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Abstract

We develop a solution theory in Holder spaces for a quasi-linear stochastic PDE driven
by an additive noise. The key ingredients are two deterministic PDE lemmas which
establish a priori Holder bounds for a parabolic equation in divergence form with
irregular right-hand-side term. We apply these bounds to the case of a right-hand-
side noise term which is white in time and trace class in space, to obtain stretched
exponential bounds for the Holder semi-norms of the solution.
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1 Introduction

We are interested in the quasi-linear equation
dqu—V-AVu) =§, (1)

with unknown u: R, X Rff — R for a nonlinearity A: RY — R that is uniformly
elliptic. The right hand side £ represents an irregular distribution; the key example we
have in mind is a noise term which is “white in time” and “coloured in space”. The
aim of this article is to develop a priori bounds in Holder spaces leading to a solution
theory for (1).

The regularity of the noise terms appearing in stochastic differential equations
is often effectively measured on the Holder scale. This is well known in the finite-
dimensional case, the most classical example being Brownian motion, which has
(locally) «-Holder continuous trajectories for any o < % Statements in other scales
of spaces, e.g. in L?-based fractional Sobolev spaces are possible but are weaker:
Brownian trajectories almost surely take values in H}} . for o < % but this does not
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even imply the continuity of trajectories. It thus seems natural to seek a solution theory
in Holder spaces also for stochastic partial differential equations.

In the case of semi-linear equations such a theory is by now classical and well-
developed, see e.g. [1,3,11]. For example, in the case of the stochastic heat equation

v — Av =&, )

the variation-of-constants formula leads to an explicit representation of v in terms of
the heat kernel (the so-called “mild solutions”) which can be used to deduce optimal
Holder bounds. This approach extends to equations with lower-order non-linearities
such as stochastic reaction—diffusion equations or the stochastic Navier—Stokes equa-
tion.

In the case of the quasi-linear equations we consider, there is no natural mild
formulation of the equation. However, equations such as (1) have been treated since
the 70’s (see e.g. the classical works [5,9] or [10] for a more recent presentation) using
a “variational formulation”, which relies on the theory of monotone operators and
yields solutions that satisfy

T
sup /uz(t,x)dx—}—f /|W(r,x)|2dxdt <00 (3)
0

0<t<T

for all T < oo almost surely. In fact, these methods allow for much more general
equations; generalisations include degenerate cases such as the porous medium equa-
tion.

The aim of the present article is to demonstrate how purely deterministic PDE
arguments can be used to improve on the energy inequality (3) and obtain estimates
on space—time Holder norms of Vu. Our main deterministic result, Corollary 1, states,
roughly speaking, that we can bound the (parabolic) Holder semi-norm [Vu], for
solutions of u of (1) in terms of the corresponding semi-norm [Vv], for solutions of
the linear problem (2). The proof splits into Lemma 1 where this bound is established
for a small « using the celebrated De Giorgi—Nash Theorem, and into Lemma 2
where it is upgraded to arbitrary o by Schauder theory. The techniques employed
follow classical PDE arguments, as developed for example in [6,7], but they have to
be adjusted to the low-regularity right hand side.

To illustrate the implications of our deterministic result in the case of random &,
we treat the case where & is a Gaussian distribution that is white in time and coloured
in space. This type of noise is commonly studied in the literature, often using the
“differential” notation

du =V - A(Vu)dt +dw, )

where W is a Wiener process with spatial covariance operator K. Our assumption
on £ corresponds to saying that K is a trace-class operator, which is precisely the
assumption needed in the variational approach. We restrict ourselves to the case where
& is periodic and compactly supported in time. This assumption is made to yield bounds
on Vv which hold uniformly over space and time. The only stochastic ingredient of
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this article is Lemma 3, where Gaussian moments for [Vv], are established, using
the covariance of £ and its Gaussianity. Theorem 1 combines the main deterministic
result, Corollary 1, and Lemma 3 to construct spatially periodic solutions u# with zero
initial data, i.e. u;<9 = 0. We establish existence and uniqueness of solutions to (1)
in Theorem 1, as well as stretched exponential moments for [Vu],.

Our result is closely related to the recent work [2], where a Holder theory for the
quasi-linear stochastic PDE

du =V - (A(w)Vu)dt + H(u)dw (5)
is developed. The first step of that work is to consider the auxiliary equation
dv = Avdt + H(u)dW.

The authors use some a priori information in the spirit of the energy estimate (3) as
well as martingale inequalities to get a priori control on V. The key observation in
their approach is that this a priori control on v allows to rewrite the equation for the
remainder w = u — v as

hw=V-(AwW)Vw) +V - ((A(w) — I)Vv)

and to obtain Holder regularity for w using the De Giorgi—Nash Theorem. We pursue a
similar strategy, and work with the equation for w = u — v. However, (1) is more non-
linear than (5) and the classical PDE results presented in [6,7] do not immediately apply
in this low-regularity situation. Our main deterministic result, Corollary 1, provides
the necessary bound.

