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Abstract: Scattering in a model of a massive quantum-mechanical particle, an “elec-
tron”, interacting with massless, relativistic bosons, “photons”, is studied. The interaction
term in the Hamiltonian of our model describes emission and absorption of “photons”
by the “electron”; but “electron-positron” pair production is suppressed. An ultraviolet
cutoff and an (arbitrarily small, but fixed) infrared cutoff are imposed on the interac-
tion term. In a range of energies where the propagation speed of the dressed “electron”
is strictly smaller than the speed of light, unitarity of the scattering matrix is proven,
provided the coupling constant is small enough; (asymptotic completeness of Comp-
ton scattering). The proof combines a construction of dressed one—electron states with
propagation estimates for the “electron” and the “photons”.
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1. Introduction

The study of collisions between photons, the field quanta of the electromagnetic field, and
freely moving charged particles, in particular electrons, at energies below the threshold
for electron-positron pair creation — commonly called Compton scattering — has played
a significant role in establishing the reality of Einstein’s photons, in the early days of
quantum theory. With the development of quantum electrodynamics (QED) it became
possible to calculate the cross section for Compton scattering perturbatively, using the
Feynman rules of relativistic QED. The agreement between theoretical predictions and
experiments is astounding.

Yet, a careful theoretical analysis of Compton scattering uncovers substantial diffi-
culties mainly related to the so-called infrared problem in QED, [BN37, PF38]: When,
in the course of a collision process, a charged particle, such as an electron, undergoes an
accelerated motion it emits infinitely many photons of finite total energy. Unless treated
carefully, a perturbative calculation of scattering amplitudes is therefore plagued by the
infamous infrared divergencies.

Infrared divergencies can be eliminated by giving the photon a small mass, or, alter-
natively, by introducing an infrared cutoff in the interaction term. Of course, after having
calculated suitable cross sections, one attempts to let the photon mass or the infrared
cutoff, respectively, tend to 0. This procedure, carefully implemented, is known to work
very well; see [YFS61].

If the total energy of the incoming particles, photons and an electron, is well below
the threshold for electron-positron pair creation it is a fairly good approximation to
neglect all terms in the Hamiltonian of relativistic QED describing pair creation- and
annihilation processes in a calculation of some cross section for Compton scattering. The
resulting model is a caricature of QED without positrons in which the number of elec-
trons is conserved. It is this simplified model of QED, regularized in the infrared region
by an infrared cutoff, which has inspired the analysis of Compton scattering presented
in this paper.

To further simplify matters, we consider a toy model involving “scalar photons” or
“phonons”, and we also impose an ultraviolet cutoff in the interaction Hamiltonian. But
the methods developed in this paper can be applied to the caricature of QED described
above if one works in the Coulomb gauge and introduces an ultraviolet and an infrared
cutoff in the interaction Hamiltonian.

The main results of this paper can be described as follows: For the toy model described
above, we establish asymptotic completeness (AC) for Compton scattering below some
threshold energy X, which depends on the kinematics of the electron and on the coupling
constant. The latter will have to be chosen sufficiently small. This means that, on the
subspace of physical state vectors containing one electron and arbitrarily many “‘scalar
photons” (massless bosons) of total energy < X, the scattering operator of our toy model
is unitary.

In a previous paper [FGSO01], we have studied the scattering of massless bosons at an
electron bound to a static nucleus, below the ionization threshold, in a similar toy model
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with an infrared- and an ultraviolet cutoff. In other words, we have proven AC for Ray-
leigh scattering of “photons” at an atom, below the ionization threshold, in the presence
of an infrared- and ultraviolet cutoff. By combining the methods in [FGSO1] with those
developed in this paper, we expect to be able to establish AC in our toy model of an elec-
tron interacting with massless bosons and with a static nucleus at energies below some
threshold energy X (depending on the kinematics of the electron), provided the coupling
constant is small enough. Such a result would apply to scattering processes encountered
in the analysis of the photoelectric effect (see [BKZ01]) and of Bremsstrahlung. Further
possible extensions of our results are described in Sect. 10.

As quite frequently the case in mathematical physics, our methods of proof are con-
siderably more interesting than the results we establish. We think that they illustrate
some of the many subtleties of scattering theory in quantum field theory in a fairly illu-
minating way. Before we are able to describe these methods and give an outline of the
strategy of our proof, we must define the model studied in this paper more precisely.

To describe the dynamics of a conserved, unbound particle, here called electron,
coupled to a quantized field of spin-0 massless bosons, we consider the Hamiltonian

Hy = Q(p) + Hy + gp(Gy)

acting on the Hilbert space of state vectors H = L%(R3) ® F, where F is the bosonic
Fock space over L2(R3, dk), k € R3 is the momentum of a boson, x € R3 the position
of the electron, p = —iV, the momentum of the electron, and Q2 (p) is the energy of
a non-interacting, free electron of momentum p. The operator Hy = f dklk|a*(k)a(k)
is the Hamiltonian of the free bosons; a(k) and a*(k) being the usual annihilation and
creation operators obeying the canonical commutation relations (CCR). The operator
¢ (G ) describes the interaction between an electron at position x and bosons. It is given
by

¢(Gy) = /dk (Gx(k)a(k) + Gy (kya*(k)),  with e))
Gak) = e " ¥icq (k). 2)
We impose an infrared cutoff by requiring that
Kke(k) =0 if k| < o,

where k, € C§° (R3) is a form factor. The constant ¢ must be positive but can be
arbitrarily small. The smoothness and the decay assumptions on k, at |k| = oo are
technically convenient, but can be relaxed; see e.g. [Nel64, AmmOO]. The parameter
g € Ris a coupling constant.

The Hamiltonian H, is invariant under translations in physical space and thus ad-
mits a decomposition over the spectrum of the total momentum P = p + Py, Py =
[ dk ka*(k)a(k), as a direct integral

53] 52}
H, ~ f Hgz(P)dP on Hx~ FdP, with
R3 R3

Hy(P) = Q(P — Pr) + Hf + 8¢ (ko).

where ~~ indicates unitary equivalence.
On the dispersion law, 2(p), of the free electron we only impose minimal assump-
tions that are sufficient for our purpose and are satisfied in examples of physical interest.
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We assume that 2 > 0, that 2 is twice continuously differentiable, and that 9;9;£2 and

V(2 + 1)~ /2 are bounded functions. Most importantly, we assume that, given an
arbitrary 8 > 0, there exists a constant Og > inf €2, such that

IVQ(p)| < B, forall p with Q(p) < Og. 3)

Note that these assumptions are satisfied in the examples where

2
Q(p) = 2p_M (non-relativistic kinematics)

and

Q(p) =4/ p* + M? (relativistic kinematics),

for some positive mass M. [We could also study an electron in a crystal interacting with
phonons.]

Our assumptions on €2 (p) and the presence of an infrared cutoff o > 0 guarantee that
the Hamiltonian H,(P) has a unique one-particle eigenstate v p € F corresponding to
the eigenvalue (energy) Eq(P) = inf o (H,(P)), for each P with Q(P) < Og, B < 1,
and for | g| sufficiently small, depending on $. In fact, under these assumptions, condition
(3) allows us to show that

”:lnzfg (Eg(P — k) + |k| — Eg(P)) > 0 “4)
forall o > 0. This is the key ingredient for proving that H, (P) has a one-particle eigen-
state of energy E¢(P) (cf. [Fr674]). Uniqueness follows by standard Perron-Frobenius
type arguments or by a suitable positive commutator estimate.

Wave packets ¥ ¢, f € L% (R3), of dressed one-particle states yp are defined by

Vr(P) = f(P)yp, ®)

where supp f C {P : Q(P) < Og}. They minimize the energy for a given distribution
| f|? of the total momentum, and they propagate according to

ey =y, fi(P) = EPN (),

In nature, no excited one-electron states are observed, and, correspondingly, one
expects that every state e~/ Hs'y eventually radiates off its excess energy and decays
into a dressed one-electron wave packet v . More precisely, for any given v, e~ Hsly,
should be well approximated, in the distant future, by a linear combination of states of
the form

a*(hig)-...-a*(hy e My, (6)

where h; , = e !¥'j; and ¥ is given by (5). This is called asymptotic completeness
(AC) for Compton scattering. Mathematically more convenient characterizations of AC
may be given in terms of the asymptotic field operators a, (h) and a’ (h). Let Ex (H,)

denote the spectral projection of H, onto vectors of energy < X. Leth € L2R3, (1+
lk|~1)dk) and let ¢ € Ex (Hg)H for some £ < Op—;. Then the limit

af (g = lim ¢fia* (el
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exists, and, moreover,

ai(h) ... al(hg = lim &a*(hy,) - a*(h)e g (7

if h; € L2(R3, (1 + |k|™1dk), ¢ € E;(Ho)H, and A + > ; M; < X, where M; :=
sup{|k| : h; (k) # 0}. Let H denote the closure of the space spanned by vectors of the
forma’ (hy)-...-a% (hy)Y . From (6) and (7) it is clear that AC means that H = H.
AC in this form asserts, on the one hand, that the asymptotic dynamics of bosons which
are not bound to the electron corresponds to free motion, and, on the other hand, that
Hg(P) has no eigenvalues above Eg(P) = inf o (H,(P)).

The main purpose of this paper is to show that

H+ D Es (Hg)H,

for every ¥ < Og—1,3 provided that |g| is sufficiently small depending on X (Theo-
rem 17).

We thus prove that all vectors in Ran E's; (Hy) decay into states of the form (6). While
the assumption ¥ < Opg—1/3 may appear very restrictive, it still allows for electrons
with speeds as high as one third of the speed of light (=~ 108 m/s)!

Dressed one-electron states for the model discussed here with relativistic and non-
relativistic electrons were first constructed in [Fro73, Fr674]. For similar results on the
related polaron model, see [Spo88] and references therein.

First steps towards a scattering theory (construction of the Mgller operators) were
previously made in [Fr673], [Fr674] and, for o = 0, very recently in [Piz00].

The scattering theory of a free electron in the framework of non-relativistic QED in
the dipole approximation has been studied in [Ara83]. This model is explicitly soluble
and is not translation—invariant. Arai proves asymptotic completeness after removing
the infrared cutoff.

Asymptotic completeness in non-trivial models of quantum field theory was previ-
ously established in [Spe74, SZ76, DG99, DG00 and FGSO01]. The papers [DG99] and
[FGSO01] are devoted to an analysis of scattering in a system of a fixed number of spatially
confined particles interacting with massive relativistic bosons. Confinement is enforced
by a confining (increasing) potential in [DG99] and by an energy cutoff in [FGSO01]. In
[DGOO0] asymptotic completeness is proven for spatially cutoff P (¢),-Hamiltonians. For
interesting results in the scattering theory of systems of massless bosons and confined
electrons without infrared cutoff see the papers [Spo97, Gér02]. In none of these papers
a translation invariant model is studied. But, such models have been analyzed in [Fro73,
Piz00].

We now present an outline of our paper and explain the key ideas underlying our
proof of asymptotic completeness.

In Sect. 2, we introduce notation and recall some well known facts about the formal-
ism of second quantization which will be used throughout our paper. The notations are
the same as in [FGSO01] and many of them originate from [DG99].

In Sect. 3, we first give a mathematically precise definition of our model and list all
our hypotheses for easy reference. We then summarize our key results on the existence
and uniqueness of dressed one-electron states, y p. All proofs concerning these matters
are deferred to Appendix D.1.

We also prove a fundamental positive—commutator estimate and a Virial Theorem,
which, by standard arguments of Mourre theory, show that there are no excited dressed
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one-electron states; i.e., there is no binding between a dressed electron and bosons. See
Theorems 5, 6 and 7.

In the last part of Sect. 3 we exhibit some simple properties of the interaction Hamilto-
nian g¢ (Gy). In particular, we show that the strength of interaction between an electron
at position x and a boson localized (in the sense of Newton and Wigner) near a point
y € R3 tends rapidly to 0, as |x — y| — oo; (see Lemma 9). This property is important
in our proof of AC.

In Sect. 4, we construct Mgller wave operators as a first step towards understanding
scattering in our model. Our construction is based on [FGS00]. It involves the following
ideas.

(i) We prove a propagation estimate saying that an electron with dispersion law €2 (p)
propagates with a group velocity not exceeding 8, for states with a finite total energy
if [|[VQ|Ex (Hy)|l < B, see Proposition 12 and [FGS00]. A sufficient condition for the
latter assumption is that ¥ < Og and that |g| is sufficiently small.

(i) This propagation estimate for the electron with 8 < 1 combined with a stationary
phase argument for the bosons guarantees that the interaction between a dressed electron
and a configuration of freely moving bosons tends to O at large times. This can be used
to establish existence of asymptotic creation- and annihilation operators, a’, a+:

al(hy)...al()e = lim ea(hyy) .. a*(hne™ g,

for an arbitrary ¢ € E; (Hg)M, h; € LE(R3) = L2R3, (1 + [k|™Hdk), j =1,...,n,
neNand A+ Y M < X, where |||[VQ|Ex(H,)|| < 1, and M; as in (7). Here
he(k) ;= e "' h(k), and a* = a or a*. See Theorem 13.

We then show that all dressed one-electron wave packets v/ ¢, with ¢ ¢ € Ex (Hg)H,
are “vacua’ for the asymptotic creation— and annihilation operators, in the sense that

ax(h)yy =0,

for arbitrary h € qu (R3); see Lemma 14.
(iii) We define the scattering identification map I by

I:H=H®F — H
e ®a*(hy)...a*(h)Q +— a*(hy)...a*(hy)e

and the extended Hamiltonian H, ¢ by
Hy = H, ® 1+ 1®dC([k]).

To say that asymptotic creation operators exist - under the aforementioned assumptions
- is equivalent to saying that the operators

—iHgt

Qip = lim e'He']e @
t—=+o00

exist for ¢ in some dense subspace of E = (H)H. The Mopller wave operators are then
defined by

Qy = Qi(Pdes ® 1)7
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where Pges is the orthogonal projection onto the subspace, Hges, of H of dressed one-
electron wave packets. Since vectors in Hges are vacua for ai (h), the operators Q24 are
isometric on Hges ® F; see Theorem 15.

Asymptotic completeness of scattering on states of energy < X can be formulated as
the statement that

RanQy D Ex (H,)H. (8)

In Sect. 5 we introduce a modified Hamiltonian, Hy,q, which agrees with H,, except
that the dispersion law, |k|, for soft bosons of momentum k with |k| < o is replaced by
a new dispersion law w (k), where w € C®[RY), wk) > k|, w(k) = |k|, for |k| > o,
and w(k) > o/2, for all k. Since bosons of momentum k with |k| < o do not interact
with the electron, the Hamiltonians Hpoq and H, have the same Mgller operators. But
since the boson number operator is bounded by Hpg, it is more convenient to work
with the Hamiltonian Hyoq, instead of Hy. (Of course, this trick does not survive the
limit 0 — 0!) In the sections following Sect. 5 we work with Hp,q exclusively and
H = Hyoq!

In Sect. 6 we establish the main propagation estimate for the bosons. Denoting by
x the position of the electron and by y the Newton—Wigner position at time ¢ of an
asymptotically free boson present in a state of finite total energy, we show that

%l](y/t)-(Va)(k)—y/t)+h.c|F(|x|/t)—>0, as t — oo, ©))

at an integrable rate, if J/ € C°(R3, R?), F € CS°(R) and supp(J) C {|y| > A} while
supp(F) C (—o0, B], where B < A. The gradient, Vw, of w is the group velocity of the
bosons. By Eq. (9) the asymptotic velocity of bosons that escape the electron, is given
by their group velocity Vw.

In Sect. 7, we construct the asymptotic observable W, which plays a crucial role in
our proof of asymptotic completeness. Given X with sup, [VQ(p)[x (2(p) < X) < B
and g so small that [VQEx (Hg)| < B < 1/3, we choose y € (8, 1/3) and define x,
as depicted in Fig. 1. For every energy cutoff f with supp(f) C (—oo, X] we define

W=s— lim '™ f(H)AT (.0) f(H)e ™, (10)

where x, ; denotes the operator of multiplication with x, (]y|/t). W measures the num-
ber of bosons that propagate into the region {|y| > yt} as t — oo. They are asymp-
totically free since B < y is an upper bound on the electron propagation speed by the
electron propagation estimate in Sect. 4. In fact, thanks to this propagation estimate,
we may add a suitable space cutoff F'(|x|/t) (see Fig. 1) in Eq. (10) next to dI"(xy,;)
without changing the limit, if it exists. For this reason the propagation estimate (9) is
sufficient to prove existence of W.

The key result of Sect. 7 is Theorem 27, which says that W is positive on the space
of states orthogonal to Hges, Without soft bosons, and with energies inside the support
of the energy cutoff f. This positivity is derived from an estimate of the form

(e tHiny, AT (|x — yl/ta)e " Hinyr) = (1 = B — &) | fF ()Y |* + O(g), 1)

valid for all vectors i with the properties specified above and for smooth energy cutoffs
f with supp(f) C (—o0, £] and with |||VQ|Es(H,)| < B. Here {t,} is a sequence
of times, depending on ¢ and v, with t, — 0o as n — oo. Some further explanations
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B Y 1/3

Fig. 1. Typical choice of the function x,, , of the electron space cutoff F and of the partition in the photon
space jo. joo

are necessary at this point: (i) Soft bosons must be avoided because, in H = Hpod,
their dispersion relation has been modified. “Without soft bosons” means “in the range
of the projector I'(x;)”, where x; = Xjk|=o. (ii) Inequality (11) would fail for some
v e PdiesH were there excited one-electron states. But this has been excluded in Sect.
3. (iii) The estimate (11) does not easily translate into positivity of W because in W the
photon position is measured relative to the origin, rather than relative to x. It is due to the
assumption 8 < 1/3, and a suitable choice of y € (8, 1/3) that (11) implies positivity
of W. See the introduction to Sect. 7.1 for a detailed explanation.

The subject of Sect. 8 is to show that, on states of energy < X and for sufficiently
small coupling constant g (depending on the choice of X), the extended wave opera-
tor €2, can be inverted. Our proof is based on the construction of a Deift-Simon wave
operator W, with the properties

W=Q,W,, and (1® Po)W, =0.

In order to construct the operator W, we have to split an arbitrary configuration of bosons
into one staying close to the electron and a configuration of bosons escaping ballistically
from the “localization cone” of the electron. This is accomplished by decomposing the
space, h = L2 (R3, dk), of one-boson wave functions into a direct sum of two subspaces,

i 03 h—> (jo,h, joorh) €h @b,

where jy and j are C*°-functions on R with jo + joo = 1 and graphs as depicted in
Fig. 1, and jo, joo  are defined by

Ja: () = ja(y/1).

