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1 Introduction

The analysis of 4-point correlators has been one of the key ways to study the AdSd+1/CFTd

duality [1–3] from its very early days. While 3-point functions of operators belonging

to supersymmetric chiral multiplets do not depend on the coupling constants,1 4-point

correlators of the same operators are generically non-protected quantities that capture

interesting dynamical features of the theory. Most of the work in this area has been so

far focused on the d > 2 case and, in particular, on correlators of single trace operators

for the four dimensional N = 4 SYM theory. On the bulk side, the standard approach for

evaluating these correlators is to use Witten’s diagrams, but other approaches are being

developed which bypass part of the supergravity analysis, see [8] and references therein

also for an overview of the results obtained with the traditional approach.

In this article we extend these results in two ways. Firstly, we compute correlators at

strong coupling in a 2D CFT, where the conventional Witten-diagram method faces some

1The general proof of this non-renormalization theorem was given in [4], and in [5–7] it was exploited to

match states at weak and string coupling in the particular set-up relevant for this article.
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technical difficulties, because the quartic couplings of the 3D supergravity Lagrangian

have not been worked out and the diagrams representing vector and graviton exchange are

naively divergent in AdS3 [9]. Hence, dynamical correlators have not been computed in

the AdS3/CFT2 setting until now. Secondly, we consider correlators that contain “heavy”

operators OH , whose conformal dimensions scale as the central charge c of the theory when

c → ∞; the OH ’s are typically multiparticle operators with large quantum numbers. We

will refer to ordinary single particle operators OL, with dimensions of order one in the same

limit, as “light”. In analogy with the case of N = 4 SYM we also use the nomenclature

single or multitrace operators to indicate single or multiparticle states. We concentrate

in particular on 4-point functions with two heavy and two light operators, which we will

denote as HHLL. This class of correlators has recently been studied both from the CFT [10–

13] and the bulk point of view [14–17]). They are particularly interesting in the study of

black holes in the AdS/CFT context as the heavy operators represent the microstates that

provide a statistical interpretation of the Bekenstein-Hawking entropy.

It should be noted that a different type of heavy operators were considered before:

these are non-protected semiclassical stringy operators of dimension of order c1/4: 3-point

functions of the HHL type were computed in [18, 19], and the extension to 4-point HHLL

correlators was worked out in [20]. There is a substantial difference between the two

types of heavy operators: when the dimension is O(c1/4), OH is dual to a semiclassical

string state in AdS, while operators with O(c) dimension source new asymptotically AdS

geometries. Since neither type of heavy operators is dual to a simple supergravity mode,

it does not seem to be easy to use the standard Witten’s diagrams approaches mentioned

above to derive the HHLL correlators. For the stringy operators of [18–20], one could

use the worldsheet theory dual to the semiclassical states to compute holographically the

correlators, but this method is not applicable for the correlators of interest here. Another

powerful technique is integrability, which has been a very successful approach in studying

the spectrum and the correlation functions of holographic superconformal theories, see [21]

for a review in the AdS3/CFT2 context; however the correlators we are interested in are

outside the integrable sector of the theory since they involve operators that have a conformal

dimension of the order of the central charge. As in the case of the AdS5/CFT4 SYM duality,

we do not expect integrability to help in understanding the properties of the heavy states

representing the microstates of a black hole. In this paper we develop a new holographic

approach to the problem of calculating correlators with heavy operators of dimension of

order c, which exploits the supergravity solution dual to the heavy states. We restrict here

to supersymmetric operators.

We focus on the d = 2 case that relates a 1+1-dimensional CFT with (4, 4) supersym-

metries, known as the D1-D5 CFT, to type IIB string theory on AdS3 × S3 ×M, where

the four dimensional compact space M can be either T 4 or K3. This background geometry

arises in the near-horizon limit of a stack of n1 D1 and n5 D5-branes wrapped on a common

S1 and (for the D5’s) on M. The dual CFT has central charge c = 6N with N = n1n5

and its moduli space contains a free point where the CFT can be described simply as an

orbifold with target space MN/SN . The states in the Ramond-Ramond (RR) sector of

the CFT are heavy since their holomorphic and anti-holomorphic conformal dimensions
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are at least c/24. The supersymmetric states in this sector are relevant for the statistical

interpretation of the entropy for a black hole in type IIB supergravity on S1 ×M [22, 23].

