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FLUCTUATIONS OF LINEAR STATISTICS OF HALF-HEAVY-TAILED
RANDOM MATRICES

FLORENT BENAYCH-GEORGES AND ANNA MALTSEV

ABSTRACT. We consider a Wigner matrix A with entries tail decaying as =% with 2 <
a < 4 for large = and study fluctuations of linear statistics N1 Tr ¢(A). The behavior of
such fluctuations has been understood for both heavy-tailed matrices (i.e. a < 2) in [6]
and light-tailed matrices (i.e. o > 4) in [3]. This paper fills in the gap of understanding
for 2 < a < 4. We find that while linear spectral statistics for heavy-tailed matrices have
fluctuations of order N—1/2 and those for light-tailed matrices have fluctuations of order
N1, the linear spectral statistics for half-heavy-tailed matrices exhibit an intermediate

a-dependent order of N—2/4,
1. INTRODUCTION
Let A = [a;;] be an N x N Hermitian random matrix whose entries are i.i.d. and let
A1, ..., Ay beits eigenvalues. It is well known that if the entries of A are duly renormalized,
then for any continuous bounded test function ¢, the random variable
1 1 —
—Tre(A) = — by 1
N Trel) = 53 (1)

has a deterministic limit, which is equal to the integral of f with respect to the limit
spectral distribution of A, namely the semicircle law when the entries have at least a
second moment [3, 1] and different distribution depending on « if the entries are heavy-
tailed with exponent a € (0,2) (see [5, 14, 9]). The rate of convergence of the random
variables of (1) to its limit is not usually \/LN’ as i.i.d. \;’s would give. In particular,
if the entries of A have a fourth moment, then the fluctuations of % Tr p(A) around its
expectation have order + (see [3, 20, 26, 23, 2, 4, 22, 25]). On the other hand, if the entries
are heavy-tailed with exponent o € (0,2) or Bernoulli with parameter of order N~1, then
the fluctuations of + Trp(A) around its expectation have order N~=/2 [6]. This difference
of order in the fluctuations is due to the fact that when the entries of A have enough
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moments, the eigenvalues of A fluctuate very little, as studied by Erdos, Schlein, Yau, Tao,
Vu and their co-authors, who analyzed their rigidity in e.g. [15, 17, 27]. On the other
hand, the heavier the tails the more similar to a sparse matrix the (renormalized) matrix
A is, and the more independently its eigenvalues behave.

A finite fourth moment means that for large x, P(|a;;| > ) =~ ~* with a > 4, whereas
heavy-tailed entries with exponent a € (0,2) correspond precisely to P(|a;;| > z) =~ =
with @ € (0,2). In this text, we fill in the gap of understanding the role of « in the
fluctuations linear spectral statistics: when a € (2,4), we prove a central limit theorem for
% Tr p(A) in the case where ¢ is a sum of resolvent functions, it appears that the order of
the fluctuations, in this case, is N~®/4. This completes the picture, summarized in Table
1.

| | a<2 [ 2<a<4 [ a>4 |

| Order of the fluctuations of (1) | N~¥/2 | N4 | N1 |

TABLE 1. Orders of the fluctuations of the r.v. of (1) around its expectation as
a function of the exponent a such that P(|a;;| > x) ~ 2= for x large.

Viewed in the light of concentration inequalities for linear spectral functionals of random
matrices, random matrices with half-heavy tailed entries interpolate between two extreme
regimes, as shown in Table 1 :

e Using only the independence of the entries, (see [11, Lem. C.1] or [24, 9, 10]) for
any bounded function ¢ : R — R with finite total variation, we have, for any § > 0,

52

P(|Tr o(A) —ETr p(4)| >6) < Ce Moy, (2)

which proves that

1 1

VF ((§ Trold) - Bl Tro(a)
is bounded in probability and explains why the order of the fluctuations of (1)
cannot be larger than N~—1/2,

e In the case where the entries of A are independent and satisfy a Log-Sobolev inequal-
ity (for example in the GO(U)E case), then for any Lipschitz function ¢ : R — R,
we have, by [1, Th. 2.3.5] (see also [19, 21, 12]),

52

P(ITrp(A4) - ETrp(4)] > 6) < Ce &, (3)

which proves that

)
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is bounded in probability. It explains why the order of the fluctuations of functionals
as (1) cannot be larger than N~! in the case of matrices with independent Log-
Sobolev entries.

Equation (2) shows that the case o < 2 corresponds to the largest possible fluctuations
order in (1). On the other hand, (3) proves that in the Gaussian case (this has been
extended by Bai et. al. to the case a > 4), the actual order is N~! (to be more precise,
(3) only gives an upper-bound for this order, but one can easily check, using, for example,
©(A) = X or p(\) = A2, that N~! is actually the right order). The case 2 < a < 4 is an
intermediate case, where concentration inequalities neither allow to guess the order of the
fluctuations, nor allow to extend fluctuation results from a first class of test functions to a
wider classer (as was done for example in [6]).

Notation. Here, A < B means that A/B — 0 as N — oo, A ~ B means that
A/B — 1 as N — oo (or x — oo if z is the underlying variable) and A = O(B) means
that A/B stays bounded as N — oo. If A and B are random variables, similar notations
are used in probability. Also, for @ € R, the function z — 2¢ is defined on C\R™ thanks
to the determination of the argument which is null on (0, +00). At last, for functions of a
complex variable z = = + iy, we use the classical notation 0, = (0, — 19,)/2.

2. MAIN RESULT

Let us consider a random real symmetric or Hermitian matrix
$U

A = aijlicij<n = {\/—} ,

N li<igen

where one of two conditions holds: either

(a) (real case) z;;’s, 1 < i < j, are i.i.d. real random variables with mean 0 and

variance 1 such that for a certain a € (2,4) and a certain ¢ > 0, as z — +o0,
c (03
Plley| > )~ mr e (4)

or

(b) (complex case) z;; = wﬁ/ﬂ—l—lmfj/\/ﬁ for 1 <i < jand ;; = ]} where z]; and ]
are i.i.d. real symmetric random variables with mean 0 and variance 1 that satisfy
(4).

Our main theorem is the following.