The operator I'( Jt) is the second quantization of the operator j;. It maps the physical
Hilbert space H = L?*(R3, dx) ® F into the extended Hilbert space H = L2(R3,dx)®
F ® F,and

IT(jo) = 1.
The Deift-Simon wave operator W is a linear operator from H to H defined by

Wy =s— lim eiﬁ’f(I:I)f‘(j,)dF(X%t)f(H)e_iH’,
11— 00

where H = H ® 1 + 1 ® dT'(w) is the extended modified Hamiltonian. The results of
Sect. 8 are summarized in Theorem 28.



Asymptotic Completeness 423

In Sect. 9, our proof of asymptotic completeness for Compton scattering is com-
pleted. In order to prove Eq. (8) we use an inductive argument, the induction being in
the number of bosons present in a scattering state. Let m := /2 > 0, where o is the
infrared cutoff, and let n be an arbitrary positive integer. Our induction hypothesis is that

RanQ+ D E(_OQ,Z—nm) (H)H7

and our claim is that RanQ24 D E(_so, 5—(n—1)m) (H)H. From the definition of Q2 it is
clear that the dressed one-electron wave packets are contained in Ran€2., and, thanks
to the infrared cutoff, so are all states which differ from a given vector in Ran 2 only
by soft bosons. Since, moreover, Ran€2 is closed, it is enough to show that

RanQ2y D Pit,T(xi) Ea(Hy)H,

where A is an arbitrary compact subinterval of (—oo, ¥ — (n — 1)m), P(ﬁs =1 — Py,
and Pyes is the orthogonal projection onto the subspace, Hges, of H of dressed one-

electron wave packets. Let iy € Pdtsr‘( Xxi)Ea(H)H. Since our asymptotic observable
W is strictly positive on this space, there exists a vector ¢ = PdtSF( xi)EA(H)p with

¥ = I'(x;) Py, We. By Theorem 28,
Wo=Q Wip=0Q,(1® Pg)Wip.
Next, by the intertwining property of W, and since ¢ € Ex_,—1)n (H),
Wi € Ex_(u1ym(H)H.
Hence,
(I® PS%_)W-HD = (Egs—nwm(H) ® PgJZ_)W.Hp,

because H = H® 1+ 1®dl' (), and dl"(a))fRanPé > m. By our induction hypothe-
8is, (E(—co,z—nm)(Hg) ® Pé-) W4 ¢ can be approximated, with a norm error of less than
&, by vectors of the form

Y@ ®e?,
i

where ¢ > 0 is arbitrarily small, ) € F is orthogonal to €, and x ) € H. Our results
in Sect. 4 (see Lemma 16, and proof thereof) then show that

: iHgt 7 ,—iHgt @) @)

tl_l)rgoe s e "M (ZQM ®¢ )
l

exists and belongs to the range of 2. Some technical details may be found in the proofs

of Lemma 29 and Theorem 30 of Sect. 9.

At present, we do not see how to remove the infrared cutoff ¢ in the proofs of our
results of Sects. 6, 7 and 8. However, it is possible to construct scattering states and wave
operators in the limit ¢ — 0. Elaborating on a proposal in [Fr673], this has recently
been shown by Pizzo in a remarkable paper [Piz00].

A more unpleasant assumption in our work is the energy bound ¥ < Og—y,3, forc-
ing the electron speed to be less than one third of the speed of light. One would expect
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asymptotic completeness to hold true under the assumption ¥ < Og—1, which suffices
for the existence of the wave operator. The need for ¥ < Opg—1/3 is due to a lack of
Lorentz invariance; the speed of light is not independent of the frame of reference (see
Sect. 7.1). This problem can be avoided by defining all observables relative to the elec-
tron position x, rather than relative to the origin, but then one runs into serious technical
problems with non- H -bounded commutators.

In Sect. 10, we conclude with an outlook.

Some technical details are discussed in several appendices.

2. Fock Space and Second Quantization

Let h be acomplex Hilbert space, and let ® h denote the n-fold symmetric tensor product
of . Then the bosonic Fock space over h

F=FH) = ®n=0 Qb

is the space of sequences ¢ = (¢,)n>0, With @9 € C, ¢, € ®7h, and with the scalar
product given by

(@, ¥) =D (Pns Yn),

n>0

where (¢,, ¥,) denotes the inner product in ®}h. The vector @ = (1,0,...) € Fis
called the vacuum. By Fy C F we denote the dense subspace of vectors ¢ for which
@, = 0, for all but finitely many n. The number operator N is defined by (N¢), = ng,.

2.1. Creation- and Annihilation Operators. The creation operator a*(h), h € h, on F
is defined by

a*(h)yp = V/n S(h ® ¢), forp € @',

and extended by linearity to Fy. Here S € B(®"h) denotes the orthogonal projection
onto the symmetric subspace ®h C ®"h. The annihilation operator a (k) is the adjoint
of a*(h) restricted to Fp. Creation- and annihilation operators satisfy the canonical
commutation relations (CCR)

[a(g), a*(h)] = (g, h), la*(g), a*(h)] = 0.

In particular, [a(h), a*(h)] = ||k ||2, which implies that the graph norms associated with
the closable operators a(h) and a*(h) are equivalent. It follows that the closures of a(h)
and a*(h) have the same domain. On this common domain we define the self-adjoint
operator

L
V2

The creation- and annihilation operators, and thus ¢ (4), are bounded relative to the
square root of the number operator:

¢ (h) = —=(a(h) + a*(h)). (12)

la* ()N + D72 < |la]. (13)
More generally, for any p € R and any integer n,

I(N + DPa®(hy) - - a® (hy) (N + 1D)7P72 < Cyp 111 - - - IRl
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2.2. The Functor T'. Let b1 and by be two Hilbert spaces and let b € B(hy, h2). We
define I'(b) : F(h1) = F(ho) by

rOIh=bQ---®b.

In general I'(b) is unbounded; but if ||p|| < 1 then ||['(b)|| < 1. From the definition of
a*(h) it easily follows that

T(b)a*(h) = a*(bW)T'(b),  h € by, (14)
T(b)a(b*h) = a(h)T(b), h € by. (15)

If b*b = 1 on b then these equations imply that

I'(b)a(h) = a(bh)I'(b) h € by, (16)
L®b)p(h) = ¢(bT'(b)  h € by A7)

2.3. The Operator dI" (b). Let b be an operator on f. Then dI"(b) : F(h) — F(h) is
defined by

drp)f @rh=y (1®--b@--1).

i=1
For example N = dI"'(1). From the definition of a* (k) we get
[dT(b), a*(h)] = a*(bh) [dT'(b), a(h)] = —a(b*h),
and, if b = b*,
i[dl'(b), ¢ (h)] = ¢ (ibh). (18)
Note that [dC(B)(N + D' < [1b]].

2.4. The Operator dT'(a, b). Suppose a,b € B(hy, h2). Then we define dI"(a, b)
F(h1) — F(bh2) by

dr(a,b)r®gh=Z(a®...a®b®a®...a).

=1 1 n—j
For a, b € B(h) this definition is motivated by
[(a)dT(b) = dl(a,ab), and  [[(a),d(b)] = dI'(a, [a, b]).
If la]| < 1 then ||d["(a, b)(N + 1)~'|| < ||b| and
IN~Y2dT (@, yy|| < AT (B*b) 2y |l. (19)

Lemma 1. Suppose ry : hy — b, rJ : h2 — b3 and q : by — b3 are linear operators
and ||qll < 1. Then

forallu € F(h3) and all v € F(hy).

[, dT (g, r3r)v)| < (u, dT (3 ru) /2 (v, AU (rfry)v) /2
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Proof. By definition of the inner product, of dI"(g, rgrl ), and by assumption on ¢,

ZZ(un,(q®...L§Q®...q)vn>

n>0 j=1

[{u,dl(q, rir)v)| =

jth
n

<Y D jualll o) joall,
n>0 j=1

where (:); = 1 ®...r; ® ... 1, ry in the j factor. The assertion now follows by the
Schwarz inequality. O

2.5. The Tensor Product of Two Fock Spaces. Let b1 and b, be two Hilbert spaces. We
define a linear operator U : F(h @ b2) — F(h1) ® F(h2) by

UQ=Q® Q,
Ua*(h) = [a*(h©) ® 1 + 1 ® a*(h(e))IU  for h = (h(), h(e)) € b1 @ h2.

This defines U on finite linear combinations of vectors of the form a*(hy) . ..a*(h,)S2.
From the CCRs it follows that U is isometric. Its closure is isometric and onto, hence
unitary. It follows that

Ua(h) = [a(h©) @ 1 +1 & a(hso)]U. @21)

Furthermore we note that

(20)

Udl'(b) = [dT'(bp) @ 1 + 1 @ dT'(boo)]U if b = (%O b20> (22)
For example UN = (No + Noo)U, where No =N ® land Nooc = 1 @ N.

Let 7, = ®/h and let P, be the projection from F = @,>0F, onto F,. Then the
tensor product 7 ® F is norm-isomorphic to @0 @} _y Fn—k ® Fi, the corresponding
isomorphism being given by ¢ = (¢n k)n>0, k=0..n, Where @, x = (Pr—k ® Pr)e. In
this representation of 7 ® F and with p; (h(0), h(c0)) = h(;), U becomes

n

12
Uf®?(b@h)=z<z> P0®...QPo® Poo ® ... R Poo - (23)
k=0

n—k factors k factors

2.6. Factorizing Fock Space in a Tensor Product. Suppose jo and jo are linear opera-
torsonhand j : h — h @ bisdefined by jh = (joh, jooh), h € h. Then j*(hy, hy) =
Joht + jih2 and consequently j*j = jijo + jjoo- On the level of Fock spaces,
r'y): F) — F(h & bh), and we define

I'(j)=Ur():F—>FQF.

It follows that I'(j)*I"(j) = I'(j*j) which is the identity if j*j = 1. Henceforth
j*j = lis tacitly assumed in this subsection. From (14) through (17), (20) and (21) it
follows that

9

F(ha* () = [a*(joh) ® 1+ 1@ a* (joo)IF (), (24)
Foh) = [$Goh) @ 1+ 1@ ¢(jooh)IT (). (25)
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Furthermore, if ® = @ & w on h @ b, then by (22)

['(j)dl(w) = UT(j)dT (w) = UdT ()T (j) — UdT (j, w j — jw)
=M@ ® 1+ 1@dTI(I[() —dl(j,0j— jo),  (26)

where the notation df‘(a, b) = UdI'(a, b) is introduced. In particular f’( JIN = (No +
Noo)T'(j). We remark that, by (23),

n

1/2

o n

F(j)f@?fJ:Z(k) 0® ... ® j0® joo ® ... ® joo. @7)
k=0

n—k factors k factors
Lemma2. If j,k:h— bdh, j*j <1, and kg, keo are self-adjoint, then

[, dT(j, k)v)| < (u, (AT (Ikol) ® 1) u)'/* (v, dT (Jko|)v)'/?
+(u, (1 ® dT (lkoo])) ) (v, dT (koo ) '/2
forallu e F® Fandallv e F.

Proof. Write (u, dI"(j, k)v) = (U*u, dT'(j, kO)v)+(U*u, dT(j, k°)v) where k@ =
(ko, 0) and k() = (0, kso). Then apply Lemma 1 to both terms. In the first term we
choose r» = (ko|'/%, 0) and r; = |ko|'/?sgn(ko). O

2.7. The “Scattering Identification”. An important role will be played by the scattering
identification I : 7 ® F — F defined by

lp®a*(hy)---a*(hy)2 = a*(hy)---a*(hn)e, @ € Fo,

and extended by linearity to Fo ® Fo. (Note that this definition is symmetric with respect
to the two factors in the tensor product.) There is a second characterization of I/ which
will often be used. Let ¢ : h @ h — b be defined by ¢(h(0), (o)) = h(0) + h(c0). Then
[ =T'()U*, with U as above. Since ||¢|| = +/2, the operator / is unbounded.

Lemma 3. For each positive integer k, the operator (N +1)"%® x (N < k) is bounded.

Let j : h — b & b be defined by jh = (joh, jooh), Where jo, joo € B(h). If
Jo + joo = 1, then I'(j) is a right inverse of /, that is,

IT() =1. (28)

Indeed IT°(j) = T()U*UT(j) = T'(;j) = I'(1) = 1.

3. The Model, Dressed One-Electron States, and Bounds on the Interaction

In this section we describe our model in precise mathematical terms and discuss its main
properties. The main new result of this section is Theorem 7.
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3.1. The Model. The Hamilton operator of the system described in the introduction is
defined by

Hy =Q(p)®@1+1QdI'(k]) + go(Gx) (29)

acting on the Hilbert space H = L*(R?, dx) ® F, where F is the bosonic Fock space
over L2(R3, dk). Here and henceforth x € R3 denotes the position of the electron, k is
the momentum of a boson and p = —iV,. In this paper we are interested in both rela-
tivistic electrons with (p) = v/ p? + M2 and non-relativistic ones, Q(p) = p>/2M.
Rather than treating these two cases separately, we formulate a set of assumptions that
are satisfied in both cases.

Hypothesis 0. Q € C2(R3), Q > 0, and the functions |VQU(Q + 1)"1/2 and 3% are
bounded.

The boundedness of |[VQ|(2 + 1)~ /2 ensures that |V$2|? is Hg-bounded.
The coupling function G (k) has the form

Gx(k) = e ico (k)
with an infrared (IR) cutoff imposed on the form factor k. Specifically, we assume that

Hypothesis 1. «, (k) = k(k)x (|k|/o), for some o > 0. Here k € Cf)’o(]R3), k >0, and
x € C®R, [0, 1]) with x(s) =0ifs < land x(s) = 1 ifs > 2.

The fact that [ |k (k)|?/|k|dk < [ |kc(k)|?>/|k|dk < oo for all o guarantees that the
smallness assumptions on |g| in Theorems 7 and 17 are independent of o . Incidentally,
we put ky—0(k) = Kk (k) (this is used in Sect. 4 where most of the results also hold without
infrared cutoff). The assumption ¥ > 0 in Hypothesis 1 is included for convenience. It
allows us to give a simple proof of Lemma 38 in Appendix D.1, but it is otherwise not
needed; (see the remark after Theorem 7).

By Lemma 8 below, the operator ¢(G,) is bounded relative to (dI'(|k|) + 1)!/2
and thus also relative to (Hg—o + HY 2 1t follows that ¢ (Gy) is infinitesimal w.r. to
Hy = H, —, and thus the operator Hy is self-adjoint on D (Hp) and bounded from below.
Our main results hold on spectral subspaces Ex (Hg)H, where |||VQ|Ex (H,)| < B for
some B < 1/3. This bound can be derived from the following further assumption on £€2;
(see Lemma 10).

Hypothesis 2. For each > 0, there exists a constant Og > inf , Q(p) such that
IVQ(p)l < B  forall pwith2(p) < Og.

By lowering the values of Og we may achieve that 8 > Opg is non-decreasing and

continuous from the left. Under these assumptions, for each ¥ < Og, there exists a

B’ < B such that ¥ < Opg < Op. A function Opg with these properties can also be

defined by Og := sup{A : f(X) < B}, where f(1) := sup{|VQ(P)| : Q(P) < A}.

Given Hypothesis 0, Hypothesis 2 is then equivalent to f(1) — 0 as A — inf Q(p).
An important consequence of Hypothesis 2 is that

Q(p—k) = Q(p) — Bkl if Q(p) < Og, (30)

which is obvious from a sketch of the graph of a generic function 2 satisfying
Hypothesis 2.
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As mentioned in the introduction, the number operator N is not bounded relative
to H,. However, by Hypothesis 1, an interacting boson has a minimal energy ¢ > 0
and thus the number of interacting bosons is bounded w.r. to the total energy, while the
number of soft bosons with energy below o is conserved under the time evolution. To
split the soft bosons from the interacting ones, we use that L2R3 = L%({k : |k| >
o)) ® L*({k : |k| < o}) and thus that F is isomorphic to F; ® F;, where F; and F§
are the Fock spaces over L2(|k| > o) and L?(|k| < o), respectively. Let x; denote the
characteristic function of the set {k : |k| > o}. Then the isomorphism U : F — F; @ F
is given by

UQ=Q ®Q;,

Ua*(h) = (@ (xih) @ 1 +1®@a*((1 = xi)h) U. €29
We also use the symbol U to denote the operator 1,23 4,) @ U : H — H; @ F;, where
H; = L*(R3, dx) ® F;. On the Hilbert space H; ® F; the Hamiltonian is represented by

UH,U*=H; ® 1+ 1QdI'(k]) with
H; = Q(p) +dIU(k]) + 8¢ (G),
and the projector I"();) onto the subspace of interacting bosons becomes
UTr(x)U* =1Q® Pq,

where Pq, is the orthogonal projection onto the vacuum vector Qs € Fy.

The Hamiltonian H, commutes with translations generated by the total momen-
tum P = p + dI'(k). It is therefore convenient to describe H, in a representation
of H in which the operator P is diagonal. To this end, we define the unitary map
I1:H — L*R3; F), where L>(R3,; F) = fEB d P F is the space of L?-functions with

values in F. For ¢ = {@,(x, k1, ..., kp)}n>0 € H we define [1p € Lz(]R3 ; F) by
n
Q)P ks ki) = Ga(P = D ki k),
i=1
where

Gu(pokiy .o k) = (2n)—3/2/e—"f"xq)n<x, kis... kn)d’x.

On L?(R3,; F) the Hamiltonian H, is given by
(TTH,IT*Y)(P) = Hg(P)Y(P), where
Hg(P) = Q(P —dI'(k)) + dI'(|k]) + g¢ (ko).

3.2. Dressed One-Electron States. Next we describe sufficient conditions for Eg(P) =
inf o (Hy(P)) to be an eigenvalue of Hg(P).

If ¢ = O then clearly the vacuum vector is an eigenvector of Hy—o(P) and Q(P) is
its energy. Furthermore, if Q(P) < Og= then Q(P — k) + |k| > Q(P) and hence

Q(P) =inf o (Hg—o(P)) = Eo(P).
At least for small g and Q2 (P) < Og—1, we expect that inf o (H,(P)) remains an eigen-
value, and this is what we prove below.

If [VQ(P)| > 1, however, then Q2(P) > Ey(P), and the eigenvalue Q2(P) of
Hgy—o(P) is expected to disappear when the interaction is turned on.
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Theorem 4. Assume Hypotheses 0-2 are satisfied. Let Hy(P) be defined as above and
let Eq(P) :=inf o (Hy(P)). For every ¥ < Og= there exists a constant gz > 0 such
that, for |g| < gx and E,(P) < %,

(i) E¢(P) is a simple eigenvalue of Hg(P).
(ii) The (unique) ground state of Hy(P) belongs to RanI"(y;).

