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Abstract. We consider Benham’s model for strand separation in negatively supercoiled cir-
cular DNA, and study denaturation as function of the linking difference density ¥ < 0.
We propose a statistical version of this model, based on bayesian segmentation methods of
current use in bioinformatics; this leads to new algorithms with priors adapted to supercoiled
DNA, taking into account the random nature of the free energies needed to denature base
pairs.

1. Introduction

Initiation of transcription in DNA requires the two strands of the double helix to
separate, and strand separation is enhanced in negative supercoiled DNA. Benham
(1979, 1990, 1996) proposes a mathematical model for the process of strand sep-
aration, based on statistical mechanics ideas, and develop algorithms to locate
interesting sites along the DNA where strand separation or replication is strongly
favored (see e.g. Clote and Backofen (2000)). These computational methods are
Metropolis dynamics (Sun et altri (1995)) or exact methods relying on transfer
matrices (Fye and Benham (1999)). In a typical state, some base pairs are broken;
we are interested in the repartition of the droplets of denatured bonds, and on the
nature of the bases situated in these domains. Our aim is to investigate the effect
of the number of droplets, of the degreee of negative superhelicity of the DNA and
of the concentration in A + T bonds on the equilibrium properties of Benham’s
model. This is the topic of Section 2, where homopolymers are treated according to
the number of connected domains of denatured bonds: in Section 2.1.1, we study
denaturation when no restriction on the number of domains is imposed, and show
that no fully denatured state exists; this is the situation adapted to the algorithms
of Fye and Benham (1999). In Section 2.1.2, we study the model when the num-
ber of domains ry is such that ry/N — 0, as N — oo, where N denotes the
number of bases of the DNA. We show the existence of a fully denatured state
when the duplex is sufficiently negatively supercoiled. This is the regime where
the MCMC of Sun et altri applies. We next turn to copolymers in Section 2.2, and
study localized denaturation as function of the proportion of A 4+ T bonds and of
the level of negative superhelicity of the DNA. Section 3 focus on the statistical

C. Mazza: Section de Mathématiques, 2-4 Rue du Liévre, CP 64 CH-1211 Geneve 4, Suisse.
e-mail: christian.mazza@math.unige.ch

Key words or phrases: Strand separation— Statistical mechanics —Supercoiled DNA —
Bayesian model


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice
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aspects of the model: Section 3.1 translates Benham’s model in a Bayesian frame-
work, and Section 3.2 shows how Bayesian segmentation methods of current use
in bioinformatics, as presented in Liu and Lawrence (1999), can be of interest in
the strand separation problem. This also give new algorithms with priors adapted
to supercoiled DNA, which take into account the random fluctuations of the free
energies needed to denature A 4+ T and G 4 C bonds.

In what follows, we consider a spin system based on a circular graph with node
set S, |S| = N, N €N, and, for each site i € S, a spin o; € {—1, +1}. Benham’s
original model deals with a lattice gas, with binary random variables n;. We use
both notations by setting n; = (o; 4+ 1)/2, and use spins to link this model with
known mean field models. The meaning of n; = 0 (resp. o; = —1) is that the bases
of the double helix at site i € S are linked by an hydrogen bond, the link is closed,
and n; = 1 (resp. o; = +1) means that this bond is broken, the link is open. Then
n:= ZINZ | n; denotes the number of open bonds. The partitioning of the DNA in
domains allows the linking numbers to be regulated, where the linking number L
of a configuration describes the way the duplex winds about the axis, assuming that
the axis of the helix is planar. The twist 7" is the number of times the duplex revolves
about its axis(see e.g. Clote and Backofen (2000), chap. 6.2). When the DNA is
relaxed, the so-called B-DNA state, a segment of N bases produces typically the
characteristic linking number Ly = N /A, where the constant A is experimentally
situated around 10.4. A negative supercoilded DNA is a configuration obtained
from the B-DNA by cutting the strands using topoisomerase of type II; one another
piece of the duplex passes through the gap, which is closed afterwards. This pro-
cess reduces then the linking number of the duplex and forces the circular axis of
the helix to wind, producing then a more twisted and compact configuration(see
e.g. Lewis (1994)). This supercoiled state permits for example to put the helix in
nuclei. Benham’s model permits to quantify the way supercoiling enhances strand
separation.

Consider a supercoiled DNA with negative linking difference« = L — Lo < O,
imposed during the process. Assume that n base paires are denatured; the helix
unwinds locally and thus increases its linking difference to o + n/A. Because
the strands car rotate around each others, the same process induced also a twist 7,
yielding a residual linking difference o, = o +n/A —7 . The total twist 7 between
separated regions is modeled as

N

7=y 1Y,
4 21
i=I

where 7; € R is the local helicity. Benham’s idea is to quantify all of these steps
with free energy costs. The torsional free energy G; is given by

C N
i=

for some stiffness coefficient C > 0. Consider a configuration in which n bonds
are seperated in r runs, that is in r connected components of open bonds. In what
follows, 2r is the perimeter of the configuration.
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The free energy cost for separation is modeled as

