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Abstract

We consider the hyperkéhler extension of Teichmiiller space with the Weil-
Petersson metric. We describe its recent construction as a hyperkahler quo-
tient and examine the defining equations for the resulting moduli space.
We examine relations between this moduli space and the quasi-Fuchsian de-
formation space of the surface, with particular attention to the connection
with the canonical holomorphic symplectic structure. We also consider the
connection with Taubes’ moduli space of hyperbolic germs and whether it

is possible to extend the hyperkéhler structure in any fashion.
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Chapter 1

1.1 Introduction

The Teichmiiller space of complex structures on a surface is a natural ob-
ject of study. It is known to be manifold of dimension —3x(X) where (%)
is the Euler characteristic of the surface under consideration. Further, Te-
ichmiiller space itself has a complex structure and a natural metric, the
Weil-Petersson metric, that together make it into a Kéhler manifold. Re-
sults of Feix and Kaledin imply that any real analytic Kahler manifold pos-
sesses a hyperkéahler extension realised as some neighbourhood of the zero
section inside its cotangent bundle. In the case of Teichmiiller space Don-
aldson [5] explicitly constructed this extension as a hyperkéhler quotient. In
this thesis we outline the necessary geometry to define and understand the
hyperkahler extension of Teichmiiller space. Consideration of the defining
equations for the extension lead us to analyse a particular family of elliptic
partial differential equations; we present results on the existence and unique-
ness of solutions to these equations. We examine the relations between the
hyperkahler extension and the so-called quasi-Fuchsian space, relating the
various symplectic structures with those of Goldman [10], [11], and Platis
[21]. We also consider the recent work of Taubes on minimal hyperbolic

germs [26].

The thesis is organised as follows:
In chapter 2 we describe the necessary background material in symplectic
and hyperkahler geometry, including the relevant finite dimensional quotient

constructions, before turning to a discussion of complex structures on sur-



faces and finally a description of Teichmiller space and the Weil-Petersson
metric.

In chapter 3 we present the results of Feix and Kaledin on the existence
of hyperkahler extensions before looking in some detail at a specific example;
the hyperkéhler extension of the hyperbolic plane. We explicitly construct a
map from the hyperkéhler extension of the hyperbolic plane to the product
H? x H? that is used in the sequel. Next we discuss the construction by
Donaldson of the hyperkahler extension of Teichmiiller space as an infinite
dimensional hyperkahler qotient.

In chapter 4 we analyse the non-linear partial differential equation arising
in the definition of Donaldson’s moduli space. We obtain results about
its existence and uniqueness which allow us to construct an embedding of
the moduli space M into the cotangent bundle of Teichmiiller space. We
describe a certain explict subset of the image of M inside the cotangent
bundle of Teichmiiller space, as well as proving that this space is the Feix-
Kaledin hyperkahler extension of Teichmiiller space with the Weil-Petersson
metric.

In chapter 5 we introduce the quasi-Fuchsian deformation space QF (%)
before explicitly constructing a map from the moduli space M into the quasi-
Fuchsian deformation space. We show that the restriction of Goldman’s
holomorphic symplectic form on the representation variety of X to the image
of M coincides with a natural holomorphic symplectic form defined by the
hyperkéahler structure on M.

In chapter 6 we discuss the question of what subset of the quasi-Fuchsian
deformation space lies in the image of M and whether, if it is not a surjection
we may extend the hyperkahler structure off M to some larger open set.
Then we describe the construction of Taubes’ moduli space of hyperbolic
germs, a natural extension of the moduli space M. We present results about
when we can extend the hyperkéhler structure from M to some larger set

in Taubes’ space.
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Chapter 2

Here we summarise results that are basic to our exposition and recall con-
structions to be used in the sequel. We assume throughout out this section
that all quotients of manifolds by group actions are themselves smooth man-
ifolds.

2.1 Symplectic and hyperkahler geometry

Let M be a 2n dimensional manifold. A symplectic form w on M is a closed
non-degenerate 2-form. Most of the material in this section may be found
in [20].

2.1.1 The symplectic structure on a cotangent bundle

Let now N be any manifold, there is a canonical symplectic structure on the
cotangent bundle T*N. To see this we define a canonical one form, A, on
the total space T*N. Let ¢ = (p,0) € T*N, X € T,7*N,and 7 : T*N — N

be the canonical projection map, then:
A(X) = o(mX).

We define the canonical symplectic structure w := dA.

If N is a complex manifold then this construction applied to the holo-
morphic cotangent space T*1°N gives us a holomorphic symplectic structure
we on the total space of T*"ON. If we take z; = x; + iy; as local complex
coordinates on N and dz; = dx; + idy; a basis for T*'ON. Writing, for

w € TN, w = widz; gives local complex coordinates on the fibres of



T*1ON. We may check that:
we = dz; N dw;.
Given the suggestive nomenclature the following is not a surprise:

Lemma 2.1.1. The canonical symplectic structure is natural. That is, if
M, N are manifolds and there exists some diffeomorphism ¢ : M — N, then
the symplectic manifolds (T*M,wyr) and (T*N,wyn) are symplectomorphic.
Here wy; and wy are the canonical symplectic structures on the cotangent

bundles.

Proof. Since ¢ : M — N we can immediately construct a map ¢ : T*M —
T*N

)

¢(p7 0) = (d)(p)v ¢* (U))7

where here ¢, := (¢~1)* on the cotangent vectors, i.e. we are pulling back

by the inverse map. We have the following commutative diagram:

T*M —% . T*N

ml Ml
¢
M — N
where the m; are the obvious projections. Now let Ay be the canonical

one-form on N, and consider qz*)\N. Let ¢ = (p,0) € T*M and suppose
X € T;T*M. We have that

FAN(X) = An(6:X)
= ¢ (0)(m2:0:X)
=0 ((¢7")sm2.6.X)
= o(m1,X)
— (X)),

where we use the relations between the differentials implied by the commu-
tative diagram.

Since the canonical one forms are identified by qg we must have that
the symplectic structures are identified, as pullback commutes with exterior

derivative. O
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2.1.2 Symplectic reduction

Under certain circumstances the technique of symplectic reduction allows
us to construct new symplectic manifolds by considering the action of some
group on a given symplectic manifold. Let (M, w) be a symplectic manifold
and let G be a compact Lie group. Suppose G acts on M via Hamiltonian
symplectomorphisms. That is, for each g € G the action of g on M preserves
the symplectic form, and in addition for any £ € g there exists a Hamiltonian
function H¢ such that
1(X¢)w = dH,

where X is the vector field generated by the infinitesimal action and the

map & — H¢ defines a Lie algebra homomorphism g — C°°(M)

Definition 2.1.2. A moment map for the action is a map u : M — g* such
that

He(p) = (u(p), ),

where the map £ — H¢ defines a Lie algebra homomorphism g — C*°(M).

Here (,) is the natural pairing of g with its dual. The moment map is

G-equivariant. The main theorem in finite dimensions is:

Theorem 2.1.3 (Marsden-Weinstein). Take (M,w) and G as above, and let
the moment map for the action be given by u: M — g*. Since the moment
map is G-equivariant and 0 € g* is a fized point for the coadjoint action,

the preimage of u=1(0) is invariant under G. Assume that
1. 0 is a regular value of yi so that p=1(0) is a submanifold of M.

2. G is acting freely and properly on p~1(0) so that the quotient u~*(0)/G

is a manifold.

Then there is a natural symplectic structure on the quotient u=1(0)/G.
If, in addition, M is a Kahler manifold with Kahler form w and G pre-
serves the complex structure I, then the quotient p='(0)/G is also Kdhler

manifold.

In order to prove this theorem we require the following result about

linear symplectic reduction.

11



Lemma 2.1.4. Let V be a symplectic vector space, that is, a 2n dimensional
vector space equipped with a non-degenerate skew bilinear form w. Let W be

a subspace of V' and denote by W* the symplectic complement of W:
{veV|wvw)=0Ywe W}

Suppose W¥ C W, then the symplectic structure on W descends to a sym-
plectic structure on the quotient W/W<.

Proof. Let ©([ul, [v]) = w(u,v). Since w(u,v) = w(u + u*,v + v*) for any
u¥, v € W* we have that @ is well defined. Suppose for some [v] € W/W¥
we have @([v], [w]) = 0 for all [w] € W/W¥. Then picking a representative v
for [v] we see this would contradict the fact that w is non degenerate unless
[v] = 0. O

Now we return to the proof of theorem 2.1.3

Proof. Let N := 1~%(0)/G be the quotient manifold. We need to define a
symplectic form on T}, N for each n € N. Let w : p=1(0) — N be the natural
projection map and ¢ : 4~*(0) — M be inclusion, we will show that & given
by

is a symplectic form on V.

Define O(p) := {g(p)|g € G}, the orbit of G through p. Firstly we
show that, if u(p) = 0, T,0(p) = (Tp(x~1(0)))* and hence by lemma 2.1.4
we have a well defined non-degenerate skew bilinear from on each quotient
T, (1 (0))/T,0(p).

Now, u(p) = 0 implies He(p) = (u(p),&) = 0 for all £ € g. It follows
that w(X¢,Y) = dHe(Y) = 0 for all Y € T,,(u'(0)), since Hg is constant
on x~1(0). But X¢(p) € T,0(p) and conversely every element of 7,0(p) is
of the form X¢(p) for some £ € g therefore T,0(p) C (T,(1~1(0)))“. Then

we have
dim(T,(n~"(0)))* = dim(M) — dim(T,,(x~"(0)) = dim(G)

which is the dimension of T,0(p) so T,0(p) = (T,(1~1(0)))~.

12



So on each T,(1~1(0))/T,O(p) we have that @ is well defined; we now
need to check it is uniquely defined at each point of the quotient N. But

T Oy (U, V) = wp(u, v)

= (Y9, (p) (u; V)

= Wiy (p) (Vg u, ¥g,v)

= T Or (s () (Vg1 Vg,.0)-
Therefore

W (p) (T T0) = Dy () (Tt T10),
as desired, and all tangent vectors on IV are of the form m,u for some tangent
vector u on M since 7 is surjective.
We know @ is non degenerate since each w, is, so it remains to check
that it is closed. But this follows since
0=1"dw=d"w = dr*® = m*dw

and 7 is a surjection.

We now need to prove the last assertion. Suppose M has a complex
structure I compatible with w, so that we obtain a real metric ¢ on M
defined by

9(X)Y) =w(X, 1Y),

for any X,Y € T,M. Now this metric restricts to give us a metric on the
subset 11~1(0), and the decomposition of the tangent space of u~1(0) as
Tou=(0) = T,0(p) & T,0(p)",

defines a connection in the prinicipal G' bundle p~1(0) over 1 ~1(0)/G.

Now we can define a complex structure on the quotient 1 ~1(0)/G as fol-
lows. Let X € T, (1 1(0)/G), take its unique horizontal lift X € T, (0).
Since the horizontal subspace of the connection is defined to be TO(p)* we
must have that for all £ € g,

0= g(X¢, X)
= w(Xe, IX)
= dH¢(IX)
= d({p, ) (IX).

13



Since this holds for all ¢ we must have that p is not changing in the direction
of IX and hence that IX € T,u~"(0). Define the almost complex structure
I on the quotient by

IX =, (IX),

for X any horizontal lift of X. We need to show that this is well defined,
the proceeding discussion shows 7, (IX) € T[p]((,u_l(())/G) so it certainly
lies in the right space, we need it to be independent of the point ¢ € [p]
we lifted to. This follows since G preserves both the complex structure I
and the horizontal subspaces of the connection. To see that I is an almost

complex structure observe that for X € T,u~'(0) and ¢ € g:

9(Xe, IX) = —w(Xe, X)

= —d((p, ) (X)
—0.

Thus IX is orthogonal to the orbit, and if X is horizontal we therefore have
that IX is horizontal.

We need to show that [ is integrable. This follows immediately from the
fact that for any horizontal vector fields X,Y on = *(0):

X, Y] = [m X, mY].
TI'*IX = fﬂ*X,

so that if the Nijenhuis tensor vanishes on M it must also on x~1(0)/G.
This complex structure is clearly compatible with the symplectic form

on the quotient and the quotient is therefore Kéhler. O

2.1.3 Symplectic reduction of cotangent bundles

Suppose M is a manifold and let w be the canonical symplectic structure
on T*M. Suppose that we have some group G acting by diffeomorphisms
on M. It follows from the fact that the canonical symplectic structure on
the cotangent bundle is natural that G acts by symplectomorphisms on the
symplectic manifold (T*M,w). There exists a moment map for the action of

G on T* M and we may form the Marsden-Weinstein quotient 7*M//G. Let

14



G be another group of diffeomorphisms of M such that G C G. If we have
an identification of the symplectic quotient T*M//G with the cotangent
bundle of the quotient of M by the action of G then we may hope that
the induced symplectic structure on the symplectic quotient coincides with
the canonical symplectic structure on the cotangent bundle T*(M/G). We
consider such a result now.

Let M, G, G be as above, with w the canonical symplectic structure on
the cotangent bundle T*M and @ the canonical symplectic structure on the
cotangent bundle T*(M/G). Let p be the moment map for the action of G
on T*M and suppose that if ¢ = (p, o) € p~(0) then o is in the annihilator
of the kernel of the map ma, : T, M — T} (M/Q). Since the tangent space
at a point [p] € M/G is given by

T[p] (M/G) = TpM/ker(ﬂ'g*),
we see that if ¢ = (p,0) € p~'(0) then o defines a point in Ty, (M/Q).
Suppose that the resulting map
Ppm0)/G — TH(M/G),
is injective and the following diagram commutes:
w0y —— T*M T M
o Y
p~1(0)/G —— T(M/G) —— M/G
In this situation we have the following proposition:

Proposition 2.1.5. The canonical injection T : T*M/ /G — T*(M/G) sat-
isfies

o=,
where & is the symplectic structure on pu~'(0)/G and & is the canonical
sympectic structure on T*(M/G).

Proof. We prove this by considering the behavior of the canonical one forms
on p~1(0) and T*(M/G). Take ¢ = (p,0) € p~*(0) and let X € T,u~1(0),

since the diagram commutes we have immediately that

T4 O Ty 0 Ly (X) = Ty 0 I 0 M4 (X).

15



Writing A for the canonical one form on T*(M/G) and X for the canonical

one form on T*M,

Here we have used the fact that o is in the annihilator of kerms,.

Recall that the symplectic structure @ on the Marsden-Weinstein quo-
tient T*M//G is defined by

Since we have seen that

we must have that

o'W = w,
which implies that
o =0,
which is what we were trying to show. O

2.1.4 Hyperkahler geometry

The material in this section may be found in the paper [14]. Let M be a 4n

dimensional smooth manifold.

Definition 2.1.6. A hyperkéahler structure on M is a quadruple (g, I, J, K),
where ¢ is a metric on M and each of I, J, K is an integrable orthogonal
complex structure on M parallel with respect to the Levi-Civita connection.

Further the complex structures satisfy the quaternion algebra identities:
PP=J=K=-1,
1J=—-JI=K,

16



KI=—IK = J,

JK =—-KJ=1.

Since each complex structure is parallel, each induces in combination

with g a Kéhler metric on M. We have corresponding Kéhler forms:
wl(Xay):g(IX7Y)7 WQ(X7Y>:g(JX7Y)7 w3(X7Y):g(KX7Y)

The following is clearly a generalisation of the Marsden-Weinstein quo-
tient from the previous section. We suppose that the group action in what

follows is sufficiently nice for the quotient to be a manifold.