In particular we study correlators of the form

〈OH(z1, z̄1)ŌH(z2, z̄2)OL(z3, z̄3)ŌL(z4, z̄4)〉 , (1.1)

where the OL is a chiral primary operator of dimension h = h̄ = 1/2 and OH is the RR

ground state that was studied in [6, 7] in the precision holography analysis of the 3-point

functions [5]. At the orbifold point the free field realisation of the CFT can be used to

rewrite (1.1) as a combination of free correlators determined by the single trace constituents

of the heavy state. On the bulk side, the heavy state we consider is described in terms of a

supersymmetric 10-dimensional type IIB geometry that has D1 and D5 charges determined

by n1 and n5 [6, 24, 25]. In the decoupling limit, this solution reduces to a 6-dimensional

solution (after a standard KK reduction on M) that is asymptotically AdS3 × S3. The

correlator (1.1) is captured by studying the quadratic perturbation of this geometry where

we add the supergravity field dual to OL with the appropriate boundary condition on the

AdS boundary. A class of bulk correlators of this type was studied in [12]: the heavy state

chosen there was composed of equal single trace constituents and the dual geometry could

be factorised (in a particular coordinate system) as the product of an orbifold of AdS3
times S3. Here we consider a more generic heavy state composed of two different types

of single trace constituents. In the orbifold CFT, each constituent is characterised by a

winding number, which specifies the twist sector, and by the SU(2)L × SU(2)R R-charge.

In the heavy state of [12] each constituent had winding one and maximal R-charge; here

we add a new type of constituent, with the same winding number but vanishing R-charge.

Since the total winding number is fixed in terms of the CFT central charge, the heavy state

depends on a single parameter (related to B in (2.7)) which controls the relative number of

the two types of single trace constituents; the state preserves the same (eight) supercharges

for any value of B and it reduces to the state of [12] for B = 0. When B 6= 0, the dual

geometry is a more complicated space which cannot be factorised in AdS3 and S3 factors:

of course, the majority of the bulk microstates are of this type.

The gravity computation of the correlator of two of these heavy states and two light

states involves a perturbation around the D1-D5 non-factorised geometry dual to the heavy

state; the analysis of this perturbation requires some non-trivial calculations. First one

needs to find the linearized equations of motion for the perturbation around a background,

which, apart from being non-factorized, displays non-trivial values for all type IIB fields.

This requires generalising the analysis of [26], which applies to perturbations around AdS3×
S3. Then one has to reduce the six-dimensional linearized equations to a system of three-

dimensional equations (in the asymptotically AdS3 part of the space) describing the field

dual to the light operator OL. This step is obviously complicated by the non-factorised

form of the background. Here we simplify this task by performing a perturbative expansion

that is motivated by the result of the dual correlator at the orbifold point. The orbifold

result (2.9) has a simple polynomial dependence on the parameter B, which, on the gravity

side, controls the deviation from the factorised geometry considered in [12]. This suggests to

expand the gravity equations in this parameter: we will keep here only the first non-trivial
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order. In this way we can organise the computation using the basis of spherical harmonics

on the S3 of the factorised B = 0 background and obtain a set of solvable three-dimensional

bulk equations. This procedure, though perturbative in B, allows us to keep the exact

dependence of the correlator on the cross-ratio z obtained from the points zi in (1.1): in

particular we have access to the regime in which the light operators are maximally far and

the gravity correlator probes the D1-D5 geometry arbitrarily deep in the interior.

We will not provide a detailed comparison between the free orbifold and supergravity

correlators, but some simple features are immediately visible. First the correlator analysed

is not protected, contrary to what happens to the B = 0 case studied in [12]. This fact

is not surprising, and can be understood already from the analysis of the single trace

operators exchanged between the two light operators: while, as was shown in [12], the

only operators exchanged at B = 0 are protected operators consisting of chiral-algebra

descendants of the identity, when B 6= 0 the correlator at the orbifold point receives

contributions also from the exchange of non-protected operators, which are expected to

lift in the gravity limit. Hence the O(B2) part of the correlator is sensitive to dynamical

effects that depend on the CFT moduli. It also receives contributions from the exchange

of multiparticle operators whose dimension gets corrections at subleading orders in 1/N .