Theorem 2.1. For

with A as above the process

<ﬁ(TrG(z) - ETrG(z)))

z€C\R
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converges to a complex Gaussian centered process (X.).cc\r with covariance defined by the
fact that Xz = X, and that for any z,2' € C\R, E[X.X./| = C(z,2), for

Cz Zl) = // 08282’{[([{(27 t) + K(Z/, t/))a/z — (K(z, t)a/Q + K(Z,, t/)a/g)]
t,t' >
exp (sgn,itz — K (z,t) + sgn,it’s — K(2',1)) }ng}t

where ¢ and « are as in (4), sgn, = sgn(Sz) and K(z,t) := sgn,itGs.(2), Gs.(2) being the
Stieltjes transform of the semicircle law with support [—2,2].

Remark 2.2. This theorem proves Gaussian convergence for any random variable of the
form
1

W(Tf p(A) —ETrp(A)),

where ¢ is a function of the type

o) =3 G (p>1,¢c,...,00€C, 2z,...,2 € C\R).

)
Zj—/\

J=1

The functions ¢ of this type span (by closure) some larger sets of functions (by, e.g.
the Stone-Weierstrass theorem, the Cauchy formula, or the Helffer-Sjostrand formula).
However, the lack of error control in approximating ¢ (due to the fact that in our case
the Log-Sobolev concentration inequality (3) is not true and the general concentration
inequality (2) is not sharp enough) prevents us from extending our theorem to a larger class
of test functions, as was done from resolvent functions to wider classes in e.g. [3, 6, 25].
As far as applying [25, Propo. 1] is concerned, the problems come first from the fact that
we truncate the entries of the matrices to upper-bound the variance of Tr(E + inp — A)~!
and second from the fact that this variance does not decay enough as |F| grows.

The remainder of the paper consists of the proof of Theorem 2.1. In Section 3.1, we
truncate the random variables appropriately, and centralize in the real case (in the com-
plex case, centralization is automatic due to our assumption of symmetry). In Section 3.2,
we restate our problem in terms of a martingale approach and cite relevant martingale
convergence theorem. In Section 3.3, we show that off-diagonal terms of the resolvent
can be neglected in further calculations. Lastly, in Section 3.4 we show that the diagonal
terms of the resolvent yield the desired formula for the covariance, using a lemma proved
in Section 3.5 that allows us to approximate the diagonal elements of the resolvent by the
Stietjes transform of the spectral measure.
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3. PROOF OF THEOREM 2.1

3.1. Truncation, recentralization, and renormalization of the entries. Let A, B
be any N x N matrices, z € C\R, and

Gp(z) = : (5)

Then
1 1 1

GB(Z)ZZ—A+Z—A(B_A)Z—B

(6)

and we have that
| Tr(Gp(2) — Ga(2))] < 2|3z ' rank(B — A).
Thus for fixed z,
rank(B — A) < N0 = | Te(Gp(2) — Ga(2))] < N/

Let us consider the case of real symmetric matrices and let puy = Exy;1,, j<ne (for an
exponent 3 which will be specified later). First we estimate the absolute value of py. As
x;; is centered,

pn = Ergly, sNs, (7)
so for N large enough,

2c

(a+1)(a—1)
Let B = [ai;1,, j<ns — pn/VN]. Subtracting ux/+/N from each matrix entry is a rank 1
perturbation. Then, as

0 <|un| < ]E|xij|]1|rij|2Nﬁ = /B P(|zi;| > z)dz < T (Nﬁ)_a"'l (8)
N

P(!x”| > Nﬁ) < CN_Q’B,

we have
N

rank(B—A) <1 +2ZXZ~
i=1
where the X;’s are independent Bernoulli r.v. with parameters

P(X;=1) = 1—(1—-CN )

and 1 is added for the rank 1 perturbation of shifting each entry by uy/ V/N. In order to
upper-bound rank(B — A) with high probability thanks to Bennett’s inequality or Lemma
5.7 in [7], we compute the sum of these parameters:

1—(1—CN-h)N
CN-oB

N
Y 1-(1-CN™) = N—(1-CN™*)
i=1
If apg >1,
(1—-CON™)N = expNlog(l — CN~*F)

2
- 11— CNl—a,B + %N2(1—o¢5) + O(NZ(l—aﬁ))



6 FLORENT BENAYCH-GEORGES AND ANNA MALTSEV

SO
N _ 2 _ _
) CNI af C_NZ(I af) +0(N2(1 aﬁ))
1-(1-CN ) = N—(1-CN* 2
Z (1—CN~%) (1—CN~%) T
—af c 2—af 2—af
= N—-(1-CN )(N—§N + o(N?79%))
= %N2QB+O(N2aﬂ)

Thus, by Bennett’s inequality or Lemma 5.7 in [7], as soon as aff > 1, we know that
rank(B — A) has order at most N?=29+ (je. for any ¢ > 0, N~C*H+==rank(B — A)
tends in probability to zero). So one can replace A by B as long as

(2—04/6)+<1—Oé/47

ne 2—(1—a/4) 1, a

Furthermore we want to renormalize our new truncated centered random variables to have
variance 1, so we let

ON = \/E(sz'j]lmjmvﬁ — pin)? 9)
Noting that

& c

( |x”|>Nﬂ$u) /N25 (‘.CL']’ iL‘) x F(O&—F 1)(1 _ a/Z)Nﬁ(a,Q)a

we see that

0% —1=0(NPE9),
Then we can replace B as above by B/oy since

| Tr(Gp(2) = Gyoy (2)] = O(NPE™),

In the complex case, subtracting the mean from each matrix entry is no longer a rank 1
perturbation, so this argument will no longer work. This is the reason why, in the complex
case, we only consider random variables which are symmetric so that we can truncate and
still retain a 0 mean.