N
Gy =ar+Zbinl~, a>0,r= Zni(l —Nit1),

i=1 i

where the parameters b; indicate the natures of the bases located at sites i € S: AT
links are formed of 2 hydrogen bonds, and GC links consist in 3 hydrogen bonds. If
i € Sisassociated with an AT link, we set b; = ba7 and b; = bg¢ otherwise, with
bgc > bar. In the homopolymer case, b; = b > 0. This will act as an exterior
magnetic field in the statistical approach; when the bases are chosen at random on
the DNA with some law, ) _; n;b; can be viewed as a random external field. The free
energy b needed to break the base pair, and thus to separate a base pair, depends on
the inverse temperature j:

b:b(,B):AH(l—%"), ()

where A H is the enthalpy of the reaction and f, is the inverse temperature asso-
ciated to the melting temperature 7,,. Below T}, the field b is positive, this is the
regime we are interested in. From Benham (1992), the pBR322 DNA is such that
AHar = 7.25 keal/mol, AHgc = 9.02 kcal/mol, and the melting temperature 7,
follows the law

T, = 354.55 + 16.6log(x) + 41 Fgc,

where x is some parameter and Fgc = 0 for AT bonds and Fg¢c = 1 for GC bonds.
When x = 0.01 and T = B! = 310 K, the resulting free energies are given by
bar = 0.255 kcal/mol and bg¢c = 1.301 kcal/mol.

Long range interactions appear with the fluctuations of the linking difference:
it is known experimentally that the energy cost associated with the residual linking
difference for supercoiled DNA is given by

_Kaf K(
T2 2

a—i—z—T)z.

G, 2

Experimentally, the coefficient K is inverse proportional to the number of bases of
the DNA; we thus set

K
K==2
N

As N is large, basic statistical reasoning suggests to renormalize the variable n as
n/N, to catch the thermodynamical limit. We thus introduce the linking difference
density k by setting

a=«KN,

which is related to the superhelical density s as s = k A. The overall free energy
takes then the form
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2

N N
C 2 Ky n 1 n;T;
G =— - N= _ s
2 ;"’T' LR (K+2NA N &1

N
+ ) ((a+2b)n; — aniniyy).
i=1

We use the local fields 2b; instead of b; for notational purpose.

2. Results on denaturation
2.1. The homopolymer approximation

In this paragraph, we suppose that b; = b > 0 and that i; = 7 € R. Set for
convenience

1 & 1 &
My = ﬁzni’ my = NZG[ =2My — 1.
i=1 i=1
Then the Hamiltonian of the system becomes

Ct? Ko 1z 2
G =N ZbMN-i-TMN-i-? K+ A 2m My + aHging /4,
where the index t of G, indicates the dependence on the torsion coefficient t and
Hiing denotes the Hamiltonian associated with the nearest neighbor ferromagnetic
Ising model in dimension 1

N-1
Hging = — Z 0i0iy1 =4r — N.
i=1

Before introducing the Gibbs measure of the system at inverse temperature 8 > 0,
let us proceed as in Benham by averaging the system with respect to the torsion
coefficient t. The Boltzman weight should be exp(—B8G:). Averaging over T € R
gives the integral fR exp(—BG.)dr, that is the effective Hamiltonian

ZJTZCK() < MN>2

et 2
472C + KoMy \ T 74 &

a
Hy = N2bMy + ZHSing + N
(see Fye and Benham (1999)).

2.1.1. Arbitrary large perimeter
In this approximation, we shall consider the behavior of My in the thermodynam-
ical limit N — oo under Gibbs measure

ng,p(0) = exp(=BH1(0))/ZN(B, B), (3)

where Zy (8, B) denotes the related partition function, and where B = (b;)1<i<n
b; = b, denotes the exterior field. We use mainly Laplace method bu using the
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large deviation rate function associated with the ferromagnetic nearest neighbor
Ising model in dimension one. Notice the appearance of the magnetization M in
the denominator of (2), which is quite unconventional. Let g, be the Gibbs mea-
sure at inverse temperature 8, = af/4 associated with the Hamiltonian Hiing.
Then, for any function 4 : I := [0, 1] — R,

< h(My) exp(—=NBFp(Mn)) >z,
< exp(—=NBFp(MN)) >ng,

< h(MN) >7Tﬂ.B=

) “

where

Fp(y) =b2y -1 +G(y), y€l, Q)
and
212CKy y 2
GOH) = ———— 2.
W) = 172C 1 Koy <K + A)

Let uy be the law of my(0) = 2My (o) — 1 under Gibbs measure g,. Then

S v ([d2)h (£2) exp(— BN Fp (1£2))

h(M g =
<h(My) > 5, fj-ll MN(dZ)eXP(_:BNFB(%))

(6)

Benham (1979) investigates the thermodynamics of supercoiled DNA, by min-
imizing free energies, and introduces critical thresholds of supercoiling. In this
macroscopic approach, it is shown that sufficient negative supercoiling implies
local denaturation. In Benham (1996), this work is extended to positively super-
coiled DNA (x > 0); looking at the various plots contained in this work, we see the
appearance of critical linking difference densities above which a positively super-
coiled DNA remains intact at temperatures higher than the melting point. Similarly,
we introduce the

Definition 1. The order parameter of the system is
< My >ngps OF <MN >xpp,

the magnetization of the spin system. We say that the system exhibits phase tran-
sitions when there exist critical linking difference densities k.(B) > k.(B) such
that, in the large N limit, < My >4 Oask > kc.(B), < My >np5—> 1 as
Kk < kc(B), andlim < My >z, ,€ (0, 1) otherwise.

