O,N L 0.59 (0.32) 0.70 (0.29) 0.80 (0.25) 0.82 (0.23) 0.73 (0.23) 0.66 (0.23)

and temperature yields a higher correlation than water vapour. The overall correlations are
higher than the correlation for fluxes; such increased correlations for a priori tests based on
dissipation instead of fluxes was already observed in the first a priori tests in turbulence (Clark
et al. 1979). The non-linear model correlates better with measurements but the difference
with the eddy model decreases at low z/�.

8 Comparison Between Heat and Water Vapour SGS Dynamics

Several studies of subgrid-scale heat fluxes can be found in the literature (Porte-Agel et al.
1998 for example), but little has been published about water vapour fluxes, as noted earlier.
LATEX is the first experimental set-up that allows the computation of SGS fluxes and dis-
sipation for water vapour and it is therefore of interest to compare the dynamics of water
vapour fluxes and dissipation to heat fluxes and dissipation. The goal is to investigate under
what conditions the dynamics are sufficiently correlated to realistically combine the model-
ling of the two SGS dynamics in LES. The gradients of the temperature and water vapour
concentration would still be calculated separately of course but dynamic determination of
the model coefficients (Germano et al. 1991) could be combined if the two components are
well correlated.

Figure 14 depicts strong correlation between the vertical SGS heat and water vapour fluxes
(similar correlation, not shown here, are obtained for streamwise fluxes). Figure 15 shows
even higher correlations between the dissipation of heat and of water vapour variances (peaks
above 85%). Again, the effect of the filter size is investigated for sizes that do not entail sig-
nificant filter anisotropy (recall that the square filter yields z/� = 1.77). One observes an
increase in the correlation when the size of the filter increases. This indicates that at larger
scales, where the dynamics are more averaged, the correlation between the two scalars is
stronger. Conceptually, at the largest scale (the mean), the two fluxes are either upwards or
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Fig. 14 Distribution of the
correlations (based on 15-min
periods) of vertical heat and
water vapour fluxes and variation
with z/�

Fig. 15 Distribution of the
correlations (based on 15-min
periods) of heat and water vapour
variance dissipations and
variation with z/�

downwards and the correlation tends to 1 (or −1 if the mean fluxes are opposite). The large
coherent structures maintain high correlations at large scales since they act in a similar way
to convection. Further down in the turbulence cascade process, in the inertial subrange, the
two scalars de-correlate. This trend was clearly visible in a coherence spectrum (which can
be viewed as a frequency dependent correlation coefficient) of temperature and humidity (not
shown here). The spectrum was above 0.9 for all the low frequencies and started to decrease
only in the highest frequency decade (i.e. for scales smaller than 0.5 s).

The strong correlations observed above encouraged us to look at the correlation between
the model coefficients for water vapour and heat. As previously illustrated, these coefficients
vary with stability and filter size and the question hence is whether their variations with these
parameters are similar (only for unstable conditions with z/L < 0). For the Smagorinsky
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Fig. 16 Relations between model coefficients for heat and water vapour for three different filter sizes, on the
left for the Smagorinsky model (Sc versus Pr) and on the right for the non-linear model

model, the plot of Pr versus Sc on the left-hand side of Fig. 16 shows a very robust linear
relation between the two numbers that is not sensitive to stability or filter size. A bisquare
linear fit for all the data yields a Schmidt number about 7% higher than the Prandtl number.
The right-hand side of Fig. 16 depicts the relation of the two coefficients of the non-linear
model and a bisquare linear fit (solid line in figure). We again observe good correlation
between the two coefficients with Cheat

nl roughly 11% higher than C H2O
nl according to the fit.

For both models, one can note that the correlation improves considerably when the size of
the filter increases; this is attributed to the increase in the correlation of humidity and tem-
perature fields with scale, which we observed in a coherence spectrum as discussed above.
We also observed (trend not illustrated in Fig. 16) that the correlation tends to improve as the
atmospheric instability (−z/L) increases. The total correlation coefficients for all filter sizes
is about 65% for both models (ranging, for the coefficients of the non-linear model, from
33% for z/� = 1.77 to 73% for z/� = 0.5, and for the Smagorinsky model, from 38% at
z/� = 1.77 to 75% at z/� = 0.5).