Lemma 3.1. Let ¢ >0, § = i (1 + %) + € and
Gij = (Tijljp)ene — pin)/ (on V)
i the real case and
ij = (xf}]l\xg\«vﬂ + ixfj1|x{j|<Nﬁ)/(0N\/N)

in the complex case. Then there is a constant C' depending only on the distribution of the
x5 ’s such that

(i) the a;;’s are i.i.d., centered, with variance 1/N,
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(i) N32| E[|d;, | | < ( (1+%)+6>(3—a)+7
(ifi) N2, | sc = N e,
(iv) for any A € C such that SN <0,

DN (DY L DY}

Pu N “N%T T N®
where the function en(z) is analytic in z on {R(z) > 0}, bounded uniformly in
(N,z2) € Nx K for any compact K C {R(z) > 0} and lim,_,oen(2) = 0 uniformly
in N.

) = E[e Ml = 1 — (iA/N), (10)

—~

Proof. (i) is true by the definition of py and ox at (7) and (9), (ii) and (iii) are easy
computations, relying on the fact that for f Rt — R* increasing and X a positive
random variable, E[f(X)] 0)+ f P(X > t)dt. Lastly, (iv) follows from [13, Th.
8.1.6] for non-truncated entrles To centrahze note that

P(lzi; — pn| =2 @) = Pz > o + py) + P(zi; < —2 + py and 25 < py).
Recalling that uy — 0 we get from (4) that for a certain constant C' > 0,

c Ce

Since pny — 0, the random variable x;; — pn will also satisfy (4) for large IV, and therefore
(iv) holds for the shifted entry z;; — un. d

From now on, we suppose that each a;; has been replaced by the a;; of the previous
lemma, for

5;:i<1+%)+e, (11)

for € > 0 that can be chosen as small as needed. By a slight abuse of notation, we still
denote this random variable by a;; and we henceforth assume the conclusions of Lemma
3.1 to be true for the a;;’s

3.2. Martingale approach. We want to prove that for certain test functions ¢ (namely
the linear combinations of functions of the type A € R — ﬁ, with z € C\R),

M(p, N) := (Trp(A) — E[Tr (A)])

1
N1-a/4
converges in distribution to a certain Gaussian distribution. We will use Theorem 4.3 for
M(p,N), with My(N) = M(p,N) and Fi(N) :=0(z;;; i < k and j < k).

Then, denoting E[ - |F;] by Eg, the random variable Y (N) of Theorem 4.3 is

1

Y =Yi(N) = N/

(Ep, — Ep—1)(Trp(A)).
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Let A® be the N — 1 by N — 1 matrix obtained by removing the kth row and column
of A. Then (E; — Ex_)(Tr o(A®)) = 0, hence
1

Yy = Nl-a/4

(Ej, — E—1)(Trp(A) — Trp(AW)).

Note first that by the interlacing property between the spectrums of A and A®) when
¢ has finite total variation, we have

| Trp(A) = Trp(A)] < [lpllrv. (12)

As a consequence, |Yy| < ”S"Hz‘/ﬂl and the L(e, N) of Theorem 4.3 is null for N large enough.

Hence it remains to prove that

N
> Era (YY)
k=1
and
N
> B (Vi)
k=1

have finite deterministic limits that agree with the limit covariance of Theorem 2.1.

By linear combination, it suffices to prove that for any z, 2’ € C\R, for

1 1 1
Yk = W(Ek _Ek—1>(Tr s — A —Ir z — A(k))
and
Yy = Simara (B = Beoa)(Tr ——— = Tr ——45),
we have

N
> B (YY)

k=1
converges in probability to a deterministic constant which agrees with the limit covariance
of Theorem 2.1.

Note that
ZEk 1(YiY) = ZN]Ek: 1(YaYy) = / N Eyuy (Yinvu Vv )du,

hence we shall prove that for any u € (0,1), as N — oo and k — oo with k/N — u, we
have

NEy_1(Y2Y)) — 2uC(z, 7)), (13)
with C(z,2’) the function defined in Theorem 2.1.
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Note also that for G*®)(2) := (z — A®)~1 by (31),

1 1+ a;(GW(2))2a,

Yi = 577 (B — Exoa)

14
z — ag, — aGP)(2)ay (14)

where a;, is the kth column of A without the diagonal term.

3.3. Removing the off-diagonal terms.

Proposition 3.2. Let us define

N 1 1+ a; (G®)(2))Finean
Yk = ﬁ(Ek _]Ek—l) k* k diog
N1l-a/ z — aG®) (2) giagas
and "
- 1 1+ aj(GM(2"))Fia
Y= - 4<Ek_Ek—1) 7 k* k) () — )
N af = akG( )(Z )diagak

where for a matriz M, Mgie denotes the diagonal matriz obtained from M by setting all
its non-diagonal entries to zero. Then

N
PRI A GRS A (15)
k=1

converges in probability to 0.

Proof. We define, for z € C\R,

Fyi=log|z — ag — aiGP()an?  Ff = log |2/ — ap — aiG®) ()
Fri=log|z — ajGW® (2)gigar?  Fj:=log |2 — aiG® () gingar|?.
These functions are well defined because for any z € C\R,
Sz x Y(—a;G® (2)ay) > 0 ; 3z x F(—a;G® (2)giagar) > 0

which implies that

{%z >0 = (2 —ap, — aGW (2)ag), S(z — ap — a};G(k)(z)diagak) > 3z (16)

J2 <0 = S(z— ap, — a;GP(2)ay), I(z — ape — aLGP) (2) gingar) < Sz
so that the argument of the log cannot vanish.

Using the fact that, for an analytic function f defined on C\R and taking values in C\R
such that f(z) = f(z),

0.og | (2)” = 0. 1og(/(:)/(2)) = 0. log(£(2)) = &5,
we have
Vi = (B — By ). Fy = 0o (B — By, B,

~ Ni—a/4 Nl-a/4
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where in the second equality, we used (16) to notice the Fy is bounded uniformly in the
randomness and in z as z varies in any compact subset of C\R. Of course analogous
formulas hold for Y7, Y}, and ka . Thus, commuting conditional expectation and derivative
again for the same reason, we have

N

> B [ViV] — Bi [ViYF] =

k=1

N
0:0. Y N7 By [(Bx — By 1) Fr(Bg — By 1) Fy] — By a[(By — Bx o) By (B — By 1) FJ}

k=1 — ~
= Pk = Pk

hence by the Cauchy inequalities for holomorphic functions, it suffices to prove that uni-
formly on k, z, 2’ (as z, 2’ stay at a macroscopic distance from the real line) we have

o — @l < NTINZO2, (17)