In a previous version of this work, see [8], we treated a quasi-linear equation

%a + 8yt — 2w (i) = &, (6)

where & is a space—time white noise over R; x R, and derived a stretched exponen-
tial moment bound akin to (24) on the Hélder semi-norms [u],. The results in the
present article contain this result, up to the different treatment of large scales. Indeed,
specialising (1) to the case d = 1 and differentiating with respect to x yields for
U = 0yl

dit — O2A(i) = d,&,

which coincides with (6), noting that our assumptions on & cover the case where
& = 9,& is a space—time white noise in one spatial dimension, and that in the one-
dimensional case our assumptions on A coincide with the assumptions imposed on
in [8]. The key difference between the approach proposed in [8] and the approach we
present here is that the core arguments are now purely deterministic and the use of
log-Sobolev inequalities can be fully avoided.
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2 Setting

For the deterministic part of our paper we rewrite the noise term & as d;v — Av where
v solves (2). We thus strive to get bounds of solutions to

oru —V-AVu) = o;v — Av, (7)
in terms of v. Here and throughout the paper we interpret equations in the distributional

sense over all of R, x Rf. In order to stress the divergence form of the right hand side,
we relabel those terms and write

ou—V-ANVu) = v+V-j, )

for j = —Vv. We present a Schauder theory where we estimate the solution Vu by
the data (v, j) in the Holder space C*, always with respect to to the parabolic distance
d(t',x"), (t,x)) i= /|t" =t + [x" = x|. 9

This is slightly different from the standard Schauder theory in C:%, which cannot be
applied due to the right-hand-side term o, v that is irregular in time. In fact we shall
control the C*-semi norm of w :=u — v

lw(t, x) —w(t', x)|

[wlite = [Vw]e + sup ra— (10)
1.1 x [t — 1]
where [-], denotes the (parabolic) Holder semi-norm on space—time R, x Rf
lw(z) — w(2)]
[w]y = sup _—. (11)

s#zeRxrd 4%, 2)

We make two assumptions on the nonlinearity A: R — R in form of assumptions
on the tensor field given by the derivative matrix D A:

Assumption 1 DA is uniformly elliptic in the sense that there exists a constant A > 0
such that

&-DA(q)¢ > )»|§§|2 and |DA(g)¢| < |&| for all vectors ¢, &. (12)

Here, without loss of generality we normalized the upper bound to unity.

We will make use of (12) in the following form: For every spatial shift vector y € R?
we will work with the increment operator §yu(t, x) = u(t, x +y) — u(t, x) and use
the chain-type rule

8y A(Vu) = a,8,Vu (13)
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where
1
ay(t, x) = / DAOVu(t,x +y)+ (1 —0)Vu(r, x))do.
0
Then (12) ensures that for all y we have uniform ellipticity of a,:

n-ay(t,x)n = Anl> and lay (@, x)n| < |n| forall (z, x), n. (14)

Assumption 2 D A is globally Lipschitz in the sense that there exists a constant A < 0o
such that

IDA(q") — DA(q)| < Alg" —q| forallg,q’. 15)

We will make use of (15) in the following form: For any exponent 8 € (0, 1] we have
the following estimate on the level of Holder norms

la,]p < A[Vulp and [A(Vu)lg < A[Vulg. (16)

We use Eq. (8) exclusively in the following form: We apply the increment operator
dy to it and obtain by (13)

0 8yu —V -ayVéyu = 08,0 +V -68,j,
which in terms of the difference w := u — v we rewrite as
98yw —V-ay,Véyw =V - (a,Vyv + 8y ). (17)

We establish our form of C!*-Schauder theory, cf. Corollary 1, in two lemmas.
While the Lemma 1 just relies on the uniform ellipticity (12) and crucially uses the
C%-a priori estimate for §yw of De Giorgi and Nash based on (17), Lemma 2 uses
also the Lipschitz continuity (15) and proceeds by a more standard Schauder-type
argument.

Lemma 1 There exists an exponent oy = a1(d, 1) € (0, 1) such that for any exponent
oo € (0, o) we have

[Vilay < C(d, 1, 20)([VVlag + [ag)- (18)
provided we already have the qualitative information that the left hand side is finite.
The critical point in the proof of Lemma 1 is that we extract control of [Vw],, (and

thus [Vu]y,) from (17) without having to pass to the limit in the difference (quotient)
dy, which is not possible due to the low regularity of Vv.
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Lemma 2 Let g be as in Lemma 1 and suppose that L is so small that
[Vu](x(),PzL =< L—oto’ (19)

where Pg := (—R2,0) x Bg denotes the (centered) parabolic cylinder of size R and
[-1g, g the B-Hélder semi-norm restricted to this set. Then we have for any exponent
o € [ap, 1)

[Vule,p, < Cd, %, A, g, @) (L™ + [V0la, Py, + [Jla.psy)- (20)
Corollary 1 Let ag be as in Lemma 1. Then we have for any exponent o € (0, 1)

[u — v]ite + [Vuly

= €2 A ) (V0 + L) + (V0L + L) )

provided we already have the qualitative information that [Vuly, < oo.