The latter feature is generic for the case of non-protected correlators in AdS/CFT and

the logarithms of the correlator captures the anomalous dimension [27, 28]. We leave the

analysis of the operators exchanged in the various OPE channels to a future work. This

is clearly of great interest as it has the potential to shed light on the mechanism by which

the information of the heavy state is encoded in the gravity correlator. Another interesting

question is whether from the geometries discussed in this paper it is possible to extract

a standard light 4-point correlator in the NS sector. This would represent a significant

technical advance, since, as it was mentioned above, none of these correlators could be

computed with conventional Witten-diagrams techniques in AdS3. Notice however that

the small B approximation discussed above is a double scaling limit where N is taken

to be large with b2 ∼ B2/N small but constant. Thus, even after performing a spectral

flow transformation, the heavy state we consider remains a multiparticle operator with

a number of constituents (proportional to B2) that is of order N . Because of this, our

approach cannot at present make direct contact with standard light 4-point correlators.

It would also be interesting to study quantitatively the connection between the standard

HHLL scaling and the correlators where the two light operators are substituted by two

“perturbatively” heavy operators (whose conformal dimension scales as αc with α ≪ 1).

This problem was studied very recently in the context of the Liouville theory [29].

The paper is organised as follows. In the next section we introduce the CFT operators

that enter the 4-point correlator and give its expression at the orbifold point. Section 3

contains the gravity computations: we first describe the background geometries dual to

RR ground states and derive the linearized equations satisfied by the perturbation dual

to the light operator OL around such backgrounds. We then specialise to one particular

family of RR ground states, which depends on a parameter B, and solve the perturbation

equations in this background at the first non-trivial order in B. From the solution for

the perturbation, with appropriate boundary conditions, we extract the 4-point correlator
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at strong coupling. In section 4 we perform some preliminary consistency checks on the

holographic result and conjecture some of its consequences for the information loss paradox.

The details of the computation of the free correlator are presented in appendix A. In

appendix B we collect the supergravity solution dual to the heavy operator OH and its

B-expansion. Some properties of S3 spherical harmonics useful for the gravity computation

are listed in appendix C. Appendix D provides a short summary of the D-integrals that

are ubiquitous in the supergravity results for the 4-point correlators and contains some

useful identities they satisfy. Finally the steps needed to rewrite the gravity correlator in

terms of D-integrals are detailed in appendix E. In appendix F we provide the result for a

correlator that has a different choice of the light states but the same heavy states.

2 A CFT correlator at the orbifold point

At the orbifold point the D1-D5 CFT can be described in terms of elementary free fields.

In this work we focus on the untwisted sector where we have N groups of bosons and

fermions2 labelled by an index r = 1, . . . , N
(
XAȦ

(r) (τ, σ) , ψαȦ
(r) (τ + σ) , ψ̃α̇Ȧ

(r) (τ − σ)
)
, (2.1)

where the indices (α α̇) are in the fundamental representation of the SU(2)L×SU(2)R which

are part of the R-symmetry group, while A and Ȧ are in the fundamental representation of

two other SU(2)’s that we call SU(2)B and SU(2)C respectively for “bonus” and “custodial”

(SU(2)B is an outer automorphism of the superalgebra).

As standard in an orbifold description, we have to keep only states invariant under the

orbifold group, so the operators involved in the correlators must be invariant under the SN

transformations permuting the copies of M. In the untwisted sector this is achieved simply

by symmetries over the index r; for instance we will consider the following operators in the

NS-NS sector

Oαβ̇ =
N∑

r=1

Oαβ̇
(r) =

N∑

r=1

−i√
2N

ψαȦ
(r) ǫȦḂ ψ̃β̇Ḃ

(r) , J3 = −1

2

N∑

r=1

ψ+Ȧ
(r) ǫȦḂ ψ−Ḃ

(r) . (2.2)

These operators are protected also away from the orbifold point since they are part chiral-

primary multiplets, i.e. the highest weight state conformal dimension is equal to the R-

symmetry spin j (defined as the eigenvalue under J3): h = j = h̄ = j̄ = 1/2 for O++ and

h = j = 1, h̄ = j̄ = 0 for J+. These operators are light since their conformal dimension

∆ = h + h̄ remains fixed when the central charge c is scaled to infinity. On the contrary

the R-R ground states are heavy since they have h = h̄ = c/24.