Let
e = ape + Ay G (2)ay, — afGW (2)digar = ape + > G (2)i5a5(0)ak (),
i#]
and .
Er = Fk — Fk = log |1 — 77k<z — a’,;G(k)(z)diagak)_IP.
We also define 7, and ¢}, in the same way with z instead of 2’.
By Lemma 4.4, we have
o = Ep1[Ep(Fy) Bu(Fy)] — Ero1 (Fr) B (F7)
and the analoguous equality holds for ;. Thus using the formulas Fj = Fj, + ¢, and
F| = F| + ¢}, we have
ok — @ = Epa[Ex(Fy) Bi(el)] + Bxoa[Er(en) Bo(Fp)] + Exa [Ex(ex) Ex(e)]  (18)
—Ep—1(Fr) Ex_1(ey) — Ex—1(ek) Ex—1(Fr) — Ep_1(eg) Ep_1(g})

Let E,, denote the expectation with respect to the randomness of the kth row a; of A.
We have

Epa() = B Ea (+) = Ea B (), (19)
so that (18) can be rewritten as
o= = Eay[Er(Fy) Er(el)] + Eay[Ex(er) Ex(F})] (20)

+ Eak [Ek (514:) Ey (5;)] — Eg Eak (Fk) Ey Eak (5;)

— Ey Eak (Ek) Ey, ]Eak (Fk) — Ey Eak (Ek) Ey, ]Eak (5;9)
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= Ti+To+T3+T,+ 15+ T

From now on, C' will denote a finite constant (that will change from line to line) depending
uniformly in k, z, 2" as z, 2’ stay at any positive distance away from the real line.

Lemma 3.3. We have:

(1) Ea,[Ine’] < CNTH,

(i) Ea,[|mel*] < CN_I_%ZHG, for € as in (11).

Besides, the same bounds hold if one replaces ni, by ny, or by Ex(n) or Ex(n;,).

Proof. Let us denote G = G¥)(z) and write E instead of E,, for short. Note that
TTGG* <CN G| <C. (21)

Inequality (i) follows from Lemma 4.1, which allows to claim that

Eak[|77k|2] < CN™!
Let us now prove (ii). We denote a(i) by a; and set

Q = Z Gija_iaj.

i#]
We have
E.[IQ"] = > GirisGisiy Gigic Giris B, iy 0303, 03503503,

i17#42,i3 714,15 716,177

As the a;’s are independent and centered, for a term in this sum to be non zero, one needs
the partition of level sets of the function ¢ € {1,...,8} + 4, to have no block of cardinality
1. Moreover, 7; and 75 cannot be in the same block, i3 and i4 neither, etc. The cardinalities
of these blocks can be (2,2,2,2), (4,2,2), (4,4), or (3, 3, 2). The last possibility only arises
when the distribution of the entries is not symmetric. We estimate the above sum in each
of the four cases, using (21) and the estimates for the moments given in Lemma 3.1:

e The sum of the terms corresponding to (2,2,2,2) has absolute value at most
84 (Tr GG*)? E[|ay[!]* < ON2
e The sum of the terms corresponding to (4, 2,2) has absolute value at most
83(Tr GG E[|ay|*)? Efjas[*] < CN 4NN s +e-) < O N—1-96 42,

e The sum of the terms corresponding to (4,4) has absolute value at most

o2
82(32) 2 Tr GG* Ef|ay[*]? < ON 15 e,
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e The sum of the terms corresponding to (3, 3,2) has absolute value at most
8'(Tr GG*)* Eflas ') E|az|] (22)

If @ < 3, then (22) < CN*N?||GG*||> < CN 2.
If a > 4, then

2
(22) < ON'N?|GG*|? (N%—%—c;—i+e(3_a>>

IN

Q
=

~i

"I

of?
e

< CN717%+26.
a? 1
(in the last step, we used the elementary fact that 3 + E 5)
It follows that

a?
B[IQIY] < CN e
(X2
As E,, [lags]!] < ON71755 ¢ we deduce that

Eo,[[1["] < 2*(E[lar|'] + Ea, [|QIY]) < N7

To prove the last assertion, one only needs to change G into G® (/) or Ei[G® ()] or
Ex[G®)(2"))]. O

To conclude the proof of Proposition 3.2, we need to prove the upper bound (17). We
will use the expression of ¢ — @ given at (20), denoting the six terms of its RHS by
Tl; c. ;TG- We will show that ’T1|, |CZ—12’7 ‘T3|, |T4" |T5|’ and ’T6| < Nl—a/Q.

To make subsequent calculations less cumbersome to write, we introduce the notation

1

J:
F z— ap, — arG® (2)ay

and
1

z = akG((ilag< )
and correspondingly Ji, J; 4., With 2’ instead of z. Let furthermore

1
— I GW(z)

Ik diag =

Jk,Tr = —
and E be given by
1 1
B = a6t Glawa — [y TGN(E) =36 (i 5

so that
Jidiag = i + BTk diag Tk,
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To find a bound on | E,, [ex]], we bound E,, [¢x] and E,, [—¢x] separately. We notice that
|1 — Nk Sk diag| and |1+, Ji| are reciprocals. Using Jensen’s inequality, we find a bound on
the former:

Eay[er] = Ea, log |1 — nk i, diag|”
<logEa, |1 — i Jkdiag)’
=log Eq, (1 — 2R(1k Sk diag) + ’ﬂkjk,diag\z)
=log Eq, (1 — 2R (et + Mk E Tk ding S, 1) + |nka,diag’2)
< log(1 + O(Ea, [n| |E]) + O(Ea, [ni[*))

Here in the last line we have used that Ji 1. is independent of a; and that E, n, = 0
which gives that E,, R (7, Jiw) = 0. We have also used that Jyi, Jy diag, and Jy 1 are
uniformly bounded to claim that Ea, 7 EJy diag Jk e < O(Ea, [7x| |E|) and Ea, |19 Jk diag|* <

O(E,, |n]?). Similarly, we show the same bound for E,, [—&]:
Eo,[~¢t] = Ea, log|1 + i/