To illustrate an application of Corollary 1, we treat the case where the right hand
side is a stochastic noise which is white in time but coloured in space. Such a noise
term is described by a Gaussian random distribution & over (f,x) € R x RY, the
probability distribution of which is characterized by having zero mean and

1
(6. 0 = /0 | [ koot saxdyar,

where (&, ¢) stands for £ tested against the Schwartz function ¢ € S(R x R?) and (-)
is used for the expectation of a random variable. The spatial correlation K can be seen
as the kernel of a regularising operator. Such a noise term is standard in the SPDE
literature, often written in “differential notation” as

E.¢) = f<<p<r, ), dWy),

where W is an L2-valued Wiener process with covariance operator K, see e.g. [1,
Sect. 5].

Denote by v the solution of the constant-coefficient heat Eq. (2). Under suitable
conditions on the kernel K it is known that Vv is regular enough, i.e. «-Holder contin-
uous, to apply the above deterministic theory. As illustration we treat the case where
& is assumed to be 1-periodic in all spatial directions, say of period 1, and in addition
localised to a compact time interval, say the interval [0, 1]. If we assume in addition that
the probability distribution of £ is translation invariant in the spatial directions, so that
K (x,y) = K(x —y), we have the following convenient Fourier series representation

Etx)= Y e K (k) 10,11 () i (0). 2L

ke@rZ)d

@ Springer



Stoch PDE: Anal Comp

Here the B; are complex-valued standard Brownian motions (i.e. real and imaginary
parts are independent and satisfy (R(Bx(1))%) = (J(Br(1))?) = ﬁ), that are inde-
pendent up to the constraint f; = f_ > Which ensures that £ is real-valued, and B ()

stands for the distributional time derivative. The K (k) are real-valued, non-negative
and symmetric in the sense that K (k) = K (—k). The almost sure convergence of (21)
in the space of distributions can be easily shown, but we adopt the slightly simpler
framework to only work with v, which we define by its Fourier series representation:

- ) min{z, 1}
u(t, x) = Z VK e””/o =K g (). (22)

ke(2rnzZ)4

In order to ensure that the gradient is well behaved we impose that there exists
s > d such that for k € 2nZ)?

Kk) <A+ [kP)2, (23)

where we have set the normalisation equal to 1 without loss of generality. Incidentally,
this condition on s precisely says that the spatial covariance operator K is of trace
class. Then we have the following lemma.

Lemma3 Let v(t, x) be given by (22) for t > 0 and set vi<o = 0. Then for a <
min{%, 1} there exists Co = Co(d, a, s) < o0 such that

<exp (CiO[Vv]g» < 00,

where (-) denotes the expectation with respect to the probability distribution of v.

Combining our main deterministic result, Corollary 1, with the stochastic result in
Lemma 3 we arrive at the following theorem.

Theorem 1 Let A be uniformly elliptic with ellipticity contrast A and let D A be Lip-
schitz continuous with constant A (in the sense of (12) and (15)). Let ag = ao(d, 1)
be as in Lemma 1. Let v be given by (22) for a covariance operator K satisfying (23)
for some s > d. Then for almost all realisations of v, there exists a unique u = u(t, x)
with the following properties:

e u is continuous, 1-periodic in all spatial directions (i.e. u(t, x) = u(t, x + k) for
all k € 7¢) and uj;<o = 0.

o [Vuly, [u —v]i4q < 00 fora < min{%, 1}

e u solves (7) in the distributional sense, i.e. for all Schwartz functions ¢ € S(R x

R9)
—//8,<pudxdt+//V<p-A(Vu)dxdt
= —//8,<pvdxdt+//V<p~Vv dxdt.

@ Springer



Stoch PDE: Anal Comp

Furthermore, for o < min{%, 1} there exists C = C(d, A, A, a, s) < oo such that

o

(exp (& (Wit = w24 < o0, 4)

where (-) denotes the expectation with respect to the probability distribution of v.

3 Proof of Theorem 1

Throughout this proof we use the symbol < for < C(d, A, A, «, 5). All functions
u, v, w etc. appearing in the proof are assumed to be one-periodic in all space direc-
tions.

We assume we are given continuous functions v and j with [Vv]y, [j], < oo for an
a € (0, 1), which are 1-periodic in each spatial direction and with v; <o = jj;<0 = 0.
We show that there exists a unique function # which is one-periodic in each spatial
direction, satisfies ;<o = 0 and which satisfies

—//@gaudxdt—l—//V(p-A(Vu)dxdt
= —//8,¢vdxdt—f/V<p-jdxdt, (25)

for each Schwartz function ¢. In addition we show the bound

[Vulg + [u — v]i1« SN, (26)

~

where N = ([Vv]a + [j]a) a0 + ([Vv]a + [j]a). The desired existence and uniqueness
statement then follows, by applying this to the case where v is given by (22), j = —Vu.
For (24) we combine (26) and Lemma 3 to get for a suitable C = C(d, A, A, @, s)

<exp (%([V’/‘]a + [u — U]1+°l)§mm“’%0})>
= (e (5 (701 4 1900 ™0 ) <

The existence of solutions follows by approximation through regularisation. Let j,,
v, be space—time regularisations (e.g. by convolution with suitable smooth kernel) of
J» v satisfying [jele < [jla, [VVela < [Vvly and such that vej<_, = Jelt<—e = 0.
Then by classical theory there exists a unique classical solution u, for