Let Ay (%) be the logarithmic moment generating function
An(A) = In(mg, (exp(Nmn 1)),

with (see e.g. Baxter (1982), p.34)

o1 ePa cosh(L) + /€2Ba sinh(1)2 + e—2Pa
Ao () := ngnoo NAN()\) =1In ( v )

eﬁa “+ e_,ﬁa
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Then, according to Gaertner-Ellis Theorem, (see e.g. Dembo and Zeitouni (1992))
the law of m y under g, satisfies a large deviation principle with good rate function

Ling(z) = sup(Az — Ao (R)),
reR

the Legendre transform of As. AL, = ePasinh/ Ve2Pa sinh? +e—2a, and
Al = ePa cosh / (ezﬁ“ sinh? +e‘2ﬁ“). A is thus strictly convex on R, and its
Legendre transform is essentially smooth (see Theorem 26.3 in Rockafellar (1972)).

The derivative IS’ing (z) tends to +00 when z converges to a boundary point of the

domain of /jye. From computation,
2™ 4 /14 22(e% — 1)
Ising(Z) =zln
V1 =22

1 eﬂn\/l + Z2(6—4ﬂa _ 1) + 6‘_/3“
— In s
V1 — Zz(e/ga + g_ﬁa)

|z] < 1, and Iging(z) = +o00 when |z]| > 1.
In the special case where a = 0, the rate function becomes the entropy

+z 11—z

1
Ising(Z) = In(1+2z) +

In(l —z2), [z] < 1.

The integrals appearing in (6) can be estimated through Laplace’s method by re-
writting the numerator heuristically as

+1
f dzh(l ;Z> exp(—NJ(2),
-1

1
J(z) == Ising(Z) +,3FB< _2'_Z>v lz| < L.

where we set

Then (6) is asymptotically equivalent to

S dzh (52 exp(=N (J (2) — inf ;<1 T (2))
fjll dzexp(—N(J(z) —inf ;<1 J(2)))
Theorem 1. 3 a unique z, € (—1, +1) minimizing J(z), with

1+z
<MN>7T/3,B—) iy

The model does not exhibit phase transitions in the sense of Definition 1.
This is a consequence of the stiffness of the rate function Ing(z) as [z| — 1:
lim;|—1(d/dz) Lsing (z) = +00, and the rate function J(z) can not be decreasing in
the neighborhood of z = 1. The minima of J(z) are thus located in the interior of
the unit interval. Suppose that the Ising measure is replaced by some probability
measure Vy on Qy, such that the law of My under Vy satisfies a large deviation
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principle with strictly convex and smooth free energy function A; then its Legendre
transform is essentially smooth, and again, using Varadhan’s Theorem, one gets the
rate function J (z) —inf, J(z); similarly, the minima of J are located in the interior
of the domain of the Legendre transform, and no phase transition occurs.

Proof. Consider the probability measure

Jo nn(dz) exp(=NBFp((1 +2)/2)
I v (dz) exp(—=NBFp((1 4+ 2)/2)

vy (C) =

for any Borel subset C of [—1, 1]. Varadhan’s Theorem (see Deuschel and Stroock,
Theorem 2.1.10 and exercice 2.1.24) gives that vy satisfies a large deviation prin-
ciple with good rate function J (z). If J attains its infimum at a unique point z, of
the interval, the sequence vy converges weakly to the point mass §, . Consider first
Fp(y),y € [0, 1], or equivalently Fp + 2bk A + b, which is equal to

2(bA%* 4+ 72C) (y — y0)(y — y1)
A? =)

where

niCA (4bA + Kor) and dn*C
_—_ K ) an = —
Ko(bA2 + 72C) 0 V2 Ko

yo=—-kkA>0, yi =

Notice that b > 0 implies that y; > y,. The function has apole at y = y, < 0, and
tworoots y; and yg > 0. Then Fjp is strictly convex on the half line (y,, +00). Thus
J is strictly convex on [—1, 1], with lim;_.1 J ’(z) = +00. The unique infimum
is thus located in the interior of the interval.

2.1.2. Limited perimeter

Computations done in some theoretical studies (see e.g. Benham (1989), p. 268 and
Benham (1990), p. 6302) or empirical studies( see e.g. Sun et altri (1995, p. 8658))
deal with the behavior of My when 2r is fixed, or is small. In what follows, we give
conditions on the growth of r = ry ensuring the possibility of phase transitions,
that is the possibility for global denaturation when the linking difference density is
small enough.