<logEa, |1+ meJire + (0 + E) Tk ding k|

= log(1 + 2Ea, R(niJime) + O(Ba, [l |E]) + O(Ea, [1x[*))

< log(1 + O(Ea, [ne| | E]) + O(Eay [1]*))
By Cauchy-Schwarz we get that

Ea el 1B < y/Ea, | Ex(ne)|? Ea, | Ex B

CN-iN~-Sr+ie-a)

a 47047(47(1)2

CN(lfi)*T 7 tge(d-a)

IN

IN

This and Lemma 3.3 (i) yield the bound

A—a (4—0()2

—_a)_4-—a led—a
| Bay[e4]| < O(Eay el |E|) < CN(-5)= 555 =555 +3e4-)

since O(E,, || |E|) < 1 and therefore the logarithm is given by its Taylor series. Hence
Ty, |T5| and |T5| < CN'=o/2,

Next, after applying Cauchy-Schwartz to T3, we look for a bound on E,, [| Ex(ex)[?]. We
note first that by Jensen’s inequality

Eay [| Ex(e) ] < E Eay[l(e1)]
Let us partition the space of matrices as follows. We define the events
S={A: N+ >>1} ;  S={A:]1 - pJeawnl’ > 1} (23)
and note that since |1 — 9 Jy diag| and |1 + 7y Ji| are reciprocals, we have that

| log |1 — N Jr.diag]| = Lglog |1 — i Jy diag|” + Ls log |1 + myJi|>.
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Recall that for = > 0, log(1 + z) < z, so that on S
0 < (log |1 = ki dingl*) 1 < (—2R (1 Tk ding) + 16Tk aine]*) 15
Using the definition of S and similar reasoning we get a similar bound on 1glog |1+ nxJ
with Jj, instead of —Jj, giag, Which yields
[log |1 — Tk ding)*| < —1gCR(Me T diag) + [Tk ding]®) + Ls @R i) + |medel?)  (24)

Taking the expectation of |ex|?, and using that |Ji| and | Jy qiag| are absolutely bounded we
get that

| 2

Ek<10g ‘1 - nka,diag|2>2 S CEk |77k’2 < CNil
where the last inequality follows by the previous Lemma 3.3 (i). Here the € of (11) is
chosen small enough. By Cauchy-Schwartz, it proves that |T3| < CN~!

Let us now treat 77 and 7T,. We have
Ty = Ea[Er(cr) Er(J} ding)]
= Eq [Er(er) Ek(‘]llc,Tr + E‘]Ilc,diagJI,c,Tr)]
= (Bx Jim) Bay Er(er) + Ea, [Ex(er) Ex(EJp diag Jire )]
< CEa[|Ex(ex) Ex E|]

where in the last two lines we used that J 1, is independent of a; and that E,, €, = 0. By
Cauchy-Schwartz and our previous bounds, we get that

T3] < C\/Buy | Eu(e0)? Eay | Ex B < CN-EN~ e < N(1-8) 58555 i)
The same bound holds for 77. This concludes the proof of Proposition 3.2. U

3.4. Computation of the limit. By what precedes, to prove (13), it suffices to prove
that the random variables

L+ 355 lax () P(G™ ()3
2= 2 la(F)PGM (2);

satisfy the convergence in probability
N7 BBy — ) (f(2)) (Br — Ex-1) (fi(2))] — 2uC(2,2) (26)
as N,k — oo with k/N — w.

Let fi(z) be defined as f,(z), but with the matrix A replaced by a matrix A whose
entries a;; are the ones of Aif ¢ < k and j < k and independent random variables with the
same distribution as the entries of A if i > k or j > k. Let G®(z) denote the resolvent of
A® | This notation is convenient as we can then express a product of integrals as integrals
over different sets of variables. Let also E,, 5, denote the expectation with respect to the
randomness of the k-th columns of A and A. F urthermore, [ still denotes the conditional
expectation with respect to the o-algebra generated by the k x k upper left corner of A
(or of A, as they share the same k x k upper left corner).
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Lemma 3.4. We have

Ep1[(Ex — Ex1) (fe(2)) (Eg, — Ek—lz(fk(zl))] -
Ep[Ea,a, (fe(2) fe(2)] — Ex Eay fr(2) Ex Ea, fr(2).

Proof. On the o-algebra generated by A and ;L we have E;_1 = Ea, 5, Ex = EyE,, 5,
hence by Lemma 4.4,

Er1[(Br — Epo1) (fr(2) (Bx — Ep—1) (fu(2)] =
Eay a, [Ex fx(2) Bg fr(2)] — Ex Eay, fr(2) B Eay, fr(2)

Now, note that Ey, fi(2') = Eg ﬁ(z’), hence
Er1[(Bx — Ep—1) (fr(2) (Ex — Ex—1)(fx(2'))] =
Ea, . [Er fi(2) Er, fi(2)] — Ex Ea, fi(2) Ex Ea, fiu(2')

Lastly, N N
Ey. fi(2) Ex, fr(2') = Ex[fi(2) fi(2)]
thus
Ex—1[(Ex — Eg—1) (fu(2)) (Ex, — Ex—1) (fr(2'))]
= Ea i [Erlfi(2) fe ()] — Bt Ea, fi(2) Bx Ea, f3(2)
= Ex[Ba, &, [5(2) fs(z)]] = Bx Ea, fi(2) ExBa, fi(2).
O
For w € C\R, i = —isgn, - 8wt (recall that sgn, = sgn(Sw)). Hence,
0

letting w =2 — 3, lax(5)2G™¥)(2);; and using (16), we get that

1+ 3, ) EGW (),
2= >, lap(§)PGM(2);

“+o00
= s [ (4 () P(G™ (2 ) OO g
0 -
J

fu(z) =

By (16) the above integral in ¢ and in the randomness of a; is absolutely convergent and
thus we can interchange E,, and f;;o Thus

+oo
B i) = —isgn. [ Ba(l+ 3 [au()F(GH (2)2)) e B PO gy
0 -
J

Then, for any ¢ > 0, we have that
Ea, (14 Y ak() GV (2)?);;) et ImOPEH @) —
J
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! 0, { et |ak(j)\20<k)(2)jj)}
" sgn, it
and that E,_ and 0, can be permuted by (16) again. Hence, we have