Proof. It suffices to combine results proven in Appendix D.1 to conclude Theorem 4.
(i) By Hypothesis 2 and the remarks thereafter, there exists a 8 < 1 such that ¥ <
Opg < O7. By Lemma 35 and Theorem 37 (i), there exists gg > 0 such that E4(P)
is an eigenvalue of H,(P) if Q(P) < Og and |g| < gg. By Lemma 39, the former
assumption is satisfied if E,(P) < ¥ and |g| < (Og — X)/(0g + C). Hence (i) holds
for gx :=min(gg, (Og — £)/(0p + C)).

The uniqueness follows from Lemma 38, and part (ii) of Theorem 4 from Theorem 37,
part (ii). O

Remark. If Q(p) = \/p* + M? then H,(P) has a unique ground state for all values of
g€R, o >0andall P € R3. An analogous result for Q(p) = p?/(2M) holds at least
forall P € R3 with |P| < (v/3 — 1)/M, [Fro74].

In the following we denote by ¥ p € F the (up to a phase) unique ground state vec-
tor of H,y(P) provided by Theorem 4. The space of dressed one-electron wave packets
Haes C H is defined by

MHaes = {¥ € L*({P : Eg(P) < S} F)|Y(P) € (Yp)},

where (Y p) is the one-dimensional space spanned by the vector ¥ p; Hges is a closed
linear subspace which reduces H, in the sense that H, commutes with the projection
Pyes onto Hges. The latter is obvious from (ITPyes IT* @) (P) = Py, @(P).

3.3. Positive Commutator and Absence of Excited States. The purpose of this section is
to prove the absence of excited eigenvalues of H, (P) below a given threshold X if g is
small enough, depending on X. As usual this is done by combining a positive commutator
estimate with a virial theorem. A priori we only have a virial theorem on RanI"(y;), and
therefore we only get absence of excited eigenvalues for Hg (P) restricted to RanI"();)
in a first step. Recall that x; (k) is the characteristic function of the set {k € R3: k| > o},
where o > 0 is the infrared cutoff defined in Hypothesis 1, and hence that I'();) is the
orthogonal projection onto the subspace of interacting bosons. Thanks to the IR cutoff,
however, this fact then allows us to show that H, (P)[T'( )(i)L has no eigenvalues, at all,
below X, and the desired result follows.
The conjugate operator we use is A = dI"'(a), where

1<k n k)
a=—-|—-y+y-—|.
2 \ [k| Ik]|

On a suitable dense subspace of F,
[iH,(P), Al =N —VQ((P —dI'(k)) -dI'(k/|k|) — g p(iak,). (32)

We use this identity to define the quadratic form (g, [i Hg(P), Alp) on D(Hg(P)) N
D(N).
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Theorem 5 (Virial Theorem). Let Hypotheses 0 and 1 (Sect. 3.1) be satisfied. If p € F
is an eigenvector of Hy(P) with T'(x;)¢ = @, then

(¢, [iHg(P), Alp) = 0.

Proof. The theorem follows directly from Lemma 40 in Appendix D.2, where we prove
the Virial Theorem for a modified Hamiltonian Hy,eq(P), which is identical to Hg(P)
on states without soft bosons. 0O

Theorem 6. Assume Hypotheses 0 — 2 (Sect. 3.1) are satisfied. For each & < Opg=1,
there exist constants 8§, > 0, gy > 0 and Cy, independent of o, such that

(p. [iHg(P), Alg) > 85(p, No) — Cxlglloll®,
forall P € R3, |g| < g%, and ¢ € D(N) NRanEy (H,(P)).

Proof. Choose f € Ci°(R; [0, 1]) with f = 1 on [infp Eq(P) — 1, ] and f(s) =0
fors > ¥ + ¢, where ¥ + & < Og=1. Let f = f(H,(P)) and Ex as above. Since
fEs = Ex andsince [ f, N'/?] and [ f, NV/2](H,(P) +i)!/? are of order g, uniformly
in o, by Lemma 10,

ExyVQ((P —dI'(k)) - dl"(l?)Eg < Ex|VQ(P —dI'(k))|INEx

ExsN'2f|VQ(P —dT (k)| fN'*Ex + 0(g)
IIVQ(P — dT (k)| Este (Hg(P))|| ExNEs + O(g)
< IIVRIEs ¢ (Hy) || ExNEs + O(g)
< (1-85)EsNEs + 0(g)

IN

for some §y > 0 and |g| small enough. Here O(g) is independent of o. By Eq. (32)
defining [i Hy (P), A], this estimate and the boundedness of ¢ (iak,)Ex prove the the-
orem. 0O

In the next theorem, Theorems 5 and 6 are combined to prove absence of excited
eigenvalues below X. This is first done for H, (P)[RanI"(x;) (see Eq. (33)) and then for
Hy(P).

Theorem 7. Assume Hypotheses 0 — 2 are satisfied and that & < Og=1, with Og given
by Hypotheses 2. Then there exists a constant gy, > 0 such that

Opp(Hg(P)) N(—o00, X] = {Eg(P)}v
forall P € R® with E,(P) < X, and all g with |g| < gx.

Remark. For those P with E,(P) < X and for |g| small enough depending on X,
the proof of this theorem shows again that E,(P) is a non-degenerate eigenvalue (cf.
Theorem 4). Here no assumption on the sign of « is needed.

The proof also shows that |[p — Q| = O(|g|'/?), g — 0, uniformly in P for
E,(P) < X.

In the case of relativistic electrons the theorem shows that opp (Hg (P)) N (—00, X] =
{Eg(P)} forall ¥ € R and for |g| small enough, depending on X.
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Proof. Letyr, = I'(x;)¥, be anormalized eigenvector of H, (P) with energy < X, and
choose the phase of v, so that (/,, 2) > 0. By the Virial Theorem and by Theorem 6,

0> s (g, (1 — Po)¥g) — Cxlgl,

where

1
(Vg (1 — P)vrg) = 1 — [(Q, ) > = 1 — (2, ¥)| = e — Q.

In the last equation the choice of the phase of ¥, was used. We conclude that ||/, — 2| <

(2|g|Cx/85) /2. Since it is impossible to have two orthonormal vectors 1//(,’9) and wéz)

with ||wg) - Q| < 1/\/2 for |g] < 8% /4Cyx there exists only one eigenvalue of
H,(P)[RanI'(x;) below or equal to X, and it is simple. By Theorem 4, this eigenvalue
is E¢(P). Hence, for these values of g,

opp (Hg(P)[Ranl"(x;)) N (—o0, T] = {E,4(P)}, (33)

for all P with E¢(P) < X. The theorem now follows if we show that
Gop (Hg(P)[RanF(Xi)J‘> N (=00, =] =@ (34)

To prove (34), we use that F = F; ® F;,, where F; and F; are the bosonic Fock spaces
over Lz({k : |k| > o}) and over Lz({k : k| < o}), respectively, where o > 0 is the
infrared cutoff defined in Hypothesis 1; (F; and F; are the spaces of interacting and of
soft, non-interacting bosons, respectively). Consider the restriction of H, (P) to the sub-
space of F; ® F; of all vectors with exactly n soft bosons. This subspace is isomorphic
to Fspn = L%(RS”, dky ...dky; Fi), the space of all square integrable functions on R3",
with values in J; which are symmetric with respect to permutations of the n variables.
The action of Hg(P) on a vector Yy € F; , is given by

(Hg(P)Yr)(k1, ... ky) = Hp(ky, ..., k)W (k1, ... k) with

Hp(ky, ... ky) = Hg(P_kl — o= kp) + k| - Kl
The operator Hp (k1, ..., k;) acts on F; and, by (33), its only eigenvalue in the interval
(=00, X]is givenby Eg(P —ky —--- — k) + |k1| + - - - + |ky|, as long as this number

is smaller than ¥, and if |g| < 85 /(4Cx). This implies that, for [g] < §x/(4Cyx), a
number A € (—oo, X]is an eigenvalue of the restriction H, (P)[ F; , if and only if there
exists a set M) C R3" of positive measure such that

Eg(P—ki—...kn) +1ki| + ... k| = 2

for all (ki,...,k,) € M,. Using that |[VE,(P)| = [{¢p, VQ(P —dI'(k))¥p)| <
supp.ppy<x IVRU(P — Pp)ypll < |IVRIEs(Hg)|l < 1, for [g| small enough
(Lemma 10), it can easily be shown that such a set M, does not exist. This completes
the proof of the theorem. O
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3.4. Bounds on the Interaction.
Lemma 8. Ler L2(R%) = L*(R%, (1 + 1/|k)dk) = {h € L*(R?) : [dk(1 + 1/]k|)
|h(k)|* < oo} and let h € L2 (R3). Then

1/2
la(hyell < ( f dk|h<k>|2/|k|) AT (k) 2g

la* (el < ol @) + 1]l

lp (el < V2[Rhllw 1AL (K] + D 2g

|h(k)*
k|

+¢(h) < adl'(|k]) + éfdk a >0,

where |h|2 = [ dk(1 + 1/[k])|h(k)|>.

For the easy proofs, see [BFS98], where similar bounds are established.

In the analysis of electron-photon scattering it is important that the interaction be-
tween bosons and electron decays sufficiently fast with increasing distance. This decay
is the subject of the next lemma.

Lemma 9. Assume Hypothesis I (Sect. 3.1).
i) For arbitrary n, u € N there is a constant C,, ,, > 0 such that

sup [[x(Ix —y| = R)|x = y["Gyll < CpnR™"
xeR3

forall R > 0. In particular ||¢ (|x — y|"G,) (N + 1)"12|| < oo, forall n € N.
ii) For every ju € N there is a constant C,, > 0 such that

sup [ x(Iyl = RG:|| < Cu(R'— R)™*

|x|<R
forall R > R.
Proof. i) Forall x € R3,

Ix(x =yl = R)|x — y["G | = / dylx — y[*" ks (x — y)I?
[x—y[>R

= / dyly?" ks (»)?
[y[>R

<R / dy |yP" )R, (0I* = R72#Cppm,

where, by Hypothesis 1, C, , is finite for all o > O and all n, u € N.

Statement ii) follows from i), because if |x| < R and |y| > R/, then |x — y| >
R'—R. O

The following lemma is used to apply Hypothesis 2, when we need to control the
velocity of the electron |V (p)| by bounds on the total energy H,.

Lemma 10. Assume Hypotheses 0 — 2. For each B > 0 and each ¥ < Og, there exists
a constant gg. 5 > 0 independent of o such that

sup [IVQIEs(Hp)| < B
lgl<gp.»

forall o > 0.
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Remark. This lemma holds equally for the modified Hamiltonian Hi,oq, introduced in
Sect. 5.

Proof. Pick ¥ < Og and pick & > O suchthat ¥ +& < Og. Choose f € C(‘)’O(]R, [0,1])
with f =1 on [inf o (Hg—0) — 1, ¥]and f(s) =0fors > X + ¢. Then
IIVQIEs(H)ll < IIVQf(Hy)
< NIV f(Hg=0)ll + O(g)
< IIVRIF(EQ)I+ O0(g) <8

for g small enough, because |||V f(2)]| < sup{|[VQ(p)|: Q(p) < X +¢} < B by
Hypothesis 2 and the remarks thereafter. O

For non-relativistic and relativistic electron kinematics the constants Og and gx g
can be determined explicitly:

Lemma 11. Let ¥ € Rand C := [ |k (k) % /|k| dk (which is independent of the IR cutoff
ol)

(a) If Q(p) = p*/2M then

) 1/2
IIVQIEs (Hy)| < (M(E +g26>) : (39)
(b) If 2(p) = /p? + M? then
e 12

VQ|Ex (H, <|{ll-—— . 36
VL Exs( g)ll_( (E+g2C)2> (36)

Proof. From Lemma 8 with « = 1/g and from |« | < || it follows that

k 2

Q=< Hg+g2/ |K|(k|)| dk (37)

in both cases.

Statement (a) follows from |V|? = 2Q/M and (37). In case (b) we have |VQ|*> =
1 - M2/SZ2 and we need an estimate on 72 from below. By (37), Q!> (H+
g% [ li(k)|?/|k| dk)~" and hence

Es(H)Q Ex(Hy) > (Ex(H)Q 'Ex(Hy))* > ( + g*C) " Ex (Hy).
This proves (b). O

4. Propagation Estimate for the Electron and Existence of the Wave Operator

Wave operators map scattering states onto interacting states. In our model the scattering
states consist of dressed one-electron (DES) wave packets and some asymptotically free
outgoing bosons described by asymptotic field operators, which act on the DES. The
DES were constructed in the previous section, and the existence of asymptotic field
operators in models such as the present one was established in [FGS00]. We recall that
the key idea in [FGS00] was to utilize Huyghens’ principle in conjunction with the fact
that massive relativistic particles propagate with a speed strictly less than the speed of
light. In the present setting, where the electron dispersion law 2 (p) is more general,
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we can limit the electron speed from above by imposing a bound on the total energy.
In fact, by the following propagation estimate, the electron in a state from RanEx (H,)
with [[|VQ|Ex (Hg)|| < B will stay out of the region |x| > B¢ in the limit  — oo. (See
Proposition 6.3 in [DG97] for a similar result in N-body quantum scattering.)

No infrared cutoff is necessary in this section. From Hypothesis 1 we only need that
ke € C§° (R3), where o may be equal to zero. Asymptotic completeness of the wave
operator, stated at the end of this section, of course does require that ¢ is positive.

Proposition 12 (Propagation estimate for electron). Let Hypotheses 0 and 2 (Sect.
3.1) be satisfied, and assume that ky € C§° (R3) (6 = 0 is allowed). Suppose B, g and
X > inf o (Hy) are real numbers for which |||VQEs (Hg)|| < B. Let f € C°(R) with
supp f C (—o0, X).

i) If B < A <A < oo then there exists a constant C,_ ;s such that

% dt —iHgt, |2 2
| T||X[A,A’](|X|/f)f(Hg)e goll” < Cuillel”.
it) Suppose F € C*(R) with F' € C§°(R) and supp(F) C (B, oo]. Then

s — lim F(jx|/t) f(Hg)e Hs' = 0.
—>00

Remark. This proposition equally holds on the extended Hilbert space H=HQFif
H, is replaced by the extended Hamiltonian H, = H, ® 1 + 1 ® dI'(|k|) (see Eq. (48)
below).

Furthermore, the validity of the proposition does not depend on the dispersion law
of the bosons. Therefore we may replace H, (or H,) by the modified Hamiltonian Hpod
(or ﬁmod) to be introduced in Sect. 5, and the proposition continues to hold.

Proof. i) Lete > 0 be so small that A — & > B. Pick h € C§°(R) with i = 1 on [A, 1']
and supp(h) C [ — &, A’ + 1]. Define h(s) = [; dth?(v), and set h = h(|x|/t) and
h = h(|x|/t). We work with the propagation observable

¢(t) = —f(Hp)h f (Hy).
Since ¢ (¢) is a bounded operator, uniformly in ¢, it is enough to prove the lower bound

0
Dé (1) = ﬂﬂ iHy, ¢(1)] > —fh2f+ 0(7?), (38)

for a positive constant C. To prove (38), we first note that

d
25’) — f(H, )h2|2 f(Hy) = (—f<H W f (Hy). (39)

Furthermore, by Lemma 32,
liHg, ()] = — f(Hp)[iQ(p), h1f (H,)

- —%f(Hg) (vsz ﬁh%rhzl | VQ) f(H) + 007

1 X X )
Z_Zf(Hg)h VQ.m+—-VQ hf(Hg) + O(t™7),

x|
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and thus
1
Hor, [i Hg, ¢ ()]} < ;|||VQ|hf(Hg)(pl””hf(Hg)(pt” +0@1™d. (40)

In order to estimate the factor |||V Q|hf (Hg)¢; ||, we choose f € Ci°(R) with ff =f
and with supp f C (—o0, X), and we note that, since [4, f(Hg)] =0,

FH)ORIVQUPhf (Hy) = f(H)h f(He) VR f(HORf (He) + 0(t™Y).  (41)

By assumption on [V2]|, (41) combined with (40) shows that
. é 2 -2
o, i Hg, ¢ (D)]er)| < , Ihf (He)eell” + O ™),

where we commuted f (H,) with h once again. This, together with (39) and A — & > 8,
implies (38) and proves the first part of the proposition.
i) Clearly it is enough to prove that

Aim ¢(t) =0 where  ¢(t) = (g1, f(He) F(IxI/1) f(Hg)gr), (42)

for ¢ € H and for an arbitrary F satisfying the assumptions of the proposition and such
that F'(s) > 0 for all s. To this end we first note that the limit lim,_, oo ¢ (¢) exists because
/; loo dt|¢'(t)| < oo by part 1) of this proposition. Moreover, if F has compact support,
then, by 1), floo dt ¢(t)/t < oo and hence lim;_, 5, ¢ () = 0.

It remains to prove (42) if the support of F is not compact. Clearly it is enough to
consider the case where F(s) = 1 for all s sufficiently large and F’ > 0. For such
functions F we define

(1) = (@1, fE(x|/20) for),

for an arbitrary A > 1. Computing the derivative of ¢, we find

d
0.0 = (o0 £ (' + L (VR HF 4 PV + 00707 fa)

x|

<007

for A large enough (because the sum of the terms proportional to #~! is negative, if A is
large enough). Thus, for an arbitrary fixed 7y (and for A large enough), we have that

t

C
(1) = a(to) +/ drg; (t) < ¢i(t0) + ——,
i) A tO
forallt > t¢, and, in particular, for ¢ — oo. Since ¢, (f9) — 0for A — oo it follows that

lim lim sup ¢, () = 0. 43)

A—00 00

Obviously

JHim ¢() = lim (@) = $.(1)) + lim ¢1(0).
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By (43) the second term can be made smaller than any positive constant, by choosing A
sufficiently large. After having fixed A, the first term on the r.h.s. of the last equation is
seen to vanish, because

1) — (1) = (1, f (F(x|/t) = F(|x[/A0)) for)

and because the function F(s) — F(s/)\) has compact support. Thus the Lh.s. of the
last equation is smaller than any positive constant. Since ¢ (t) > 0, for all ¢, Eq. (42)
follows. O

In order to prove the existence of the asymptotic field operators we have to assume
that |||[VQ|Ex (Hg)|| < 1; this will ensure that the photons propagating along the light
cone are far away from the electron and hence move freely, as ¢t — oo.