In what follows, we condition on the event {o; |o| = 2ry}, where for any
configuration o, |0 | denotes the perimeter of o, with |o| = |i; 0; = —0j41| = 2r,
and Hging(0) = 2|o| — N. Classical combinatorics (see e.g. Feller (1971)) shows
that the number of configurations of length N with "I | n; = n and perimeter
1 <r < N/2is given by

N/mn—1\/N—-n-—1
M(n,r):7<r_1)< r—1 )

Let U, y be the uniform probability measure on the subset C, y of the cube Qy
consisting of spins of perimeter 2r. Let P,y be the law of My under U, y, with
supp(P-n) ={r/N,...,1 —r/N}, given by
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n—1\(N—n—1
(r—l)( r—1 )
n—1\(N—n—1
ZréngN—r (r—l)( r—1 )
Then the average < h(M) >y, , becomes

2 exp(=Bar)lilo| =2r}1 3o, <ycn—r Pron(/N)h(n/N) exp(—=NBFp(n/N))
2 exp(=Bar)ilo| = 2r} 3o, <ucn—r Prv(/N) exp(=NBFp(n/N))

We will be concerned with integrals of the form

Prn(n/N) = . )

1
fo Py v (d)h(y) exp(—BN ().

when r = ry is such that ry /N —> 0 as N — oo.

Lemma 1. Assume that 2ry < N and thatry /N —> 0as N — oo. Then

1
—log<n)—>0,N—>oo, (8)
N rn

whenn = [pN], for 0 < p < 1. The sequence of probability measures (P, N)neN
satisfies a large deviation principle with good rate function I" : R — [0, 4+00)
givenby I"(y) =0,y € I, and I" (y) = 400, y € IC.

Proof. The first assertion is a consequence of Stirling’s formula. Assume that A =
(a,b) C I.For N large enough, AN{ry/N,... .1 —rn/N} # @, and A contains
an element pp of the form py = [pN]/N for some 0 < p < 1, with

IOg PrN,N({ION}) < 10g PrN,N(A) < 0.

Using (7) and (8), it remains to check that

1 N —
— log Z (n)( n) — 0.
N r r

r<n<N-r

But, as the sum larger than one,

1 n\(N —n
0< —1
veel 2 (0
r<n<N-r
1 n\ /N —n
< —log|{ (N —2r) sup
N r<n<N—r \I r
log(N 1 N —
< og( )—i——log sup (n>< n) .
N N r<n<N—r r r

The sequence ((:’) (N r_")) » attains its supremum whenn = [N /2], and the statement
is a consequence of (8). A is a I”-continuity set. When AN I =@, P, nv(A) =0,
which is consistent with I"(y) = +o0o when y ¢ I. When A takes the form
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A =[—c,e]withc >0ande > 0,3 Ny € Nsuchthat) < ry/N < &,VN > Ny,
and the same argument applies. When A = [—c, 0], Py, ~(A) = 0, and we have
the inequalities defining the large deviation principle

1
— inf I"(y) < liminf — log(P A
}}EnAO (y) < limin N 0g(Pry,N(A))

and

lim sup e log(Pry n(A)) < —inf I"(y). 9)
N yeA
The above arguments show that the upper and lower bounds (9) hold for open and
compact sets. The sequence of measures ( Py, n) is supported by the unit interval,
and the sequence is exponentially tight. The large deviation principle follows.
When the large deviation principle is satisfied with the flat rate function 7,
Laplace’s method gives that the system exhibits a phase transition with respect
to the order parameter My : the mass of the integral is located near the infimum
of the function Fp(y), and therefore, the DNA is completely denatured when the
parameters of the problem are such that

inf F = Fp(1).
ye%’l) B(y) (1)

This occurs for example when the helicity density « is smaller than a critical density
Ke.

Theorem 2. The function Fp : I —> R attains its infimum at a unique point
v«(B, k). Let

2 2
CA 4r=C
il (4bA + Kok) and y, = — id .

- kA0, y =
Yo = A= = T (AT + 72C) Ko

Let k.(B) and k.(B) be the smallest roots of the polynomials P(k) = (yo —
Y1 = y2) — 3 and Q) = P(k) — (1 = 2y2), with kc(B) > Kc(B). Set
My =y, + /(2 — y0)(y2 — y1). Then (i) k > k.(B) implies that Fg is increas-
ing on I with y,(B, k) =0, (ii) kc(B) < k < k.(B) implies that y,.(B, k) = M, €
(0, 1), with Fp decreasing below y.(B, k) and increasing above y.(B, k), and (iii)
k < kc(B) implies that Fp is decreasing on 1 with y,(B,k) = 1. Leth : 1 — R
be bounded and continuous. Assume that ry /N —> 0 as N — o0o. Then

Pry N(hexp(—NBFp))
Pry.N(exp(=NBFp))

Proof. We look for the infimum of Fp on I; equivalently, we can consider the
infimum of Fp + 2bkx A + b, which is equal to

(2bA% 4 272C) (y — o) (y — y1)
A? y—y) '

Notice that b > 0 implies that y; > y;. The function has a pole at y = y» < 0,
and two roots y; and yp > 0. We see that the first part of the theorem (cases (i),

—> h(y«(B, k)).
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(i1) and (iii)) is related to the location of the infimum of the function with respect
to (y2,0), (0, 1) and (1, o). Taking the derivative, we must look for the roots of
y2 = 2y2y + y2(30 + y1) — yoy1, of discriminant (yo — y2)(y1 — y2) > 0, since
y1 > ¥, yo > 0and y» < 0, and we get the condition for the largest root M,.
The polynomial P (k) is obtained by imposing M, < 0, and Q(k) by imposing
M, < 1. Concerning the last assertion, consider the probability measure