Orte — V - A(Vug) = v — V - Je, Ugip<—e =0,
which is one-periodic in all spatial directions (see e.g. [7, Thm. 12.14] for a proof in

the case of Dirichlet data on a bounded spatial domain. The case of the torus is only
simpler). In this situation Corollary 1 applies and yields
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[Vuely + [Ue — Velita
S (((Vveda + Lela)® + (IVvele + Liela) ) S V. @7)

This estimate together with the initial datum u,),—_, = v¢;—_, = 0 permit to apply
the Arzela—Ascoli Theorem and to conclude that up to choosing a subsequence u, —
ve = w, V(ugs — vy) - Vw, Vi, — Vu locally uniformly for functions u, w with
u = w + v. Furthermore, w solves

dqw—V-ANVu)=V-j

in the distributional sense. Setting u = w + v we obtain (25) and the estimate (26)
follows by passing to the limit in (27) using lower semi-continuity.

It only remains to argue for (pathwise) uniqueness. Assume thus that u' and 1>
are one-periodic in space, satisfy (25) and vanish for t+ < 0. Thus the difference
Su = u' — u? satisfies

ddu =V - (A(Vu) — A(Vuz)), (28)

in the distributional sense and du|,—o = 0. In order to show that su = 0 we aim to test
Eq. (28) against du to obtain the identity

1

T
—/ 3u2(T,x)dx=—/ / Véu - (A(Vuy) — A(Vup))dxdt, — (29)
2 Jio1y¢ o Jo

for all T > 0. Once the identity (29) is justified, we can invoke the uniform ellipticity
(14) once more and obtain the point-wise identity

1
Vou - (A(Viy) — A(Vip)) = V(Su(/ DAGNu; + (1 — A)Vug)dk)Véu
0

>0

so that (29) yields u = 0.

It thus remains to justify (29). For this we convolve (28) with a temporal regularising
kernel at scale ¢ and then test against Su,, the temporally regularised version of du.
Here we use the fact that under the periodicity assumption the weak formulation (25)
can be restated equivalently by replacing the space integrals over R? by integrals over
[0, 1]¢ and assuming that the test functions are also periodic. This yields for any 7 > 0

1

T
-f 5u§(T,x)dx:—/ / Véue - (A(Vuy) — A(Vun)) dxdr.  (30)
2 Jio,11¢ —o0 J[0,17¢

We can pass to the limite — 0 on both sides using the fact that du = (u L_v)—u?—v)
is % -Holder continuous in time and using the fact that Vu! and Vu? are 5-Holder
continuous in time.
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4 Proof of Lemma 1

Throughout this proof we write < for < C(d, A, ap).

Based on (17) and (14) we have by alocalized version of the Holder a priori estimate
of De Giorgi and Nash that there exists an exponent oy = «¢1(d, A) € (0, 1) such that
for all shift vectors y, all length scales £ and all space—time points z

[8ywley, Py S LT iI]:f I18yw — kll pypzy + €~ lay Vv + 8y jll iy, 31

where Py(z) = (t — £%,1) x By(x) denotes the parabolic cylinder centered around
z = (t,x), and where || - || p,(;) stands for the supremum norm restricted to the set
Py(z). The exponents of the £-factors in (31) are determined by scaling; smuggling
in the constant k is possible since (14) is oblivious to changing §,w by an additive
constant. We refer to [7, Theorem 6.28] as one possible reference (with b = 0, A =0,
and ¢ = 0 so that kj = supy g | f] in the notation of that reference). We fix an
exponent «p € (0, @1) and take the supremum of (31) over all shift vectors y with
|y| < r forsomer < ¢

sup [8ywley, Py(z)
lyl=r

5 ! sup H]:f ||5yw — k”Pzg(Z) + Zl_al sup ||(lyV(SyU + (Syj”Pzz(Z)' (32)

Iyl=r Iyl<r

We first estimate the right-hand-side terms of (32). We start with the second right-
hand-side term: From the definition (11) of the Holder semi-norm and that of the
parabolic cylinder, we obtain

||ayV5yv + (Syj I P 2)
(14 ; @0 '
< 18y Vollpye) + 18yl Precey < Y1 (Vg + [a)-

so that

€17 sup [lay Vv + 8y jll oy ) S €7 ([VVlay + Lilag)- (33)

lyl<r
We now turn to the first right-hand-side term of (32): We first note that

inf 18yw — kll o) < rinf Vi = cllpyy o), 4

where the right-hand-side infimum ranges over all ¢ € R?. Indeed, passing to
w(t,x) = w(t,x)—c-y,sothat Vw — ¢ = Vw, and transforminglz =k—c-y,5s0
that §,w —k = §,w — k, we see that (34) reduces to 18y W pyyzy < IYIIVWI Py (2
which because of |y| < r < £ is a consequence of the mean-value theorem. Since

obviously inf. [|[Vw — ¢l p;, ) < BO)*[Vwly,, we obtain
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€7 sup inf [[8,w — k|l pyye) S €907 P [V (35)

lyl=r

We finally turn to the left hand side term in (32) and note

1
sup [8ywley, py(z) = SUP [8ywley. pe) = —- SHP inf |6yw — k| p.(2)- (36)
lyl<r Iyl=<r Uy K