Theorem 13 (Existence of asymptotic field operators). Ler Hypotheses 0 and 2 be
satisfied and suppose ks € C{° (R3) (¢ = 0 is allowed). Let g and = be real numbers
for which || |VQ|Ex (Hg)|l < 1 (see Hypothesis 2 and Lemma 10). Then the following
statements hold true.

i) Let h € L2 (R®). Then the limit
ak. (e = lim efsla® (he el

exists for all ¢ € RanEx (Hy). Here hy(k) = e~ ' h (k).
ii) Let h, g € L2 (R?). Then

las(g), a* (W] = (g, h) and [d’(g),d ()] =0,

in the sense of quadratic forms on RanE'y (Hyg).
iii) Let h € L2 (R?), and let M := sup{|k| : h(k) # 0} and m := inf{|k| : h(k) # O}.
Then

ay(h)Rany(H, < E) C Ranx(H, < E+ M),
ar(h)Rany (H, < E) C Ranyx(H, < E —m),
ifE <X.

iv) Let h; € LZ)(R3)f0ri =1,...,n. Put M; = sup{lk| : h;(k) # O} and assume
¢ € RankE) (Hyg). Then, if L + Y Mi < X we have ¢ € D(ai(hl) .. .ai_(hn))
and

() ... d(h)p = lim & He'ab () ... aP(hy)e™ el
and

s (hy) ... a5 (h)(Hg + )72 < il - - - 1l

Remark. For Q(P) = /P2 + m? the condition |||[VQ|Ex (Hyg)| < 11s satisfied for all
¥ € R and hence ai(h) exists on Us Ex (Hg)'H, and thus on D(|H, + i1/%) by (iv).
In this case part (iv) holds true for h; € LZ)(R3), i=1,...nand ¢ € D(|Hg + i|”/2),
without any assumption on the support of the functions 4;.
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Proof. Similar results are proven in [FGS00] for more involved models. It is easy to
make the necessary adaptations of the arguments in [FGS00] to the model at hand. O

Next we show, using Proposition 12, that the DES wave packets ¢ € Hges are vacua
of these asymptotic fields. It is known that E,(P) = inf o (Hg(P)) is an eigenvalue of
Hyg (P) if k5 is sufficiently regular at the origin (also if o = 0) and if |g| is sufficiently
small. Thus Hges is non—empty. However, we will not make any use of this, and no
assertion about Hges is made in the following lemma.

Lemma 14. Suppose that Hypotheses 0 and 2 are satisfied and k, € C§° R3) (o0 =0
is allowed). Let g and ¥ > inf o (Hy) be real numbers for which |||VQ|Exs (H,)| < 1

(see Hypothesis 2 and Lemma 10). Then, for all ¢ € Ex (Hg)Hges and h € Li(ﬂ@),
ay(h)p = 0.

Remark. For Q(P) = ~/P% + m? one has the stronger result that ay (h)¢ = 0 for all
@ € Haes N D(|Hg + i|1/ 2). This follows from the remark after Theorem 13.

Proof. The intuition behind our proof'is as follows: Because of the assumption ||| V2| Ex
(Hg) |l < 1 the speed of the electron is strictly less than one. Since, moreover, ¢ € Hes,
all bosons in ¢; are located near the electron, and thus the overlap of the bosons in ¢,
with a freely propagating boson /, will vanish in the limit # — oo, which implies that
at(h)p = 0.

This heuristic argument can be turned into a proof quite easily. Since ||a(h,)(H, +
i)~12|| < C||h||,, uniformly in 7, we may assume that & € CSO(R3/{O}). Choose ¢ > 0
so small that [||VQ|Exs (H,)|| 1 — 4¢ and pick F € C°(R), with F(s) = 1 for
s <1—3¢and F(s) =0fors > 1 — 2¢. Then

IA

or = F(lx|/t)gr + o(1), ast — o0 (44)
by Proposition 12, part ii) , with 8 = 1 — 3¢. Given § > 0, we next show that
@r = L'(x10,61(1x — y|/))er + 0o(1), ast — 0o. (45)

The operator on the right side, henceforth denoted by Q;, is translation invariant and
hence leaves the fiber spaces H p invariant. On the other hand, the time evolution of the
component of ¢ € Hges in H p is just a phase factor. Therefore || Q;¢; || = || Q:¢||, which
converges to ||¢]||, as t — oco. Since Q; is a projector this proves (45). Combining (44)
with (45) for 6 = ¢ we get

@ =T (xalyl/D)er +o(1), ast — 0o (46)

with A = [0, 1 —¢], because |x|/t < 1—2¢and |x —y|/t < eimply that |y|/t < 1—e.
Let ¥ € D(H,). By (46), and because ||a* ()1 || is bounded uniformly in ¢,

(¥, av(h)g) = lim (Y, a(h)T (Xa)¢r)
= tl_i)rgo (Y, T(xa)a(xahs)er).

1/2

Using the Schwarz inequality and the bound |la(xah;)(Hg +i)™"/“|| < const||xah:llw

we get

la+ (M@l < Climsup || xahtllw, (47)
—0o0
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where

IxahellZ = Ixahd> + (xahe, 1kI7 xahe)
<2(1+ D) lixah|?

because XA|k|71XA < (@/2) xalylxa < (w/2)txa, by Kato’s inequality (see [Ka66],
Sect. V.5). Since

sup  |h(y)| < Cy(1+0)7N
|yl/t<l—e

for any integer N, and since the support of y — xa(|y|/t) has volume proportional to
13, we conclude that Ixahillo < Cn(1+ £)2~N . For N = 3, this bound in conjunction

with (47) completes the proof. O

Next, we define the Mgller wave operator 2. We introduce the extended Hilbert
space H = H ® F and the extended Hamilton operator

Hy = H, ® 1+ 1®dT(Jk)). (48)

The wave operator 2 will be defined on a subspace of H.

Theorem 15 (Existence of the wave operator). Let Hypotheses 0 and 2 be satisfied
and assume ks € C§° (R3) (0 = 0 is allowed). For every pair of real numbers g and ¥
with |[|VQI|Es (Hg)| < 1, the limit

Qo= tl—lfgo engtle_iI:Igt(Pdes ® Do (49)

exists, for ¢ in the dense subspace of RanEy (I:Ig) spanned by finite linear combi-
nations of vectors of the formy @a*(h1) . ..a*(h,)Qwithy = E)(Hg)y, h; € Li(]l@),
and » + ), sup{lk| : hij(k) # 0} < Z. If ¢ = y @ a*(h1) ...a*(h,)S2 belongs to this
space then

Qyp =al(h)...a}(hn) Pesy. (50)

Furthermore ||Q4|| = 1 and thus Q24 has a unique extension, also denoted by Q, to
Ex(Hg)H. On (Pyes® 1) Ex (Hg)H, the operator Q. is isometric, and therefore RanQ2
is closed. Forallt € R,

e—ngIQ+ — Q+e—ngl.

Remark. 1) In Sect. 5 we will enlarge the domain of the wave operator €2 to include
arbitrarily many soft, non-interacting bosons, regardless of their total energy. ii) For
Q(p) = /p?+ m?, the wave operator can be defined as a partial isometry on the
entire extended Hilbert space H. This follows from the remarks after Theorem 13 and
Lemma 14.
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Proof. If o =y ® a*(hy)...a"(h,)R, then

et [ s Py @ a*(hy) ... a* (hy) = e Fs a*(hy ) . .. a* ()™ ! Pagy,

and hence the existence of the limit (49) and Eq. (50) follow from Theorem 13, part iv).
By Lemma 34, the space D spanned by vectors of the form specified in the theorem is

dense in RanE'y, (ﬁg). From Eq. (50), in conjunction with Theorem 13, part ii) and with
Lemma 14, it follows that 2 is a partial isometry on D and therefore |2 || = 1. Hence

. has a unique extension to a partial isometry on Ex (H g)ﬂ. The remaining parts of
the proof are straightforward. O

The next result is a generalization of Eq. (50) that will be needed for the proof of
asymptotic completeness.

Lemma 16. Suppose Q2 is defined as in the preceding theorem. Assume € E ;L(I:Ig)ﬁ
and hy, ...h, € L2(R?), with > + 3_I'_, sup{|k| : h; (k) # 0} < Z. Then

Qi1 ®@a*(hy)...a"(h)Y = al(h)...a4(hy) Q9. (51

Proof. If the vector v is of the form
Y=y ®a"(fi)...a"(fm), (52)

where y € Ey(Ho)M, fi,... fu € CR3) with n + Y, sup{lk] : fi(k) # 0} < A,
then

Qr(1®a*(h)...a* (h)y = ai(h)...a5(hy)ai(f1) ... a4 (fm)Paesy
= ai(hl) .. -aj_(hn)9+¢

by Eq. (50). This proves (51) for all ¥ which are finite linear combinations of vectors
of the form (52). These vectors span a dense subspace of E 2 (HYH by Lemma 34 in
Appendix C. The lemma now follows by an approximation argument using Theorem 13
iv) and the intertwining relation for Q4. 0O

We are now prepared to formulate the main result of this paper.

Theorem 17 (Asymptotic Completeness). Assume that Hypotheses 0 — 2 (Sect. 3.1) are
satisfied, and let ¥ be such that sup, [VQ(p)x(R2(p) = ¥)| < 1/3 (see Hypotheses
2). Then, for |g| small enough depending of %,

RanQ2y D Ex(Hy)H.
Remark. The assumption sup,, IVQ(p)x(Q2(p) < )| < 1/3 implies that
IIVQIEs (Hg=0)ll < 1/3,
which, for small |g|, ensures that ||| V| Ex (Hg)|| < 1/3. This last inequality is actually

what we shall make use of. Since |g| must be small for reasons other than this one as
well, we have chosen the above formulation of the theorem.
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This result follows from Theorem 30 in Sect. 9, where asymptotic completeness for
a modified Hamiltonian (with a modified dispersion law for the bosons) is proved, and
from Lemma 21 in Sect. 5, where the behavior of the soft bosons in the scattering process
is investigated.

In the most interesting cases of a relativistic dispersion (p) = +/ p? + M? and of
a non-relativistic dispersion Q(p) = p?/2M Theorem 17 implies the following result.

Corollary 18. Assume that Hypothesis 1 and one of the following hypotheses hold:

1. Q(P)= P?*/2M and 0 < = < M/18,
2.QP) =P +M2and M < S < 3M//38.

Then, for |g| small enough,
RanQ2, D Ex(Hy)H.

Proof. Hypotheses 0 and 2 are clearly satisfied in both cases and the bounds on ¥ are
chosen in such a way that sup, [VQ(p)x(2(p) < %)| < 1/3. Thus the corollary
follows from Theorem 17. O

5. The Modified Hamiltonian

Since the bosons in our model are massless, their number is not bounded in terms of
the total energy. This, however, is an artefact, since the number of bosons with energy
below o (the IR cutoff) is conserved. To avoid technical difficulties due to the lack of
a bound on the number operator, N, relative to the Hamiltonian Hg, we work with a
modified Hamiltonian Hy,oq whose photon-dispersion law, w (k), is bounded from below
by a positive constant (in contrast to |k|).

We define

Hiod = Q2(p) +dIN(w) + g#(Gy),

and we assume that w satisfies the following conditions.

Hypothesis 3. € C®(R3), with w(k) > |k|, w(k) = |k|, for |k| > o, w(k) > 0/2,
for all k € R3, supy [Vo (k)| < 1, and Vw(k) # 0 unless k = 0. Furthermore,
w(k; + k) < wky) + w(ko) forall ky, ky € R3 (see also Figure 2). Here o > 0 is the
infrared cutoff defined in Hypothesis 1.

The Hamiltonian Hy,o4 shares many of the properties derived for Hy in previous sections,
such as Lemma 10 and Proposition 12 (see the remarks thereafter). We now explore the
similarities of Hy and Hod more systematically.

The two Hamiltonians H, and Hpoq act identically on states of the system without
soft bosons. Denoting by x; (k) the characteristic function of the set {k : |k| > o},
the operator I"(x;) is the orthogonal projection onto the subspace of vectors describing
states without soft bosons. Since x; Gy = Gy it follows from Eqgs. (14) and (15) that H,
and Hpyoq commute with the projection I'();), and hence they leave the range of I"(x;)
invariant. Moreover, since y;w (k) = x; |k|,

Hg[RanI'(xi) = Hmoda[ RanI"(x;). (33)



442 J. Frohlich, M. Griesemer, B. Schlein

o (k)

o k|

Fig. 2. Typical choice of the modified photon-dispersion law w (k)

Let U denote the unitary isomorphism U : H — H; ® F; introduced in Sect. 3.1. Then,
on the factorized Hilbert space ‘H; ® Fy, the Hamiltonians H, and Hpoq are given by

UH,U* = H; ® 1 + 1 ®dI'([k]),
UHpotU=H; ®14+1Q®dlMN(w) with
H; = Q(p) +dI'(|k]) + g (Gy). (54)

Again, we observe that the two Hamiltonians agree on states without soft bosons.

The modified Hamiltonian Hpoq, like the physical Hamiltonian Hy, commutes with
spatial translations of the system, i.e., [Hmnod, P] = 0, where P = p + dI'(k) is the
total momentum of the system. In the representation of the system on the Hilbert space
LZ(R3 ; F) the modified Hamiltonian Hp,oq is given by

(I Hmoa IT* ) (P) = Hmoa(P)¥ (P),
Hyod(P) = Q(P —dI'(k)) 4+ dT'(w) + g¢ (ko ),
where T : H — L%(R3, d P; F) has been defined in Sect. 3.1.

Like Hg and Hpod, the fiber Hamiltonians Hg(P) and Hyoq(P) commute with the
projection I'();) and agree on its range, that is

Hg(P)[RanI"(xi) = Hmod(P)[Ranl(x;). (55)

In Appendix D.1 (see Theorem 37) it is shown that, for 2(P) < Og—1 and |g| small
enough,

inf 0 (Hmod(P)) = inf o (Hy(P)) = Eg(P)

and that E,(P) is a simple eigenvalue of Hg(P) and Hpyod(P). The corresponding
dressed one-electron states coincide by Theorem 37, (ii). Since the subspace Hges iS
defined in terms of the dressed one-electron states v p, it follows that vectors in Hges
describe dressed one-electron wave packets for the dynamics generated by the modified
Hamiltonian Hy,q as well.

We remark that, in view of (55), the proof of Theorem 7 shows that

Upp(Hmod(P)) N (=00, %) = {Eg(P)}’

for all P € R3 with E ¢(P) < X, and for |g| sufficiently small.
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Next, we consider the positive commutator discussed in Sect. 3.3. Thanks to Eq.
(55), the inequality established in Theorem 6 continues to hold when H, (P) is replaced
by Hmod(P), provided we restrict it to the range of the orthogonal projection I'(x;).
We need to rewrite this commutator estimate in terms of H,oq4, rather than Hpy,oq(P),
restricted to RanI"(x;). To this end we define

1
a=zNVo-(y=x)+-x- Vo),

and we consider the conjugate operator dI"(a). In the representation of the system on
the Hilbert space L>(R3,; F), the operator dI'(a) is given by

(IdT (@) TT*y¥)(P) = Ay (P), where
AzédF(Vawy—{—y'Va))

is the conjugate operator used in Theorem 6 (if restricted to states without soft bosons).

Theorem 19 (Positive Commutator). Assume Hypotheses 0 — 3 (see Sects. 3.1 and 5)
are satisfied. Let § < 1 and choose gy and X such that |||V Ex (Hpod) || < B, for all
g with |g| < go. Suppose moreover that f € CJ°(R) and supp(f) C (=00, X). Then
there exists a constant C, independent of the infrared cutoff o, such that, on the range
of the projector T (x;),

f(Hmod)[iHmoda dF(a)]f(Hmod) = (1 - ,B)f(Hmod)Nf(Hmod) - Cg.f(Hmod)2a56
(56)

for all g with |g| < go.
Proof. Set H = Hpoq. By definition
[iH,dI'(a)] = dF(lelz) —dI'(Vw) - VQ — g (iaGy).

Since Vw (k) = k/|k| on the range of x; and since ¢ (iaG ) Ex (H) is bounded, it follows
that

FUDT OO H, dD@IT () f(H) = fHTGONT G6) f (H)
— FUDT (x)NIVQIT (i) f (H) — Cgf (H)*.
The assumption |||[VQ|Ex(H)| < B implies
Ex(H)|VQIEx(H) < pEs (H).

Using this inequality and that [ f (H), NY21and (H + i)l/z[f(H), N1/2] are of order
g, uniformly in o, we conclude that
fUH)N|VQIf(H) = f(H)N'?|VQIN'? f(H)
= N'2f(H)|VQIf(H)N'? + 0(g)
< Bf(H)Nf(H)+ O(g),

with O(g) independent of o. Since I'(x;) commutes with f(H), this proves the
theorem. 0O
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Next, we discuss the scattering theory for the modified Hamiltonian. As in Theorem 15
we assume that g and ¥ > inf o (H,) are real numbers for which [|[|VQ|Ex (Hg)|| < 1.
Hypothesis 2 (Sect. 3.1) and Lemma 10 ensure the existence of these numbers. Then, by
the assumption that w (k) = |k| for wave vectors k of interacting bosons (cf. Hypotheses
1,3) we have that

¢ Hmoat gt (=101 ) =i Hinoat iHgt (=idT(K|=0)t 4 (p=iot by idT (K|=0)t =i Hgt

=e
— engtaﬁ(e_ilklth)e_ngl (57)
for all ¢. It follows that the limit

at

mod, + (Mg = lim_!fhmedl g (¢ 71! g™t Hmodt

exists and that aﬁmdﬂr(h)(p = ai (h)gp, for all ¢ € RanEx (Hmod) C RanEx (Hy) and

for all h € Lz)(R3). This and the discussion of Hges above show that the asymptotic
states constructed with the help of the Hamiltonians H, and Hpoq coincide.

On the extended Hilbert space H=HQF , we define the extended modified
Hamiltonian

[:Imod = Hnod ® 1 + 1 ®@ dI'(w).

In terms of Hp,oq and I:Imod we also define an extended (modified) version fz‘f"d of the
wave operator 2 introduced in Sect. 4.

Lemma 20. Let Hypotheses 0, 2 and 3 be satisfied, and assume ks € Cy° R3) (60 =0
is allowed). For every pair of real numbers g and ¥ with |||VQ|Ex (Hy)| < 1, the limit

Qmdy = lim eiH’”“d’Iefig’””dtgo (58)
11— 00

exists for all ¢ € Ex (Hpoq)H. The modified wave operator Qﬁ"d defined by QT"‘J =
fZﬂ"d(Pdes ® 1) agrees with Q4 defined by Theorem 15. More precisely

Q% = Qy g, (59)
forall p € RanEy, (Hypoq) C RanEsx, (ﬁg).

Remark. Recall from the discussion above that Pges does not depend on whether it is
constructed using Hg or Hyoq.