Theorem 2.1.7. Let (M,g,1,J,K) be a hyperkihler manifold and suppose
there is an action of a group G of isometries on M preserving the three
symplectic forms w;. Suppose in addition that we have three moment maps

Wi, one for each symplectic form. Then the quotient

~ N 0)
M/jjG = ==

has a natural hyperkdhler structure.

Proof. We shall reduce the proof of this to three applications of theorem
(2.1.3). Define the complex valued map puy: M — g* ® C,

Br = g+ i3
Further, for £ € g define the complex valued function u§ M — C,

15 o= (e, €) = (2, €) +i{us, ).

Here the angle brackets denote the natural pairing between g and its dual.

From these definitions we see immediately that for Y a vector field on M,

dp§(Y) = dHZ(Y) + idH
= (UQ(Xg, Y) + iW3(X£, Y)

17



and

dp§(IY) = g(JXe, 1Y) + ig(K X, IY)
= —g(KXe,Y) +ig(JXe,Y)

= idp5(Y).

Since d = 0+ 0 we see by comparing types that the above relationship must
hold for guﬁ(Y) as well. Now taking Y € T}’OM we see that

iOps(Y) = O (IY) = —idus(Y),

so that
8u§ =0.

Therefore ,u§ is a holomorphic function on M for every £ € g. This tells us

precisely that the map u;: M — g* ® C is holomorphic since we may think
of the ¢ as giving complex coordinate functions on g* ® C. Now consider
the submaniold of M defined by 7 '(0) = py(0) N p3'(0). Since we know
from the above that p; is a holomorphic map this is a complex submanifold
of M with respect to the complex structure I. Therefore the metric induced
by the restriction of g is Kédhler. By hypothesis, the group G acts on MI_I(O)
preserving the symplectic form w; and complex structure I, with moment
map given by the rstriction of up to u;l(O). Applying theorem (2.1.3) we
see that the quotient (u;*(0) Ny '(0))/G is a Kihler manifold with the
complex structure induced by I and the symplectic structure induced by
wi. Repeating the argument with the complex structures J and K we arrive

at the desired conclusion. O

2.2 Complex structures

In this section we examine the theory of complex structures on surfaces. We
start by discussing the case of linear complex structures on R? before gen-
eralising this construction to surfaces. Finally we describe the construction

and properties of the Teichmiiller space of a surface.

18



2.2.1 Linear complex structures on R?

We fix conventions. Take the natural coordinates (x,y) on the vector space
R?, and fix the orientation dz A dy. A complex structure on R? is an endo-
morphism of R? that squares to minus the identity. We have for example

the standard complex structure Jy on R?,

0 -1
1 0)
The set of all complex structures on R? is written 7(R?). By definition,

J(R?) = {J € End(R?)|J? = —1}.

A complex structure on R? induces a natural orientation by taking {0, JO, }
as an ordered basis for the tangent space. The space of complex structures
on R? compatible with the fixed orientation is written J*(R?).

There is a natural left action of SLyR on JT(R?) by conjugation:
A:J— AJATL

This action is transitive and the stabiliser of the standard complex structure
Jo is SOsR, hence we may identify j+(R2) with the coset space SLaR/SO2R.
The tangent space at .J in J+(R?) is given by the set of endomorphisms

of R? that anticommute with .J,
T;77(R*) = {H € End(R?) | HJ = —JH}.

An immediate consequence of this is that the tangent vectors at Jy are
symmetric and trace free matrices. That is, given H € T, J(R?) we may

write it

There is a natural inner product on J 1 (R?) given by the standard trace
form. That is, given Hy, Hy € T;J T (R?), define

1
<H1,H2> = iTr(HlHQ)-
This metric is trivially SLsR equivariant because the trace form is.

19



There is a natural complex structure ® on J7(R?). This is given at a

point J € J(R?) by multiplication by J. That is:

®: Ty T (R?) — Ty;JH(R?)
H— JH.

Given a J € J+(R?) we may consider the natural splitting:
RPeC=V"a V)"

Here VJ1 0 is the +i eigenspace, and V;)’l the —¢ eigenspace for the complex-
ified action of J.

Lemma 2.2.1. There are natural identifications
7,7 (R?) =2 Hom(V,?, vy =2 v; 0 @ v

Proof. Firstly we construct a map 777+ (R?) — Hom(VJl’O, V})’l). Let H €
Ty T+ (R?) and v € V;*°, define a map

A V0 = v
by Ag(v) := Hv where we extend the action of H to R? ® C linearly. Then
JAg(v) = JHv=—HJv=—iHv = —i\g(v),

so that Ay (v) € V}J’l as claimed.
Now let \ € Hom(VJl’O, V}J’l). We define a map H) € End(R?) by

Hw = \Nw) + \Nw

~—

)

where 2w = (w — iJw) € VJl’O. Since for all w € R? we have:

HJw = ANJw) + A(Jw) = iA(w) — iA(0) = —JA(0) + JA(0) = —JHw,
we see that H anticommutes with J as desired. O

Suppose now we have fixed a non-degenerate skew bilinear form p on
R?, compatible with the usual orientation. Given a complex structure .J €

JT(R?) we may construct a complex pairing on R?:
X,Y v p(X,JY) —ip(X,Y).

20



This extends complex linearly to R? ® C and induces a hermitian inner

product on VJI’O, for u,v € VJLO,
h(u,v) = —2ip(u,v).

This extends to give us a hermitian inner product which we shall also denote
by h on Vfl’o ® Vf 10 In addition, the hermitian inner product allows us to
identify V;)’l with V;l’o so we may map a tangent vector H € T; 7 (R?) to a
quadratic form &g, that is an element of Vj1’0®Vj1’0. Let o € Vf1’0®Vf1’0,
and H € T;J*(R?), then we define a pairing (o, H) := h(0,&y). This then
identifies the cotangent bundle 7% (R?) with the space V;l’o ® le’o.

Lemma 2.2.2. The hermitian inner product h defined above induces an

SLoR invariant metric on J+(R?).

Proof. 1t is clear that h induces a metric, because we have defined an in-
ner product on the cotangent vectors, we only need to check the asserted
equivariance. Fix X € R?, let v = %(X —1iJX) be a generator for VJLO, and
vE Vfl’o dual to v. Suppose that the tangent vectors H,, He € T;J " (R?)
correspond to the quadratic forms 7, & € le’o ® Vf 10, Chasing the chain

of identifications through we see that:
n = —2ip(v, Hyo)v @ v,
£ = —2ip(v, Hev)v @ v.
This means that with respect to this basis,

_p(’U, an)p(vv HEU)

&) = 2(0.7)

Now let g € SLoR, so that g(J) = gJg~! and

9«(Hy) = gHyg™ ', g.(He) = gHeg™ "

Consider the vector g7'X € R?, this leads to the vector & = 3(9X —igJX)

generating the vector space 1/91(’3). With respect to this basis we have from
above that .
_ p(0,gHyg 0)p(0,9Heg™'0)
(g1, 9+&) = 26.9) :
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Observe that © = gv so that this reduces to,

p(gv, gHyv)p(gv, gHev)
p%(gv, gv)

(9«1, 94&) = —

Since p is invariant under the SLoR action we have that the group acts by

isometries as desired. O

Lemma 2.2.3. The real part of the hermitian metric defined above is the

natural metric from the trace form defined earlier.

Proof. We only need to verify this at Jy because both metrics are SLoR
equivariant. Let Hy, Hy € T, J T (R?),

U1 U1 U2 V2
H, = , Hy = .
v —ux V2  —U2

TI“(Hl, HQ) = 2(’LL1U2 + ’Ul’UQ).

Then

On the other hand as in the proof of the previous proposition,

_P(aza H,0:)p(0:, H20:)
p*(9-, ;)
= (iug + v1)(—iug + va).

h(lengz) =

The real part of this is

uUU2 + V102,

which completes the proof. O

2.2.2 The hyperbolic plane

In this section we introduce the hyperbolic plane and its relationship with
the linear complex structures on R?. We take as a model of the hyperbolic

plane the upper half plane:
H*>={z+iyeC|y>0},
equipped with the hyperbolic metric:

1
ds? = ?(da:Q + dy?),
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and the obvious complex structure inherited from C: multiplication by 4.
The group of conformal isometries of H? is the set Mobg of real Mobius
transformations. This is the set of maps

az+b
cz+d

MébR::{zH | a,b,c,d € R, ad—bc>0}.

There is a natural map
SLoR — Mobg,

defined by

This map is a group homomorphism and allows us to define an action of
SLyR on H2. This action is transitive and the stabiliser of i € H? is SOoR.
Therefore we identify H? with the coset space SLoR/SO2R. This allows us
to identify H? with the space JT(R?) of the previous section. Under the

action of SLoR on H?, the element

VY
0

€ SLoR,

S-Sl

maps i € H? to z + iy € H?. On the other hand the action of SLoR on

JT(R?) takes the complex structure Jy to the complex structure
-z 1z -z _ _
g [V W (0 _1> Vi Vil |7 y(l y2>
1 1 z
0 7 1 0 0 Vv ’ .
We therefore identify a point  +iy € H? with the complex structure .J, this

map is equivariant by construction.

Lemma 2.2.4. The natural equivariant map ¢ : H> — J+(R?) is a biholo-

morphic isometry with respect to the natural metrics and complex structures.

Proof. Firstly observe that the equivariance and transitivity of the action
mean that we only have to verify these properties hold at i € H? — Jy €

JT(R?). Now the tangent map, v, at i € H? takes the tangent vector (u,v)

<_“ _U> € Ty, T+ (R?).

—v u

to the matrix
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Therefore

tx 01 (u,v) = tu(—v,u) = ( v —u) ,

—-u —v

) ()0

So that the map is a biholomorphism. To see it is an isometry suppose we

and

have the two tangent vectors (u1,v1) and (ug,vs) at i € H2. With respect

to the standard basis for V}O’O given by

_1(o .0
"= 9\ oz Z@y ’

we can calculate as in lemma (2.2.2) (14 (u1,v1), tx(u2,v2)) to be

_ p(v, Hiv)p(v, Hov)

p*(v, )
Since
—u; —vi\1/9 .0 ,
Hyv = (—z)z—ul—wlv,
<_v1 uy ) 2 \ Oz oy ( )
we see that p(v, Hiv) = —(u1 — iv1)p(v, D) and similarly for the term in Hy,
hence

(bx(ur,v1), L (ug,v2)) = (u1 — v1)(ug + ivy) = urue + v1ve — i(viug — uv2).

But the real part of this is exactly the evaluation of the hyperbolic metric

on the two tangent vectors, as desired. O

Observe that it follows from this lemma that the complex structure ®
on JH(R?) is the one induced by the SLoR equivariant metric, a fact we

had not elicited in the previous section.

2.2.3 Complex structures on surfaces

Let X be a fixed oriented smooth surface of genus 2 or more. We shall always
take ¥ to be closed, that is compact and without boundary though this is
not essential in this current section. Since the genus is greater than one we

have that x(X), the Euler characteristic of ¥, is strictly negative.

24



Definition 2.2.5. An almost complex structure on 3 is a smooth assignment

for each p € ¥ of an automorphism J : T),¥ — T,,3 such that J 2= 1.

Given an almost complex structure .J, the existence of isothermal coordi-
nates guarantees the existence of an atlas for ¥ consisting of complex valued
charts with biholomorphic transition maps, so that (3, J) may be thought of
as a complex curve. For this reason we shall not draw the usual distinction
between almost complex structures on the tangent bundle of ¥ and complex
structures on X in the sense of giving > the structure of a complex curve,
referring to both notions as complex structures.

A complex structure on ¥ induces an orientation by taking {9,, J0,} as
an ordered basis on each tangent plane. We shall only be concerned with
those complex structures J that induce the orientation on ¥ that we fixed
earlier. We denote the set of all complex structures on ¥ compatible with
the fixed orientation [J(X). It is immediate from the definitions that J(X) is
a subset of the space of smooth sections of T*¥ ® T'Y. We shall write (X, J)
to denote the pair consisting of the surface ¥ together with the complex
structure J. When there is no danger of confusion we shall leave the surface
implicit.

The results of the previous section imply that the formal tangent space

at J to the space of complex structures may be identified as:
T;J(X)={H € End(TY) : HJ] = —JH},

and that there is a canonical metric on J () induced by the trace form and
a canonical complex structure ® on J(X) given on the tangent space at J
by multiplication by J.

Now fix a volume form p on ¥ and let P be the principal SLoR bundle
of volume one frames for T'Y.. Since we have an SLyR action on J(R?) we
can construct the associated fibre bundle over ¥ with fibre J+(R?). It is
immediate from the work of the previous section that we have the following
identification:

Pxg . JT(RY) =P xg  H”.

SLoR

We denote the latter bundle by H?. Letting I'(H?) denote the vector space
of smooth sections of the fibre bundle H?, it follows that J(X) = I'(H?).
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Further, using p, we may construct as in the previous sections an iden-
tification
;7 (%) =112 0 T3H%),

where F(T;LOZ‘®T ;I’OZ) is the vector space of smooth quadratic differentials,
smooth sections of the bundle T;I’OZ ® T;I’OZ. This allows us to define a

hermitian metric on J(X), given 0,7 two smooth quadratic differentials in
T;J (%) we define

ho(o,m) = /Z h(o,n)p.

where h is the metric on 3 induced by p and J.

2.2.4 Splitting the tangent space of J(X)

In this section we show that there is a canonical decomposition of the tangent
space of J(X); a result we shall require in the section on Teichmiiller space.
This material is adapted from the presentation in Tromba [27].

Fix a complex structure J € J(X). We know that the volume form p

and complex structure J induce a Riemannian metric g on ¥ defined by:
9(X,Y) = p(X, JY).

In turn this induces a natural L? metric on vector fields on :
)= [ X ¥

We can extend this metric in a natural way to 1,1 tensors, we find that for
Hy,H, eT(T*'ETY),

<H1,H2> = ;/ET‘F(HlHQ)p

When H; and Hs are in T;7(X) this is just the real part of the hermitian
metric h, defined in the previous paragraph .

Now we define an operator:

V:INTYE) - T(T"ETY),
X LxJ

It is immediate that in fact V: ['(TY) — T;J (2).

26



Lemma 2.2.6. The L? adjoint of V is the vector field given in standard

index notation by:

1 9
Vg 07
Proof. Let X be any vector field on ¥,

(H,VX) = % /2 Te(HLxJ)p

1 0

1 Ay . . o .
=- | (H (=7 ) X+ H I, — X" —H]JF — X'
2/2( ’ ((%ckj]) g i3 ok p

_ 1 i 9 4\ vk i 9 s
- 2/E<H (895’“‘]3'))( TRt )P
_ 1 J 9 i mn_li Jj7i) . mn k
=3 /E<H (aﬂj)g N (variz,) g )9ka p
=: ((V'H), X).

]

We would like to use standard material about elliptic operators, applied
to the operator
V'V . T(TY) - T(TY),

to conclude that we can decompose 777 (%) as
T;7 (%) = range(V) @ range(V)*

= range(V) @ ker(V™).

We sketch this material now. Firstly we require that V*V is elliptic, that is it
has invertible symbol, but this is clear from the expression in coordinates (see
[27]). Secondly we have that 7;7 () is not a Hilbert space, however we can
work with the space of sections with any amount of weak differentiability and
use elliptic regularity to conclude the result in the limit of smooth sections.