() i JaSPCNBFEG)) Py ()
N exp(“NBF5(») Pry v (@)

for any Borel subset A. From Varadhan’s Theorem (see e.g. Theorem 2.1.10 and
exercice 2.1.24 in Deuschel and Stroock (1989) or Theorem 11.7.2 in Ellis (1985))
and Lemma 1, the sequence () satisfies a large deviation principle with rate
function Ir(y) — infy Ir(y), where Ip(y) = I"(y) + BFp(y). infycr Ip(y) =
Binfyer Fp(y), which is realized at a unique element y, (B, k); uy converges then
weakly to the point mass 8y, (B, «)-

2.2. The copolymer case

In the copolymer case, the field BY = (b;) 1<i<n 1s indexed by a word of length
N on the two letters alphabet {A + T, G + C}. Given BN let

N
1
+pNy .— . —
px (B >.—N21(bl—bm,
1=

where I(-) is the indicator function. Given some proportion p™ € I, we shall con-
sider families (BN)NGN of words with p;(BN) — pT. Let

N N
1 _ 1
my(0) = = D Mbi = bar)oi and myy (@) = — Y _1(bi = bgc)oi,

i=1 i=1

with my = m; + my;, and consider the mapping Wpy : Qy — R? given by
Wpn (o) = (m',f,(a), m (o)), which permits to control the eventual localization
of the magnetization. Let V) be a probability measure on Qy, and let O be the
image measure of Vyy under W~ . We consider the behavior of m; and m , under
the Gibbs measure

V(o) exp(=NB Fpn (0))
Zn(B, BN, Vy)

bl

nﬂ’BN'VN(O') =

where we set
1 N
Fpn(0) = G(My (@) + ;bim.
1=

Let us denote by Bgc and Byr the fields associated with the GC and AT homo-
polymers, with critical linking difference densities k.(Bgc), kc(Bgc)s ke (BaT)
and limiting proportion of broken bonds y.(Bgc, k) (see Theorem 2).
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Theorem 3. Let (BN)NEN be a sequence of words of {bar, bge}N  with
,o,'i,'(BN) —> p™, for some pT € L Suppose that the family of probability mea-
sures Qy satisfies a large deviation principle with rate function Ip @ R? —>
[0, 400) given by Ip(y) = 0, y € D and Ip(y) = 400, y € D, where
D = [—pT, pT] x [=p~, p~ 1. Let k be such that k.(Bgc) < k < ke(BaT).
Assume that p* > y.(Bgc, k): Then denaturation is localized on the AT do-

— —_ =
main, that is < my >”ﬂ,BN,vN pT, and < my >”ﬂ,BN,vN p~, where

we set p~ = 1 — p™, the proportion of GC bonds. Conversely, assume that
pt < yi(Bgc,k): Then < mf; > — pt,and < my >,

2y+(BGc k) —1—pT > —p~.

B.BN vy 8.BN vy

Remark 1. If the parameters of the problem are such that k.(Bgc) < kc(Bar)
(recall that the fields are temperature dependent, see (1)), and x is so that k. (Bgc) <
k < kc(Bar), denaturation is localized on the AT domain, for arbitrary proportion
pT of AT bonds. However, when ¥ < i.(Bgc), denaturation is localized on the AT
domain when p* > y,(Bgc, k) and denaturation expands beyond the AT domain
when p* < y«(Bgc, k).

Proof. We must evaluate the asymptotic behavior of

>, VN (0) exp(=NBFpn (0)h(my (o), my (o))
> V(o) exp(—=NBFpn (o))

’

for functions & of the two variables (m;, m ). Notice that

Fgn(0) = G(My(0)) + barmy(0) + bgemy (o)
= G(My(0)) + bgemn(0) + (bar — bge)m7 (o),

Let FimT™,m™) = G(M) + barm* +bgcm™—, wherem = m*T™ +m~ and M =
(m + 1)/2. We must thus check the behavior of the expectation

() = 11OV expNBF (7)) Qn (dy)
[ exp(—=NBF(y))Qn(dy)

for bounded and continuous functions 4. From Varadhan’s Theorem, the family
of probability measures w y satisfies a large deviation principle with rate function
Ip(y) —infy Ip(y), where Ir(y) = Ip(y) + BF (y).infy IF(y) = Binfyep F(y).
If this infimum is realized at a unique point y, of D, the sequence of measures iy
converges weakly to the Dirac mass §y,. We thus look for the minima of F on D.

inf  F(m%,m™) = inf (G(M)+bgem + (bar — bgc) X
(m*,m=)eD Im|<1

sup mt)
mtm=):m™+mt=m

Given, p™, consider m such that M = (m + 1)/2 > p™T, thatis m > 2pT —

1.
Then sup,,+ 4 ,,-—, m* = pT(corresponding to (10) below)): when m* = p™,
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one obtains m~ = m — pT and the pair (m™, m™) is element of D since m~ =
m—pt < p ifandonlyifm < pt 4+ p~ = land m~ > —p~ if and only if
m > pt —p~ =2p" — 1. Similarly, when m is such that M < p*, the maximal
possible value of m™ ism™ = 2M — p (corresponding to (11) below). In summary
the infimum is obtained by taking the minimum between

inf G(M) +bgem + (bat — bgo)p™, (10)
Mzpt

and

inf G(M) +barm + p~ (bar — bge). (11)
M<pt

We next use the hypotheses. From Theorem 2, k < k.(B4r) implies that G(M) +
barm attains its infimum when m, = 1, or M, = 1, and is decreasing on the unit
interval; (11) becomes

G(pT) +bar2pt — D+ (1 — pH)bar —bse) = G(p™) + pThar —p bae.