Proof. Since I Es; (Himoa) is bounded, e fmod =i Hnoa? E (F,10q) is bounded uniformly
in ¢t € R and hence it suffices to prove existence of Q?"d on a dense subspace of
RanEy (ﬁmod). By Lemma 34, finite linear combinations of vectors of the form

p=y®a*(hi) - a*(hy)Q

with A + ", M; < X, where y = Ej (Hmod)y, and M; = sup{w (k) : h; (k) # 0}, form
such a subspace. Existence of S~2$°d on these vectors follows from

o Hmoat [ =i Hmoat _ ,iHgt | ,~iHyt

and from Theorem 15. This also proves (59). O
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We shall now extend the domain of €2 to include arbitrarily many soft, non-inter-
acting bosons. As a byproduct we obtain a second proof of (59). To start with, we recall
the isomorphism U : F — F; ® F; introduced in Sect. 3.1 and define a unitary isomor-
phism U ®U : H—>HQF Q@F ®F: separating interacting from soft bosons in the
extended Hilbert space H. With respect to this factorization the extended Hamiltonian
H becomeng =H®I®1l+1®1®dIN(k)®1+1®1® 1 ®dI(|k|), where
H; = H; ® 1 + 1 ® dI'(|k|). As an operator from H; ® F; ® Fs ® Fs to H; @ Fy, the
wave operator 24 acts as

UQL(U* @ U*) = QM@ o, (60)
where QI : H; ® F; — H, is given by

Qi-"l_lt —5— [l_i)m elH[Ie—lH[( 1nt 1) (61)

des
while Q5 Fy ® F; — F is given by

QM =1(Pa®1), (62)

where Pgq is the orthogonal projection onto the vacuum vector Q € F;. In view of
(60) and (61), the domain of €24 can obviously be extended to RanEx(H) ® F; ®
Fs D RanEy (Hg) For the modified wave operator QmOd Qmod(Pdes ® 1), we have
Qm"d = Qint 4 ® Q%ft and from Hg[RanI'(x;) = Hmod[RanF(X,) it follows that

+,mo

lemod = QM. Consequently, also Q7°¢ is well defined on RanE s (H) ®F, ® F, and
Qmod Q
+
We summarize the main conclusions in a lemma.

Lemma 21. Let the assumptions of Theorem 20 be satisfied, and let Q2 be defined on
RanEy ® F; ® F; as explained above. Then

RanQ; = RanQ'" ® F; (63)

with respect to the factorization H = H; ® Fs. In particular, the following statements
are equivalent:

i) RanQ2y D Ex(Hy)H.

i) RanQ4 D T'(x;) Ex (Hg)H.
iii) RanQ2y D Ex (Hypoa)H.
iv) RanQ2y D I'(x;) Es (Hod)H.

Proof. Equation (63) follows from (60) and (62). The equivalences i) < ii) and iii) <
iv) follow directly from Eq. (63), while ii) <> iv) follows from Eq. (5§3). O
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6. Propagation Estimates for Photons

The purpose of this section is to prove a phase-space propagation estimate (Propo-
sition 24), which is used in the next section to establish existence of the asymptotic
observable W and of the Deift-Simon wave operator W..

Henceforth we shall always work with the modified Hamiltonian Hp,q, and we will
use the shorthand notation

H = Hpyog = 2(p) +dI' (@) + g ¢ (Gx).

Moreover, for an operator b acting on the one-boson space h), we define the Heisenberg
derivative

ab
db :=liw(k), b] + —,
ot
while we define the Heisenberg derivatives of an operator A on H with respect to H and
H)y, respectively, by

. 0A
DA =i[H, Al + o and

. d0A
DoA :=i[Hy, A] + o

We observe that
Do (dT" (b)) = dI'(db).

The first propagation estimate is a maximal velocity propagation estimate saying that
photons cannot propagate into the region |y| > ut, if © = max(1, 8) (if 8 > 1 there
will always be some photons, in the vicinity of the electron, propagating into the region
Iyl > 1).

Proposition 22 (Upper bound on the velocity of bosons). Assume Hypotheses 0-3 are
satisfied. Suppose 8, g and ¥ > inf o (H) are real numbers for which |||VQ{Es (H)| <
B. Let f € C°(R) be real-valued with supp f C (—oo, ), and suppose F € C;j°(R),
with F > 0 and supp F C (—o00, B. Then, for each pair of real numbers A, X with
max(1, B) < A < X/, there exists a constant C,_;, such that

> d
/] Tt (@t FAT G (I¥I/OVF X1/ for) < Crnllgl?

forall o € H. Here [ = f(H).

Remark. The lower bound, 1, in the assumption max (1, 8) < A is the upper bound on
the photon propagation speed |Vw| in Hypothesis 3.

Proof. Choose ¢ > 0 so small that 3e < A — 8 and A — ¢ > 1. The proposition will
follow if we prove it for smooth functions F with F(s) = 1l fors < B+ ¢, F(s) =0
forall s > B 4 2¢, and F’ < 0. Choose h € C§°(R; [0, 1]) with z = 1 on [, A'] and
supp(h) C [A — &, M + 1]. It is important that there are gaps between (—oo, 8] and
supp(F"), and between supp(F) and supp(h).
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We define ii(s) = fg dth?(t) and we use the notation 1 = h(|y|/1) andh = ﬁ(lyl/t).
Consider the propagation observable

¢(1) = — f(H)AT (W F (|x|/1) f (H).
Since ¢ (¢) is a bounded operator, uniformly in 7, the proposition follows if we show that

0
Dé(1) = ﬂ VLiH, 6] = & de(h YE(x/Of + B@).  (64)

for some operator-valued function B(¢) with f 100 (@, B()g;)|dt < Cllp||*. We have
that

9@ _ 1 dr(n? F dr(h)F’
” —tf (R Iyl/OF x|/ f + - f (h)F'(|x I/t)—f

ﬂ+

v

VFf — © rdr @I\ f. (65)

The second term on the right side gives a contribution to B(¢) by Proposition 12. In fact,
since supp(F') C [B+¢, B +2¢] C [B+ &, 2] and F' < 0 we have that

(@i, FATMIF' | for) < NX1p+ena(X1/O fe 1T (R F' for |
< Ixtp+es1(x1/0 Fo I 1AT (RY(H + )7 (||F/(H + i) forll + 0<r—1)||¢||)
< Clixip+er1(x1/0) forll I xipe st (x1/0) g (HDgr | + OG0l

where we used that ||[[H, F']f]| = 0(t b, by Lemma 32 and Hypothesis 0, and put

g(s):=(6+i)f(s)and C = AT (R)(H + i)~ in the last line. Thus, by the Schwarz
inequality and Proposition 12,

00 g B
/] Tt (@r, fAT (W) F') fo1) < const |||, (66)

that is, the second term in (65) contributes to B(¢) in (64). To evaluate the commutator
in (64), we use Lemma 32 and get

~[iH,¢(t)] = fliH,dU(W)IFf + fdU (Wi H, F1f
= flidT (), dT (WIFf + flig(Gx), dT (WFf
+fAC(WQ(p), F1f

~ L aar <Va)~ D2yl Va)) Ff +gf¢(hGo)Ff
2t [yl [yl

1 - ( x , X ) )
+—fdr) (Ve —F +F = .vQ) f+o¢™. (67)
2t |x| |x]

The term that involves F’ is integrable w.r. to ¢, by Proposition 12 and Hypothesis 0.
This is seen in the same way as the integrability of the second term of (65). Next we
bound the second term of (67). By Lemma 9 part ii),

l¢RGOF(xI/Dfl <C  sup llx(yl = (= &)NG,l| < Cr7* (68)
[x|<(B+2e)t
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for some p > 1, because supp(F) C (—o0, 8 + 2¢], supp(ﬁ) C [A — &,00), and
A —e& > B+ 2¢. Finally, in the first term of (67), we commute one factor of 4 to the left
and one to the right and conclude that

1 y y
—z—tde<h(Va)- FRaw Vw)h)Ff + B(t)

—%de(h2)Ff + B(1),

iH, ¢()]

v

where floo l{g:, B(t)p;)|dt < C|l¢l||>. Together with (65), (66), and A — & > 1 this
proves Eq. (64). O

The following phase-space propagation estimate compares the group velocity Vo
with the average velocity y/t for bosons that escape from the electron in the limit
t — oo (i.e., for bosons with asymptotic velocity greater than ). This result will be
improved in Proposition 24.

Proposition 23. Assume Hypotheses 0-3 are satisfied. Suppose B, g and ¥ > inf o (H)
are real numbers for which |||VQUEs (H)|| < B. Let f € C;°(R) be real-valued with
supp f C (—00, X), and suppose F € C°(R), with F > 0 and supp F C (—o0, B].
Then, for each pair of real numbers A, A with B < A < )/, there exists a constant Cow
such that

*d ,
/1 Tt (@, fAT (Voo = D) xpan(yl/D (Vo — D) F(xl/0) fer) < Crullel?,

forall o € H. Here [ = f(H).

Proof. Choose e > 0sosmallthat3e < A—B. Without loss of generality we may assume
that 1’ > 1. We may also assume, as in the proof of Proposition 22, that F(s) = 1 for
s < B+eand F(s) = 0forall s > B+ 2¢. Pick R € C{°(R?) with supp(R) C {y :
A—e<|y| <A +1}and

R"(y) = xpon(UyD = Cxprav+n(yD.

It is easy to construct a function R with these properties explicitly. We work with the
propagation observable

¢ @) = f(H)AT (@) Ff(H), (69)

where
1
b(t) = R(y/t) + E[(Vw —y/0-(VR)(y/t) + (VR)(y/1) - Vo — y/1)]

and F denotes the operator of multiplication by F(|x|/t). For the reader who com-
pares this proof with the proof of the related Proposition 11 in [FGS01] we remark that
b(t) =d(tR(y/t)) + Ot~ 1), and that we could work with d(tR(y/t)) here, too. The
operator ¢ (¢) is bounded uniformly in ¢+ > 1, because b(¢) is. Hence the proposition
follows if we show that

C ,
De) = —lor. fAT (Vo = Dxpn(yl/D (Ve = 1) Ffe) + B (70)
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for some operator-valued function B(¢) with floo o, B |dt < Cllol2. By the
Leibniz rule for the Heisenberg derivative,

D¢ (1) = fAU(dbO)Ff + foib()G)Ff + fAT (b)) (DF) f. (71)

The second and the third terms contribute to the integrable part B(t). For the second
term this follows from Lemma 9, since the distance between the support of R and the
support of F' is strictly positive. The integrability of the third term follows from Prop-
osition 12, thanks to the location of the support of F’, and from boundedness of V2
w.r.to H (Hypothesis 0); (see the proof of Proposition 22 for details). The first term in
(70) comes from the first term in (71). Using Lemma 32, it is straightforward to show
that

1
db(t) = ~(Vo —y/0) - R'(1y|/0) (Ve = y/D) + o™

v

1
;(Va) =/t - xpanUyl/t) Vo —y/1)

C
—— (Vo —y/0) -y aen(VI/0 (Vo = y/0 + o),
where

(Vo —y/0) - xpar+1(91/1) (Vo — /1) < Coxpr—yasnen(91/0 + 0@

for some 1 > 0 chosen so small that A’ — > max(1, B); (recall that A" > max(1, B)).
Hence this term contributes to B(t), by Proposition 22, and (70) is proven. 0O

Using Proposition 23, we can establish an improved phase-space propagation esti-
mate, which is the main result of this section. Existence of an asymptotic observable, W,
and of the inverse wave operator, W, in Sects. 7 and 8 will follow from this propagation
estimate alone; (see [DG99] for a similar result). Some technical parts in the proof of
Proposition 24 are stated as Lemma 25 below.

Proposition 24. Assume Hypotheses 0-3 are satisfied. Suppose B, g and ¥ > inf o (H)
are real numbers for which |||VQ|Ex(H)|| < B. Let f € C°(R) be real-valued with
supp f C (=00, ¥), and pick F € C5°(R), with F(s) > 0and supp F C (—oo, B]. For
each pair of real numbers ., ) with max(1, B) < A < A and each J = (J1, J2, J3) €
CgO(R3; R3) with supp J; C {y € R® : A < |y| < A} there exists a constant C, ;s such
that

* d
/1 7’<¢,, AT (1T (y/1) - (Vo — y/1) + (Vo — y/1) - T (y/D])
xF(Ix1/0) for) < Cralol?
forall p € H. Here f = f(H).

Proof. Choose ¢ > 0 so small that 2e < A — 8. The proposition will follow if we prove
it for smooth functions F with F(s) = 1 fors < 8+ e and F(s) =0 fors > B + 2¢.
Let A= (y/t — V)2 + 178, for some § € (0, 1], and set

3
b() = J(y/0)- AVPT(y/0) =) Jiy/DAY 2 Jiy/ ),
i=1
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where J € Cy° (R3; R?) is chosen such that J; = 1 on the support of J; and with

supp jz c{ye R3:x < |y| < A’}. Note that the operator b(¢) is bounded uniformly in
t, because of the space cutoff J. We consider the propagation observable

@) = —f(H)AT (@) F(Ix|/t) f(H).
Because of the boundedness of b(¢) and the energy cutoff f, the observable ¢ (¢) is
bounded, uniformly in time. Thus, to prove the proposition, it is enough to show that

C
De(t) = Tf(H)dl" (/1) - Vo —y/1) +he]) F(lx|/0) f(H) + B@), (72)

for some operator-valued function B(f) with floo dt|(e,, BOg;)| < Cllell>. The
Heisenberg derivative of ¢ (¢) is given by

D¢ (t) = —f (DAL (b)) Ff — fAU (b)) (DF) f
— fAT@bM)Ff = f$b@GOFS = fATBM)DF)f.  (73)

The last term, involving D F, contributes to B(¢). This follows from Proposition 12,
since, by Lemma 32,

1 /x |X| / -2
DF=-(F = .vQ—-2F )+ 0@,
t [x] t

where F' is supported in the interval [8 + ¢, B + 2¢], and V< is bounded w.r.to H, by
Hypothesis 0 (see the proof of Proposition 22 for more details). The term with the factor
¢ (ib(¢)G,) also contributes to B(¢). This follows from Lemma 9, part ii), because the
distance between the support of F and the support of J is positive, and thus

¢ Gb(G)F x|/t fIl < Ct™H,

for some p > 1. It remains to consider the contribution of the first term on the r.h.s. of
(73). To this end we use that

db(t) = J - (dAYVT +@h) - AV2T + T - AV2d)

3
=T @A+ (@A 2] + Jia@d). (74)
i=1

Applying Lemma 25 below, part ii) and part iii), we find that

7 12N 7 C
=/ @AV (y/1) = 1T (/1) - (Ve = /1)
+(Vo —y/t) - J(y/D)| + 0@~ 712, (75)

with n = min(6, 1 — 6/2). The other terms in Eq. (74) turn out to contribute to B(¢) in
(72), (a consequence of Proposition 23). To prove this, we start with the bound

- - - - - 1~ -
+ (dJ,-Al/zJi T JiAl/sz,-) < (@R + S TATL (76)
Observing that

- 1 - -
dji = 5 (wi (Vo — y/1) + (Vo — y/1) - w,~) +0G7?)
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we find that

dJp)* < ,gz (Vo = y/1) - xpan(¥l/D (Vo — y/0) + 06 ™).
To bound the second term on the r.h.s. of (76), we use that
JiAT = Ji(Vo — y/02Ji + 04™°) = (Vo — y/1) ]} (Vo — y/1) + 0(7).
We then find that

C+
t
X xpa(IV/D (Vo — y/t) + 0179,

By (74) and (75) we thus conclude that

e . 1
+ (d],-Al/ZJ,- + J,-Al/zdj,-) < (Vo — y/1)

C
— fATdb()F(Ix|/0) f > 71de (T (y/t) - (Voo — y /1)
+(Vo — y/1) - J(y/D)]) Ff
C
—72de (Vo — y/Oxpan (/D) (Vo — y/0) Ff + 0@~ 712),

where the second term on the right-hand side is integrable by Proposition 23. This,
together with (73), proves Eq. (72) and completes the proof of the proposition. O

Lemma 25. Let A = (y/t —Vw)> +179,0 < § < 1, and assume that ] € C°(R?, R?)
(J has three components Ji, i = 1,2, 3). Then

i) [A'2 1 (y/D] = 0@~/
i) dAY? = _%AI/Z + 0@ 12y

iii) Suppose that J € CSO(R3, R3) with J; = 1 on the support of Ji, fori =1,2,3.
Then
I (/1) - (¢/t = Vo) + (v/1 = Vo) - J(y/D)] < CTA2T + 07",
where n = min(d, 1 — §/2).
This lemma is taken from [DG99]. For the sake of completeness its proof is included in
this paper.
Proof. i) Writing A'/? = AA~"/? and using the representation
a2 _ 1 / *ds 1
T Jo ﬁ s+ A
one finds that
1 1

[A, J]—.
s+ A s+ A

(A2 J]=l/ ds+/s (77
T Jo

With the help of Lemma 32 it is easy to see that [A, J] = O(¢~!) and, by definition of
A, Is + A7 < (s + 7%~ Hence (77) implies that

C [ VA
AV2 ) < _/ ds— 5 _ o1y
A2 = 5 [ as s = 0wt
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ii) The main observation is that

5 172
10k 172 —ito (k) _ <i’_2 +t_3> . (78)

On the one hand, by definition of d A2

di (eitw(k)A1/2e—itw(k)) _ eitco(k)dAl/Ze—itw(k)’ (79)
t

and, on the other hand, by (78),

1/2 5 1/2
d [ itw®k) 41/2 —i d (y*  _ 1(y _ -
a Al zta)(k)>=_ Yo — (X 0182y
dt (e ¢ dr \ 12 + t \ 12 + + O )

Combining these two equations and using (78) again proves the assertion.
iii) First we note that

17 (Vo —y/t) + (Vo —y/t) - TF <Y Ji@iw — yi/D@jw — y;/DJ; + 0@ ™).
iJ

Using that afa; + a;?ai <afa; + a;aj it follows that

] (Vo —y/0) + (Vo —y/t) - T < C Y Ji(@iw —yi/)*Ji + 0™

<CJAJ 4+ 0@7%). (80)

Furthermore, by part i), and since J4 > J2 by our choice of J s

- A2 - . - -
(JA‘/ZJ) _ ZJiAl/zJiJjAl/zjj = AV2JAAV2 4 o102y
iJ

> AV2J2AV2 4 012y = JAT + 0@,

Combined with (80) this shows that
74127 2 2
(JA / J) > CJ-(Vo—y/t)+ (Vo —y/t)- I+ 0@,

where n = min(8, 1| — §/2). The assertion now follows from the operator monotonicity
of the square root. O
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7. The Asymptotic Observable

Let 8, g and X be given real numbers for which |||[VQ|Ex(H)| < B.Lety > B and
pick x, € C®(R; [0, 1]) such that x,, = 1 on [y, o0) and x,, = 0 on (—o0, B3] for
some B3 € (B, y) (see Fig. 3 in Sect. 8). Our goal, in this section, is to establish existence
of the asymptotic observable

W =s— lim &' fdT (x, (Iyl/1) fe ',
t— o0

where f is a smooth energy cutoff supported in (—oo, X). By construction of W,
(v, Wi) is the expectation value of the number of bosons present in f that prop-
agate into the region {|y| > yt} as t — oo. These bosons are asymptotically free, since
the energy cutoff and the assumption on V2 guarantee that the electron stays confined
to {|x| < Bt} (cf. Proposition 12) and since 8 < y. As a consequence, the interaction
strength between the electron and those bosons counted by W decays in ¢ at an integra-
ble rate. This is one of the two key ingredients for proving existence of W and of the
Deift-Simon operator W_... The other one is the propagation estimate in Proposition 24.