+oo
—isgn / ! ——0, E,, {e*®" Lit(z=3; lar (1) PG™) (2) 5 }dt
*Jo sgn, it k

Ea

]Eak fk(z) -

and for ¢ (A) = E [exp(—iX|ai1]*)] as defined at (10),

+o0 1 )
Ea, fr = —/ Gz;esgnzmH(bN(SgnztG(k)(z)jj)dt. (27)
O .
J
Let us now use (10) :
B iAo (V)2 A
¢N()\)_1_N_C N% g5]\](1)\/]\[)
Hence
—+o00
1 sgn itz Uj(Z)
Eak fk(Z) = —/0 0226 & 1?[ <1 + T dt
for
(28)

uj(z) = N (Pn(sgntG™(2);;) —1)
(ISgH tG () )% ’tG (2)2]]|; (isgnztG(k)(z)jj/N).

= —isgn tGW(2);; —
gn, ( )Jj N N2
Let
1 sgn itz k
8(z,t) = Zegzt EI¢N$gm¢G(Kz%ﬂ
1 sniz—M T G(R) (5 c : k a
J

We want to show that
O(N_a/2+1>.

/@m@a:
0

Since §(z,t) is analytic in z € C\R, by the Cauchy inequality
2M,
0,0(z,t)| < —
0.5z, 1)] < 2

maxp(:g:/2) |0(2,t)|. Let 2, be the maximizer of §(w,t) on B(z,3%/2). Then

/aamﬂ<_lﬂ@ﬁw

where M, =




FLUCTUATIONS OF LINEAR STATISTICS OF HALF-HEAVY-TAILED RANDOM MATRICES 17

Let 0 < v < (o —2)/(2a) < 1/2. Then we split the above integral into two parts:

/OOO |6(2¢, t)|dt = </ON7 +/Noj) |0 (2, )| de.

> 7Sz
[ istan) < 0o
N~

so we focus on the first integral.

It is easy to see that

N7
Recalling that ¢y (sgn tG®(2);;) = 1+ uj]\(,z), we write / 6(2,t)|dt as the integral of
0

a sum of three errors 91, s, 3:
lesgnzitzt H 1+ Uj Zt) . 6% Z]- uj(zt)
t j N

N7 N7
| s |
0 0
esgnzitzt <€NZ u;(zt)
t

[
_l’_ —_
0

_ 67% TrG(k)(zt) X

c . o
(1 " Na2 > (isgn tG™ (z);5)"
j
(k) |5
'y M@V(i sgnztG(k)(Zt)jj/N)>) '

+/N71
0 t

:251+52+(53

[N]])

N

. sgn it tG(k) i g Bl
grents TGN (Z PO st G 2),5/)
J

To get a bound on §; we use Lemma 4.5 for each ¢ with
M, = max |u;(z)|
(isgn tG™ (2, )% tG® (= )ga|%

= max | — isgn tG"(z);; — — en(isgn tG™ (z);;/N)|
i N =z N 2

<Ct

for a constant C. Besides, |¢n (sgn tG®(z);;] < 1, hence by (28), R(u;(2)) < 0. Hence

NY
513/ ¢
0 t

2,42
CF < ¢

N2
where we used the fact that v < 1/2.

N

6sgn itz

N7
“M+M<_/ [teseniter] SN~ dt <
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To get a bound on ds, we can use the Taylor series expansion to check that for |z| < 1/2

o0
O

k:O

|z [* |z[” 2
<|g;| Z k+2|_1 " |<2|;p|

e — (1+x)| =

This yields that

isgn, tG®(z),;)2 tG® (z) 02
. (—cZ( GOt | OO s, /N)>
J J
isgn, tG® (), tG® (2)2
_ (1 _ CZ ( NQ/Q( £)jj) + Z | N(a/tQ)]]’ N(lsgnztG(k)(Zt)jj/N)

J

n[R

2

o

(isgn tG®)(z,);;)2 (tG®) (2 |2 .
—e) NCE L Z Na/tzﬂ v (isgn tGM (z1);5/N)

<2

J
so that, as v < (a — 2)/(2«) implies that yoo —a + 2 < —a/2 + 1,

NY 1 _ sgnyit FI‘I‘G(k) (Z )
52 = —-e N X
o ¢

2
dt

[e]3

(isgn, tG®(z,);;)2 [tG*) (2 ]2 .
‘—CZ N Z Na/;“ n(isgn.tG® (2,),5/N)
J

< CN’ya—a-‘rQ < N—a/2+1

To get a bound on d3 we do a dyadic decomposition of the integral. We integrate on
[2F, 2k+1] with k such that 2% < N7. This yelds

1 ; sgnyy it tG y %
gesgnzltze*TﬂGW(Zt) <Z | ]\(/ 2 en(i SgnztG(k)(Zt)jj/N)>'

J

2k+1

/.

nle| &

(2k)a/2—1
max ey (isgn,tG*(2);;/N)

< OQk —|Sz|t2k
- c No/2=1 tejo,N7]

Noting that 37, 2%/2e~18%12" is convergent we get that

max;epo n-] En (isgn,tGM (z);;/N)

—a/2+1
Na/2—-1 <N

03 < C

As a consequence,

+oo 1 . it
Eak fk<z) = _/ azgesgnzltZ*gT ﬂG(k>(Z (
0

(isgn,tG™(z), )“/2) dt+o( N/
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Then Lemma 3.5, whose statement and proof are postponed until the next section,
implies that the diagonal terms G(k)(z)jj in the previous expression are close to the
Stieltjes transform Gy.(z) of the semicircle law with support [—2,2]. It also implies that
N='Tr G®(2) is close to Gy(2). As before, the factor e%":1* allows us to take the integral
dt to infinity. It follows that

+oo 1 . .
Eak fk(z> _ _/ azzesgnzltz—sgnzlthc(z) (1 . N_a/2+1CK(Z, t)a/2) dt—i- O(N_a/2+1), (29)
0

where o(1) is for the convergence in probability.