Inserting (33), (35), and (36), into (32) we obtain

1
o ISlllp inf [|§yw — k| p.(z)
yl<r

S L0~ alr[VUJ]ao + glfmroto([vv]ao + [j]ao)v

which we multiply with to arrive at

H~a0 ay

sup ir]:f I6yw — Kl p,(2)

1
riFe <,

< ()" vl + () (T8l + ) G7)

We now argue that we are done once we establish the norm equivalence

[Vwly, S sup ey SUP iI]:f 6yw — k|l p,(2)- (38)

z,r |yl<r

Indeed, choosing £ = Mr with M > 1 to be chosen later, we take the supremum of
(37) over all radii r and all space—time points z to arrive at

szurp %ao Ii?spr ir]:f I8yw — k|l p(2)
S MO [Vl + M ([Vuley + [la),
into which we insert (38)
[Vwlyy S MO [Vwla, + M ([Volay + [la)-
By the triangle inequality in [-],, We post-process this to

[Vilgy S MO [Vulyy + M ™ ([VUlgg + [ilag)-

Since by our qualitative assumption of [Vu]y, < oo, and since ogp < o], we may
choose M = M (d, X, «p) so large that this turns into the desired (18).
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We now turn to the norm equivalence (38); the elements of the argument are standard
in modern Schauder theory, in the spirit of [4, Theorem 3.3.1]. By rotational symmetry,
it is enough to establish

[01w]e, S sup a0 sup ir]if I6yw —kllp,z) =: N. 39

zr [yl=r

Let k = k(y, r, z) denote the optimal constant in the right hand side of (39). We first
argue that for arbitrary but fixed point z, we have for all radii »

lk(2rey,2r,z) — 2k(rer, r,2)| < Nrlteo, (40)

Indeed, based on the telescoping identity 82,¢, w = 8¢, w +38,,, wW(- + re;) we obtain
by the triangle inequality the following additivity of k in the y-variable

lk(2rey,2r,z) — 2k(rey, 2r, 2)| < 827w — k(Q2rey, 2r, 2) |l p.(z)
+ I18re,w — k(rer, 2r, 2) 1P ) + 8re,w(- +re1) —k(rei, 2r, 2) | p,z)
< 182re,w — k(2rer, 2r, 2| Py, (z) + 2||0reyw — k(re1, 2r, 2) | py, (z)
<32r)'teopn,

Likewise, we have that k only mildly depends on the r-variable

|k(r8172raz)_k(relar’z)|
= N8reyw —k(rer, 2r, 2) | py(z) + 16reyw — k(rer, v, 2)|l p.2)
<20@2r)toopN,

From the two last estimates, we obtain (40). Since g > 0, we learn from (40) that
there exists a constant ¢ (z) such that

< Nr9,

1
‘;k(rel,r, z) —c1(2)

along a given dyadic sequence of radii . We insert this into the definition of N to
obtain

< Nr%o,
Pr(2)

1
H =8y w — €1(2)
p

from which, since in particular # and thus w is differentiable in the spatial variable,
we learn that ¢1(z) = 9;w(z) so that

1
H—(Srelw — w(z) S Nr*, (41)
P

Pr(2)
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Since we identified the limit, this now holds for any radius r (and not just the dyadic
ones). Given two points z, 7’ we set r := 2d(z, z), cf. (9), and obtain

191w(z) — drw(@)]

=

1
+ H ;Sre] w — alw(Z/)

1
;8,«61 w — 3] LU(Z)

P% (2) P% (2)

=<

1 1
;8r€1w - 81W(Z) + H ;5re1w - 31U)(Z/)

Pr(2) Pr(2)

Hence (39) follows from (41).

5 Proof of Lemma 2

Throughout this proof we use < for < C(d, A, A, ap, ).

Let the two scales r < £ < % be arbitrary and for the time being fixed. Let y
be an arbitrary shift vector with |y| < r. By (16) in the localized form of [ay ]y, Py,
< A[Vulyy, Py, and (19) we have

[ay]a(),P:;( 5 270, (42)

In conjunction with (14) we see that we may apply standard C-%0-Schauder theory to
the parabolic operator 3; — V - a,V when localized to P3,. We learn from rescaling
according to (f,x) = (€37, £%) that (42) is exactly the control on the coefficient
needed so that the constant in this localized Schauder theory is of the desired form
C(d, A, A, o, @). We refer to [7, Theorem 4.8] for a possible reference (with b = 0,
¢ = 0, g = 0 in the notation of that reference). We apply this to the increment §,w,
cf. (17), to the effect of

Z(XO[Vayw]ao,Pz({ + ”VSyw”Pz(
S €7 inf 18,0 — kil + €901y V8,0 + 8y flag. Py (43)

We first argue that we may upgrade (43) to

inf |[Vw —c|lp,
C

< sup (¢! inf [|8yw — kil py, + €*lay, Vayv + 8y Jlao, Pre)- (44)