In conclusion we obtain the following theorem.

Theorem 2.2.7. We may decompose any H € T;J(X) as
H=_L,xJ+ H°,
where X is a vector field on ¥ and H® satisfies V*H? = 0.
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We call a smooth quadratic differential on (3, .J) holomorphic if it is a
holomorphic section of T*19% @ T*1.9%. In local holomorphic coordinates,

a quadratic differential may be written
oc=0dz®dz,

for some function ¢’. Then ¢ is holomorphic if do’ = 0. We denote the

vector space of all holomorphic differentials for a given complex structure J

by Q(J).

Lemma 2.2.8. Let H € T;J(X) and suppose
H € ker(V*),

then the corresponding quadratic differential o is holomorphic.

Proof. Let H € ker(V*) we have immediately that

e oar VI T) g+ G H] ()57 =0

Choosing local conformal coordinates in which g = e%’éij and using the fact

that H is trace free, this simplifies to

% (e%Hij) =0.

However, in these coordinates, the tangent vector H € T; 7 (X) given by

corresponds to the quadratic differential

. (0 0
og = —2ip <5’z’H82> dz @ dz

=¥ (u —iv)dz @ dz.

So the above equation reduces to

0 94 0, 9
P2 (e*Pu) + o (e*%v) =0
0 9 0 9
E (e*Pv) — o (e*%v) =0.
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But these are just the cauchy Riemann equations for the local function
o = e2¢(u —iv),
so that oy is a holomorphic quadratic differential as required. ]

Since we may pair quadratic differentials with tangent vectors using the
hermitian metric, we identify the dual of the space ker(V*) as the space

Q(J) of holomorphic quadratic differentials.

2.2.5 Teichmiiller space

Fix a closed oriented surface ¥ and as in the previous section let J(X) be
the set of complex structures compatible with this orientation. Let Diffy(3)
be the identity component of the diffeomorphism group of . This acts on
J (%) by pullback:

J— ¢*J =¢ o Jo ¢,

The resulting quotient J(X)/Diff((X) is called the Teichmiiller space of ¥

and we denote it 7(X). The following is well known, see for example [27]:

Theorem 2.2.9. The Teichmiiller space T (X) is a smooth manifold of di-
mension —3x ().

We would like to do differential geometry on the Teichmiiller space. If
we let m: J(X) — 7(X) denote the canonical projection map, then we can

identify the tangent space at an equivalence class [J] € 7 (%),

T /T (Z) = 7:{;2 fo)).

Proposition 2.2.10. The cotangent space [J] to T(X) may be identified
with the space of holomorphic quadratic differentials Q(J).

Proof. From the previous section we know we can write any H € T;J (%)
as
H=_LxJ+H,

where V*H? = 0. We also know that we can identify the dual of the subspace

ker(V*) with the space of holomorphic quadratic differentials. Since it is
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obvious that the elements of ker(m,) are precisely those that can be written

as LxJ for some vector field X it follows that
T, T(5) = Q(J).
O

The canonical complex structure on J(3) induces one on Teichmiiller

space.

Theorem 2.2.11 ([27]). The almost complex structure ® on J(X) descends
to Teichmiiller space T (X). The resulting almost complex structure is inte-

grable, thus Teichmiller space is a complex manifold.

There is a canonical hermitian metric, the Weil-Petersson metric, on
7 (X). We shall detail the definition of the Weil-Petersson metric. We need

the following result.

Theorem 2.2.12 (Poincaré). Given a complex structure J there exists a
unique metric g of constant Gauss curvature —1 in the conformal class of

J.

Let [J] be a point of 7(3), we know that T[’}]T(E) can be identified with
the vector space of holomorphic quadratic differentials Q(J). Let g be the
unique metric of Gauss curvature —1 in the conformal class of J provided
by theorem 2.2.12. This metric induces a volume form p, and in conjunction
with J we may then construct the hermitian inner product h, as in section
2.2.3.

Suppose that we had chosen a different representative J' for [J], then
J' = ¢*J for some ¢ € Diffy(X). The unique metric ¢’ of Gauss curvature
—1in J’ is just ¢*g so that

| H@osn = [ e

and hence the pairing descends to Teichmiiller space to give us a hermitian
metric hwp.
The Weil-Petersson metric hywp is the natural one on Teichmiiller space

with its canonical complex structure.

Theorem 2.2.13 ([27]). The Weil-Petersson metric is Kdhler with respect

to the canonical complex structure on Teichmiiller space.
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Chapter 3

In this chapter we discuss the existence of hyperkéhler extensions of Kéhler
manifolds following Feix-Kaledin. We examine in detail the hyperkéahler
extension of the hyperbolic plane as well as presenting an identification of
this with the product of two copies of the hyperbolic plane. We then move
on to consider the hyperkéahler extension of Teichmiiller space and present

its construction by Donaldson.

3.1 Hyperkahler extensions

Let N be a Kdhler manifold. In this section we will present results that show
there exists a canonical hyperkahler extension of N. In addition we exhibit a
particular example, the extension of the hyperbolic plane. A construction of
the author then identifies this hyperkéhler extension of the hyperbolic plane
with the hyperbolic plane crossed with the hyperbolic plane with reversed

orientation.

3.1.1 Results of Feix and Kaledin

In the papers [16], [8] of Feix and Kaledin hyperkahler metrics are con-
structed on neighbourhoods of the zero section in the cotangent bundles of

real analytic Kdhler manifolds. We have the following theorem:

Theorem 3.1.1 (Feix). Let N be a real analytic Kihler manifold. Then
there exists a neighbourhood, N€, of the zero section of the cotangent bundle
on which there is a hyperkdhler metric (g, I, J, K). This metric is compatible

with the canonical holomorphic-symplectic structure we on T*YON in the
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sense that

we = wag + tws.

Furthermore, the S'-action given by scalar multiplication in the fibres is
isometric and the restriction of the hyperkdhler metric to the zero section

induces the original Kdahler metric. This hyperkdhler metric is unique.

3.1.2 The circle action

Let N be a Kéhler manifold, and N€¢ the hyperkéhler thickening inside its
cotangent bundle provided by the Feix theorem. We know we have a circle
action on N€ induced by scalar multiplication in the fibres of the cotangent
bundle. This action is isometric on the fibres and N¢ contains N as the
fixed submanifold of this action. Let X be a vector field generated by this

action.

Lemma 3.1.2 ([13]). The circle action fizes w1 and rotates the wa,ws plane.
Therefore

£Xw1 = O, ﬁXwQ = w3, ﬁXwg = —w2.

Suppose H'(N;R) = 0, since Lxw; = 0 we have a Hamiltonian function
H : N¢ — R vanishing along the fixed set N C N°.

Proposition 3.1.3 ([13]). The Hamiltonian function for the circle action

with respect to the symplectic form wy provides a Kdhler potential for ws,
wy = —2i0;0, H.
Proof. Let Y be a tangent vector to N¢ then,
(X)) (JY) =dH(JY) = (0;H + 0;H)(JY) =i(0;H — d;H)(Y).
On the other hand

L(X)w1)(JY) = w1 (X, JY)
= g(IX,JY)
=g9(KX.,Y)
= ws(X,Y) = (X)) (V).
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Therefore
Z(@JH — EJH) = L(X)cd;;,

and so by taking the exterior derivative of both sides:
Lxws = d(u(X)ws) = —2i0,;0H.

But by the previous lemma this is just —wo implying the desired result. [J

3.1.3 Hyperkahler extension of Hyperbolic space

A basic example of this idea is provided by the Hyperkihler extension of H?,
with its metric of constant curvature —1, inside T*H?. Explicitly, following
Feix [8], we take coordinates z = 2414y on the upper half plane model of H?.
We then have natural coordinates (u, v) on T(’;’y) H? for the 1-form udz+vdy.
We consider the unit disc sub-bundle (with respect to the hyperbolic metric)

D inside T*H? given in these coordinates by

{(z,y,u,v)|z =z +1iy € H?, y(u®+ vz)% < 1}.
We set v := (1 — y?(u? + v2))%, then the Hyperkahler metric is given by:
9= 5+ i)+ (oo — uydy — P du)? + (yude + yody + o).

We have one obvious complex structure, I, induced by the standard complex

structure on H?, that acts on D:

o O = O
o = O O

-1

The other two, which we shall denote by J and K, come from taking as
symplectic forms the real and imaginary parts of the canonical holomorphic

symplectic structure on 7% H?. In these coordinates this symplectic form is

we = wy +iws = (dz +idy) A (du — idv).
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Which leads to

yv yu Y
¥ v v 0 ,
_yu  _Yyv 0 _y
J = Y Y Y
1 0 _yv  yu
y2y v v
1 yu Yyv
0 Y2y v ¥

One can verify by direct calculation that the K = I.J and the quaternionic
identities are satisfied. The complex structures are SLoR equivariant by
construction.

We now construct the Kahler potential for the symplectic form wo by
finding the hamiltonian with respect to w; for the circle action given by

multiplication by i on T*H?2. Consider the action of € on D.
e (x,y,u,v) — (x,y,ucosd + vsind, —usind + vcosh).

This therefore generates the vector field:

d )
X9 = % —o elte(J:?y?uvv)
=6(0,0,v, —u)

Then the exterior derivative of the Hamiltonian function Hy is by definition

the contraction of Xy into the symplectic form w; so,
dHy = 1(Xg)w1
= u(IXp)g
0 0
=—0 (UOU — u@u)
= —3(yu2dy + yv?dy + y*udu + y*vdv)
= 0d~,

using the above expressions for the metric g and the definition of 7. There,
and with the constraint that Hy vanishes on the fixed set of the circle action,
we have that

H9 = 9("}/ — 1).
Observe from the definition of « that this is just a function of the norm in

the T*H? fibres.
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3.1.4 A holomorphic map from D to H? x H?

We construct a map from D to the product H? x H?2, where H? is the
hyperbolic plane with the complex structure —J. It turns out that this map
is holomorphic with respect to the complex structure J on D and the natural

complex structure I := J @ (—J) on H? x H2.

Lemma 3.1.4. There exists a map « : D — H? x H? which is an SLoR
equivariant holomorphic bijection with respect to the complex structure J on

D and the natural complex structure I on H? x H?2.

Proof. Consider the map o : D — H? x H? defined by

« (Zy'w) = (eXpZ(Ifw)b,esz(—If'lU)b),

here exp, : T, H 2 — H?is the exponential map at z, I is the natural complex

structure on the cotangent space,

f = f(lol) = H;Harctanm—nwn),

is a real function of |lw]|, the length of w in the hyperbolic metric, and
we represent by b the natural identification T*H? — TH? induced by the
metric. The SLyR equivariance then follows immediately since the geodesic
through z € H? with initial tangent vector (I fw), is clearly mapped by any
g € SLaR to the geodesic through g(z) € H? with initial tangent vector
g+ ((I fw),) since g is an isometry for the hyperbolic metric.

With respect to the coordinates (z,y,u,v) on D considered above the

map « is given by

vvo oy y?v w)

(X(x’y’u’v):(x_l—yu’l—yu’x 1+yu71+yu

where as before 42 = 1 — y?u? — y?v? = 1 — |Jwl|?.

For a to be J-holomorphic we must have
dao J=1oda.

We verify this by direct calculation, which we simplify using the equivariance

of o and the fact that SLoR acts transitively on cotangent vectors of fixed
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length to reduce to checking it is true at (0, 1,u,0). Here we see that da, J

and I are given as follows:

0 -2 —2 01
S E|
il Y
0o 3 % 0
1 0 1
doe |0 S05T AT O
10 0 =
0 17_(?;5)2 7(11+U) 0
0 -1 0 0
[ 0 ol
0 0 1
0 10

The result follows.

We would like to show that « is injective. Since the map is SLoR
equivariant we may assume «(0,1,u1,0) = «(z,y,us,vy) for some points
(0,1,u1,0), (z,y,u2,v2) € D. Let 73 = 1 — y?u3 — y?v3, then we must have
that:

1+ u 1—ug
<0’ V 1_u1,0, V 1+u1>

( yzvz 72y y2v2 Y2y )
=|\x— , , T+ R .
I —yua 1 —yuz 1+ yuz 1+ yuz

It follows that (z,y, u2,v2) = (0,1, u;,0) and the map is injective as desired.

To prove the surjectivity it is enough, due to the SLoR equivariance, to
show that the map surjects onto {i} x H2 C H? x H2. One may check that
the point (i, % + i) € {i} x H? is the image under o of (z,y, u,v) for:

BG+1)7"

(1+§) yﬁ(f2+(1+@>2>%,
(1-9)§ 7@+ (1+5)) 77,
27(22 + (1+9)>) L.

’y_
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3.2 Hyperkahler extension of Teichmiiller space

In this section we present Donaldson’s construction of the Feix-Kaledin hy-
perkahler extension of Teichmiiller space. This material appears in the paper
[5].

We fix a closed surface ¥ with a volume form p. Let P be the principal
SLoR bundle of volume one frames over Y. Since SLoR acts naturally on
H? it acts naturally on T*H? and hence on D. Therefore we may form
the associated bundle D over ¥ with fibres D. Let I'(D) denote the set of
smooth sections of D. Let s € I'(D). At each point p € ¥ we get a point
s(p) in the fibre D, = D C T*H?. By the results of chapter two we may
therefore identify a section s with the pair (J, o) where J € J(X) and o is
a smooth quadratic differential for the complex structure J.

Let Ty D be the vertical subbundle of the tangent bundle T'D, that is,

the kernel of the canonical projection 7w : TD — 3.

Definition 3.2.1. We define the tangent space at a section s to I'(D) to be

the space of sections of s*Ty D.

To see that this is reasonable let s; : ¥ — D for ¢ € (a,b) some interval
in R, be a family of sections of D. For each point p € ¥ we obtain a map
st(p) : (a,b) — D and moreover the image of this map lies entirely in the
fibre over the point p. Therefore s;(p) defines a tangent vector v(p) at so(p)
to D that lies in Ty D at so(p), i.e. is tangent to the fibre of the bundle
over p. In addition we have that the projection of v(p) to D is so(p) and so
(p,v(p)) lies in the pullback bundle s*Ty D. Since we obtain such a tangent
vector for each p € ¥ we see that tangent vectors at s € I'(D) may certainly

be identified as sections of this bundle.

3.2.1 The hyperkéahler structure on I'(D)

We claim there is a natural hyperkéhler structure on I'(D) induced by that
on D. For each of the symplectic forms w; of the hyperkahler structure on
D we define a two-form Q; on I'(D) as follows. Let &,n € T,I'(D) be two
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tangent vectors at s, the symplectic form w; on D induces a pairing between

these vectors so we may define

i(E,) = /2 wil€,mp.

Lemma 3.2.2. For each i € {1,2,3}, Q; defines a (formal) symplectic

structure on I'(D).