Of course, the same holds for E,, fi(2').

Let us now compute Eakgk(fk(z)ﬁ(z’)) First, as above,

) = [

0.0, % [esnsitle= 3, [P CM (2)) +sgnit' (/- X, |5k<j>\2é<z'>§-§>>}dtdtf
t,t/>0

Hence as E,, denotes the integration with respect to the k-th columns of A and A" and as
these columns are identical up to the k-th entry and independent from the k£ + 1-th entry
on, we have

e 1 sgn itz+sgn_,it’z’ "G(s
By, (fu(2) fr(2) = / 0,0, —{e¥r=1t=tsenit H¢N(SgnztG(k)(z)jj +sgn t'G(2 )51;))

z
tt’
t,t'>0 j<k

[T on(sentG® (2);)én (sgnt'G(2) ) ytdy

>k
Then, proceeding as above when we computed E,, fi(2) (from (27) to (29)), we get that

~ 1 . st 1 gl
]Eak i (fk(z)fk(zl)) _ / azaz/ _esgnzltsz(z,t) esgnlet —K(z't)
7 t,t’>0 2

(1 — cuN " K (2,t) + K(2/,t))*/?
—c(1 = u)N™H YK (2,6)? + K(',1')*?) + O(N_a/2+1)) dedt/
This equation, together with (29) and Lemma 3.4, imply (26). This concludes the proof.

3.5. Concentration of the diagonal terms of the resolvent.
Lemma 3.5. For any fized = € C\R, for anyp > 1, and any j € {1, ..., N}, the sequence
1G(2)j5 = Gse(2)l| v,

tends to zero.
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Proof. As |G(2);; — Gse(2)] < 2(82)71, it suffices to prove the result for p = 2. By the
Schur complement formula (see [3, Th. 11.4]), we know that

1
Z— % - % Zz‘,k;z‘;ﬁj,k;éj G(j)(z)ikxjixkj’

G(2)j; = (30)

where GU)(z) = (z — AYW)™! and AU is the matrix obtained after removing the jth row
and the jth column of A.

By Lemma 4.1 of the appendix and the fact that | Tr GY)(2) — Tr G(z)| < C (see Lemma
4.6), the denominator of the RHS of (30) can be written

z— %TrG(z) + Op2 (N7

for n:= g‘—; —€(2—a/2).
As the function f, : x — ﬁ has uniformly bounded gradient on the half plane {z €
C; S28x > 0}, we get that
1
z—+TrG(z)
Besides, by [11, Lem. C.1], we know that
1

1 —1/2
ST G(E) —E[L TG ()] = O (N7/2),

G(2);; = +O0r2(N77).

hence
1

z— E[g TrG(2)]
At last, by [3, Th. 2.5], we know that for any fixed z € C\R,
1

E[N TrG(2)] — Gse(2) — 0.

G(z)j; =

+ OL2 (N_n).

We conclude by using the fact that = Gy (2). O

2z — Gye(2)
4. APPENDIX

4.1. Quadratic forms in heavy-tailed variables.

Lemma 4.1. Let a = (ay,...,an)? be a column vector whose entries are i.i.d., centered
and satisfy (ii) and (iii) of Lemma 3.1. Then for any deterministic matriz G, the random
variables

1
satisfy

o2
E[|X|?] < 2N 2 Tr(GG*) < 2N G2 E[|E]*] < 10C||G||? N~ s telt=a),
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Proof. Direct computations, the second one using E[|E|*] = E[|E — E[E]|?] + |E[E]]*>. O

Remark 4.2. We shall sometimes use this lemma after removal of the kth row and column
of B and of the kth entry of a, but it suffices to apply the lemma with the matrix deduced
from B by setting its kth row and column to zero.

4.2. CLT for martingales. Let (Fj)r>0 be a filtration such that Fo = {0,Q} and let
(My)r>0 be a square-integrable complex-valued martingale starting at zero with respect to
this filtration. For k > 1, we define the random variables

Yii= My — My v=EB[Vil’ | Fea] 7= B[V | Fid]

and we also define

V= ka T = ZTk L(e) := Z]E[|Yk|2]l|yk|28].

k>1 k>1 k>1

Let now everything depend on a parameter N, so that Fj, = Fr(N), My = Mx(N), Y, =
Yi(N),v =v(N),7 =7(N),L(e) = L(e,N), ...

Then we have the following theorem. It is proved in the real case at [8, Th. 35.12]. The
complex case can be deduced noticing that for z € C, (z)?, 3(2)? and R(2)3(z) are linear
combinations of 2%, 2, |z|%.

Theorem 4.3. Suppose that for some constants v > 0,7 € C, we have the convergence in
probability

'U(N) N—> v T<N)]V—> T
—00 —00

and that for each ¢ > 0,
L(e,N) — 0.
N—o0
Then we have the convergence in distribution

My(N) — Z,
N—o0
where Z is a centered complex Gaussian variable such that E(|Z|*) = v and E(Z?%) = 7.

To apply this theorem, we shall use the following lemma.

Lemma 4.4. Let E;_; and E, denote conditional expectations given some o-algebras
Fr_1 C Fi. then for any pair A, B of L* r.v., we have

Ep1[(Ex — Eg1)(A)(Ey, — E1)(B)] = B 1 [Ex(A) Ex(B)] — Er—1(A) Ex—1(B).

Proof. We have
Er1[(Ex —Ep—1)(A)(Ex —Ex—1)(B)] = Eg_1[Ex A(Ey, — Ex—1)(B)]
—Eg 1 [Ex—1(A)(Ey, — Ex—1)(B)]
_ [, Ay B
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— Er 1[Ex AE,_1(B)]

J/

-~

=Eg_1(B)Ex_1[Ex A]J=Ep_1(A)Ex_1(B)

—Er1(A) Ex 1 [(Ex — Eg1) B

J/

-

=0

which concludes the proof. O

4.3. A lemma about large products and the exponential function.

Lemma 4.5. Let u;, i1 =1,..., N, be some complex numbers and set
N . N

There is a universal constant R > 0 (independent of N and of M ) such that

M M? 2
W S R — |P — €S| < W€%(5)+%.