The good linear relations of the coefficients for heat and water vapour in both models sug-
gest that a dynamic determination of only one of the coefficients could be sufficient (see Moin
et al. (1991) and Porte-Agel (2004) for details on dynamic SGS models for scalars). The other
coefficient can then be imposed based on the fits proposed here. This would save significant
computational time and complexity in large-eddy simulation. Moreover, this suggests that
dynamic coefficients for other passive tracers can also be computed from the coefficients of
heat or water vapour via simple linear relations.

9 Conclusion

Measurements from the Lake-Atmosphere Turbulent Exchanges Experiment (LATEX) were
analyzed to study specific aspects of subgrid-scale modelling for large-eddy simulation. The
data analyzed here mainly consisted of high frequency measurements of wind, temperature
and humidity that can be used to study actual SGS dynamics and compare them to modelled
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ones; we tested the Smagorinsky (eddy) model and the non-linear model. The main goals of
the study were to: (1) compare SGS dynamics over the lake to the dynamics over flat land
surfaces; (2) study SGS fluxes and dissipation of water vapour (a passive scalar) and compare
them to fluxes and dissipation for heat (an active scalar). The following observations help us
address the first goal of the paper:

1. The variations and values of the Smagorinsky model coefficient obtained over the lake
(Fig. 7) were similar to those over land (Porte-Agel et al. 2001b; Kleissl et al. 2003).
However, we detected a greater sensitivity of the model coefficients to stability mainly
due to the fact that LATEX was able to reach much higher values of −z/L than previous
studies over land.

2. The SGS Prandtl and Schmidt numbers showed relatively mild variations with filter
scale and stability (Pr being more sensitive to stability than Sc). These variations and the
values of the two coefficients were similar to those obtained in other field experiments
and through dynamic models for many types of flow.

3. The non-linear SGS model coefficients showed little sensitivity to stability and the values
were comparable to values obtained in neutral stability over land (Porte-Agel et al. 2001a)

4. The correlations between measured and modelled SGS fluxes and dissipation (Table 1)
were slightly lower than the values reported over land surfaces (Porte-Agel et al. 2001b);
though this is likely due to the details of the analysis (mainly the vertical filtering and
use of 2D surrogates in this paper).

From the above, we conclude that the turbulent subgrid scales over the lake obey the
same dynamics as observed over land. No significant effect of the moving interface could
be detected. Of course, the momentum and heat fluxes over the lake are different from those
over land; however, variations in these parameters affect SGS dynamics in the same way
over land and water. These findings can only be confirmed for water surfaces where the wave
heights are low compared to the measurement height as is the case during LATEX (Fig. 2)
and where the dynamics of the surface exchanges are mainly controlled by the atmospheric
flow.

To address the question relating to the similarities between water vapour and heat SGS
dynamics we note that:

1. The fluxes and dissipation of heat and water vapour show high correlations (Figs. 14
and 15)

2. The model coefficients for heat and water vapour are closely related for both the eddy
and non-linear model and the relations are not sensitive to stability or filter size (Fig. 16).

3. The variations of the correlations, as a function of filter size, between measured and mod-
elled fluxes and dissipation (Table 1) have the same trends for heat and water vapour,
though the correlations are generally slightly higher for heat.

This suggests that the subgrid-scale dynamics for heat and water vapour are strongly
correlated and dynamic SGS model implementations could compute the coefficient of one
of the two scalars and impose the other coefficient based on the first one through the
linear fits in Fig. 16 (dynamic coefficient determinations are rather expensive computa-
tionally). This result has been validated here only for unstable conditions and for
surfaces where the temperature and water vapour concentration are well correlated at the
large scales (sensible and latent heat exchanges at the lake surface are well correlated). It
is not clear if the good correlation between heat and water vapour SGS dynamics will hold
under stable conditions or over heterogeneous terrain with alternating hot-dry and cold-wet
patches.
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