Proof. We need to show that each €; is closed and non-degenerate. We deal

first with closure. Let &, n,7 € TsI'(D), then we have that

d%(&m, 7) = EQn, 7) — nUE, T)+TE )
- Q([éa n]aT) + Q([@T],U) - Q([n77—]a€)

Therefore

4 (€., 7) =¢ /E wii, )P + 1 /E wilE,T)p+ T / wilE,m)p

by

—/Ewi([g,n],r)er/Ewi([é,f],n)p—/Zw([mﬂaﬁ)p-

Since
T/sz'(ﬁ,n)p = /sz'(&n)p,
we have
(6 7) = [ A7)+ msl€m) + rn(6e)
— willE ™) + will€ 7o) — willm 71 ).
Therefore

in(‘Eaan) = /Edwi(éanv’r)p =0,

since the closure of each w; implies the integrand is zero.
Now let us suppose that for & € TsI'(D) we have ;(&,n) = 0 for every 7.
Recalling that we have a complex structure compatible with the symplectic

structure w; on each fibre of the bundle D we can see this would imply that

/E g€, €)p =0,

and hence that & is zero. We conclude that each €); is non-degenerate and

that each defines a symplectic structure on I'(D). O
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The three complex structures I, J, K on D induce three complex struc-
tures on I'(D), we shall also denote these I,.J, K. In conjunction with the
three symplectic forms €2; we then obtain a formal hyperkéahler structure on

['(D), the metric being given by
(&m = /Zg(é,n)p-

3.2.2 The hyperkahler quotient of I'(D)

We now proceed to describe a certain hyperkéhler quotient of I'(D) as con-

structed by Donaldson in [5].

Lemma 3.2.3. The group Ham(X, p) of Hamiltonian symplectomorphisms
of (X, p) acts on I'(D) preserving the hyperkdhler structure.

Proof. Firstly we require that the action of Ham(3, p) preserves the three
Q;. Let ¢ € Ham(X, p) and &,n € T,I'(D). We have that

= / wi(P«E, dxm)p
¥

_ / & (wi(€,m)p)
>

:/wz’(fvﬁ)ﬂz Qil, (§,m)-
>

Here we have used the fact that ¢*p = p to go from line two to line three.
Therefore the symplectic forms are preserved. Similarly the metric is pre-

served, implying the result. O

We might now like to find moment maps for the action of Ham(X, p) and
hope that the natural quotient inherits a hyperkéhler structure from that on
I'(D). However, the spaces under consideration are not finite dimensional
so the results on hyperkéahler reduction from the previous chapter cannot be

applied directly. None the less we have the following result of Donaldson.

Theorem 3.2.4 (Donaldson [5]). There exist three moment maps for the
action of Ham(%, p) on I'(D). The quotient

I'(D)//Ham(X, p)

exists and has the induced hyperkdahler structure.
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We write (g,w1,ws,ws) for the hyperkédhler structure induced on the
quotient. Formally it is constructed in exactly the same way as in the finite
dimensional case, we now illustrate this. Assume that the quotient exists as
a manifold. Denote the zero set of the three moment maps by H*(O), we

assume that this is a submanifold of I'(D). The quotient is
11 (0)/Ham(, p).
To define, for example, any of the symplectic structures w; let
XY € Ty (p'(0)/Ham(, p)) ,

we lift these to any tangent vectors to Hfl(()) at p. In view of our definition
of the tangent space to I'(D) as the sections of the pullback of the vertical
bundle we see that tangent vectors to H_l(O) must be some subset of this
vector space of sections. We have a symplectic structure ; on T,,I'(D) and
we use this to evaluate the symplectic product of the lifted tangent vectors in
T, 1(0). By the definition of moment map, the tangent vectors to the orbit
of p evaluate to zero against those tangent to E_I(O), this allows us to define
a closed skew form w; on the quotient. This form will be non-degenerate
provided the symplectic complement of TpH*I(O) and the tangent space to
the orbit coincide, assuming this is the case we have the desired symplectic
structure. The existence of the Kéahler structure for each w; also proceeds
formally as in the finite dimensional case.

In fact Donaldson shows that we may define a hyperkahler structure on
the quotient of a subset A of I'(D) by the group Symp,(X, p) which is the
identity component of the group of symplectomorphisms of (3, p). The set
A is essentially the zero set of the moment map of theorem 3.2.4. This is the
quotient by a larger set of diffeomorphisms of ¥, the hyperkéahler structure
is induced by that on the hyperkéhler quotient I'(D)///Ham(3, p) above.

In order to describe this set we fix conventions. Let us assume that we

have scaled p so that
2 / p =2mx(2).
b
Definition 3.2.5. Let A be the set of pairs (J, o) such that o is a holomor-
phic quadratic differential, ||, < 1 and

1
K, + EAlog(l +4/1—1o]2) = —2.

40



Here K, is the Gaussian curvature of the metric induced by J and p,

and |o|, denotes the norm of ¢ in this metric.

Theorem 3.2.6 (Donaldson [5]). The quotient N := A/Sympy(X) has a

hyperkdhler structure.

3.2.3 The moduli space M

In order to interpret the moduli space N described in the previous section,
we follow Donaldson in [5] and recast it in terms more amenable to geometric

analysis.

Definition 3.2.7. Let B be the set of pairs (g,0) such that g is a metric

on ¥, o is a holomorphic quadratic differential with |o|, < 1 and
K, + |0|§ =-1.
Define M := B/Diff((X).

Theorem 3.2.8. There is a bijection N — M. This bijection is induced by
the map A — B defined by

(J,0) — ((1 +4/1— |a|§)g,a) :

The proof of this falls into two parts, one algebraic in nature and the
other a piece of differential geometry. Firstly, let A’ denote the set of pairs
(9,0) where g is a metric on ¥ and o is a holomorphic quadratic differential
with respect to the complex structure defined by the conformal class of ¢

and (g, o) satisfy the equation

1
K, + iAlog(l +4/(1—|o]2)) = —2.

N := A’ /Diffo(%).

Define the space

We prove that the obvious injection induces a formal diffeomorphism N —
N’. Secondly we define a diffeomorphism from A’ to the space M, this is
induced by the map A" — B defined by

(J.o) = (14 /1= oB)g.0).

41



We address the first point. We require some preliminary results from

symplectic geometry.

Theorem 3.2.9 (Moser’s stability theorem [20]). Let M be a closed man-
ifold and suppose wy is a smooth family of cohomologous symplectic forms
on M. Then there is a family of diffeomorphisms vy of M such that

Yo = id, Vi wp = wo.

This is the principal tool in the proof of the first part of theorem 3.2.8,

and also in the proof of the following technical result.

Proposition 3.2.10. Suppose we have a symplectomorphism, ¢, of (X,w).
Then if ¢ is isotopic to the identity through diffeomorphisms it is isotopic
to the identity through symplectomorphisms. That is,

Symp, (2, w) = Diffo(X) N Symp(E, w).

Proof. Let ¢ be as in the statement of the theorem. Hence there exists
a family, ¢;, of diffeomorphisms connecting ¢ to the identity, say ¢g =
id, ¢1 = ¢. This generates a loop in the space of symplectic forms on
Y by the prescription w; := ¢jw. On a surface the space of symplectic
forms compatible with a fixed orientation is convex and we can construct

an explicit homopy between the loop w; and the form w by
H(s,t) = (1 — s)w + swy. s,t €[0,1].

Then for each fixed t, Hy := H(s,t) is a cohomologous family of symplec-
tic forms, and hence by Moser’s theorem there exists some family ¢ of

diffeomorphisms such that 1§ = id and (¢%)*Hs = Hy. In particular
(V1) Hy = (¥))"wy = w.
Now consider the family of diffeomorphisms 6; defined by
Or = 0 V.
We see that 6y = id, 6; = ¢ and that
fw=(¢ro))'w = (¥1)'wr = w.

Therefore the family 6; provides a family of symplectomorphisms connecting

¢ to the identity and the result is proved. O
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Proposition 3.2.11. Let (p, J,0) be a triple where p is a volume form on %,
J is a complex structure on ¥ and o is a holomorphic quadratic differential

with respect to J. Suppose (p,J, o) satisfy:
1
K;+ 5Alog(l +4/1-1ol?) = -2,

where the metric § is induced by p and J. Then there exists ¢ € Diffy(X)
such that the pair (¢*J, ¢* o) satisfies

1
K, + iAlog(l +4/1— |¢*a|§) = -2,
where the metric g is now that induced by ¢*J and our previously fired
volume form p. Further this diffeomorphism is unique up to an element of
Sympy(%, p).

Proof. Since we are on a surface we know that H2,(3,R) = R, hence for

some a € R and 7 € Q}(X),
p—p=ap+dr.
Integrating this expression over ¥ we see that a = 0. Define:
pe:=p+(1—=t)dr

For each t these forms are pointwise non-degenerate because the second
exterior power of the cotangent bundle has rank one. Therefore we have a
smooth family of cohomologous symplectic forms. Using Moser’s theorem
we can conclude that there exists a family of diffeomorphisms ¢; : ¥ — X
such that ¢g = id and
bip=p Vel 1.

Moreover it is clear that the pair (¢7.J, o) satisfies the desired equation.

For the partial uniqueness suppose there were two diffeomorphisms ¢, 1

such that

then
V(o) e =p,
which implies the two diffeomorphisms differ by a symplectomorphism of

(3, p). We see that this is an element of Sympg (X, p) by appealing to propo-
sition 3.2.10. O
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Corollary 3.2.12. The canonical injection A — A’ induces a diffeomor-
phism
N =N

Proof. The map (J,0) — (g,0), where we write g; for the metric induced

by p and J, descends to a well defined map
A/Sympy (2, p) — A'/Diffo ().

Now let (g,0) € A’, proposition 3.2.11 tells us precisely that there exists a
¢ € Diffy(2) such that the pair (¢*J,¢*0) € A. Hence the canonical map
is a surjection. Since we know that the diffeomorphism ¢ is unique upto
an element of Symp, (X, p) we obtain that the map is also injective and the

result is proved. O

This completes the necessary work for the first part of the proof of the-
orem 3.2.8. We turn our attention to the second part which is a calculation

contained in [5].

Lemma 3.2.13 ([5]). The map

(9.0) = (@ + /1= IoR)g.0) .

is a diffeomorphism A’ — B.

Proof. To see this, let (g,0) € A" and define

F:=1+,/1-]0l2

Write § = Fg so the map is given by (g,0) — (g,0). We can calculate the

Gauss curvature of the metric g to be

1

1
AglogF + FKg'

But since (g,0) € A’ this reduces to

2

Ky=——.

g F
We know from its definition that

(F=1)*=1~|ofg,
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so that
F? =2F — |o?.

We then have the following

2
Ky +|ol} = =T o2

_ 2 ofg
- F  F?
= —1,

so that the pair (¢,0) € B. The map is a bijection because ||y < 1 and the

map
x

141 — 22

is a bijection from [0, 1) to itself. O

X —

We return to the proof of theorem 3.2.8.

proof of theorem 3.2.8. This is now just a question of fitting the above pieces
together. We know from corollary 3.2.12 that A/ = A/, then lemma 3.2.13
induces a diffeomorphism N’ — M proving the result. The above proofs

exhibit that the map A — B is of the stated form. O

We may summarise the various relationships between the spaces in the

following commutative diagram:

A—— N =, B
I
N =5 N — M

We therefore have a hyperkéhler structure on the space M induced by
that on A and the identifications above. We write (hyk, I, J, K) for the
hyperkahler quadruple on M.

3.2.4 Teichmiiller space and M

Consider the space T* 7 (X), it follows from the work of the previous chapter

that there is a canonical map
B—T*"J(%),
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given by taking the pair (g,o) to the pair (J,0) where J is the conformal
class generated by J. It will turn out from work of the next chapter that this

map is in fact an injection. However for now we can only say the following;:

Proposition 3.2.14. We can identify J (%) with the subset of B defined by
{(g,0) € B}. This descends to the quotient to define a canonical injection:

L:T(X) — M.

Proof. Let J € J(¥), by Poincarés theorem, there exists a unique metric
g in the conformal class of J with Gauss curvature —1. This allows us to
define a map J(X) — B by J +— (g,0). This map is surjective since we
may take (g,0) to the conformal class J defined by g. The descent to the

quotient is obvious. ]

Next we obtain a result about the restriction of the hyperkihler metric

to the subset defined by the Teichmiiller space as above.

Proposition 3.2.15. The restriction of the hyperkdhler metric on M to

Teichmdiller space is the Weil-Petersson metric hwp:
t*hak = hwp.

Proof. Given a class in M there exists a unique class [(J,0)] € N such that
the image of [(J,0)] is our chosen point in M. We know from the above
that we can choose to represent the class as [(g,0)] € M where the metric
g induces our fixed volume form p. Given a pair of (co)tangent vectors

&ne TMO]N we know that the metric is given by:

(&m) = /Eﬁ(fm)p,

where now h is the metric on the vertical tangent bundle of the fibre bundle
D induced by the hyperkihler metric h on D C T*H?. But we are restricting
to tangent vectors to 7 (X) C M and since we are in N/ we must have g has
constant curvature —2 so the metric is just (up to scale) the Weil-Petersson

metric as required. O

46



Chapter 4

In this chapter we consider the defining equations for the moduli space M
constructed in the previous chapter. This requires analysis of a certain non-
linear partial differential equation. We obtain results about the existence
and uniqueness of solutions to this partial differential equation. This enables
us to conclude that the moduli space M is embedded in the cotangent bundle
of Teichmiiller space and to determine certain explicit subsets of M in terms
of the cotangent bundle 7*7 (X). In addition we can deduce that M is the

Feix-Kaledin extension of Teichmiiller space.

4.1 The Gauss equation

Let 3 be our fixed closed surface of genus greater than one. Suppose we have
a complex structure J on Y. We can think of the complex structure J on X
as a conformal equivalence class of metrics. Given a holomorphic quadratic
differential o on ¥ we would like to know when there exists a metric g € J
such that:

Kg+|ol2 = -1, (4.1)
where K|, is the Gaussian curvature of the metric g, and |o|, is the norm of
o in this metric. Furthermore, if such a metric exists under what conditions
we might find it unique. We call solutions g of equation (4.1) solutions of
the Gauss equation.

Analysis of the solutions to the Gauss equation turns out to be related to
previous work by Kazdan and Warner [17]. We shall use standard methods

in the analysis of elliptic partial differential equations as expounded in eg
[9]-
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We now recall standard facts from the study of analysis on surfaces.
Given a surface Y of genus greater than one, with a metric g; we can repre-

sent g in local conformal coordinates:
g =¥ (dz® + dy?).

In these coordinates the Laplacian on functions induced by g is,

Ag = e72(;5Aeucu

where Aeyc is the normal Euclidean Laplacian:
02 02

Aeuc = 02 + Gk

It should be noted that we are therefore using an “analysts’ Laplacian”
which differs from the “geometers” model by a factor of —1. Given a metric
g represented in local conformal coordinates by g = e??(dx? +dy?) its Gauss
curvature is given by:
Ky, =—-Ag40.

Recall from chapter one the theorem of Poincaré that given a conformal class
J of metrics on ¥ (equivalently a complex structure) there exists a unique
metric in this conformal class whose Gauss curvature is —1. In what follows
we shall always denote by g the metric on 3 of constant Gauss curvature —1.
We let p be the volume form of this metric, A the Laplacian with respect
to this metric, and |o| the norm of o with respect to this metric. Writing in

local conformal coordinates g := e??(dx? 4 dy?) we therefore have:

Ky=—-Ap=—1.