Proof. Let L(z) be defined on B(0,1) by log(1+ z) = z + 22L(z) and R > 0 be such that
on B(0,R), |L(z)| < 1. If & < R, we have

"o HGXP{N+N2L(N>} - eXP{ZNZL(ﬂ}’

A %

so that
2
S _ S Ui Ui
P—e” =ce¢ (eXp{Xi:NQL(N)} —1)
Since for any z, |e* — 1| < |z|el*!, the conclusion follows. d

4.4. Linear algebra. Let H = [h;;] be an N x N Hermitian matrix and z € C\R. Define
G:=(z—H)™.

Lemma 4.6 (Difference of traces of a matrix and its major submatrices). Let Hy be the
submatriz of H obtained by removing its k-th row and k-th column and set Gy, := (z—Hy,) L.
Let also ay, be the k-th column of H where the k-th entry has been removed. Then

1+ a;Giay
Z — ]’ka - a,’;Gkak'

Ti(Q) — Tr(Gy) =

(31)

Moreover,
| Tr(G) — Tr(Gy)| < 7Sz (32)



[1]

FLUCTUATIONS OF LINEAR STATISTICS OF HALF-HEAVY-TAILED RANDOM MATRICES 23

REFERENCES

G. Anderson, A. Guionnet, O. Zeitouni An Introduction to Random Matrices. Cambridge studies in
advanced mathematics, 118 (2009).

7.D. Bai, J. Yao On the convergence of the spectral empirical process of Wigner matrices. Bernoulli
11 (2005) 1059-1092.

7.D. Bai, J. W. Silverstein Spectral analysis of large dimensional random matrices, Second Edition,
Springer, New York, 2009.

Z.D. Bai, X. Wang, W. Zhou CLT for linear spectral statistics of Wigner matrices. Electron. J. Probab.
14 (2009), no. 83, 2391-2417.

G. Ben Arous, A. Guionnet The spectrum of heavy tailed random matrices. Comm. Math. Phys. 278
(2008), no. 3, 715-751.

F. Benaych-Georges, A. Guionnet, C. Male Central limit theorems for linear statistics of heavy tailed
random matrices. Comm. Math. Phys.Vol. 329 (2014), no. 2, 641-686.

F. Benaych-Georges, S. Péché Localization and delocalization for heavy tailed band matrices, Ann.
Inst. Henri Poincaré Probab. Stat., Vol. 50 (2014), no. 4, 1385-1403.

P. Billingsley Probability and measure, Wiley, third edition.

C. Bordenave, P. Caputo, D. Chafai Spectrum of large random reversible Markov chains: heavy-tailed
weights on the complete graph, Ann. Probab., 39, 2011, 1544-1590.

C. Bordenave, P. Caputo, D. Chafal Spectrum of non-Hermitian heavy tailed random matrices. Comm.
Math. Phys. 307 (2011), no. 2, 513-560.

C. Bordenave, A. Guionnet Localization and delocalization of eigenvectors for heavy-tailed random
matrices, Probability Theory and Related Fields, Vol. 157(3-4), 885-953 (2013).

S. Boucheron, G. Lugosi, P. Massart Concentration inequalities, Oxford, 2013.

N.H. Bingham, C.M. Goldie J.L. Teugels, Regular variation, Cambridge University Press, 1989.

P. Cizeau, J.-P. Bouchaud, Theory of Lévy matrices Phys. Rev. E 50 (1994).

L. Erdés, B. Schlein, H.T. Yau Semicircle law on short scales and delocalization of eigenvectors for
Wigner random matrices, Ann. Prob. 37 (2009).

L. Erdos, B. Schlein, H.-T. Yau, J. Yin The local relaxzation flow approach to universality of the local
statistics for random matrices. Ann. Inst. Henri Poincaré Probab. Stat. 48 (2012), no. 1, 1-46.

L. Erdos, H.T. Yau, J. Yin Rigidity of eigenvalues of generalized Wigner matrices, Adv. Math., 229,
2012, 1435-1515.

W. Feller An introduction to probability theory and its applications, volume II, second edition, New
York London Sydney : J. Wiley, 1966.

A. Guionnet O. Zeitouni Concentration of the spectral measure for large matrices, Electron. Comm.
Probab. 5 (2000), p. 119-136.

A. M. Khorunzhy, B. A. Khoruzhenko, L. A. Pastur Asymptotic properties of large random matrices
with independent entries, J. Math. Phys. 37 (1996) 5033-5060.

M. Ledoux. The concentration of measure phenomenon. Providence, RI, AMS, 2001.

A. Lytova, L. Pastur Central limit theorem for linear eigenvalue statistics of random matrices with
independent entries, Ann. Probab., 37, 2009, 1778-1840.

K. Johansson On the fluctuations of eigenvalues of random Hermitian matrices. Duke Math. J. 91
1998, 151-204.

L. Pastur, M. Shcherbina FEigenvalue distribution of large random matrices. Mathematical Surveys
and Monographs, 171. American Mathematical Society, Providence, RI, 2011.

M. Shcherbina Central Limit Theorem for Linear Eigenvalue Statistics of the Wigner and Sample
Covariance Random Matrices, Journal of Mathematical Physics, Analysis, Geometry, 7(2), (2011),
176-192.

Y. Sinai, A. Soshnikov Central limit theorem for traces of large random symmetric matrices with
independent matriz elements, Bol. Soc. Brasil. Mat. (N.S.), 29, 1998, 1-24.



24 FLORENT BENAYCH-GEORGES AND ANNA MALTSEV

[27] T. Tao, V. Vu Random matrices: universality of local eigenvalue statistics, Acta Mathematica, 206
(2011), 127-204.



	1. Introduction
	2. Main result
	3. Proof of Theorem ??
	3.1. Truncation, recentralization, and renormalization of the entries
	3.2. Martingale approach
	3.3. Removing the off-diagonal terms
	3.4. Computation of the limit
	3.5. Concentration of the diagonal terms of the resolvent

	4. Appendix
	4.1. Quadratic forms in heavy-tailed variables
	4.2. CLT for martingales
	4.3. A lemma about large products and the exponential function
	4.4. Linear algebra

	References