Concerning (10), ¥ > k.(Bgc) and, from Theorem 2, the function G(M) + bgcm
attains its minimum at y,(Bgc, k), and is increasing above this point. Thus

inf G(M)+bgem =G(ph) + 2p" — Dbge,
MZ>p*

when pT > v.(Bgc, k). Then, both (10) and (11) are minimized for M = p™,
which is the maximal value of m*. Thus m™ = pt and m™ = m —m* =
20T —1— pT = —p~, as required.

Conversely, assume that p™ < y.(Bgc, «). Then (10) becomes

inf G(M) + bgem + (bat — bge)p™
MZzpt
= G(y«(Bgc., k) +bgcy«(Bge, k) — 1) + (bar — bge)p™t.
When M < p, the infimum is still given by
G(pT) +barp™ — p bgc = G(pT) +boc2pt — 1) + ptbar — ptbee.

and one obtains that the minimum is realized when M = y,(Bgc, k), and therefore
mT=ptandm™ =m—m*™ =2M — 1 —m* = 2y.(Bgc,k) — 1 —pt, as
required.

In the remaining, we give an example of probability measure V on 2y such
that Oy = Vy o \Il;,i satisfies a large deviation principle with rate function Ip.
Given a sequence (B"), consider the family of spins oV given by al.N = I(blN =
bar) — I(bfV = bgc). Given a sequence ry, consider the restricted Ising measure

I(lo| < 2ry)mp, (0)
I(lo| < 2ry)mp, (o)

Vn(o) =mg, ry(0) = 5

oeQy
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Lemma 2. Let (BN ) yen be a sequence of words such that ,0; — pT €1, and
oV e Cry.N, for some sequence (7y)yeN. Assume that ry + 2 < ry, and that
rn/N —> 0 as N — oo. Then the probability measure Qn = mg, ry © \Ilgl\l,
satisfies a large deviation principle with rate function Ip.

This is an extension of the homopolymer case: 7y /N — 0 means that the word
associated with the DNA is formed of relatively large droplets of A 4+ T bonds
alternating with similar droplets of G + C bonds.

Proof. Whenry/N — 0, (8) implies that log(Vy (6V))/N — 0 for any sequence
of spins (6V)y with |57 < 2ry. Now, given an open subset A of D, containing
some point A = (A", A7), with |]A™| < p™ and |A™| < p~, consider the sequence
Ay = (INAT]/N,[NA™]/N), which is in A for N > Ny(A, A). Then

36N € Gy v with 7y <7y + Land Wyv (V) = Ay, YN = No(A, 1), (12)
Suppose that (12) is true: Then one obtains
V(™) < On () < Qn(A) < 1,

and it follows that log(Qn(A))/N — 0 as N — oo. In this case, A is a Ip-
continuity set. The main property to check is thus (12). Set )Li = [A*N]/N,
and define Mﬁ = (Aﬁ + pﬁ)/Z, where py = 1 — p;\,”. Choose an origin in
the circular DNA at some site iy with (Ti]:_l = —1 and GiN = 1. We can con-
sider the linear string, starting at ip, with an A 4 T droplet, and ending with a
G + Cdroplet. Let Ay, ... , A7, be the A + T droplets, ordered according to their
appearance along the string, and define similarly Gy, ... , Gfy. Seta; = |A;| and
gj = 1Gjl, 1 < j < ry. The string is viewed as the juxtaposition of symbols
A1Gy ... A7, Gy, . Let TT and T~ be defined by
J
TH=min{1<j<ry; Zak > NMy ¢,

and

Notice that both 7F and T~ are well defined for N large enough since ZZ’L |Gk =
Nodb, Sk 8k = Npy. piy = ot oy = p= M = W+ pT)/2 < pt and
My — (A +p7)/2 < p~. Let i be the site situated in A7+ such that

{i € AyU---UAr+; i <ii}l = NMy,

and define similarly i, for the G+C domain. Set 5iN = +1wheni € AjU---UAr+
andi < i,6" = —1wheni € Ap+ U---U Apy andi > i1, ¥ = —1 when
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i€GU---UGr-,i <ipand 6N = +1wheni € Gr- U---UGj,,i > is.
Clearly

Yo &N =NMf - (Nof; — NMY)
ieUigigiy Ak

=N (2My = py) = N2,

and similarly

Yo &N =Nay.

ieUlgkngGk

giving Wy (6V) = Ay, as required. Next suppose without loss of generality that
Tt < T, theni; < iz, and, from construction, &I-N = oiN when i < iy, 6iN =
—oN wheni > ir and 6V = —1 when i; < i < ip. It follows that |V <
2(rny + 1), as required.