Theorem 26 (Existence of the asymptotic observable). Assume that Hypotheses 0 — 3
are satisfied. Let B, g, and X be real numbers for which |[|VQ|Ex (H)| < B. Suppose
that f € C3°(R) with supp(f) C (=00, X). Let B, y, and x,, be as defined above, and
let x4 be the operator of multiplication with x, (|y|/t). Then

W =s— lim e fdl(x, ) fe "
— 00

exists, W = W* and W commutes with H. Here f = f(H), (as before).

Proof. Pick F € C°(R) with0 < F < 1, F(s) = 1 fors < By, and F(s) = 0 for
s > B1, where B < Bo < B1 < B3 < y (see Fig. 3, Sect. 8). We also use F to denote
the operator of multiplication by F'(|x|/t). By Proposition 12 (ii) applied to 1 — F', and
since e’ H! £dI'(x,.,) is bounded, it suffices to prove the existence of

tlim o(t), where @(t) = fdT (x, ) Ffe Mo
— 00

By a variant of Cook’s argument this limit will exist if there exists a constant C such that

/1 (¥, @' )] dt < Cly|

for all ¥ € H. We have

d
(. e0) = (Wi, FD[AC GG F | for)

= W, fAU@xy,)Ffer) + 8V, fé(ixy G Ffer)
+ (i, fAT (xy. ) (DF) for), (81)

and we shall prove integrability of these three terms, beginning with the third one.
Since supp(F’) C [Bo, B1] and by Lemma 32,

_ L |x] -2
DF =-F VQ—— + 0@t )
t |x|

1 |x] _
= 7 Xibo. 1] I)cl/t)<| | -VQ — )F’—i—O(t %)
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and hence, using that, by Hypothesis 0, | V2| is bounded w.r.t. H,
[(¥z, fAT (Xt )(DF) for)]

1
= Zlxigo. e SV 14T Gy )V F' forll + 0 ]l (82)

On the right-hand side the operator F’ f can be replaced by (H + i Yy YF'g(H), g(s) =
(s +1) f(s), at the expense of another term of order 12 originating from t~[H, F]=
O(t~2). The integrability of (82) then follows from Proposition 12.

The second term on the r.h.s. of (81) is integrable because |x|/¢t < B1 on supp(F),
while |y|/¢t > B3 on supp(x,,,), and hence, by Lemma 9,

(W, folixy . GOFfoi)l = C sup |lxy:Galll¥ el

lx|/1<p1

< const t "¢ [ lell,

with u > 1. This is integrable in ¢.
To bound the first term on the r.h.s. of (81), we note that

1
dyy: = E[(Vw — /1) -Vxys +hel+ 0™

1 -2
=: ;Pt + O0(t™"),

where 1/t has been factored out from Vy, ; = (l/t)x)/, (Iy1/t) ¥/1y|. It follows that

(e, FATd Xy D Ff@)| < (W, FEV2AT(POF2 fo)| + 0™ v llllgll

(Y, FEVAAT (P FY2 fy) '

1/2
x{gr, fFV2AT(P)F for)
+O D)y llel.
Since F!/? commutes with dI' (] P;]), this is integrable thanks to Proposition 24.

To prove that W commutes with H we show that e "#SW = We ™S for all s € R.
By definition of W,

=

~ | =S =

[efiHSWeiHS _ W]QD — lll)n;o ethf[dF(Xy,r)];Z?H‘feiile-
This limit vanishes because 9; x,,; = O(r~ ") and hence || [dl"(x),,,)]ﬁjﬂ (N+1)~12
<Cs/t. O

7.1. Positivity of W. The upper bound § on the electron speed (cf. Proposition 12)
could usually be chosen arbitrarily, so far. Only in our proof of the existence of the wave
operator we required 8 < 1. To prove the strict positivity of W, we must require that
B <1/3.

Recall that (y», W) is the number of bosons in f with asymptotic speed y or
higher, while the energy cutoff f in W ensures that the speed of the electron does not
exceed B. By the positive commutator estimate, Theorem 19, in a state orthogonal to
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Haes With energy in the support of f, the photons have a speed, relative to the electron,
of at least 1 — B. Their speed relative to the origin is thus bounded below by 1 — 28.
By assuming y < 1 — 28 we can ensure that these bosons are counted by W. (Their
number is positive by our smallness assumption on g.) Since 8 < y is required for the
existence of W, we need to assume that 8 < 1/3.

Theorem 27. Assume Hypotheses 0 — 3 are satisfied. Given < 1/3, pick ¥ < Og and
suppose that g, > 0 is so small that sup, lel<gs IIVRIES (Hp)|l < B (cf. Hypothesis 2
and Lemma 10). Picky € (B, 1—2p), and let W be defined as in Theorem 26. Choosing
gx even smaller if necessary, there exists a constant C > 0 such that, in form-sense,
W= Cf(H)?,  on Pl (M
for|g| < gx. In particular, if f = 1 on an interval A C (—o0, X), then
W=>C>0, on Ex(H)PzT(x)H.

Remark. Our proof shows that gz = O(1—3p8),as (1 -38) — 0, is sufficientif y > 8
is chosen close to §.

Proof. LetD = D(dI'(a))NRan des1"()(1) wherea = 1/2(Vw-(y—x)+(y—x)-Vw).
Since D is dense in RanP3; I'(x;) (see Lemma 46 in Appendix G), and since W is

des
bounded, it suffices to prove that there is a constant C > 0 such that

(9. Wo) = lim (g, AT (i) fo1) = Clfol? (83)

for all ¢ € D. In the following ¢ € D is fixed. The proof of (83) is based on esti-
mates of (¢;, fdI'(a/t) fe;) from above and from below. The upper bound relates
(pr, fdT(a/t) fer) to (@, We) and the lower bound uses the positive commutator esti-
mate, Theorem 19. We begin with the estimate from above.

Step 1. Let ¢ > 0. There exists a finite constant C such that
(i, FATa/D) fr) < C(fou, dT () for) Pl fol
+(v + B+ &)@, fNfeor) + o(D), t — oo.
To see this, suppose F € C*(R; [0, 1]), supp(F) C (—oo, 8+ ¢] and F(s) = 1 for
s < B.Then
Xy (Uyl/t) = x(Uyl/t = y)
= x(xl/t=p+e)x(x—yl/t =y +p+e)
= F(xl/t) x(Ix —yl/t =z y + B +¢).
It follows that
(@r, FAT Ot AN/ O) foor) = {@r, fE(x]/)AT (X (Ix — yl/t =y + B+ ) for),

= {0, fAU (X (Ix = yl/t =y + B+ €)) for) + o(1),
(84)

where we used Proposition 12 to get rid of the factor F(|x|/¢). Next we estimate the
right side from below by showing that

(@, fAT(a/0) for) < C{f@r, AT (x(Ix — yI/t =y + B+ ) for) 2l foll
+(y 4+ B+e) o, FNFo)+00™Y),  t— 00, (85)

for some o-dependent but finite constant C. Combined with (84) this will prove Step 1.
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Fromnowon A :=y +8+¢, x = x(x —y|/t = A)and x = 1 — y, for short.
Using the identity 1 = I'(x) + (1 —I'()x)) we split each photon wave function into parts
in- and outside of the sphere |x — y|/t = A. We find the bound

(@r, fAT(a/t) for) = 1/24e, fAT (a/OT(X) fer) + h.c
+1/2{(¢, fdT(a/t)(A =T (x)) fer) + h.c.

(@, fAU (x,1/2((a/t) x + X (a/1))) fer)
+ldl(@/t) fell(L =T GO) fell (86)

To estimate the first term on the right hand side, note that dI"(x, b) < dI'(b) < ||b||N
for every symmetric one-photon operator b. Since

la/t) x| < 1/t|Vo(k) - (y —x) xIl +1/2t]| Aw (k) x|
<i+o0@h,

IA

one arrives at
(@r. FATIX. 1/2(@/D) X + X @/D)f i) < Mer, fNfer) + 0GTH. (87
The first factor in the second term of (86) is estimated, for any ¢ > 1, by
[dT(a/t) fo:ll = Cllell + 1/2lldT (@el), (88)

by Lemma 44 (use f = gf, for a suitable g € C{°(R) to see this). This is finite, since
¢ € D(dI'(a)) by assumption. For the second factor in the second term of (86) we use
that

I =TG)foll® = (@, FA=T GO fr) < (@r, FAT (X i) (89)

since x and hence (1 — I'())) is a projection. The bound (1 — I'(x)) < dI'(yx) is easily
verified on each n-boson sector separately.
After inserting (87), (88) and (89) into (86) one arrives at (85), which proves Step 1.

Step 2. For each § > 0, there is a sequence #,, — 0o such that

1
(@10 AT @/ 1) fo1,) = 750 = Bl [Nfer,) = Cugllfel? +o(1)  (90)

asn — OoQ.

By the positive commutator estimate, Theorem 19,

t
(or, fdl'(a) for) = (@, fdT(a) fo) + (1 — ﬂ)/o ds(ps, Nfos) — Cugtll foll,
and, after dividing both sides by ¢,
1! _
{or, fdl(a/t) for) = (1 = ) n /(; ds(ps, [Nfos) — Cugl fol* +0a™),
as t — oo. This inequality proves Step 2 thanks to the following general fact: for every

bounded, continuous function 4(¢) > 0 and for each § > 0, there exists a sequence
t, — 00 such that

L[ 1
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for all r € {t,},en. In fact, the opposite assumption that () > (1 + 8)m(¢), for all
t > Tp and some Ty € R, would imply that

m'() _
m(t) —

~ | &

d 1 ()
— logm(t) =
dt g

for all t+ > Tp. This is impossible since m () is bounded.

Combining Steps 1 and 2 we get

1
Cllfell(@r,, fAT (xy.0) fou) ' /* > {m“ B —(y+p+ s)} (@, FNfor,)

—Cuglifel*+o(l),  n— oo. 1)

Using (1 + 8)~! > 1 — § and the assumption on y, one finds that {...} > (1 — 28 —
y—e—268)>(1—-28—1y)/2 > 0for ¢ and é small enough. To bound the second factor
on the r.h.s of (91), we use that N > 1 — Pg and that f Po f > f Paesf — Dx g% f2,
by the remark after Theorem 7 (here we use that supp f C (—oo, X)). Since Pgesp = 0
by assumption on ¢, we conclude that

1 (1 2
(@ns FAT Gtyot) fo1,) = = {5(1 -2 —y)1 - Dxlg|'?) — cM|g|}

x | fel* +o(1),

as n — oo. For |g| small enough this proves Eq. (83), because
limy, o0 (@1, £AT (xy) fo1,) = (@, W) by Theorem 26, and the proof is complete. O

8. The Inverse of the Wave Operator

The purpose of this section is the construction of an operator W : H — H inverting
the extended wave operator {2 with respect to the asymptotic observable W that is
W = Q,W,. To this end one needs to show that the dynamics of bosons that escape
from the electron ballistically - if there are any - is well approximated by the free-boson
dynamics. We shall prove this with the help of Proposition 24, which was established
for exactly this purpose.

Many elements in the construction of W_. are familiar from the construction of W.
We recall from Sect. 7 that 8, g, and X are real numbers with |||VQ|Ex(H)| < B and
that y > B. Then

Wy i=s— lim ¢! FT(j)dT () fe H1
— 00

where f = f(I:I) and f = f(H) are smooth energy cutoffs supportedin (—oo, X).Asin
Sect. 7, xy,+ is the operator of multiplication with x,, (|y|/#), where x,, € C*(R; [0, 1]),
xy = 1on [y, oc0) and supp(x,) C [B3, o0) for some B3 > B. The purpose of f‘(jt) :
F — F ® F is to split each boson state into two parts, the second part being mapped to
the second Fock-space of prospective asymptotically freely moving bosons. We intro-
duce B and B; such that

B<Bi<Br<Bs<y
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F Jo
T

Y

B B() B1 Bz B% y

Fig. 3. Typical choice of the function x,, , of the electron space cutoff F and of the partition in the photon
space jo. joo

and define j, : h = L>(R?,dk) — b @ b as follows: let jih = (jo.1h, joorh), where
Jer ) = je(y1/0), jz € CR; [0, 1), jo+ joo = 1, jo = 1 on (=00, B2, supp(jo) C
(—o00, B3] while jo, = 1 on [B3, 00) and supp(jxo) C [B2, 00) (see Fig. 3, below).

As in the last section, we work with the modified Hamiltonian Hyoqg = Q(p) +
dI'(w) + g¢(G,) and with the extended modified Hamiltonian ﬁmod = Hpod ® 1 +
1 ® dI'(w), and we use the notation H = Hpoq, H= ﬁmod. Moreover, as in Sect. 7, we
use the notation DA and DgA to denote Heisenberg derivatives of operators A on H. If
B is an operator on the extended Hilbert space H, and if C maps H to H we set

o IB
DB :=i[H,B]+ —

ot
_ - aC
DC:=i(HC—CH)+ o

The derivatives Dg, and [)0 are defined in a similar way, using Hy and I:Io instead

of H and H. The Heisenberg derivative of an operator a on L2(R?) is denoted by
da = [iw(k), a] 4+ da/dt. Finally, the Heisenberg derivative db of an operator b map-
ping the one-boson space b to fh @ b is defined by

w0 . b (db
db_l(Oa))b_blw—i_E—'(dboo)'

Theorem 28 (Existence of W, ). Assume Hypotheses 0 — 3 are satisfied. Let B, g and
% be real numbers for which ||[|VQEs (H)| < B. Suppose that f € C{°(R) with
supp(f) C (=00, X), and that B, y and x, are defined as described above. Then

(i) The limit
Wi =s— lim e FI(j)dT oty ) fe '
—00
exists, and e~ifls Wi = Wye #S forall s € R.
(it) 1@ x (N =0)W, =0.
(i) W = Q. W,.

Proof. Statement (ii) follows from (1® x (N = O)I"(j;) = ['(jo.r» 0) and jor xy.r = O.
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(i) Pick F' € C°(R) with F(s) = 1fors < By and F(s) = 0 for s > B, where
Bo € (B, B1). We also use F to denote the operator of multiplication with F (|x|/¢). By
Proposition 12, it suffices to prove the existence of

tlim o), where ¢(t)= eigt]Ef‘(]'z)dr(xy,,)Ffe_th(p
— 00

for all ¢ € H. Using Cook’s argument one is led to show that

/1 Ky, @' )ldt < Clly ||
for all € . We have

d T
T p0) = (i FD[T(Ddr (1) F | Fon)

= (Y. fdT i, djodT Gty ) Ff 1)
Wi ST GDAT @ty F )
+e(vr. f (190G @ NG = FGnie G0 |arGo.n Fren)

+8 (W ST (U9 Xy GFfr)
+(Wr. fTGOAT Oty (DF) f 1), (92)

We now prove integrability of all these terms, beginning with the last one. Since

1 , X lx| -2
DF = —xipo.pn(Ixl/0) ( F h V& = == F7 ) Xipo.p (1x1/1) + O,

the lastterm on the r.h.s. of (92) is integrable, by Proposition 12 and the remarks thereafter
and because | V2| is bounded w.r.to H, by Hypothesis 0. See the proof of Proposition 22
for details.

The second but last term on the r.h.s. of (92) decays like t —# with u > 1, because
|x|/t < B1 onsupp(F), |y|/t = B3 on supp(xy,,) and hence |x — y| > 7(B3 — 1) on
supp(xy,: Gx F); (see the proof of Proposition 22 for details). Similar remarks prove the
integrability of the third term, because

[¢(G) ® UL (i) = T(Ng(Gx) = [¢((1 — jo.)Gx) ® 1 — 1 ® ¢ (jooG) T (o),

where 1 — jo, and joo, are supported in |y|/¢ > B2, while |x|/t < B1 on supp(F),
hence |x — y| = 1(B2 — B1).

The integrability of the first and second term on the r.h.s. of (92) will follow from
the improved propagation estimate in Proposition 24. For the second term we use that
U(j)dU(d xy.:) = AT’ (i, jed xy.t1), Where

. 1 o _
Jedxy: = 5[(%) =3/ - Vyiji + i Vays - Vo — y/D]+ 0™

! -2
= P+ 067,
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where one power of 1/t has been factored out from Vy, ; = (l/t))(/’g’t(lyl/t)y/|y|.

The error term O (%) is integrable. By Lemma 2 and since Py; = 0, Py, is the first
component of P; = (Po,¢, Poo,r),

|, FAT ey POFf 1)
< (fYe, [1®dT (1P D]F f¥) " (for, AT (| Pos i D F f o) /2.

This is integrable by Proposition 24 and the remarks thereafter.

Finally, we estimate the first term on the r.h.s. of (92). Let K; = 1/2((Vw — y/t) -
V j;+h.c.) and let the operator x be defined by X, (h1, h2) = (0, xy,th2) on L2(R?) @
L?>(R%).Thendji = K, + O (t™2), jixy: = X, Ji and K;xy,; = x, Ki+ O(t~2). There-
fore

1/2
(

(e, dj)dT (xy.0) = [1 ® AT (xy.0 AT (ir, Ki) + O(t™2)N2.
We write

[1 ®dT(xy.0)JdL G, Ko) = AT (o g Ko) + U Ry, (93)

where R; is defined by this equation and U is as in dI"' = Udr. The term df‘(j,, X, K;)

is treated very much like dr'( Ji» Jrd Xy 1) above, and it leads to an integrable contribution

thanks to the choice of supp(Vj) and Proposition 22. On ®§’L2(R3) the operator R; is
given by

n n
>y i ® i ®. . K L ® i
=1 k=1, k#l ~—— Ith

kth

From the defining equation (93) for R; and from Lemma 2 it is plausible that

|(Ye, FURF )|
< (W, f[1® AT (Koo DINLF f) (e, fAT (Koo VFfer)'/?
. F[AT (1Ko D) ® N2]F fyn) (e, FAT(Ko DFfe) 2 (94)

To prove this, we return to the proofs of Lemma 1 and Lemma 2 with K; = r§r1,
and 75y = |Ky,| = r{ri. The number operators in (94) prevent us from applying
Proposition 24. We choose g € C{°(R) with supp(g) C (—o0, ¥) and gf = f. Then

1/2
(

Neo fir = g(H)e ™ H1 (N P,

where N f is a bounded operator. Now the integrability of (94) follows from supp(V /)
C {B2 < |y| < B3} and Proposition 24.