[yl<r

The first ingredient in passing from (43) to (44) is the following elementary interpo-
lation estimate

inf [Vw —cllp, S sup (rll3:(8yw)rllp, + IV8ywllp,), (45)

[yl=r
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where (), denotes convolution on scale r in the spatial variable. Here comes the
argument for (45) where without loss of generality we may assume » = 1 and restrict
to estimating the first component d; w of the gradient. Given (¢, x) € P; this follows
from combining the following immediate consequences of the mean-value theorem

[01w(z, x) — d1w(z, 0)| < [Véxw]p,
101w (2, 0) = (8, w)1 (1, 0)] < sup [|Vse, wllpy,

[s|=1

|(8eyw)1 (2, 0) = (Be;w)1(0, 0) < [[9; (8¢ w1l

so that c in (45) is given by (6., w)1(0, 0). The second ingredient in passing from (43)
to (44) is

119, (8yw), Il p,
SO([VSywlag, Py + [aV8y0 + 8y jlag, pre) + V8wl pyy. (46)

In order to see this we apply the spatial convolution operator (-), to (17) to the effect
of

0 (Syw), =V - (ayVéyw +ay,Véyv + 8y j),.
From this representation and r < ¢ we obtain the estimate

19; (Syw)rl p,
< rao—l[ayvayw +ayVéyv + 8y jlag, Py
= reo~! ([ay]ao,Pzz IVywllpye + llayll P [V 3y wlag, pyg
+ [ayVéyv + 5yj]ao,Pzz)

@2, A4 oy o1 ,
S T (5) T I8l T (18, Wl + 0y V8,0 + 8yl ).

which yields (46) because of r < £. Inserting (43) into (46), and the outcome into
(45), we obtain (44).

We now address the right-hand-side terms of (44). In view of (34) (slightly modified)
we have for the first right-hand-side term

iI]:f I6yw — kll py, < 7sup||[Vw —cllp,,- A7
C

We now turn to the second right-hand-side term of (44) and note that

[avayv + (Syj](x(),P% < [ay]ot(),Pj;( ||V5yv||P3( + ”ay”[V8yv](x(),P3g + [Syj]a(),P_y{

@2), 14
SNV lpy + [V vlag py + By lag.pye (48)
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While obviously
||V5yv||P3l =< ra[vv](x,PMv (49)
we need a little argument to see

[ngv]ao,Py + [8yj]c(0,P3( S ra_ao([vv]c{,PM + [j]a,PM)' (50)

Indeed, let us focus on j; given two points z, 7’ in Py we write 8yj(z) — Syj(z’) in
the two ways of (j(z+ (0, y)) — j(2)) —(j (' +(0, y)) — j(z')) and (j(z + (0, y)) —
J@ +0,y)) —=(j(z) — j(Z)) to see that (because of |y| < r < £)

18yj(z) — 8yj (@) < 2[jla, Py (min{d(z, 2), rH*,
and thus as desired
18y 7 (z) — 8y ()] <5

d*(z,7) -
< 2[jla, Py r®™* since o > ag > 0.

[/1e, Py min{d® ™ (z, 2), r*d~*(z, 2)})

Inserting (49) and (50) into (48) we obtain

(V8,0 + 8y flug. Py
5 IS [Vv]a,PM + ré—e ([Vv]a,PM + [j]oz, P4()- (51)

Inserting (47) and (51) into (44) we obtain the iterable form
inf [Vw —c|lp,
c

<

~1S

) AN ;
1rgf IVw —cllp, + 7 (;) (IVVla, Py + Lila Py )

Relabelling 4¢ by £ we obtain forallr < ¢ < L

r~%inf |[Vw — ¢||p,
c

ryl-e .. AN .
S(5) it Ivw—clp, + ;) (IV0lapy, + o).
By the triangle inequality in || - || and by sup, ., r~* inf, [|[Vv —c|[p, < [Vv]q, p, this
may be upgraded to

r~%inf |Vu — ¢| p,
C

@0

ryl-a« Y4 .
<(3) e ||Vu—c||p£+<;) ((V0la.r, + [l ry)-
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Slaving ¢ to r via £ = Mr for some M > 1 to be chosen later, we obtain from
distinguishing the ranges » < % and % <r < L that

supr “inf [|[Vu —cllp, S sup r~ *inf |Vu —c||p,
r<L ¢ <r<L ¢

g~

+ M sup €7 inf |Vu — cllp, + MO ((V0lap, + lar,).  (52)
L<L

Clearly, the first right-hand-side term is controlled as follows

—a s o 19 a—ap 7 —o
sup r “inf [|[Vu —cllp, < T [Vulgy,p, < ML
L c

3 <r<L

Hence fixingan M = M (d, A, A, ag, o) sufficiently large, we may absorb the second
right-hand-side term in (52) into the left hand side to obtain

sup = inf | Vi — cllp, S L™+ [Volap, + [la.p,- (53)

r<L

For this, we do not need to know beforehand that the left hand side side is finite, since
(52) also holds when the two suprema are restrictedtoe <r < Lande < ¢ < L for
any € > 0, which is finite since Vu is in particular assumed to be continuous. Hence
we obtain (53) with supremum restricted to € < r < L, in which we now may let
€ | 0to recover the form as stated in (53). By the standard norm equivalence

supr” “||Vu — Vu(0)||p, < supr~*inf |Vu —¢||p,,
C

r<L r<L

and shifting the origin into an arbitrary z € Py, we obtain (20) from (53).