Now, consider a Borel subset A C D¢ in R?. For any sequence of spins (&
inQy, —py < mx(G"V) < py, and thus Wy (V) € A° for N large enough, that
is there exists No(A) € N such that Qn(A) = 0, VN > Ny(A).

M)

3. Statistical approach
3.1. A Bayesian model

In the copolymer case, the field BY = (b;) is indexed by a word of length N on
the two letters alphabet {A 4+ 7', G + C}. When the perimeter is fixed by setting
VN = Urn, C .y = {0 € Qu; |o| = 2r} is a nonlinear code, as a subset of
Qu, and tools from information theory and bayesian statistics are of great utility
for computational issues. We will see that the Hamiltonian of the system models
the a posteriori law on the parameter space Qy given the observation B . First,
consider the a priori probability measure on the parameter space given by

Vi (0) exp(~NBG (My (o)) TTiL | (exp(—0iBbaT) + exp(—0iBbc)
Zy(vy) ’

where Zy (vy) denotes the related partition function and Vy is an arbitrary proba-

bility measure on 2. Notice that vy takes into account the level of superhelicity

of the DNA through the linking difference density «, and that vy corresponds to
the Gibbs measure associated with the homopolymer with field B, given by

bat + bgc
2 9

vy(o) =

b=

that is

V(o) exp(—NBFj(0))
ZNB, B, V)

The statistical model is as follows: a code word or a parameter o~ is chosen at
random with law vy on supp(Vy), and is sended through a noisy channel with

vy (o) =

0
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output alphabet {A + T, G + C} and memoryless channel statistics P(-|oc) given
by
N N 0
exp(—o2Bb;)
P80 =[] ptbilo)) = 0 e
1 exp(—0;" Bbar) + exp(—0; Bbgc)

i=1 i=

The output distribution of BY is
q(BY) =Y vy(@)P(B"|0),
ogeQy

and the a posteriori distribution on the parameter space is the Gibbs distribution

V(o) exp(—NBFgn (0))
Zn(B, BN, VN)

T[/S,BN,VN(G) =
Notice that
E,(pf(BY) =1-0+4 20 — 1) < My >,,,

where 6 = exp(—pBbar)/(exp(—Bbar) + exp(—Bbgc)) = 1/2. The law of
My (o) under vy is subject to threshold phenomenon, as shown in Section 2.1.
When Vy = U,y withry/N — 0, Theorem 2 gives information on the limiting
support of vy : ke(B) < k < k.(B) implies that the law of M under vy converges
toward the point mass 8, 3 ., with y«(B, k) € (0, 1), and the average proportion
of A + T bonds in BN under ¢ is given by 1 —6 + (20 — 1)y.(B, k) € [1 — 6, 6].

Having observed some word BY, consider the Bayes estimator for ¢ under
quadratic loss L(o, 0’) = ||lo — 0’||2. Bayesian Theory (see e.g. Robert (1992))
gives that the optimal Bayes estimator under quadratic loss is

ZUEC;’,N OiVN(G)P(BN|O)
> ec,, W@ P(BY[0)

-~

i =

and the estimated magnetization ) ; 6;/N corresponds to our order parameter
< my >7Tﬁ.BN,VN’ showing that Benham’s model has an interesting statistical
content.

In the next Section, we imbeed Benham’s model in a bayesian segmentation
model of current use in bioinformatics, and provide new algorithms with priors

adapted to supercoiled DNA.

3.2. Bayesian segmentation for strand separation

3.2.1. A two coins example

Liu and Lawrence (1999) present a Bayesian model for segmentation of biopoly-
mers, and provide algorithms for drawing samples from the various posterior laws
of the model, which might be of great interest in the strand separation problem. We
start with their two types of coins example, to fix ideas. Suppose you know that in
a coin tossing game of length N, the first A Bernoulli have a probability of success
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01 and the next N — A tosses have a probability 6, # 67 of getting a head. Let y,p;
be the observed sequence, with /11 (resp. /2) heads and ¢ (resp. 1,) tails in the first
(resp. second) part of the sequence. The change point A is treated as a missing data,
and has some prior law g(a). The likelihood of the observed data is given by

L1, 02; Yobs, A =a) =01 (1 — 61622 (1 — 62)g(a).

In their work, the prior w(8) for 6 = (61, 6») is a product measure associated
with two independent Beta random variables B(6;; o1, B1) and B(62; a2, B2). Let
p(61, 62, a, yops) be the joint law of all variables, with

P61, 62, a, yobs) = L(61, 02; yobs, A = a)m(0)g(a),

and
P(A = Cl, yobs) = / / p(elv 927 a7 yobs)deldQZ

The following algorithm will converge and give samples from the posterior law of
(01,602, A):

e Fix A = a and 60,, and draw 0; from its conditional posterior law P (01|62, A =
a, Yobs), to get the new 61,

e proceed similarly for 65 to get the new 6;,

e draw A from its conditional posterior law P(A = a| 6, y,ps) proportional to
[Tiei 26/ (1 — 6;)"@g(a), where h;(a) and 1;(a) are the number of heads
and tails contained in the i-th part of the sequence, i = 1, 2.