The second assertion in (i) is proved in the same way as the corresponding statement
for W. By definition of W,

[e"’ﬁs Wye'fs — W+] ¢ = lim M FIE(ndT (0]l fe .
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Since 3, j; = O(t~') and Ot Xyt = O(t~1), we conclude that
d. . < . S —1
EF(]t)dF(Xy,t)f = [dL (e, 3 j)dT (xy.0) + T (AT @ x| f = 07,

and hence ||[T(j)dT (0], FIl = 0.
It remains to prove (iii). Recall from Eq. (28) that IT'(j;) = 1, because jy + joo = 1.
Furthermore

I[fT(j)F = fF +0(1), (t — 00), (95)

as can be shown using Lemma 43 in Appendix F (see the proof of Lemma 16 in [FGSO01]
for details). Let g € C3°(R) with gf = f, and let g = g(H). By definition of W,
Proposition 12, and by (95),

Wo = e fFAT (xy.0) fe o+ 0(1)
= o137 ) T FAT ) fe™ 7 + 0(1)
— ethlge_ing+§0+0(l),

where the last step uses that /g is a bounded operator. Since gW, = W, the assertion
follows. O

9. Putting It All Together: Asymptotic Completeness

As explained in the introduction, we prove asymptotic completeness by induction in
the energy measured in units of /2, o being the infrared cutoff. The first step is the
following essentially trivial lemma. The idea is that AC on E, (H), as characterized by
Eq. (6), implies the same property for e~/ #! on E,(H)®F, the photons from F merely
contributing to the asymptotically free radiation.

Lemma 29. Assume that Hypotheses 0 — 3 are satisfied. Suppose g and ¥ > inf o (H)
are real numbers for which ||[|VQA(p)|Ex(H)| < 1. Let the wave operators Q+ and
Q4 be defined as in Lemma 20 and in Theorem 15, respectively. Suppose RanQ24 D
E,(H)H, for some n < X. Then, for every ¢ € RanEy (H), there exists a €
RanEyx (I:I ) such that

Qu(Ey(H) ® Do = Q1.
If A C (—o0,X)and ¢ € EA(H)H then v e EA(H)H.
Proof. By Lemma 34 (Appendix C), every given ¢ € RanEy (H) can be approximated

by a sequence of vectors ¢, € Ex (H) which are finite linear combinations of vectors
of the form

n
y=a®a*(hi)...a*(hy)Q, Y M <3, (96)
i=1
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for some A, where « = E) (H)a and M; = sup{|k| : h;(k) # 0}. Lety € H be of the
form (96). Then

eiH’Ie_igl(E,](H) @Dy =ea*(hi,)...a*(hy) e ' Ey(H)a
=al(hy)...a(hy)Ey(H)a 4+ o(1), 97)

ast — oo. By assumption, E,(H)a = Q. 8, forsome 8 € H, and we may assume that
B=E, (FI ) B, thanks to the intertwining relation for 2. From (97) it follows that

Qi (Ey(H) ® Dy = af(h)... a5 (ha)Q1 B
= Qi ®@a*(h)...a*(h)B,

where, in the second equation, we have used Lemma 16. Hence, to each vector ¢, as
in Eq. (96), there corresponds a vector ¥, € E,, (H)H such that Q+(En (H)® Do, =
Q4+ Yy,. The left side converges to S~2+(E,,(H) ® 1)@, as n — oo, and hence the right
side converges as well. Since 2 is isometric on Hges ® F, it follows that (Pges @ 1)1y,
is Cauchy and hence has a limit ¢ € E,L(H)ﬂ. Thus Q+(En(H) ® g = Q4 which
proves the lemma. 0O

Theorem 30. Assume Hypotheses 0 — 3 are satisfied. Suppose that ¥ > inf o (H) and
go > 0 are so small that ||\VQ|Ex(H)|| < 1/3, for all g < go. Then, if g < go is
sufficiently small (compared to (1 — 3|||VQUEx(H)|))

RanQ; D E_ 5 (H)H.
Proof. The proof is by induction in energy steps of size m = o /2. We show that
Ran(Q24) D E(—oo,z—km) (H)H, (98)

for k = 0, by proving it for all k € {0, 1,2, ...}. Since H is bounded below, (98) is cer-
tainly correct for k large enough. Assuming that (98) holds for k = n + 1, we now prove
it for k = n. Since Ran Q is closed, by Theorem 15, it suffices to prove that Ran 24 D
EA(H)H for all compact intervals A C (—o0, ¥ — nm), which is equivalent to

Ran Q; D PiL.T(x)Ea(H)H,

by Lemma 21 and because Ran 2 D Hges. Choose f € Cj°(R; R) with f = 1on A
and supp(f) C (—oo, ¥), and define W in terms of f as in Theorem 26. By Theorem 27,
the operator I'(x;) Pdts w Pdts I"(x;) is positive on Pdtsr‘ (xi) Ea(H)H, and hence onto, if
g < goissmall enough. Given v in this space we can thus find ¢ = P(féSF (xi)¢ such that

PieT )W = v
By Theorem 28, W = Q4 Wy ¢ and Wy = Ex_,,(H)W_,¢. Furthermore, by part
(ii) of Theorem 28, W_ ¢ has at least one boson in the outer Fock space, and thus an

energy of at most ¥ — (n + 1)m in the inner one. That is,

Wip =[Es_(rnym(H) @ 1]W e,
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and we can now use the induction hypothesis Ran Q1 D Ex_(u41)m(H)H. Using
Lemma 29, it follows that 2, W, ¢ = Q. y for some y € Ex(H)H. We conclude that

¥ =T () P4y
=T ()1 ® Pa)y
= Q. (T(x) ®T(x)Pa)y

where Pé is the projection onto the orthogonal complement of the vacuum. This proves
the theorem. O

10. Outlook

It is clear that the infrared cutoff ¢ > 0 has played an unpleasantly crucial role in our
proof of AC for Compton scattering. We do not know how to remove this cutoff in several
key estimates used in our proof; see Sect. 8.

However, the construction of a suitable Mgller wave operator in the limit o — 0 has
been accomplished by Pizzo [Piz00], using results of [Fr673] and of [Che0O1].

In the presence of an infrared cutoff we are also able to construct Mgller wave oper-
ators for the scattering theory of N > 2 conserved electrons interacting with scalar
bosons or photons. The proof follows arguments used in Haag—Ruelle scattering the-
ory; see [Jos65] and refs. given there. However, because the models studied here are
neither Galilei—, nor Lorentz covariant, in particular, because the dispersion law E4(P)
of dressed one—electron states does not reflect any symmetries other than Euclidean
motions and hence the center of mass motion of bound clusters does not factor out, there
are no methods known to us enabling one to attack the problem of proving AC for the
scattering of many electrons.

By combining the methods developed in this paper with those in [FGS01] and with
elements of Mourre theory for Schrodinger operators, we expect to be able to extend
the results of this paper to a model, where the electron moves under the influence of a
screened electrostatic force generated by some static nuclei. We thus expect to be able
to describe scattering processes corresponding to ionization of an atom and electron
capture by a nucleus (Bremsstrahlung).

A. Functional Calculus

The Helffer-Sjostrand Functional Calculus is a useful tool in the computation of com-
mutators of functions of self adjoint operators. Suppose that f € C5°(R; C) and that A
is a self adjoint operator. A convenient representation for f(A), which is often used in
this paper, is then given by

1 af . .
f<A>=——/dxdy—_<z><z—A> L i=xtiy
T 0z

which holds for any extension fe Cce (R2; C) of f with |3 f| < C|y|,

f(Z) = f(2), and %(Z) = l (ﬁ + l%) (z) =0, forall zeR.
0z 2 \ox ay
(99)
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Such a function f is called an almost analytic extension of f.A simple example is given
by f(z) = (f(x) +iyf'(x)) x(z), where x € Cgo(R2) and x = 1 on some complex
neighborhood of supp f. Sometimes we need faster decay of |3: f1, as |y| — 0; namely
|0z f | < Cly|". We then work with the almost analytic extension

fo = <Zf(")( )L )x<z>,

with x as above. We call this an almost analytic extension of order n. For more details
and extensions of this functional calculus the reader is referred to [HS0O0] or [Dav95].

To estimate commutators involving Q(p) = +/ p% + M? we will use the following
lemma.

Lemma 31. Let B be an operator on 'H. Then

p*. Bl

Q(p), B —.
[S2(p), B] = y+2 g

(100)

B. Pseudo-Differential Calculus

In order to compute commutators of functions of the momentum-coordinates with func-
tions of the position-coordinates the following lemma is very useful.

Lemma 32. Suppose f € S(RY), g € C"(R?) and SUP|y=p 1098lloc < 00. Let p =
—iV. Then

—i)lel
ilgp), fl=i > (a). (0% H(x)(3*g)(p) + Rin

1<|a|<n—1

jlor
= (=) Y @ (PO* @) + R

I<|a|<n—1

where

IRj.nll < Cu sup II3“g||oo/dk k|| f (K.

|a|=n
In particular, and most importantly, if n = 2 then

ilg(p), f(ex)] = eVg(p) - Vf(ex) + O(e?)
=eVf(ex) Vg(p) + O(e?),

as & — 0.

For the proof of this lemma see [FGSO01].
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C. Representation of States in x (fI < c)’):t

The representation of states in Ran y (I:I < ¢) proved in this section is used in Sect. 4 to
prove the existence of the wave operator and in Lemma 29. See [FGS01] for the proofs.

Lemma 33. Suppose w (k) = |k| or that w satisfies Hypothesis 3, and let ¢ > 0. Then the
space of linear combinations of vectors of the forma*(hy) . . . a*(h,)Qwithh; € L? (Rd)
and y_!_ sup{w(k) : k € supp(h;)} < c is dense in x (AT (») < ¢)F.

Lemma 34. Suppose that w (k) = |k| or that w satisfies Hypothesis 3, set H = Q(p) +
dI'(w) + g (Gy), actingon Hand H = H ® 1 + 1 @ d'(w) actingon H = H Q F.
Let ¢ > 0. Then the set of all linear combinations of vectors of the form

N
p@a*(hy)...a* (h)Q. A+ M <c, (101)
i=1

where ¢ = x(H SN)»)(pfor some . < c,n € Nand M; = sup{w(k) : hi(k) # 0}, is
dense in x(H < c)H.

D. Spectral Results

In the first subsection of this appendix we prove the existence of ground state vectors
for H, (P), which are used in Sect. 3.2 to construct the dressed electron states (DES). In
the second subsection we prove a version of the Virial Theorem for the modified Ham-
iltonian Hpoq(P) introduced in Sect. 5, which together with the positive commutator
discussed in Sect. 3.3 allows us to prove the absence of eigenvalues of H, (P) above its
ground state energy.

D.1. Existence of DES. Our proof that E,(P) = inf o (Hg(P)) is an eigenvalue of the
Hamiltonian H, (P) for o > 0 relies on the Lipshitz property
“i(?f {Eq(P—k)+ k| — Eg(P)} > 0 (102)
>e
valid whenever ¢ > 0, Q(P) < Og=1, and |g| is small enough. To prove Eq. (102), we
argue by way of perturbation theory and we use that
2 2
k
(1 —a)Eo(P) — & %dk < E,(P) = Q(P) (103)
o
forall P € R, g € Rand o € (0,1]. The upper bound in (103) follows from
(2, ¢(ks)2) = 0 (Rayleigh—Ritz principle) and the lower bound from Hg(P) >
(1 —a)Ho(P) 4+ adIl'(|k|) + g¢ (ks) and from Lemma 8. Note that the lower bound is
independent of the IR cutoff o, because, by Hypothesis 1, ks (k) = k(k)x (|k|/o), and
0<x=L

Lemma 35. Assume Hypotheses 0 — 2 and define B := supp 182Q(P)|| < oo and
C = f|/<(k)|2/|k|dk <oo.If <1, Q(P) < Op, and

(1-p)32  (1—p)?
" 3(BC)/2 7 3B(C + 0p)
then, for all ¢ > 0, Eq. (102) holds true.

lg|l < gg := min <1
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Proof. For shortness we write Py and H ¢ instead of dI" (k) and dI"(|k|) in the following.

Let P € R3 withQ(P) < Opbefixed. Givens > Oandk € R3 pick 5 € D(Hg(P—k))
with ||¥5] = 1 and

(Vs, Hg(P — k)Ys) < Eg(P — k) +4. (104)
Since (Y5, Hg(P)V¥s) > Eg(P), it follows that

Eg(P — k) — Eg(P) = (Y5, [Hg(P — k) — Hg(P)]s) — &
= (Y5, [P —k — Pr) = Q(P — Pp)lys) — 6. (105)

From the formula

QP —k—q)—Q(P —q)

1 1
=Q(P—k)—Q(P)+/ dt/ ds " (3:0;Q)(P — sk — tq)kiq;.
0 0 ij

the assumptions and (30), we obtain the estimate
QP —k—q)— QP —q) = —Blk| — Blkllq| (106)
valid for all k, ¢ € R3. Since |Pr| < Hy, Eq. (106) leads to the operator bound
Q(P —k—Pr)—Q(P— Pys)>—plk| — Blk|Hy. 107)
In conjunction with (105) this proves that
Eg(P —k) — Eg(P) = —Blk| — Blk|(ys, Hyrs) — 6, (108)

and hence we need a bound on (s, H¢1s) from above.
From the bound (104) characterizing s we see that

QP —k)+8=Eg(P—k)+68= (s, Hy(P — k)s)
= (V5. [P —k — Pr) + Hy + g¢ (ko) 1¥5)

which we estimate from below using the operator bounds

Q(P —k—Pf) = QP —k)—(B+ BlkDHy
§°C
8¢ = —aHy — —,
o
obtained from (106) with g and k interchanged, and Lemma 8, respectively . We conclude
that

2
82(1—ﬂ—B|kl—a)(1ﬂ3,Hf¢a)—%C- (109)

Inserting this bound on (5, H ¢ v5) in (108) and letting § — 0 leads to

’BC
Eg(P — k) + |k| — Eg(P) > <1—ﬂ— 1—§—B|/:|—ot)|k|

9BC
2(1_’3_g2(1—ﬁ)2)‘9
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fora = (1 — B)/3and e < |k| < (1 — B)/(3B). This is positive under our assumption
on g. It remains to estimate the left hand side from below when |k| > (1 — 8)/(3B).
To this end we note that for g = 0,

Eo(P — k) + |k| — Eo(P) = (1 — B)Ik| (110)

while, by (103) with o = |g]|,
Eg(P —k) > (1 —|gDEo(P —k)—Clgl, (111)
Eq (P) < Q(P) = Eo(P). (112)

Equation (110) follows from Eq(P —k) = inf, (Q(P—k—q)+|q]) > Q(P)—Blk+q|+
lg| = Q(P)—Blk| = Eo(P)— Blk|. By (110), (111), (112), and Eo(P) = Q(P) = Og,
Eg(P —k) + k| — Eg(P)
> (I = IgD(Eo(P — k) — Eo(P)) — Clg| + |k| — [g|Eo(P)
= (1= p)*/3B — 13I(C + Op) > 0,

where |k| > (1 — B)/(3B) and |g| < (1 — B)?/(3B(C + Ogp)) was used in the last
line. O

To prove that E,(P) = inf o (H,(P)) is an eigenvalue of the Hamiltonian H,(P)
we first show the corresponding result for the modified Hamiltonian

Himod(P) = Q(P — dT'(k)) + dI' () + g (x5)
introduced in Sect. 5.

Lemma 36. Assume Hypotheses 0, 1, and 3. Let Eppq(P) = inf o (Hpoq(P)), and
A(P) ;= infy (Epoa(P — k) + w(k) — Epoa(P)). Then

inf Oess (Hpmod(P)) = Epoa(P) + A(P).
In particular, if A(P) > 0 then E,q(P) is an eigenvalue of Hyoq(P) .

Remark. The assumption that A(P) > 0 will be derived from Hypothesis 3 in the proof
of Theorem 37 below.

Proof. Let A € 0p55(Hmod(P)). Then there exists a sequence (¢,),eN C D (Hmod(P)),
l@nll = 1, such that ||(Hpmod (P) — A) @y, || — 0and ¢, — 0 (weakly) as n — oo. Hence

A= lim (@y, Hmod(P)¥n).
n—00

To estimate (@;,, Hmod (P )¢y) from below, we need to localize the photons. Pick jg, joo €
C®(R?) with jg + jgo =1, jo(y) = 1 for |y| <1 and jo(y) = O for |y| > 2. Given
R > Oset ju r(y) = jz(y/R), where § = 0 or co. Let jg : h — b @ b be defined by
h +— (jo,rh, joo,rh) and let j, g be defined in a similar way with j;(y) replaced by
Ji:(y — x). By Lemma 42

esssupp [ Hmod (P) — T'(jR)* Hmod(P)T (GR)I(N + D7
= I[H — T Gx, ) HT G, )IN + D71
=0((R"Y) asR— oo, (113)
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where
Hmod(P) = Q(P —dl(k) ® 1 — 1 @ dT'(k))
+dlN(w) @ 1+ 1@ dIN(w) + gd(ks) ® 1.
In (113) we may replace “essupp”” by “supp” because ||[ Hmod(P) — f‘(jR)*I:Imod(P)f‘
(jrR)I(N+1)~1|is continuous as a function of P. Using that ZIN=1 w (k) > w(Z;\Ll k),
by Hypothesis 3, and the definition of A(P), we arrive at the lower bound
Hinod(P) > Emoda(P) + A(P) — A(P)E(0)(Nwo),

which, in conjunction with (113) and I'(jr)* E{o}(Noo)I'(jr) = T'(jZ ¢), shows that

(@ns Hnod (PYon) = (0n, T (GR)* Hmod (P)T (jR)@n) + O(R™Y)
> Emod(P) + A(P) — (0. T(j§ p)en) A(P) + O(R™Y),

where O(R™") is independent of n. Now letn — oo and observe that " (j&R)(Hmod(P)+
i)~ is compact to get
A > Emod(P) + A(P)+ O(R™")  forall R > 0.
Letting R — oo this proves the theorem. O
Theorem 37. Assume Hypotheses 0 — 3. Suppose B < 1 and |g| < gg, with gg defined
by Lemma 35.
i) If Q(P) < Og then Eq(P) = Epoq(P) and Eg(P) is an eigenvalue of Hg (P).

ii) Suppose Q(P) < Og. If Yyp € F is a ground state of Hy(P) or of Hyea(P), then it
belongs to Ranl"(x;). In particular, by i), Yp is ground state of H,(P) if and only
if it is a ground state of Hyoq(P).

iit) The mapping P — E,(P) is twice continuously differentiable on { P € R3|Q(P) <
Og}.
Proof. Recall from the proof of Theorem 7, that 7 = @,>0F; » where each subspace

Fi.n is invariant under Hg(P) and that on Fy, = L%(B(7 )", dky ...dk,; F;) the
operator H, (P) is given by

(Hg(P)W)(klv LR} kn) = HP(klv R kn)l//(k17 R kn)a
where

Hp(ki, ... kp) = Hg(P —ky ... —kp) + k1] + ...+ |ky]
> Hg(P) if (ki,..., k) #(,...,0) (114)
as an operator inequality on F;. In the last equation we used that Q (P —k)+ k| > Q(P)
by assumption and Hypothesis 2.
1) Inequality (114) proves that

inf o (Hg(P)[ Fi.n) = inf 0 (Hg(P)[ Fi) = inf 0 (Hmod (P)[ Fi) = Emod(P)

for each n € N. This shows that E¢(P) > Enod(P) and hence that E,(P) =
Emod(P). We next verify that A(P) > 0in Lemma 36. In fact, inf >4 (Emod (P —
k) +w(k) — Emod(P)) > infjk>0/4(Eg(P — k) + |k| — E¢(P)) > 0 by Lemma 35
while, for |k| < 0/4,by (114), Ened(P —k)+w (k) — Emod(P) = 0 /2— k| = o /4.
Hence, by Lemma 36, Epod(P) is an eigenvalue of Hyoq(P), and that E4(P) is an
eigenvalue will now follow from ii) because Hmod(P) = Hy(P) on RanI"(x;).
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ii) By (114), Hp(ky, ... ,kn) > Eg(P) if (k1,... ,ks) # (0,...,0). This shows
that any hypothetical eigenvector of H,(P) with eigenvalue E4(P) belongs to
RanI"(x;). The corresponding result for Hpoq(P) follows from an inequality simi-
lar to (114) for Hyod(P).

iii) This statement follows by analytic perturbation theory, because E¢(P) = Emod(P),
and because Enoq(P) is an isolated eigenvalue of Hpog(P). O

Lemma 38. Assume Hypotheses 0-2 are satisfied. Suppose that Q(P) < Og for some
B < 1 (see Hypothesis 2 for the definition of Og) and that E,(P) = inf o (Hg(P)) is
an eigenvalue of Hg(P). Then E¢(P) is a simple eigenvalue.