We are interested in 4-point correlators with two light NS-NS operators and two R-R

ground states3

〈OH(z1, z̄1)ŌH(z2, z̄2)OL(z3, z̄3)ŌL(z4, z̄4)〉 =
1

z2hH

12 z̄2h̄H

12

1

z2hL

34 z̄2h̄L

34

G(z, z̄) , (2.3)

2We follow the conventions of [12], which are based on [30].
3The plane and the cylinder coordinates are related by the change of variables z = eτE+iσ, z̄ = eτE−iσ,

with τ = −iτE .
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where zjk = zj − zk and G is a function of the projective-invariant ratio

z =
z14z23
z13z24

, z̄ =
z̄14z̄23
z̄13z̄24

. (2.4)

We can characterise the R-R insertions in terms of states (by sending z2 → ∞ and z1 → 0).

A simple example of a correlator of the type (2.3) is obtained by taking as the heavy

operator OH the R-R state that has maximum value of the spin j = N/2. This state

is related to the SL(2, C)-invariant vacuum by a spectral flow transformation and, in the

orbifold language, correspond to the product of the R-R ground state |++〉(r) of spin (j =

1/2, j̄ = 1/2) in each copy of the CFT. If we choose the heavy and light operator as follows

OL = O++ , lim
z→0

OH |0〉 =
N∏

r=1

|++〉(r) ≡ |++〉N , (2.5)

the correlator (2.3) takes the following form G(z, z̄) = 1
|z| . In [12], this correlator was anal-

ysed both within the CFT and the dual supergravity description, and it was shown that the

two results agree. This non-renormalization property can be understood by decomposing

the result in the channel where the two light operators approach each other and by showing

that the correlator is saturated by considering the U(1)-affine descendants of (J3, J̃3). The

same result holds for a more general class of correlators [12], where the heavy states are

different from the ones in (2.5) but share a key property: as in (2.5) they are constructed

by multiplying the same building block which acts on different copies of the CFT. The

building blocks considered in [12] live in the kth twisted sector of the orbifold CFT and can

also carry a (holomorphic) momentum obtained by taking a spectral flow of level s (in the

holomorphic sector): again the correlators (2.3) constructed with these heavy operators are

protected and the orbifold CFT results match the corresponding supergravity expressions.

In this paper we focus on a different class of heavy operators whose basic constituents

are not all identical. An interesting operator of this type can be constructed by taking

N − p copies in the state | + +〉(r) as in (2.5) and the remaining copies in a R-R ground

state |00〉(r) of spin (j, j̄) = (0, 0)

|00〉(r) = lim
z,z̄→0

O−−
(r) (z, z̄) |++〉(r) . (2.6)

In order to obtain a heavy state that has semiclassical dual description as a smooth ge-

ometry, one needs to take a linear combination of such states with a different number p of

|00〉(r) constituents [31]

|sB〉 =
1

N
N
2

N∑

p=0

AN−p |++〉N−p Bp |00〉p , with |A|2 + |B|2 = N , (2.7)

where A and B are complex parameters. Here we follow the conventions of [7]: we un-

derstand a full symmetrization between the N copies in (2.7) and the norm of the ket

|++〉N−p |00〉p is equal to
(
N
p

)
, i.e. the number of distinct permutations of the constituents.

When A and B are of order
√
N , then the sum over p is peaked, in the large N limit, around

– 6 –
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p ∼ |B|2 and this semiclassical state is dual to a smooth 1/4-BPS geometry. In this paper

we study in detail the correlator (2.3) where the light operator is as in (2.5), while the

heavy one creates the ket (2.8); in summary we choose

OL = O++ , lim
z→0

OH |0〉 = |sB〉 . (2.8)

It is straightforward to calculate this correlator at the free orbifold point and, with the

choice (2.8), we obtain (2.3) with

G(z, z̄) = 1

|z| +
|B|2
2N

|z|2 + |1− z|2 − 1

|z| +
|A|2|B|2

N

(
1− 1

N

) |1− z|2
|z| . (2.9)

Notice that the last term scales, in the large N limit, as O(N), while the first two terms are

of order O(N0). In the free CFT calculation they have two different combinatoric origins:

the leading term in N is due to the contributions from the terms where the light operators

OL and ŌL are non trivial in different copies, while the remaining terms are due to the

“diagonal” contribution where both OL and ŌL act on the same copy.

3 Gravity

In this section we describe the holographic computation of the correlator (2.9). We first

introduce the general background geometries and the linearized equations satisfied by the

perturbation describing the light operator OL, and then specialise to the geometry dual to

the state |sB〉 in (2.7).