6 Proof of Corollary 1
Throughout the proof, we use < as in Lemma 2.
By Lemma 1, the hypothesis (19) of Lemma 2 is satisfied provided we fix L =

c([VV]ay +[jley) " for ¢ = c(d, A, ) sufficiently small. Hence we obtain from (20)
that

[Vule,p, S [Vl + [j]ao)% + ([Vvla + [jlo)-

By translation invariance of our deterministic setting, this persists with P replaced
by the shifted parabolic cylinder Py (z) = z + Py, for any point z € R x R?, leading
to

[Vitla,py 5y < (V0] + [ilag) 0 + (Y0l + [a).
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This yields the desired Holder estimate on Vu for points z, z’ at parabolic distance
less than L. For those z, 7/ with d(z, z’) > L we appeal once more to (18) in form of

IVu(z) = Vu() S ([(Voleg + [lag)d™ (2, 2)
< ([Vlay + [Jlag) L*™d*(z,2) ~ ([Vly + [j]ao)%d“(z, ),

where we used the definition of L in the last step.
It remains to estimate the C!~*-norm of w := u — v, more precisely, it just remains
to estimate the temporal continuity, cf. (10):

lw(t, x) —w(', )| S ([Vule + [jle + [Vwle) v — t’IHa- (54)

To this purpose, we rewrite (8) as d,w = V - (A(Vu) + j) to which we apply spatial
convolution on scale r to be fixed later. This yields the estimate

16 _
S + [Jla)-

l19; wr |

Form this we deduce

|t —1'|
pl-a -~

lwy (2, %) — w, (¢, )| < [Vl + [[1e) —=o~

We may take the convolution kernel ¢, to be symmetric, so that in particular w, (¢, x) =
f ¢r(x — y)(w(t,y) — Vw(t, x) - (y — x))dy, to the effect of

lw(t, x) — w, (¢, x)| < [Vwler'™

The last two estimates combine to

| ’I
lw(t, x) —w(', x)| < ([Vulg [J]a) + [Vwler'*e.
Optimizing through the choice of r = /7 yields (54).
7 Proof of Lemma 3
Throughout this proof we use < for < C(a, s, d).
Throughout the proof we fix j € {1, ...,d} and set h = d;v. We aim to show that

for C large enough and o < min{%, 1}

o (f12)) <

We assume without loss of generality that % < 1.
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First we recall that by definition v and & are 1-periodic in each spatial direction and
v(t, x) = h(t,x) = 0 for ¢t < 0. Furthermore for ¢ > 1, h solves

(0 — A)h =0,

so that by standard continuity properties of the heat equation in Holder norms we have
[h]y S [h]), where [h]fx is the local Holder norm defined by

1
[Al, := sup e sup |h(t, x) — h(s, y)|.
Re(0,1) (1.%),(s.9)€0, ) x (=1,1)d
J0t=s|+|x—y|<R
We thus aim to establish
1 2
<exp (E[h]"‘ >> < 0. (55)

The core stochastic ingredient for the proof of (55) is the following bound on second
moments of increments of /: For (7, x), (', x') € [0, 1] x R? we have

((h(t, x) = h(t' X)) S Je— T+ |x — &P (56)

The argument for (56) is based on the following Fourier representation for 4: For
t € [0, 1] and x € RY we get by differentiating (22) with respect to x j

t
h(t,x) — Z lle(k) ikjelk-xf g—(l—S)‘k‘Zdﬂk(s)’
kerZ)d 0

which for ' < t leads to

!

t
(h(t,x)h(t',x’)) _ Z Ie(k)kieikv(x—x/) / e—(t—s)lklze—(z’_s)\k\zds
0

ke2nZ)4

K2 2 2
= Z K(k)TkJPezk«x—x>[e—<z—z)|k| — o (t+IK] 1. 67
ke(@rnZ)d

In order to deduce (56), we use the triangle inequality and treat the cases t = 1, x # x’
andt # t/, x = x’ separately. In the first case we get using stationarity in x in the first
and the symmetry of K in the last equality

((h(t,x) = h(t, x"))?)
= 2(h(t,x)* — h(t,x)h(t, x"))

~ k2 . / 2
=2 Z K(k)—2|k]|2(1 — el X[ Ik
ke(@rnZ)4
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A k2 : ’ : ’ 2
— Z K(k)2|k]|2(2 _ elk~(x—x) _ e—tk-(x—x ))[1 _ e—zt‘k‘ ]
kerZ)d

2

Now using the simple estimates %, [2 — k=) _ pmik—x) <

i <
2|k|2 =

. 2 . ..
min{4, |k|? |x — x|?} as well as [1 — ¢ 271 < 1, and recalling condition (23)
on K this turns into the estimate

((h(t,x) = h(t, x"))?)
S Y. KWklx—x1+ ) K@k

[kl <]x—x'|~1 k| > |x—x'|1
2
2 |k| 1
LD Y R e
k| <]x—x'|~1 (1 + 1k1%) k| > |x—x'| -1 (1 + [k]%)
~ =P

where we have used our assumption that s — d < 2. In the same way we get by
specialising (57) to x = x’ and treating the case t > 1’

((h(t,x) — h(t', x))?)
= (h(t,x)* + h(t', x)* = 2h(t, x)h(t', x)?)