4.1.1 The local equation

We shall attempt to find a solution to equation (4.1) by deforming the
hyperbolic metric on ¥ inside its conformal class. Explicitly, we would like
to find a u € C°°(3) such that the metric ¢’ := e*g satisfies (4.1). In local

conformal coordinates we have

Kg/ = —Ag/(u + Qb)
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Therefore in order to satisfy equation (4.1) we must have

1 jof?

which leads us to the non linear partial differential equation for w:

X (Au+1) — et — o2 =0. (4.2)
Lemma 4.1.1. Given a solution u of (4.2) we have:
o Au+12>2|0|.
o 4 <0, e?* < 1.
o [slolp < —mx(%),
where we write x(X) for the Euler characteristic of X.
Proof. The first assertion follows immediately from re-writing (4.2) as:
Au+1=(e"—e o)) +2|0].
To prove the second observe that
Au+1—e* =e g > 0.

At a maximum of © we have Au < 0, which implies e** < 1 at a maximum
of u and hence everywhere.
The third follows from integrating the first over X and the fact that since

p is the volume form for the metric of constant Gauss curvature —1 we have

/Z p = —27x(%).

by Gauss-Bonnet:

4.1.2 Solutions with |o|, <1

This is the class of solutions we are most interested in. In view of the fact
that ¢’ = e?“g we see that || < e?" is equivalent to the condition that the
size of the holomorphic quadratic differential o in the rescaled metric is less

than one pointwise.
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Definition 4.1.2. We define C to be the set of holomorphic quadratic dif-
ferentials o on ¥ that satisfy |o| < 1.
We define D to be the set of holomorphic quadratic differentials o on %

such that there exists a solution u of
U Au+1) — e — o> =0
and moreover the solution satisfies the pointwise estimate |o| < e?“.

Observe that if ¢ € D then the pair (e?“g,o) € B where B is as defined
in the last chapter.
Suppose we have a o € D, in view of lemma (4.1.1) we must have that

|o| < 1 and hence o € C. This gives us immediately
DCC.

Determining exactly what defines the subset D is a question of consider-
able interest. The answer would lead to an explicit description of the moduli
space M as a subset of the cotangent bundle of Teichmiiller space, which
we do not currently possess.

Uniqueness of solutions

Proposition 4.1.3. Suppose o € D, and let u be a solution of
U Au+1) —e™ — o> =0
satisfying |o| < e®* on ¥ then this is the unique solution with this property.

Proof. Suppose we have two solutions u; and us satisfying the hypothesis

of the proposition. Then their difference w = u; — uo satisfies:

Aw — e?"2(e?% — 1) —e 22(e72% — 1)|0|* =0

= Aw — €22 (e — 1)(1 — e 2We 42 |g|?) = 0.

Since 3 is compact and w is continuous, w attains its bounds on X. At

the maximum of w we have that Aw < 0 so that,
eng(eQw _ 1)(1 . 672w674u2’0_’2) <0.
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If (¥ — 1) > 0 we must have
(1 _ €—2w6—4u2|0_‘2) < 0
= 2 < emt2|g)2,

But this is not possible since by hypothesis |o| < e?“2. Hence e?¥ < 1 at the
maximum of w and hence everywhere on Y. This implies u; < uo everywhere
on Y. By symmetry we must have the same argument for & = us — uq,
concluding that us < wu; everywhere on Y. Hence we have the desired

uniqueness. ]

Existence of solutions

We shall show that there exist solutions to the equation (4.2) under the
additional hypothesis that
1

< —.
supgfo] < 5

We do this by solving a slightly more general problem and applying the
results to the present case. Firstly we need to establish some a priori esti-

martes:

Lemma 4.1.4. Let v € L% be such that 1 > 0. Suppose u € L3 solves
e (Au+1) — et =1,

with ||e=41)||co < 1 then

1 2
— < e <.
9 e

Proof. The first inequality comes from observing that if ¢ > 0 then
Au+1—e*>0.

At a maximum of u we have Au < 0, which implies e** < 1 at a maximum
of u and hence everywhere. We obtain the second by using the fact that
le=*1]|co < 1 so that,

Au+1 < 2e*

At a minimum of v we have Au > 0, which implies

1

2u

e > —
-2

at a minimum of v and hence everywhere. O
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Lemma 4.1.5. Let ¢ € Li with k > 2 and let u € L% solve
e (Au+ 1) — et = 4.
Then u € Li+2.

Proof. For | > 2 analytic operations map Ll2 — Ll2, hence
Au=e* +e 24 —1

is in L3. Note that this is true because we are in two dimensions. The

Sobolev inequality
lullzg < e (1 aullg + llul .2 )

then ensures u € L3. Iterating this argument gives the result. O

Theorem 4.1.6. Let X be a closed oriented surface of genus greater than
one. If 1 € L3 satisfies
Y >0,
1
1

then there exists a solution u € L2 to the equation

[¥llco <

2 (Au+1)—e' =19 (4.3)
satisfying ||e~*“p||co < 1.

Proof. We follow a continuity method. Let S denote the functions ¢ € L3
satisfying ¢ > 0, [|¢]|co < 0.25. It is immediate that S is convex and hence
connected. Let S’ C S be the subset of S for which (4.3) has a solution
u € LZ. We shall show that S’ is both open and closed in S with respect to
the induced L2 topology.

S’ is open:
We consider the map F : L2 — L3 defined by
F(u) = e*(Au+1) — '
The derivative of F' at u is given by

DF,(¢) = e®(A¢ — 2¢**(1 — e~ ") ).
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This linear operator is elliptic and self-adjoint. If ¢y € S’ and wu is the

associated solution, then hypothesis the operator

¢ Ap — 2 (1 — e M) g,

is strictly negative, so we conclude that DF, has no kernel. Hence by
the Fredholm alternative DF, is an isomorphism L2 — L2. The inverse
function theorem in Banach spaces then ensures that each point ¢ € S’ has

a neighbourhood on which F' is invertible, thus S’ is open.

S’ is closed:
Take a sequence 1, € S’ converging in L3 to some ¢ € S. We need to
show that 1 € S’. Let u,, € L? solve,

eXn (Auy, 4 1) — e = qp,,.

Since v, converges in L% we must have that ||1,|| 72 is bounded. The Sobolev
embedding theorem gives L — C° for k > 2. Hence u,, € C°. From (4.1.4)
we have a priori bounds:

1 2u
- < "<1,
5 e

thus ||e%"||co and hence |Ju,|/co are bounded. This implies ||e?n

||L2 and

||tun |2 are bounded. Since
Au, = e 2, 4 e2un — 1,
we establish that Aw, is bounded in L?. The Sobolev inequality
lunllps < e (1Aun L2 + llunl2)

for some constant ¢, then ensures that u, € L3. Since we know 1, € L3
we may essentially repeat the above argument to obtain that Awu,, € L3 and

hence using the Sobolev inequality

lunllzg < ¢ (| Aunllzg + a2 )

we conclude that u,, € L3. Using the Rellich lemma we have that L3 — C?

compactly. Hence u, has a C? convergent subsequence, u,, — u € C?. From
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the Sobolev embedding theorem we know that 1, — 1 in C°. Thus v is a
C? solution of
2 (Au+1) — et =1,

By the regularity lemma (4.1.5) we have that u € L3.
We know that

1
4u
>
etz
and by hypothesis,
1
< -,
llen < -
hence we have ||e“1)||co < 1 as desired. O

It should be observed that the condition

1

Illoo < 3.

is key to this proof to work with the estimate ||e™*“1)||c0 < 1 holding,
otherwise it is certainly possible that at some point e~ 4%) = 1.

We now apply this to the situation we have been considering.

Theorem 4.1.7. Let 3 be a closed oriented surface of genus greater than

one. Let o be a holomorphic quadratic differential satisfying

|’<1
supy|o| < =.
P 2

Then there exists a unique solution u € C™ to the equation
U (Au+1) — e = |o)?,
satisfying o] < e”2% on X.

Proof. Since ¢ is holomorphic we have that |o| € C°°. Setting 1 = |o|? and
using theorem 4.1.6 we obtain a solution u € L3. Since |o| € C* we see
lo|? € L% for every k, applying the regularity lemma 4.1.5 gives u € C'°.

Uniqueness follows from 4.1.3. O
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4.2 The map M — T*7T (%)
Recall from the last chapter that we have a map
B—T*"J(%),

given by mapping the pair (g, o) to the pair (J, o) where J is the conformal
class of g. In view of the uniqueness theorem 4.1.3 we see that this map is in
fact injective as suggested earlier. Since for a point (g, o) € B the quadratic

differential ¢ is holomorphic we may construct a natural map
B/Diffy(X) = M — T*T (%),
so we have the following theorem:

Theorem 4.2.1. The moduli space M is embedded in the cotangent bundle

of Teichmiiller space.

The existence statement of theorem 4.1.7 allows us to identify a certain
subset of the cotangent bundle of Teichmiiller space that must be contained

in the image of the moduli space M.

Proposition 4.2.2. The subset of T*7T (X) defined by those holomorphic
quadratic differentials satisfying the pointwise size estimate

1

‘0—’ < 57

is contained in the moduli space M. Recall that here |o| is the size of o in

the metric of constant scalar curvature —1.

We now consider some properties of the embedding of M in the cotangent

bundle of Teichmiiller space.

Proposition 4.2.3. The injection M — T*T(X) is a holomorphic map
from (M, I) to the cotangent bundle with the complex structure coming from

the canonical complex structure on Teichmiiller space.

Proof. The complex structure I on M is that induced by the complex struc-
ture I on the hyperkéahler extension on the hyperbolic plane. Since we have

the holomorphic identification
I'(D)=T"J(%),
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and the complex structure on the cotangent bundle of Teichmiiller space is
that induced by the structure I on T*7(X) the result follows. O

Proposition 4.2.4. The restriction of the canonical holomorphic symplectic
structure on T*T (X) to the subset defined by M coincides with the holomor-
phic symplectic structure on M defined since M is derived from a symplectic

reduction of a cotangent bundle.

Proof. We need to use the infinite dimensional analogue of the theorem
about the reduction of cotangent bundles from chapter two, proceeding for-
mally at the level of tangent spaces we then have the following commutative

diagram:
A — T*JX) —— J (%)
A/Sympy(E,p) —— T*T(E)) —— J(E)/Difl(X) = T(L).

where the map 7 is injective. Applying the earlier theorem in this situation

gives the result. O

We can use these propositions together with results of the last chapter
to conclude that the moduli space M with the hyperkahler structure con-
structed in the previous chapter is in fact the Feix-Kaledin extension of the

Weil-Petersson metric on Teichmiiller space.

Theorem 4.2.5. The moduli space M is the Feix-Kaledin hyperkdhler ex-

tension of the Weil-Petersson metric.
Proof. We need to show that:

e the metric on M restricts to the Weil-Petersson metric on Teichmiiller

space 7(X) C M,

e the canonical holomorphic symplectic structure on 7%7 (3) is compat-
ible with the form Qs + Q3 on M,

e the circle action on 7*7 (X) given by multiplication by 7 preserves the

metric.
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The first point was dealt with in the last chapter, whilst the second is the
result of the previous proposition. The circle action induced from I on M
coincides with that from the complex structure on 7 (X). Since multiplica-
tion by i on D C T* H? preserves the metric on D, and the complex structure
I on M is the one induced by multiplication by ¢ on D, the circle action on

M from [ preserves the metric on M. O
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Chapter 5

In this chapter we define the representation variety associated to the surface
>} and the Lie group PSLoC. This has a canonical holomorphic-symplectic
structure and we present a result about the restriction of this holomor-
phic symplectic structure to the real subspace of PSLoR representations;
Teichmiiller space. Next we identify a certain subset of the representation
variety, the quasi-Fuchsian space. We proceed to define a map from the

moduli space M into the quasi-Fuchsian space and discuss its properties.

5.1 Deformation spaces of representations

Let 71(X) be the fundamental group of our fixed surface ¥. Denote the set
of all representations 6 : 71(3) — PSLoC of the fundamental group of ¥
into the Lie group PSLyC, Hom(7(X), PSLeC). There is a natural action
of PSLoC on Hom(71(X), PSLoC) given by conjugating representations, g :

0 +— ghg~ 1.

Definition 5.1.1. The representation variety is defined to be the quotient
HOHI(7T1 (E), PSLQ(C)/PSLQ(C

We shall be concerned only with that subset of the representation variety
that is a smooth manifold, we shall denote this subset V(X), it is a complex
manifold of dimension —3x(3)[10]. It is a result of Goldman [10] that V()
has a canonical holomorphic-symplectic structure induced by the standard

trace form Tr on PSLyC.
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5.1.1 Fuchsian and quasi-Fuchsian groups and their defor-

mation spaces

Definition 5.1.2. We now recall some standard facts about discrete groups
of Mobius transformations, see for example [4], [18], [12]. Let G be a dis-
crete group of Mobius transformations acting properly discontinuously on
a non-trivial subset of CP'. We define the region of discontinuity of G to
be the maximal subset of CP!' on which the action is properly discontinu-
ous. We define the limit set C' of G to be the complement of the region of

discontinuity.

We call a subset of CP! a circle if it is a great circle of CP' thought of

as a sphere.

Definition 5.1.3. A Fuchsian group is a discrete group of Md&bius trans-
formations whose limit set is a circle. A quasi-Fuchsian group is a discrete

group of Mdbius transformations whose limit set is a Jordan curve.

If G is Fuchsian, then we may find a Mobius transformation mapping its
limit set to the real line RP' ¢ CP?', showing that G is conjugate in PSLoC
to a discrete group of Mobius transformations that fix the upper and lower
half planes that is it is conjugate in PSLsC to a subgroup of PSLsR.

Suppose that G is a quasi-Fuchsian group and let C' be its limit set. Now
G acts properly discontinuously on the complement of C' in CP!, indeed the
complement of C' in CP! falls into two G invariant connected components

'™ and I'" and the quotient
(CP\C)/G =Tt /GUT /G,

is the disjoint union of two homeomorphic Riemann surfaces,
¥ :=T7/G, Y:=T7/G.

We say that the group G represents the pair X1, 3s. If G were Fuchsian
then in fact the quotient

(CPN\C)/G=%,0%y,

the disjoint union of the Riemann surface ¥ ; and that obtained by taking

the conjugate complex structure X ;.
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The quasi-Fuchsian group G acts properly discontinuously on the hy-
perbolic three space H? and the quotient H3/G is a hyperbolic 3-manifold
M. We call the hyperbolic three manifolds obtained by quotienting H? by a
quasi-Fuchsian group quasi-Fuchsian manifolds. The two Riemann surfaces
obtained as the quotient of CP\C then arise from the action of G on the
sphere at infinity in H3 where we have a conformal but not a metric struc-
ture. It is a result of Marden [19] that the manifold M is topologically ¥ x R
so we may think of M as a hyperbolic cobordism between the two Riemann
surfaces.

These two classes of subgroup of PSLsC allows us to consider two subsets
of the representation variety. Let R(X) be the subset of Hom(7;(X), PSL2C)
consisting of those representations 6 whose image 6(71(X)) is Fuchsian, and
Q(X) those whose image is quasi-Fuchsian. It is immediate that R(X) C
o(%).

Definition 5.1.4. The Fuchsian deformation space F(X) is the quotient of
R(X) by the conjugation action of PSLyC. The quasi-Fuchsian deformation
space QF (X) is the quotient of Q(X) by the conjugation action of PSLsC.

It is immediate from these definitions that both the Fuchsian and quasi-
Fuchsian deformation spaces are subsets of the representation variety, and in
addition that F(X) C QF(X). In addition we have that the quasi-Fuchsian
deformation space is a —3x(X) complex submanifold of the representation

variety [11].

5.1.2 Uniformisation; the Fuchsian deformation space

The uniformisation theorem for Riemann surfaces tells us that any such can
be expressed as the quotient of the hyperbolic plane by the action of a group

of real Mobius transformations.