Proof. If g = 0 (orif k, (k) = 0 a.e.) the lemma is true, under our assumptions, because
the only ground state of Hy—((P) is the vacuum. In fact, in this case H,(P) commutes
with N and the absence of ground state vectors in the n particle sector, for any n > 0,
can easily be proven using the equation

QP —ky —...kn) = Q2(P) — Blk1| — - - — Blknl

with B < 1 (see the remark after Hypothesis 2). Thus, without loss of generality we
can assume that g # 0 and that the set {k € R : «, (k) # 0} has positive measure.
We consider here the case g > 0. The proof for g < 0 is then similar. Suppose that
v o= {f(”)(kl, o, k,,)};’lozo € F is an eigenvector of Hg(P) corresponding to the
eigenvalue E,(P). Then we have

(W, Hy(P)Yr) = Z/dkl codkn | f P s k)P {Q (P -~ Zki) +Z|k,»|}
n=0 i=1 i=1
+2gReZ«/n+1/dk1...dkn F®(ky, ... k)

n=0

x /dk ko (k) OV ks .. k).
Now define

g ki, k) = (=1 f P ks )
and set lﬁ ={gMW(ky, ..., kn)}52 - Then ||1ﬁ|| = ||¥ || and since Kk, > 0 we have

(V. Hy(P)Y) = Z/dlq o dk | f K, K {9 (P - Zk,-) +y |k,-|}
i=1 i=1

n=0

o0
—2gRe Y n+ I/dkl...dk,, | (ky, .. k)|
n=0

x /dk/cg(k)|f(”+l)(k, kiv... kp)l
< (Y, Hy(P)Y),

where the equality holds if and only if there is some real 6 with
gk, ... ky) =€ fPy, ... ky), forall n>0. (115)
Since ¥ is a ground state vector for Hy(P), Eq. (115) has to be satisfied.
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Now suppose that | = {fl(")(kl, e k)2 and Yy = {fz(")(kl, oo k)2 are
two orthonormal ground state vectors of H, (P). Then, by (115),

FP, k) = €O (=) f Pk, Kke)| and
P, k) = €O (=1 P Ky ),

for some constants 61, 9, and thus

0= (Y1, yn) = Z/dkl...dk,,fl(”)(kl,...,kn)fz(”)(kl,...,k,,)
n=0

o0
= ¢!@270) Z/dkl...dknlff")(kl, kAP Ky, k) (116)
n=0

This implies, in particular, that fl(o) . 2(0) = 0. We claim that this is not possible. In fact,

lety = {f®(ky, ..., kn)},— be an eigenvector of Hg(P), and suppose that fm =0
for all n < ng for some ng > 0, and that "0 =£ 0, that is, £ (ky,...ky,) # O
on a set G of positive measure. Since f ") (ky, ... k) = O unless k; € supp k¢, for
alli = 1,...n¢p (this can be proved in the same way as the absence of soft bosons in
the ground state, see Theorem 37), the set G must (essentially) belong to (supp k) *"0.
Using that k, (k) > 0 and that f@0 (ky, ..., kyy) = (=1)"0el| f00)(ky, ... kyy)] it
follows that

(Hg(PYY) ™™Dy, k1) = (8a (o)) "0 D (ky, .. kng—1)

= g/ [ diocn (0" k. g £ 0.

which is in contradiction with (Hg(P)y)0~1 = Efm0=1 = 0. Hence ny = 0 and
f© =£ 0. Thus Eq. (116) cannot be true. O

The following lemma is needed to apply Theorem 37 in cases where an upper bound
on E;(P), rather than Q2 (P), is given.

Lemma 39. Suppose p < land % < Og.If|g] < (0g—X)/(0p+C)and E,(P) < %,
then Q(P) < Og.

Proof. Recall from (103) that
Eq(P) = (1 —|g)Eo(P) — Clg|

for all P € R? and all g. Hence E;(P)<Xand|g| < (0 —X)/(0g+C) < 1imply

that

X 4+ Clgl < 05.
1 —1g]

It remains to prove that Eo(P) < Og implies that Q(P) < Og for B < 1. This is fairly

obvious from Eg(P) = infx (Q2(P — k) + |k|) and a sketch of E¢(P) for a typical 2. We

nevertheless give an analytical proof. Since Q2 (P) < Og— implies that Eo(P) = Q(P)

it suffices to consider the case 8 = 1. Let A := {P : Q(P) < Opg=1} # 0. We
derive a contradiction from the two assumptions P ¢ A and Eo(P) < Opg=. Let

Eo(P) <
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d = dist(P, A) > 0, let k be any vector with P — k € A and choose a point P’ on the
intersection of dA and the line segment from P — k to P. Then Q(P’) = Og=; and
hence

QP —k) = Q(P) —|P' = (P -k
= Op=1 — (k| = |P = P'))
> Eo(P) — [k| +d.

Using again that Eo(P) < Og=; and the above inequality we get
Eo(P) = min(Q(P — k) + k)

= min (P —k) +|k]) > Eo(P) +d,
k:(P—k)eA

a contradiction. 0O

D.2. Virial Theorem for the Modified Hamiltonian. Let Apoq = dI'(a), where a =
1/2(Vw - y + y - Vw) and define the commutator [i Hpod(P), Amod] by the quadratic
form

(@, li Hmod(P), Amodle) := (@, dT'(|Vo|*)¢) — (VQ(P — dT'(k))¢, dT' (Vw)p)
—(@, p(iaxs)p)
for ¢ € D(Hmod(P)).

Lemma 40 (Virial Theorem). Let Hypothesis 0 be satisfied. If ¢ is an eigenvector of
H,0a(P) then

(¢, li Hnoa(P), Amoale) = 0.

Proof. We adapt the strategy used to prove Lemma 3 in [FGSO1] to the present situ-
ation. Let ¢ > 0 and define y. = y/(1 + eyz), a. = 1/2(Vw - y¢ + ye - Vo) and
Az = dI'(ag). The subspace D = {p € Fo : ¢, € C(‘)’O(R3", dky ...dky)} is a core of
Q(P — Py) + dI'(w), and hence it is also a core of Hyoda(P). On D

i{Hmod(P)¢, Ac@) — i(Ac@, Hmoa(P)@)
= (. {iQ(P — Py), Ac] + dT (i[w, a,]) — ¢ (acks) }@), 117)

where

1
1+8y2—(Va) )1+ 2(y Vo+ Vo - y) 2~|—h.c.

2i[w, as] = |Vo|?
and, on ®"L>(R3, dk),

n

2i[QP — Pp). Ael = — Y Vaor(k) - VP — PP
i=1 tey;

&
+Voki) - yi—(y; - VQ(P — P
(ki) yll+8yi2(yz ( f)
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+VQ(P — Pyr) - yi)

1+ ey?

1

+ h.c.

Since D is a core of Hpyeg(P), since A, is bounded w.r.to Hpoq(P) and the quadratic
form on the right side of (117) is form bounded with respect to Hiod(P)?, this equa-
tion carries over to all ¢ € D(Hmod(P)). If ¢ is an eigenvector of Hpeg(P) then the
left side vanishes because A, is symmetric, and thus it remains to show that the right
side converges to [i Hmod(P), Amod] as € — 0. This is done by repeated application of
Lebesgue’s dominated convergence theorem, see [FGSO1] for more details. O

E. Number-Energy Estimates

In this section we consider the modified Hamiltonian
Hiod = Q2(p) +dTN(w) + 8¢ (Gy)

introduced in Sect. 5, where the dispersion relation w satisfies Hypothesis 3. We use the
notation H = Hp,o4. Thanks to the lower bound w (k) > o/2 > 0, one has the operator
inequality

N <aH +b, (118)

for some constants a and b. The purpose of this section is to prove that also higher powers
of N are bounded with respect to the same powers of H. This easily follows from (118)
if the commutator [N, H] is zero, that is, for vanishing interaction. Otherwise it follows
from the boundedness of adX (H)(H + i)~" for all k.

Lemma 41. Assume the Hypotheses 0, 1 and 3 are satisfied and suppose m € N U {0}.

i) Then uniformly in z, for z in a compact subset of C,
IV + D™z = H)7' NV + D" = 0(ITmz| ™).

ii) (N+1)"(H +i)™"™ is a bounded operator. In particular (N +1)" x (H) is bounded,
forallm e N, if x € Ci°(R).

Proof. This lemma follows from Lemma 31 i) and ii) in [FGS01], where it is proved
for a class of Hamiltonians which is larger than the one we consider here. Note that
Hypothesis 3 in this paper implies Hypothesis (H1) in [FGSO1], and that Hypothesis
(H1) in [FGSO1] is sufficient to prove parts i) and ii) of Lemma 31 in [FGSO01]. O

F. Commutator Estimates

In this section we consider the modified Hamiltonians Hy,og = 2 (p)+dM(w)+g¢(Gy)
and I:{mod = Hmod ® 1+1®dI" (@) introduced in Sect. 5. We use the notation H = Hpmoq
and H = Hpoqd.

Let jo, joo € C®(RY) be real-valued with ;2 + j2 < 1, jo(y) = 1 for [y| < 1
and jo(y) = O for |y| > 2. Given R > O set jz g = ja#((x — y)/R) and let jrx =
(Jo.R: Joo.R) (jR.x is an operator from L2(R?) ® b to L*(R*) ® (h & b)).
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Lemma 42. Assume Hypotheses 0,1 and 3 are satisfied. Suppose m € NU {0}, and jg x
is as above. Suppose also that x, x' € Cgo (R). Then, for R — oo,

i) (No + Noo + 1" (M(r.)H = AEG0) 1/ = ORTY),
ii) (No + Noo + 1) (x (DT (r.0) = F (R X (D) 1/ (H) = O(R™).

Remark. This lemma also holds if we replace the modified Hamiltonian H = Hpoq
with the original Hamiltonian H, and if we restrict the equality to states with no soft
bosons, that is to states in the range of the orthogonal projection I"(x;).

Proof. 1) From the intertwining relations (25), and (26) we have that
F(jr)H — HT (g x) = AT (iR 1, g v @ (6) + 2(p)])
+P(Go.g = DG @ 1+ 1 ® ¢ (oo, kRGIIT (jr x)-

By Lemma 32, and because of Hypothesis O (which guarantees that V2 is bounded
with respect to H), we have

(No + Noo + D)"dT (g x. Ljr.x» 0 (k) + Qp)Dx'(H) = O(R™").
To see that the other two terms lead to contributions of order O (R~1) write

(No + Noo + )¢ ((o.g — DG) @ 1+ 1 ® ¢ (oo rG)]
=[¢(Go.g — DG) & 14+ 1@ ¢(joo.rG)I(No + Neo + 1)
" (m Y g, _
+§(l>< Do Gor — DG ® 1
+1® ¢ (i joo,.RG)I(No 4+ Noo + 1),

and then use (No + Neo + 1) 'T'(jr.x) = I'(jra)(N + 1), the fact that
(N 4+ 1)~!x'(H) is bounded (see Lemma 41) and Lemma 9.

ii) Let x be an almost analytic extension of x of order m, as defined in Appendix A.
Then we have

(No + Noo + 1) (X (DT (jr x) — T (g ) x (H)) X' (H)
= —% / dxdy 8z (No + Neo + " (z — H) "' (HT (jr.x) — T (jr.x) H)
xx'(H)(z — H)~".
Then the statement follows by i) because
(No4+ Neo + D"z = H) '(No + Noo + 1) ™™ = O(|Imz|™™). 0 (119)

Now suppose that jo, joo € C®(R3), with j§ + j2 < 1, jo € C{°(R?) and with
Jjo(y) = L for [y| < Ao, for some A9 > 0. Set js g = jz(y/R) and jr = (jo,R joo,R)
(note that here the operator jg does not depend on the electron position x). Suppose
moreover that ' € C3°(R) with F(s) = 0 fors > Ay, for some A1 < Ao.

Lemma 43. Assume that Hypotheses 0, 1 and 3 are satisfied. Suppose that m € N and
that jgr and F are defined as above and that f, f € C;°(R). Then, if R — oo,
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i) (No+ Noo + 1" (FGRIH = AT () FUI/RIN + D771 = 0(R™,
ii) (No + Noo + 1" (DT ) = TG0 £ (D) F x|/ R f/(H) = O(R™Y).

The proof of the last lemma is very similar to the proof of Lemma 42. The only
difference is that now, in order to bound the commutator with the interaction ¢ (G ) we
use the space cutoff F'(|x|/¢) and part ii) of Lemma 9.

G. Invariance of Domains

In this section the invariance of the domain of dI'(Vw - (y — x) + (y — x) - Vw) with
respect to the action of f(H) for smooth functions f is proven. Here H denotes the
modified Hamiltonian Hyoq = Q(p) + dI'(w) + g¢p(G) introduced in Sect. 5. More-
over we prove in Lemma 44 that the norm of dI"(a) f (H)e /' ¢ can only grow linearly
int if ¢ € D(dI'(a)). All these results are only used in Sect. 7.1 to prove the positivity
of the asymptotic observable W.

In the following we use the notationa = 1/2 (Vw - (y —x) + (y — x) - Vo).

Lemma 44. Assume Hypotheses 0,1 and 3 are satisfied and let f € CJ°(R). Then
f(H)D(@I'(a)) C D(dI'(a)) and

1T (@)™ 7" f(H)g| < C(IAT (@)ell + (£ + D) llolD),
forallt > 0 and for all ¢ € D(ATI" (a)).

Proof. First we note, that

t
e"”fdr(a)e*”“f(H)—dF(a)f(H):/ ds e [iH,dT (a)] f(H)e 1S
0

13
= / ds 'S (AT (Vo - (Vo — V) — ¢(iaGy)) f(H)e 5
0

Since the operator in the integral on the r.h.s. of the last equation is bounded (because
of the energy cutoff f(H) and because, by Hypothesis 0, V2 is bounded w.r.t. H) it
follows that

IdT (@)™ " f(H)gl| < C (1dT (@) f (H)e |l + tligl) - (120)

Now we have

dl'(a) f(H)e = f(H)dI'(a)g + [dT(a), f(H)]e. 21

To compute the commutator in the last equation we choose an almost analytic extension
f of f,and we expand f(H) in an Helffer-Sjostrand integral (see Appendix A).

[dr @, f(H)] = — / dxdyd: f (z — HY " [d (@), H)(z — H)!
= % / dxdyd: f (z — H) 'dI'(Vo - (Vo — VQ))(z — H) ™!

+7’T—fdxdyazf(z—H>—1¢(iacx>(z— H)™.

Both integral on the r.h.s. of the last equation are bounded (because, by Hypothesis O,
VQ is bounded w.r.t. H). This together with (121) and (120) completes the proof of the
lemma. O
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In the following lemma we prove the invariance of the domain of dI"(a + 1) with
respect to the action of operators like I'(x (k)), where yx is a smooth function. This result
is used below, in the proof of Lemma 46.

Lemma 45. Assume Hypothesis 3 is satisfied. Suppose moreover that ¢ € D(dI' (a+1))
and that x € C®(R3, [0, 1]) with Vx € L®(R?>). Then

AT (@I (x (k)ell < ClldI"(a + Dell.
Proof. For ¢ € D(dT () we have
dlN (@) (x (k)¢ = T'(x (k)dI ()¢ + dI'(x (k), [a, x (k)]De.
The lemma follows because
la, x(K)] = iVw(k) - Vx (k)

is a bounded operator (and thus the operator dI"(x (k), [a, x (k)]) can be estimated by
the number-operator N). 0O

Next, using Lemma 45, we prove that vectors in the domain of dI"(a + 1) are dense in
the range of I'(x;), the orthogonal projection onto the subspace of vectors without soft
bosons. This is used in the proof of Theorem 27, where the positivity of the asymptotic
observable W is proven.

Lemma 46. Suppose Hypothesis 3 is satisfied and that x; is the characteristic function
of the set {k € R3: k| > c}. Let D := D(dI'(a + 1)) and ‘H; = RanI'(x;). Then the
linear space H; N D is a dense subspace of 'H;.

Proof. First, we note that H; N D(N) is dense in H;. This is clear, since [N, I'(x;)] = 0.
The lemma follows if we show that H; N D is dense in H; N D(N). To this end choose
an arbitrary ¢ € H; N D(N). Then, since D is dense in H, we find a sequence ¢, € D
with ¢, — ¢, as n — o0. Moreover we find functions f, € C* (R3) with f;, (k) = 0,
if |k| < o, and with f, — x;, as n — oo, pointwise. Then we define v, := I'(f,)¢y.
On the one hand, by Lemma 45, ¥, € H; N D for all n € N. On the other hand

1¥n — @l = IT(f)en — @ll < NIT(fa)(@n — )l + 1T (fn) — Ta))ell
< constllg, — @l + (T (f) = T(iNell = 0

for n — o0. In the last step we used that, by assumption, ¢ € H; N D(N). O
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