R -
=2 Z 1<(1<)I

J [2- e~ 2K _ =2k o ==tV 28—(t+t’)|k|2]_
ke@nZ)?

20k|2

. Lk
Now using again W < % as well as

2 112 ’ 2 / 2
12 — e MK _ 20K _ o= (=1DIKT 4 0p= ORI < 4min{1, |t — ||k},
and using (23) once more this turns into

((h(t, x) — h(t', x))?)
1

< k]2
~t—1'| ——+ —
2 2 o (L K22

25
|k|2§|t71/\_] (1 + |k| )2 |k|2>|tfl/
s—d
ST,
and thus (56) follows.
We now apply Kolmogorov’s continuity theorem to /; for the convenience of the

reader we give a self-contained argument. We first appeal to Gaussianity to post-
process (56), which we rewrite as
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1
(Rs_d (h(t, x) — h(s. y))2> <1 provided |r —s| <3R%, |x —y| < R

for a given scale R. By Gaussianity of 7 we can upgrade this estimate to

(exp (g it 0 — s, 1))} £ 1

for |t —s| <3R%, |x — y| < R. (58)

Thus proving the desired estimate (55) on Gaussian moments of the local Holder-
norm [A]), amounts to exchanging the expectation and the supremum over (¢, x), (s, y)
in (58) at the prize of a decreased Holder exponent o < %. To this purpose, we now
argue that for ¢ > 0, the supremum over a continuum can be replaced by the supremum
over a discrete set: For R < 1 we define the grid

Tr=1[0,1]x [—1, 11 N (R*Z x RZ)

and claim that

1
(7], < sup — sup |h(z, x) — h(s, y)| =: O,
R R (t,x),(s,y)el’
, YELR
|t—s|<3R2,|x—y|<R

where the first supremum runs over all R of the form 2~V for an integer N > 1. Hence
we have to show for arbitrary (¢, x), (s, y) € (—1,0) x (—1, 14 that

|h(t, x) — h(s, I S OW1t — sl + x — y])~. (59)

By density, we may assume that (7, x), (s, y) € 127 x rZ@ for some dyadic r =
27N < 1 (this density argument requires the qualitative a priori information of the
continuity of &, which can be circumvented by approximating /). For every dyadic
leveln = N, N — 1, ... we now recursively construct two sequences (t,, X,), (S, Yn)
of space—time points, starting from (ty, xy) = (¢, x) and (sy, yy) = (s, ¥), with the
following properties

a) they are in the corresponding lattice of scale 27", i. e. we have (¢, x,,), (Su, X)
€ 27M2Z x 2774,

b) they are close to their predecessors in the sense of |f, — t,41], [y — Sp+1] <
3272 and [xy; — X1l Vni — Yntr,il < 270D where x, 1, X1y -
denote the i-component of x,,, x,+1, . ... So by definition of ® we have

\h(ty, Xn) — h(tys1, Xns1)] S ©@Q7FDY
W (s Yn) — gty yop1)| S ©Q™OTe (60)
and

¢) such that |, — s, | and |x,, — y, | are minimized among the points satisfying a) and
b).
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Because of the latter, we have

(tm, xpm) = (sy, yy) for some M with 27M < max{\/|t — s|, |x — v},
so that by the triangle inequality we gather from (60)

M

2M)01
h(t, x) — h(s, y)| < oty < ! :
A2, x) (sy)|~n_Xle ( ) T

which yields (59).
Equipped with (59), we now may upgrade (58)—(55). Indeed, (59) can be reformu-
lated on the level of indicator functions / as

M
I(([h),)* = M) <sup  max (RS Z(h(t,x) = h(s, y))* = W)

R (£.x),(s,y)€lr

where as in (59) R runs over all 2~V for integers N > 1. Replacing the suprema by
sums in order to take the expectation, we obtain

(1((th1)* = M)

SZ Z <1(#(h(t,x) h(s.y))* _%))

R (t,x),(s,y)

We now appeal to Chebyshev’s inequality in order to make use of (58):
(1(ah1)* = M)

XY e (- )

R (t.x),(s.y)

M
NZR2+de p( CR—d- 201)

R<1.M=1 M 1 1 1 D) < M
= @\~ ¢ XR:W@XP “c\ram )RR\ )

where in the second step we have used that the number of pairs (¢, x), (s, y) of neigh-
boring lattice points is bounded by C ﬁ and in the last step we have used that
stretched exponential decay (recall s — d — 2« > 0) beats polynomial growth. The
last estimate immediately yields (55).
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