Theorem 5.1.5 (Uniformisation). Given a Riemann surface ¥ there exists

a discrete subgroup G of PSLoR such that:
;= H?/G.

Using this theorem we shall identify the Teichmiiller space of the surface

> in our current context of group representations. We fix a realisation of our
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surface ¥ as the quotient H?/mi(X) where we are not concerned with the
complex structure this induces on ¥ in this instance. Given any (discrete,

faithful) representation
0y :m(X) — PSLaR,

write 6 for the image of 7 (X). We have the following commutative diagram

g2 L g

l l

s —L m2/,,

where f is a homeomorphism from ¥ onto the Riemann surface H?/ 6 given

by the map
[Z]Wl(Z) = [Z]éja

and f is the lift of f to the covering space. In view of this we define a
complex structure on ¥ by pulling back the complex structure on H?/ 0 7,

we write Xy to denote the resulting Riemann surface.

Proposition 5.1.6. The Fuchsian deformation space of the surface ¥ is

homeomorphic to its Teichmiiller space,
FX)=2T(X).

Proof. Let [0] € F(X) and choose any 0g € [0] consisting of real M&bius
transformations. We define the map F(3) — 7(X) as that induced by tak-
ing the equivalence class [f] to the equivalence class of the complex structure
on Y induced by H?/0g(m1(X)). We need to see that this map is well defined
and bijective.

To see it is well-defined suppose we have two real representations 61, 62 €
[0]. So there exists an h € PSLyC such that 3 = hf1h~!. Since the map
CP! — CP! given by z — hz must map the limit set of 6, onto that of 6,
we see that h € PSLyR. Hence h induces a conformal map H? — H? by

mapping z — hz. Since

hoy2 = hé1h~ hz = Oyhz,
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this therefore maps orbits of 91 onto those of 92 and hence descends to a
conformal map

h:H?/0; — H?/6,.
In addition we have the isomorphism

Mo él - é27
g — hgh_1

0 1(01(7)) = O2() for any 5 € m (%)
We have, for i € {1,2}, homeomorphisms

fi: X —>H2/9AZ-,

given by the obvious projections. These define a necessarily conformal map
¢: Y1 — Yo by
¢:=faohofi!

as in the following commutative diagram:
H?/6, S /05

f;ll f;ll

¢

Yy — 3.

Now ¢ induces a map ¢, on the fundamental group of ¥ and

$+(7) = fruohuo f,
=fb20p06; ()
:’y.

But then ¢ induces the same isomorphism on 71 (%) as the identity map on
Y. Since we have ¥ = H?/m(X) we can construct a homotopy equivalence
between the two diffeomorphisms of ¥ (see for example [18]). Hence ¢ €
Diffy(X) and therefore the two complex structures from 6; and 62 define the
same point of Teichmiiller space.

Let ¥; and X9 be the Riemann surfaces (3, J;) and (X, Jo) for Jy, Js €
J(X). Suppose ¥; and X9 are uniformised by the Fuchsian groups G and

G5 respectively. Further suppose they are conformally equivalent by a map
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¢ homotopic to the identity, thus [J;] = [J2] € T(X). Since the surfaces
are conformally equivalent we can lift this map to a conformal map on the
covering space H?. This must then be a Mobius transformation represented

by an element h € PSLoR. This induces a map:

u:G1 — Go
g»—>hgh_1.

Now ¢y, the induced map on the fundamental group, must be the iden-

tity. Hence using the commutative diagram:

m(®) 2 (D)
oll QQl
G 2 Gy

we have,

h™105h = 6.

So the representations are conjugate and we have injectvity.
That the map is surjective follows immediately from the uniformisation

theorem. ]

5.1.3 Simultaneous uniformisation; the quasi-Fuchsian de-

formation space

We have identifed the Fuchsian deformation space of representations as an
object we are already familiar with. Results of Bers’ ([1], [2], [3]) enable
us to do the same with the quasi-Fuchsian deformation space using the so

called simultaneous uniformisation theorem.

Theorem 5.1.7 (Bers). Given a pair of Riemann surfaces ¥1,%9 and a
homotopy class [f] of orientation-reversing homeomorphisms between them,
there exists a quasi-Fuchsian group representing these surfaces and this class.

The group is determined uniquely up to conjugation in PSLyC.

As a corollary of this theorem we identify the quasi-Fuchsian deformation
space as a smooth manifold with the product of two copies of Teichmiiller
space:

TE)xT(X)=QF(%).
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Secondly we may identify the complex structure on QF(X) with the natural

one on the product of the Teichmiiller spaces:

Theorem 5.1.8 (Bers). The natural map induced by simultaneous uniformi-

sation is a biholomorphism
T(E)xT(X) - QF(Y).

Now it is clear that there is a canonical embedding of the Teichmiiller

space into the quasi-Fuchsian deformation space given by the diagonal map,

T(X)—>T(X)xT(X%).
This embeds Teichmiiller space as a —3x (%) dimensional real submanifold
of the complex manifold QF (). Consideration of the quotient (CP'\C)/G

for G a Fuchsian group implies that the following diagram commutes:

T(8) —— T(2) x T(D),

where we have written ¢ for the obvious injections.

The canonical holomorphic symplectic structure [10] on the representa-
tion variety restricts to give one on the submanifold QF (X)), remarkably it
also restricts to give a symplectic structure on the real submanifold given

by the Fuchsian deformation space.

Theorem 5.1.9 (Goldman [11]). The holomorphic symplectic structure on
the PSLoC representation variety restricts to a symplectic structure on the
Fuchsian deformation space. This resulting symplectic form is the Kdhler
form for the Weil-Petersson metric under the identification with Teichmdller

space.

Note that the holomorphic symplectic structure on the PSLsC represen-
tation variety is a complex form, its imaginary part restricts to zero on the

Fuchsian deformation space.
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5.2 Embedding M in the quasi-Fuchsian deforma-

tion space

In this section we construct a map from the moduli space constructed in
chapter two to the quasi-Fuchsian space introduced above. We show that
this map embeds M as an open set in QF(X). Thus we obtain a hyperkéhler
structure on an open subset of the quasi-Fuchsian deformation space. In
addition we show that the map (M, J) — (QF(X), I) is holomorphic where

I is the natural complex structure on the quasi-Fuchsian deformation space.

5.2.1 Quasi-Fuchsian three manifolds

Let X be a fixed closed surface. In this section we construct a Riemannian
3-manifold M, ;) associated to any pair (g,0) where g is a metric on ¥ and
o is a smooth quadratic differential with |0, < 1. We show that there is
a natural embedding 3 — M, ) that is a minimal isometric immersion.

Under the additional constraint that ¢ is holomorphic and
Ky + o = —1,

we find that the M(

essentially an elucidation of the work of Uhlenbeck in [28].

g,0) 18 a quasi-Fuchsian hyperbolic 3-manifold. This is

Let (g,0) be a pair consisting of a metric g and a smooth quadratic

differential o satisfying |o| < 1.

Lemma 5.2.1. The quadratic differential o induces a smooth, symmetric,

trace-free bilinear form h on the real tangent bundle to 3.

Proof. Let X,Y € TrY, then since TgY = T1O9% we may consider their
images X,Y in TH%. Clearly O'(X, }7) € C, and we define

h(X,Y) := Re(o(X,Y)).

The symmetry and smoothness properties follow immediately from the fact
that o is a smooth quadratic differential on Y. To see that it is trace free

let X € TrY, then {X, JX} span TrY, where of course J is the complex
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structure induced by g. Now:
hJX,JX) =Re(c(JX,JX))
= Re(o(iX,iX))
= —Re(0(X, X))
= —h(X, X).
But then we must have that the symmetric form h is trace free. O

Now we define M, ) topologically as the product ¥ x R, and equip it

with a symmetric bilinear form

A = dt? + (cosh?t + \a|gsinh2t)g — (2coshtsinht)h,
where we take t as a global coordinate in the R direction.
Lemma 5.2.2. The form A gives M, ) a Riemannian structure.

Proof. We need to show that A is non-degenerate on M, . Take local
conformal coordinates on ¥ so that g = e2?(dz? +dy?). In these coordinates
we write 0 = (a + i3)dz ® dz, so that h = adz? — 2Bdxdy — ady?. We find

that in the coordinates (z,y,t) the metric A is represented by the matrix

1 0
Aij = (0 e2¢A2>’

where the 2 x 2 matrix A is defined as

4 cosht + sinhte 2%« —sinhte=2¢j3
. —sinhte 243 cosht — sinhte 2%«

We see that A is non-degenerate if and only if det(A) > 0 on M, .y, since
det(A) > 0 at t = 0. Now

det(A) = cosh?t — e74%(a? + £?)sinh?¢,
so we see that det(A4) > 0 on M, ) if and only if
e 4 (a? + f¥)tanh®t < 1, Vt € R.
Since 0 < tanh?t < 1 we certainly have the desired relation if
(0 +5) = |of} < 1.

on Y as we supposed. ]
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From now on when we refer to the manifold M, ) it will be implicit
that it has the above defined metric.

Lemma 5.2.3. The slice ¥ x {0} is a minimal isometric embedding ¥ —
My

g.0)- The second fundamental form for this embedding is given by h.

Proof. Tt is immediate from the definition of A that this defines an isometric
embedding. We need to show that it is in fact minimal, that is the mean
curvature is zero. First we calculate the second fundamental form of the
embedding. Let X,Y € T2 and write d; for the unit normal vector in the

R direction, by definition of the second fundamental form 5,
S(X,Y):=A(Vx0,Y),

where V is the Levi-Civita connection on M, 5. We have that this is given

as follows:
AV, Y) = %(XA(Y, 9;) — A (X, Y) + YA(D, X)
= AX, [Y, Z]) + A0, [X, Y]) — A(Y, [0, X]))
- —%&A(X, Y.

Here we have used the fact that 0; is perpendicular to the plane spanned by

X and Y and we may choose X,Y so that all the commutators evaluate to

zero. Then
29(X,Y) =— Ec;)t ((cosh?t + \olgsinhzt)g(X,Y) — (2coshtsinht)h(X,Y))
t=0
= 2h(X,Y).

We have from an earlier lemma that h is trace free, so by definition the

mean curvature of ¥ x {0} vanishes and the embedding is minimal. O

Under additional conditions on ¢ and g we can say more about the man-
ifold M, ). We shall make essential use of the following result of Uhlenbeck
from [28].

Proposition 5.2.4 (Uhlenbeck [28]). Suppose that o is holomorphic with
lolg <1, and
Ky+loly = -1,
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then M(

as the slice ¥ x {0} is the only minimal surface in Mg o).

g,0) 18 a quasi-Fuchsian 3-manifold and the embedding 3 — M, )

The conditions on the curvature and the holomorphicity of the quadratic
differential turn out to be equivalent to the Gauss-Codazzi equations for the

surface 3 embedded in M, ;) in this way.

5.2.2 The map M — QF (%)

Using the theorem of Uhlenbeck from the previous section we can construct
a map M — QF(X) from the one moduli space into the other.

Recall the set B consisting of the set of pairs (g, o) where g is a metric on
3., o is a holomorphic quadratic differential and the pair staisfies the Gauss
equation:

K, + |0|3 =-1.
Clearly we have a map
B — Q(%),

given by taking the pair (g,0) € B to the quasi-Fuchsian three manifold
M

level.

g,0)- In fact this map descends to give us a bona fide map at the quotient

Proposition 5.2.5. There is an injective map ¢ from the moduli space M

into the quasi-Fuchsian space QF (X).

Proof. We need to show that the map defined above from B — Q(X) de-

scends to give us a map between the quotients:
M = B/Diffy(X) — Q(X)/PSLyC = QF(X).

The map is well defined since if we have two equivalent pairs (g1,01) and
(92,02) then the corresponding three manifolds My, 4.y, Mg, o) are obvi-
ously isometric. Now suppose that we have (g1,01),(g2,02) € B and we
know that Mg, ,,) is equivalent to My, 5,y in QF(X). Let G1 and G2 be
the quasi-Fuchsian groups corresponding to the three manifolds, these are
therefore conjugate in PSLyC. Suppose G1 = hGoh™!, then we get an isom-

etry of H3 by mapping w — hw which descends to an isometry h between
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the three manifolds. Since this map h is an isometry, it must map the unique

minimal surface inside Mg, ,,) to that inside M )- But then the pairs

92,02

(91,01), (g2, 02) are related by h so that our map is injective as desired. [

We should observe that the methods of chapter three imply immediately
that the image of M is an open set in quasi-Fuchsian space, therefore we

have a hyperkéahler structure on an open subset of QF ().

5.2.3 Holomorphicity of the embedding

In this section we show that the embedding of M as an open set in the quasi-
Fuchsian deformation space is holomorphic with respect to the complex
structure J on M and the natural complex structure on QF(X).

Recall from chapter three the set A is defined to consist of pairs(J, o)
where J is a complex structure on 3, ¢ is a holomorphic quadratic differential

such that |o], < 1 and the following equation is satisfied:
1 2
K, + §Alog(1 +y/1—lof2) = —4.

Here g is the metric induced by p and J. Suppose we have a point (J,0) € A,
this corresponds to some section s of the fibre bundle D over . Recalling
from chapter three that we have a map a : D — H? x H? we see that we have
an induced map, which we shall also denote «, from T'(D) — T'(H? x H?2).

In other words we have a map

a:T'(D) - J(X) x T(X).
From the result in lemma 3.1.4 concerning the map o : D — H? x H? it
follows immediately that « intertwines the complex structure (induced by)

J on I'(D) and the canonical complex structure on J(X) x J(X). Therefore

we have a holomorphic map

a: A J(E) x T).

Recall also that we have a map 7@ : A — M given by mapping the pair
(J,0) to the Diffy(X) equivalence class of the pair (g,0), where § = (1 +
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V1 —|o|?)g. Consider the following diagram:

A 25 JTE)xTE)

ﬁl ﬂl . (5.1)
M —L— T(E)xT(X)
From the discussion above we see that the maps «, 7, and 7 are holomorphic.
Since the results of chapter three tell us 7 is a surjection we will have shown

that the injection ¢ : M — 7 (X) x 7 (X) is holomorphic if we can show that

the diagram commutes.

Proposition 5.2.6. The diagram 5.1 is commutative, implying that the map

(M, J) = T(2) x T(%),
is holomorphic.

Proof. Let (J,0) € A and choose local conformal coordinates on X. In these
coordinates the fixed volume form p is represented as p = e?*(dz A dy) and
the induced metric g = e??(dx?+dy?). The section s of D giving rise to (J, o)
is locally a map to Ty H?, (x,y) — (u(x,y),v(z,y)), and |o|? = y?(u® +v?).

Then under the map a : A — H?2 x H? we obtain the section:

a(s)_<_ v VIZ[oP 1—|a|2>
1—u '

l—u "1+4+u 14w
This corresponds to the pair of complex structures:
v _ 14w _ v __1-u
J. = V1-lo]? V1-o]2 J = V1-o]2 V1-o]2
+ 1 0 1+u

—U _ v v
Vil /1o Vil ViR

These complex structures are induced by the metrics

2¢
g+ = 1e||2((1 T u)dz? T 2vdzdy + (1 £ u)dy?).
V1—|o
Now, as a quadratic differential, we have that o = —e??(u — iv)dz ® dz, and

writing h for the real part of ¢ as discussed earlier in this chapter we find

h = —e??(udz? + 2vdzdy — udy?), and in conclusion:

(gxh).