Coming back to the setting of Section 3.1, choose Vi to be U y, fixing the perim-
eter to 2r = 2. Benham’s model deals with a circular DNA, and they are N con-
figurations of length a, and two change points. Forgetting for a while this slight
difference, we see that the Bayesian model of Liu and Lawrence can be adapted for
Benham’s model: o is the missing data or segmentation parameter A, and the prior
law g(a) is just the a priori measure vy of Section 3.1. Suppose that o; = +1,

1<i<Aando; =—-1,A <i < N.Set BN = Yobs and fix the parameter 6 to
5, = exp(—Bbar) 3 — exp(Bbar) —1_4
exp(—Bbar) + exp(—Bbgc)’ exp(Bbar) + exp(Bbgc) '

(13)

The model of Section 3.1 can be seen as a particular case of the segmentation model,
and the a posteriori law of the change point A is the Gibbs measure 774 gn v, . For
the deterministic model with constant 8, the last step of the algorithm corresponds
to sampling with 74 g~ v, . Fye and Benham (1999) give algorithms for strand
separation using transfer matrices from statistical mechanics; the method can be
applied, thanks to the quadratic form appearing in the prior vy (the transfer matri-
ces have complex entries, a consequence of the gaussian transform). The perimeter
is not limited, and is penalized by the exponential weight appearing in the one
dimensional Ising Boltzman weight exp(—4rp) for a perimeter of 2r (notice that
this way of penalizing too large perimeters was implemented in a recent work of
Ramensky et altri (2000, 2001)). Their method is applicable to situations where the



214 C. Mazza

free energies for strand separation b4r and bgc fluctuate: in real situations, chem-
ical reactions can alter these free energies. In the randomized case, the Bayesian
segmentation model can also provide an interesting alternative for studying the
strand separation problem with random free energies b47 and bgc.

3.2.2. The general case

We adapt the setting of Liu and Lawrence (1999) and Ramensky et altri (2000,
2001), and indicate the main features of the model. The number of domains or seg-
ments of the circular DNA can be limited to 7y,,x. The missing data is the spin o, with
prior law vy, given by Vy and the homopolymer of field b = (bar +bgc)/2, with
free energies bar and bgc given by formula (1). o can be seen as a juxtaposition
of droplets of + spins arranged around the discrete circle of length N.

Suppose they are 2r domains with r positive droplets, that is containing sites i
with o; = 41, and r negative droplets. The parameter 6 is here defined given o.
We associate to every positive droplet A% withoj_1 = —1,0; = +1,ip < i < iy,
and o;, 41 = —1 afamily of k 4 1 i.i.d. Bernoulli ;,with

P(ei=A+T)=0"%and P(s; = G+ C) = 1 — 90k,

of random parameter 60+, which is chosen according to some prior law f*. Do
the same for negative droplets for a random parameter 6/9/! of prior f—, with

P(ej=A+T)=1-6"and P(e; = G + C) = 67071,
The requirements might be
E+(0"%) = E;- (077 = 0y,

where the constants b4 and bg ¢ appearing in (1) and (13) can be taken as average
values. Positive droplets force the sample toward A + T outcomes and conversely
for negative droplets. The priors f* can be chosen as in Liu and Lawrence (1999)
as Beta laws with the required expectations.

A second way of randomizing the parameters consists in taking, independently
for each segment, two positive random variables b4 (w) and bgc(w), distributed
according to some law, which might be motivated from thermodynamics or bio-
chemistry, with average values given by formula (1). Draw 2r i.i.d. realizations of
these two random variables, and set, for each segment,

exp(—Bbar (®))
exp(—Bbar(w)) + exp(—Bbgc(w))
The probability to get A 4+ T is 8(w) when the droplet is positive and 1 — 6(w)
when the droplet is negative.

Let 7 (0]o) be the prior law given by the above construction, with joint law
(0, 0) = 7w(8|o)vy (o). Then the law of BV is

P(BY) = Y wy(o)P(B"|0)

ogeQy

= Z vN(a)/P(BNIQ,O)dﬂ(9|U),

O'EQN

0(w) =
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where P(BY |6, 0) is the product measure associated with the Bernoulli. The
posterior law of interest in the strand separation problem is just P(c|BY) =
P(BN|o)/P(BY). This last law is defined on the cube Q, of size 2V. The ob-
servables of interest are the number of denatured bonds My (o) givenby my (0) =
2Mpy (o) — 1, and the restricted magnetization m; and m ;. Information on the
localization of denaturation can be obtained by considering the proportion of bro-
ken A + T and G + C bonds

mi + ,Oi

5 ;
(see Section 2.2). Bayesian segmentation algorithms like backward sampling, as
given in Liu and Lawrence (1999) or Schmidler ez altri (2000), can thus be applied
to the strand separation problem to study local denaturation as function of the var-
ious parameters, taking into account the random fluctuations of the free energies
needed to denature A + T and G 4 C bonds.

+
My =
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