1
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Now consider the image of (J, o) in B, it consists of the pair (g, o) where
g=(1+4/1—]cl2)g. Recall from lemma 3.2.13 that we have

lolg
L+ /1—|ol2

Using this point in B we know from the previous section that we may con-

lolg =

struct the quasi-Fuchsian three-manifold M ; ;) whose metric is given by:
A = dt* 4 (cosh?t + \algsinth)g — (2coshtsinht)h,

where the form h is the real part of o as described earlier. We know that

this three manifold corresponds to the point in the product of Teichmiiller

spaces 7 (X) x 7 (X) defined by the conformal structures induced at infinity
by this metric. The conformal structure induced on the slice ¥ x {t} of

M5 ) by A is induced by the metric
(1+ |J\§tanh2t)§ — 2tanht h.
Therefore the conformal structures at infinity are induced by the metrics

gtoo = (1+|0[2)7 F 2R

LiF

(1+4/1—1o[2)2

=2(g £ h).

1+

(1—|- 1—|a|§)g:|:2h

These maps therefore give rise to the same conformal structures and we have

that diagram (5.1) commutes. O

5.3 Holomorphic symplectic structures on QF(X)

In this section we pick a holomorphic symplectic form on the moduli space
M with the complex structure J. Identifying M as an open subset of
QF(X) we then compare this form with the restriction of Goldman’s natural

holomorphic symplectic form on the PSLoC representation variety.
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5.3.1 The holomorphic symplectic structure on M

Recall that Donaldson’s moduli space M is equipped with a hyperkahler
structure (g, I, J, K) and three symplectic structures €;, i € {1,2,3}.

Lemma 5.3.1. The complex two form
we = O — i3
is a holomorphic-symplectic structure on the complex manifold (M, J).

Proof. 1t is immediate that we defines a non-degenerate skew complex two
form on M. We need to show wc € Q%’O(M). Since both w; and ws are
closed we see that dwe = 0 but then by comparing types we see that the
image of 0 : Q?’O(M) — Q?]l(M) is zero, so that wc is holomorphic. O

Since ¢ : (M, J) — QF(X) is a holomorphic embedding we see that
we can push the form forward to get a form wc on the subset of QF(X)
defined by the image of M, and this form will be a holomorphic symplectic
form with respect to the restriction of the natural complex structure on the

quasi-Fuchsian deformation space.

5.3.2 Comparing holomorphic-symplectic structures

In this section we show that the two holomorphic-symplectic forms coincide
on the image of Donaldson’s moduli space inside the quasi-Fuchsian mod-
uli space. We use the fact that both symplectic structures restrict to the
Weil-Petersson form on Teichmiiller space to conclude they must be equal as
holomorphic 2-forms on the diagonal. We then use an analytic continuation
argument to show they are equal on the whole of M. Throughout this sec-
tion we shall denote by 7" the natural diagonal embedding 7 (%) — QF (%),
and will use the fact that M may be thought of as an open subset of QF ()
without further comment.

First we establish the following piece of linear algebra:

Lemma 5.3.2. Let W be a n dimensional complex vector space, V an n
dimensional real vector space. Suppose that we have an inclusion ty, : V —

W and under this identification

W=V @iV,
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then the natural map me : W — V given by projection induces an isomor-
phism
™ NV @p C — ATW™,

Proof. Let {v1,va,...,vn} be a basis for V* and {v1,ve, ..., v, } be a dual basis

for V. For each i choose w; such that m,w; = v;. Let
Zaij QUi Nvj € /\QV* Rr C,
1<j

for a;; not all zero, be in the kernel of 7*. But then we have for all [ <m

0= TF*ZOZZ‘]'@VZ‘/\I/J' (w; A wp,)
1<j

= Zaij Qv Avj | (v A vm)
1<j

= Um-

Therefore 7* has no kernel. Since the complex dimensions of the spaces

under consideration are equal we have the result. ]

This now allows us to identify the two holomorphic-symplectic forms on

the subset 7 of quasi-Fuchsian deformation space.

Proposition 5.3.3. The holomorphic symplectic forms wa and we are equal
onT C QF(%).

Proof. Let 1 : T(X) — T C QF(X) be the diagonal embedding. Since by
theorem 5.1.9 and proposition 3.2.15 the restriction of both the forms wg

and we to 7 is the Weil-Petersson form we have by definition that:
Gweg = wwp = tFwe.

Let V' be the tangent space to 7(X) at [J], and W the tangent space to
QF(X) at «([J]). Considering V as a subset of W and recalling that the
complex structure on QF(X) is the natural one on 7(X) x 7 (X) we see
that V @1V = W so that we may apply lemma 5.3.2. We conclude that

holomorphic two-forms wg = wc are equal on the subset T. ]
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We now seek to use analytic continuation to conclude the forms are
equal on the whole of M. We remark that this is very similar to the method
employed by Platis in [21]. To begin we prove a lemma about analytic
continuation in C". A small piece of notation is required here, if U C C"
we denote by R(U) the set of real points of U, that is R" N U where the
embedding of R™ in C” is the standard one.

Lemma 5.3.4. Let U C C™ be an open connected region with a non-empty
set of real points R(U). Suppose we have a holomorphic function ¢ : U — C
such that ¥ (z1,22,...,2n) = 0 if z; € R Vi € {1..n}. Then 1) is identically

zero in U.

Proof. Let (ai,as,...,an) € R(U), since U is open we can certainly find
r € R such that > 0 and the open polydisc P.(aq, g, ...ap) = ®;jf D, (o)
is a subset of U. Here of course D,(«q;) is the disc of radius r in C. Now

consider the function 1 : D(ayq,7r1) — C defined by

D1(2) = (2, an, ..., o).
Now 91 = 0 on (R N D(a) which is a non-empty subset of C and by the
identity theorem for one complex variable we conclude that Y1 is identically
zero on D(ay). Now let 81 € Dy(a;) and consider the map ¢ : C — C
defined by

1;2(2) = 1/J(,31, Zyeeey Ozn).

As above we can conclude )5 is identically zero on D, («2), and since 31 was

arbitrary we find we have that the map 1 is identically zero on the set

(Zla ZQ’ Oég, ) an)a

for (z1,22) € Dy(a1) X Dy (). Tt is clear that we can continue in this fashion
to obtain that v is zero on the polydisc P, (a1, e, ...cw,). Repeating for the
other points in R(U) we see that 1 is zero on an open neighbourhood of
R(U) in U. The identity theorem for several complex variables allows us to

conclude that 1 is zero in U. O

This is the final ingredient we need to show that the two holomorphic-

symplectic forms on M are the same.
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Proposition 5.3.5. The restriction of Goldman’s holomorphic-symplectic
form wg to Donaldson’s moduli space M coincides with the holomorphic-

symplectic form wc.

Proof. Let U be an open neighbourhood of a point in ’j', and take local
complex coordinates for QF(X), (21,...2,) on U. In these coordinates we

have that the difference 1 := wg — wc can be written,
n = X j¥ijdz; A dzj,

for some holomorphic functions 1;;. Since by proposition 5.3.3 we must
have that 1;; =0on UN T we may apply 5.3.4 to conclude that 1;; = 0 on
U. It follows that 7 is identically zero on an open neighbourhood of T , and
from the identity theorem for complex manifolds hence identically zero on

the connected set M. t

We note that Platis in [21] constructs a holomorphic symplectic form
on QF(X) coinciding with Goldman’s form and hence by the preceding

theorem, ours.
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Chapter 6

In this chapter we consider the image of the hyperkahler moduli space M
inside the quasi-Fuchsian deformation space. We start by discussing the
existence of a family of minimal surfaces inside a family of quasi-Fuchsian
manifolds. This being established we discuss sufficient conditions for the
map M — QF(X) to be a surjection. We then show how, under certain
assumptions, we may extend the hyperkahler structure on M to a strictly
larger open neighbourhood M of M. Lastly we introduce Taubes’ moduli
space of minimal hyperbolic germs. Our moduli space sits inside his in
a canonical fashion, we examine whether we might induce a hyperkahler

structure off the image of our moduli space inside Taubes’.

6.1 Families of minimal surfaces

Fix M = ¥ x R as a smooth manifold, and write M) to denote M with the
Riemannian metric A. The purpose of this section is to deduce results about
the existence of families of minimal surfaces associated to families of quasi-
Fuchsian manifolds. We follow the program for finding harmonic maps laid
out in [7] and [24]. It is immediate from results of Sacks and Uhlenbeck [28],
that given any hyperbolic three manifold we can find a minimal immersion
of ¥ in it, therefore given any open set in the space of quasi-Fuchsian metrics
on M we can define a map to the space of maps from X to M. However,
this is not enough for our eventual purposes; we would like to deduce, at the
least, continuity of the resulting family of minimal surfaces. We proceed to
discuss these matters.

Let Aqr be the set of all quasi-Fuchsian metrics on M, and let ® denote
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the set of all smooth embeddings ¢ : ¥ < M. Let A € Aqr, by definition,

a minimal embedding ¢ : ¥ — M) is a critical point of the area functional:

A(o) i:/zpdn

where pg is the area form on ¥ induced by the embedding ¢. It is well
known, see for example [6], that critical points of this functional are those
embeddings whose mean curvature vanishes, the mean curvature being the
trace of the second fundamental form of the embedding. We shall denote
the second fundamental form of the embedding ¢ : ¥ — M) by Sy(¢) and
the mean curvature of the embedding by Sy (¢).

Fix now a metric A on M and suppose we have a smooth family ¢, of
embeddings of ¥ in M. We have the following formula for the derivative of

mean curvature.

Lemma 6.1.1 ([25]). Let Sy : ® — C*(X) denote the mean curvature
operator, and ¢s a smooth family of embeddings ¢s : X — M, then

d

- Si(¢s) = A — (1 —|Sx(¢0)*)2.

s=0
d N
w = (dS —0 ¢S> 9

is the normal component of the derivative of ¢s, and |Sx(¢o)| is the pointwise

Where,

norm of the second fundamental form of the embedding in the induced metric

on X.

We call the resulting operator on derivatives to the space of smooth

embeddings of ¥ the Jacobi operator and denote it J .

Corollary 6.1.2. Suppose that ¢s is a family of embeddings such that the

norm of the second fundamental form is not constant and satisfies

1Sx(¢0)|* < 1,

pointwise on X, then the Jacobi operator is invertible.
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Proof. Suppose 1) € ker(Jg), then

0= /E 3o (@)p
_ / (A0 = (1= |Sx(60) 2)w) vp
:/_|v¢|2p_/(1—|S,\(¢0)|2)¢2P-
5 p)

But, for ¢ not identically zero, the hypothesis ensure this last is strictly

negative. Hence J4 has trivial kernel. O

The remainder of this section is a discussion of the ideas needed to

establish the following result.

Theorem 6.1.3. Let \g € A, and suppose ¢g : X — M)y, is a minimal
embedding, with the Jacobi operator invertible. Then there exists an open
set U C A containing \g and such that given any X\ € U there exists a

mintmal embedding ¢y : X — My. The association A — ¢y is continuous.

Denote by A the space of metrics on M. Let (Mg, ¢p) € A X ® be such
that Sy,(¢o) = 0 and Jy, is invertible. We aim to use the implicit function
theorem to find a neighbourhood U C A of any \g for which there exists a
¢ satisfying Sy, (¢o) = 0, such that for all A € U we may find a ¢,, varying
continuously with ), such that Sy(¢,) = 0.

proof of theorem 6.1.3. Let A* be the space of metrics on M that are k times
weakly differentiable, that is sections of T* M QT™* M that are k times weakly
differentiable and are metrics. It is immediate that A* is an open set in the
Sobolev space T'*(T*M ® T*M) consisting of k times weakly differentiable
square integrable sections of T*M ® T*M. Here we use the metric Ay to
define the notion of square integrable.

Consider a tubular neighbourhood of ¢o(X) in M),, since M = ¥ x R
we know the tubular neighbourhood is of the form 3 x I for some interval

I C R. Let ®* be the set maps ¢ : ¥ — ¥ x I given by

p— (p, f(p)),

where f € L3(X) is k times weakly differentiable.
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Since calculating the mean curvature involves taking derivatives of both
the function and the components of the metric tensor metric, the mean
curvature map S maps AF x ®% to L2 (), for k > 2 as we can see from
working in coordinates, see [6].

The hypothesis that the Jacobi operator associated to (Ao, ¢o) is in-
vertible, implies precisely that the derivative of the mean curvature map
in the direction of the embeddings is invertible at (Ao, ¢o). Therefore, by
the implicit function theorem in Banach spaces we obtain a neighbourhood

UF ¢ A¥ of \g and a continuous map U* — ®* X — ¢, such that
?()\7 ¢)\) =0.

Now by restriction we obtain a neighbourhood U’ C A of the smooth metrics
and an associated map ¢, : ¥ — M) that is a minimal embedding. Results
on Harmonic maps [6] ensure that ¢, is itself in fact smooth allowing the

conclusion of the theorem. O

Given the results on families of harmonic maps associated to varying
metrics in [24] and [7], we expect that we can actually take the map A — ¢y

to be smooth. We have not examined this.

6.2 The image of M in quasi-Fuchsian space

In the previous chapter we defined an embedding of the hyperkéhler ex-
tension of Teichmiiller space M into the quasi-Fuchsian defomation space
QF(X). A natural question is whether this map is in fact a surjection or
not. This appears to be a delicate matter to which we do not know the
answer at present. In this section we discuss the work of Uhlenbeck [28§]
which enables a partial answer to be given.

Suppose we have a point [f] in the quasi-Fuchsian deformation space.
Here 6 is a representation of the fundamental group of ¥ into PSLyC whose
image is quasi-Fuchsian. We recall that given such a representation, then the
quotient of the hyperbolic three space H3 by 6 := 0(m1(X)) is a hyperbolic
three manifold Mpy; by definition this is what we mean by a quasi-Fuchsian

three manifold. Equivalently we get a pair (Ji,J2) € J(X) x J(X), which
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we may think of as the conformal structures induced by the action of 6 on
the H? at infinity in H3. Further recall that the latter identification extends

to give us an identification

associating to [0] € QF(X) the point ([J/1],[J2]) in the product of the Te-
ichmiiller spaces.

We have the following proposition due to Uhlenbeck,

Theorem 6.2.1 (Uhlenbeck [28]). Suppose for some metric g on ¥ we have
a minimal isometric embedding of ¥ into a quasi-Fuchsian three manifold
M = % x R, then the second fundamental form of the embedding defines
a holomorphic quadratic differential o on ¥ and the pair (g,0) satisfy the
Gauss equation

K, + ]0]3 =—1.

If in addition the holomorphic quadratic differential satisfies |o|, < 1 then

the minimal surface is unique.

We arrive at the following characterisation of the moduli space M in

terms of its image in the quasi-Fuchsian moduli space.

Proposition 6.2.2. The hyperkdhler moduli space M is identified with that
subset of QF (X) defined by the set of points g € QF (X) such that for any
representation 0 with [0] = q the hyperbolic manifold My contains a minimal
> whose second fundamental form induces a holomorphic quadratic differ-

ential o with |o|y < 1.

Proof. Denote by M’ the set of points ¢ € QF(X) satisfying the hypothesis
of the statement of the theorem. Suppose we have a pair (g,0) € B, the

work of the previous chapter tells us precisely that the map
2= Mg,0),

is a minimal isometric immersion of (3, g) into the quasi-Fuchsian three
manifold M, ;). The second fundamental form is given by the real part of

o and by hypothesis |o|, < 1. The deck transformations on the universal
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cover H3 associated to this manifold give a representation of 71(3) into
PSL,C that is quasi-Fuchsian by construction. It follows immediately that
M is identified with some subset of M.

Now suppose we have a ¢ € M’, pick a representative representation
6 : m(X) — PSLyC,

so that ¢ = [0]. Consider the quasi-Fuchsian manifold H3/6. By hypothesis

there exists a metric g on ¥ and a minimal isometric embedding
X Mg,

so that the associated holomorphic quadratic differential satisfies |o|, < 1.
In view of the proposition above we see that the pair (g,o) satisfies the
equation

Kg+|ol2 = -1,

and hence lies in B. The uniqueness part of theorem 6.2.1 ensures that this is
a well defined assignment of a point in B to a quasi-Fuchsian representation
0. It follows that this is the inverse of the map that constructs a quasi-
Fuchsian manifold from a point in B. Since the map from B descends to the
quotient as a map M — QF(X) we must have that the map from M’ to M
is well defined, which completes the proof. O

In summary we see that we have a hyperkahler structure on some open

subset M C QF ().

6.2.1 Extending the hyperkahler metric off M

In this section we suppose that in fact the map from the moduli space M to
the quasi-Fuchsian deformation space is not onto and attempt to extend the
hyperkéhler structure off M to some strictly larger open set in QF(X). We
know the moduli space M is hyperkédhler with complex structures I, J, K,
and corresponding symplectic structures wi,ws,ws. Recall from chapter
three that the action of multiplication by I has a Hamiltonian A which

provides a Kéahler potential for the symplectic form wo, that is:
Wy = 2i0 Jg JA.
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On D, the hyperkihler extension of H?, this potential function was just
given by

VI—Jo -1,

therefore on the moduli space N it is just given by the function

A= [ ()

where g is the metric induced by p and J. But the point (J,0) € A corre-

((1 +4/1— |a|§)g,a) € B,

thus up to a constant A is just the area of the metric in B, which corresponds

sponds to the point

to the area of the minimal surface in the quasi-Fuchsian manifold M, ;).
Consider the structures we have on the complex manifold QF(3). We
have the complex structure, which we know restricts to the complex struc-
ture J on M, and we have the canonical holomorphic symplectic form of
Goldman, which we know from the last chapter restricts to the holomorphic
symplectic form w; — iws on M. We are therefore missing one symplectic
form on QF(X) that would turn it into a hyperkéhler manifold. However, if
we have a well defined area functional A, the preceding paragraph suggests

we might attempt to define the third symplectic structure as
Wy = 27:8J5JA.

We pursue this idea now.
Recall from chapter three the definition of the set B as the set of pairs
(g,0) with ¢ holomorphic, |o]; < 1 and

K, + |0|3 =-1.

Define the area function A on B that associates to a pair (g, o) the area of

¥ with the volume form p, induced by g:

Aol = [ s

It is clear that this is well defined on B and also clear, since diffeomorphisms

preserve area, that it is well defined on the quotient M.
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Proposition 6.2.3. Let ¢ € QF(X) and suppose that there exists quasi-
Fuchsian manifold representing q containing a minimal surface with invert-
ible Jacobi operator. Then there exists a neighbourhood U of q and a function
A : U — R induced by the area of a family of minimal surfaces in the neigh-
bourhood of any quasi-Fuchsian manifold representing q¢ . We call A a local

area function at q.

Proof. Suppose \g is the quasi-Fuchsian metric on M = ¥ x R representing
the point ¢ € QF(X) guaranteed by the hypotheses. Then M), must contain
a minimal surface ¢g : ¥ — M), with invertible Jacobi operator. Therefore
we may apply theorem 6.1.3 to obtain a neighbourhood of Ay in the space of
quasi-Fuchsian metrics and an associated family of minimal embeddings of
>.. We define the area function to be the area of these minimal embeddings.

O

Note that a priori this construction depends on the lift of ¢ to a quasi-
Fuchsian manifold and on the choice of stable minimal surface in this mani-
fold, that is there may be several different local area functions at q. However,
if we chose ¢ € M then it follows from the uniqueness of minimal surfaces
in quasi-Fuchsian manifolds representing classes in M that there is a unique

local area function at ¢ and indeed it is the area function A defined earlier.

Theorem 6.2.4. Let g € QF (%) be in M, the closure of M. Suppose that
there exists quasi-Fuchsian manifold representing q containing a minimal
surface with invertible Jacobi operator and that the resulting local area func-
tional A is analytic. Then we may extend the hyperkdhler metric on M to

an open neighbourhood containing M| J{q}.

Proof. Let the analytic local area functional A be defined on the neighbour-
hood U of ¢ € QF (). Since by hypothesis ¢ € M we have that U (M
is open in QF(X) and non-empty. Since the area functional A is uniquely
defined on M we must have that on U (M, A = A. This allows us to take
A as an analytic extension of A to U[) M. We write A for the extended

function and define a holomorphic two form on U (| M as

Q9 = 210505 A.
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Clearly this agrees with wy on M and is analytic on U (| M. We are therefore
free to write the resulting two form as ws.

Now write w; and ws for the symplectic structures on U[)M coming
from setting wi — iws to be Goldman’s canonical holomorphic symplectic
form on QF(X). We know these restrict to the suggested symplectic forms
on M. Let n be the dimension of QF(X), on M we have

wy = wy = ws.

Now w; and ws are analytic and non-degenerate on the whole of QF(¥),
since we have that wy is analytic on U ()M this identity must hold on
UM so that ws is non-degenerate on U [ M. Thus ws is a symplectic
form on U () M. We require the three forms w;,ws,ws satisfy the correct
algebraic identities for a hyperkahler structure. But since the algebraic
identities hold on the open set M they must hold on the extension U [| M.
A theorem of Hitchin [13] then ensures that since the symplectic forms are
closed the complex structures they induce are integrable so that we indeed

have a hyperkahler structure extending that on M. O

Now define M to be the set of points in the closure of M for which we
can find an analytic local area function. Using the above theorem we can

obtain the following:

Corollary 6.2.5. There is a hyperkdahler structure on M extending that on
M.

Proof. This follows immediately from the methods of the previous theorem
once we observe that given any two ¢1, g2 € M, the local area functionals
Ay, Ay defined on the respective open neighbourhoods Uy and U, of QF (%)
are analytic. Their respective analytic extensions to M |JU; agree on the
open set M and so we have a well defined analytic function on M |JU; | Us.

O

To conclude this section we note that in his thesis [22] Platis constructs
a hyperkéahler structure on the quasi-Fuchsian space. His structure has the
complex structure J and the holomorphic symplectic form wi — iw3 and

therefore must agree with ours on its domain of definition.
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6.3 Taubes’ moduli space of hyperbolic germs

In this section we shall describe a recent construction of Taubes [26]. There
is an obvious injection of the moduli space M into Taubes’ space, we discuss
whether or not the resulting hyperkéhler structure can be extended from this
subset. Note, that in what follows we use a slightly different normalisation
to that employed in Taubes’ paper, this is to facilitate comparison with the
rest of the work presented in this thesis.

As usual ¥ denotes a closed compact smooth surface of genus at least 2.

Let x(X) be the Euler characteristic of ¥, so that x(X) < 0.

Definition 6.3.1. A pair (g, 0) consisting of a metric g and a holomorphic

quadratic differential o is called a minimal hyperbolic germ on X if
K, 2=
g tlolg=-1

This clearly contains the space B described earlier, indeed the only differ-
ence is that we have removed the restriction on the pairs (g, o) that |o|, < 1.
In view of this, we denote the space of minimal hyperbolic germs B.

The identity component of the diffeomorphism group of ¥, Diff(X), acts
on the set of minimal hyperbolic germs on 3. Taubes defines his moduli space

of minimal hyperbolic germs H to be the resulting quotient . That is,
H = B/Diffo(D).
We have the following result about the analytic structure of this space.

Theorem 6.3.2 (Taubes). The moduli space H has the structure of a

smooth, orientable manifold of dimension —6x(X).

It is immediate from the definition of the space H that we have an
embedding
M—H,

induced by the embedding of B into B. Thus the hyperkéahler moduli space
M sits inside Taubes’ moduli space of minimal hyperbolic germs H in a
natural way.

Given a minimal hyperbolic germ (g, o) we now construct in exactly the

same fashion as in the last chapter a three manifold M, ;).
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Proposition 6.3.3. Let (g,0) € B be a minimal hyperbolic germ. Then

there exists a hyperbolic three manifold M that is topologically > x 1 for

9,0)
some subinterval I of R and contains the manifold ¥ with the metric g as a

minimal embedding.

Proof. The idea here is to define as in the last chapter a symmetric bilinear
form

A = dt* + (cosh?t + \alzsinh%)g — (2coshtsinht)h,

with A the real part of o. This metric is non degenerate on ¥ x R provided
cosh?t — |a|§sinh2t > 0.

So that we get a metric A on the subset of 3 x R where

cosht
oy < [sinhd|
We define the interval I to be the maximal one for which this inequality
holds Vt € I, and define M(, ;) to be the manifold ¥ x I with the metric
A. The results of the last chapter tell us that ¥ is minimally isometrically
embedded as the zero slice, and the result of Uhlenbeck tells us that the
metric is hyperbolic. O

So we have constructed a hyperbolic thickening of the surface ¥ to a
three manifold, this explains the nomenclature minimal hyperbolic germ for
the pair (g,0) € B.

The definition of ‘H allows us to define a canonical map into the cotangent

bundle of Teichmiiller space,
H—T'T (%),

extending the map from the hyperkahler moduli space M. We have no

uniqueness result for solutions of the equation
K o=
g + ’U|g - _]-7
if |o|g > 1 at any point of 3, therefore in contrast to the situation with M

we do not have an embedding of H in 7*7 (X). However, recall from section
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6.1 that given an embedding ¢ of ¥ into ¥ x R with metric A\ we obtain the

Jacobi operator
J(¥) = Avp — (1 = [Sx(¢0) ),

for ¢ a normal deformation of ¢. This carries over to our current situa-
tion where we thing of ¥ as embedded as the zero slice in the hyperbolic
thickening associated to (g, ). We can therefore associate a Jacobi operator
to a minimal hyperbolic germ (g, o). If this is invertible then the operator
associated to any pair (¢’,¢’) in the orbit of (g, o) under the diffeomorphism
group of X is also invertible, so that invertibility of the Jacobi operator is a
well defined concept on H. We denote by H the subset of H on which the

Jacobi operator is invertible. We have the following:

Proposition 6.3.4 (Taubes [26]). The subset of H on which the canoni-
cal map to the coatngent bundle of Teichmiller space is an immersion is

precisely H.

We note that the above proposition also follows from our analysis of the

Gauss equation in chapter three.

Proposition 6.3.5. The subset His a complex manifold with a holomorphic

symplectic structure.

Proof. We just pull back the complex structure I’ and the canonical holo-
morphic symplectic form wf +iw§ from T*7 (X) using the map from Taubes’
moduli space to the cotangent bundle of Teichmiiller space. On H this map
is locally injective so that the pulled back structures define what we require.
We note that on the subset M the complex structure and holomorphic sym-
plectic form coincide with the relevant ones from the hyperkéhler structure.

O

6.3.1 The map from H to the PSL,C representation variety

Let (g,0) be a minimal hyperbolic germ. Denote by h the hermitian metric
on Y induced by g and the complex structure J, induced by g. In this
section we follow Donaldson [5] and show how to associate to a such an

h a representation of the fundamental group of 3 into PSLsC, this allows
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us to define a map from Taubes’ moduli space to the PSLoC representation
variety. This is all motivated by the work of Hitchin on self-duality equations
[13] though here we keep this rather in the background.

The Chern connection induced by h is a U(1) connection on the holomor-
phic tangent, and hence cotangent, bundles of ¥ with the complex structure
Jg. Let K 2 be a square root of the holomorphic cotangent bundle of 3, so
that

T8 — K2 @ K2,

Consider the vector bundle
1 1
F=K 20K-:2.

The Chern connection induces a U(1) connection which we denote a on K -3

and a connection —a on K2. Further we have,
o€ QT =~ OLO(K3 @ K2) 2 QM0 (Hom(K 2, K 2),
and, using the hermitian metric A and conjugation:
7 € QO (Hom(Kz, K~ 2)).

These identifications allow us to write down the following connection matrix

omE=K i1®Kz:
A= “a 9 .
g —a

Now let P be the principal SU(2) bundle associated to E and define a so
called Higgs field ® € Q'0(adP ® C) by

()

We are working with respect to the decomposition £ = K -3 o K 7 and
we think of 1 as identified with an element of Q'Y(EndE) as the canonical

section of
T*10% @ Hom(K2, K—2) = T*0% @ 710y, ~ C.
Observe that ® is thus holomorphic.

88



Consider the PSLoC connection defined by
B:=A+ ®+ ®*,

this is a connection on the principal bundle P ® C. The curvature of this

connection is given by:

Kg+lol2+1 0 ipg
Fp= ) ==
0 —(Ky+|o2+1)) 2

Thus the connection is flat since by hypothesis the pair (g, o) is a minimal
hyperbolic germ. Since B is flat it corresponds to a representation of the
fundamental group of ¥ in PSLsC. Thus we obtain a map associating to a
minimal hyperbolic germ a representation of 7 (X) in PSLyC. It is a result
of Donaldson [5] that this map agrees on M with the explicit construction

of the quasi-Fuchsian three manifold.

Theorem 6.3.6 (Taubes [26]). The subset of H on which the map into the
PSLyC representation variety is an immersion is precisely the set H defined

earlier.
This theorem allows us to put further structures on H.

Proposition 6.3.7. H is a complex manifold with a complex structure J"
and a holomorphic symplectic structure w] — iw4, this complex structure
extends the complex structure J and the holomorphic symplectic structure

w1 — fws on/\/lgﬂ.

Proof. We define of J” and w{ —iw4 by pulling back the complex structure
and Goldmans holomorphic symplectic structure from the representation
variety. It is immediate, since we have an immersion into the represen-
tation variety by hypothesis, that this defines a complex structure and a
holomorphic symplectic structure on H. That the structures extend those
on M follows from properties of the map from M into the quasi-Fuchsian

deformation space which is a submanifold of the representation variety. [

89



6.3.2 The hyperkihler structure on H

It is immediate that the moduli space M is a subset of H. In addition we

have two pairs

!/ / ./
I', wy +iws

!/ 14 /)
J', wi —iws,

on H consisting of a complex structure and a holomorphic symplectic form.
Restricted to the moduli space M these structures agree with the equivalent
ones of the hyperkahler structure on M. Explicitly writing I, J, K for the
complex structures on M and w1, ws, ws for the symplectic structures coming

from the hyperkahler metric, we have the following identities:

I=r,J=J"
7
w1—0.)l7
7
CUQ—CA)Q,

w3 = wy = wh.

Proposition 6.3.8. Suppose the real analytic structures induced on H by
I' and J" coincide, then there is a hyperkdihler structure on the space H

extending the structure on the moduli space M.

Proof. Since the real analytic structures coincide, and the identities above
hold on M, they must hold on the whole of H. In addition algebraic relations
between the identities must also hold, so that the quaternion identities are

satisfied and the structure is hyperkéahler. O
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