3.1 The D1-D5 background

We specialize to D1-D5 states that are invariant under rotations of the compact 4D manifold

M. Their dual geometries can be described in the 6D theory4 reduced on M and have the

general form [6, 24, 25, 33]:

ds26 = − 2√
P
(dv + β) (du+ ω) +

√
P ds24 , P = Z1Z2 − Z2

4 , (3.1a)

e2φ1 =
Z2
1

P , e2φ2 =
Z2
2

P , χ1 =
Z4

Z1
, χ2 =

Z4

Z2
, (3.1b)

B = −Z4

P (du+ ω) ∧ (dv + β) + δ2 , C = −Z2

P (du+ ω) ∧ (dv + β) + γ2 . (3.1c)

ds26 is the 6D Einstein metric, φ1 is the dilaton, eφ1−φ2 is the volume of M, χ1 is the RR

0-form, χ2 is the component along M of the RR 4-form, B and C are the NSNS and RR

2-forms. The 6D space is split in the light-cone coordinates

u =
t− y√

2
, v =

t+ y√
2

, (3.2)

with t and y the time and the S1 coordinate, and the non-compact Euclidean 4D space

R4, on which we define the flat metric ds24. The different 2-charge D1-D5 microstates are

4A nice review of this theory can be found in appendix B of [32].
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characterized by the three scalars Z1, Z2, Z4, the two 1-forms on R4 β, ω and the two

2-forms on R4 γ2, δ2. All these are functions of the R4 coordinates but are independent of

u and v and satisfy the differential relations

dβ = ∗4dβ , dω = − ∗4 dω , d ∗4 dZ1 = 0 , ∗4dZ2 = dγ2 , ∗4dZ4 = dδ2 , (3.3)

with ∗4 the Hodge dual with respect to ds24. The expressions for the NSNS and RR 3-form

field strengths will also be useful:

H≡dB=
Z4d(Z1Z2)−(Z1Z2+Z2

4 )dZ4

P2
∧dû∧dv̂−Z4

P [dω∧dv̂−dβ∧dû]+∗4dZ4 , (3.4a)

F ≡dC−χ1H

=

[
Z2

Z1
dZ1−

Z4

Z1
dZ4

]
∧ dû∧dv̂

P − 1

Z1
[dω∧dv̂−dβ∧dû]+∗4dZ2−

Z4

Z1
∗4dZ4 , (3.4b)

where we have defined

dû ≡ du+ ω , dv̂ ≡ dv + β . (3.5)

We note the following identities, that will be used in the next section:

e−(φ1+φ2)(H − ∗H) = χ2(F − ∗F ) , eφ1−φ2 ∗ F − χ2H = −dC̃ , (3.6)

where we denote by ∗ the Hodge-dual with respect to ds26 with a 6D orientation such that

ǫuv1234 = +1 and

C̃ = −Z1

P (du+ ω) ∧ (dv + β) + γ1 , ∗4dZ1 = dγ1 . (3.7)

3.2 The perturbation

The 6D fields dual to the (anti)-chiral primary operators OL, ŌL are a scalar w and a

closed 3-form h. The linearized perturbation equations around the AdS3 × S3 background

were derived in [26]. The AdS3 × S3 geometry is a special case of (3.1) with Z4 = δ2 = 0,

constant φ1 = −φ2 and anti-self-dual F . Around such a background the perturbation

equations for (w, h) are

h− ∗h = 2wF , e2φ2 d ∗ dw = h ∧ F . (3.8)

One can identify w with the fluctuation of χ2 = eφ1−φ2χ1 and h with the fluctuation of H.

We need to generalize the perturbation equations to a generic D1-D5 background. So

we are looking for deformations of the solution (3.1) controlled by a scalar w and a 3-form h

that satisfy the equations of motion at linear order, but generically break supersymmetry.

It is immediate to see that in the presence of non-vanishing background values for χ1, χ2

and H, perturbing χ1, χ2 and H induces at first order a perturbation of all other fields,

so the task of constructing a consistent deformation is considerably more involved in this

more general setting. Even if the perturbed solution does not need to be supersymmetric,

we can use the supersymmetric solution (3.1) as a guide to understand which fields will
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be excited by the perturbation. In particular we can consider the effect of varying at first

order Z4 by δZ4 ≡ wZ2. This motivates the following ansatz for the perturbation:

δχ1 = eφ2−φ1w , δχ2 = w , δe2φ2 = 2e4φ2χ2w , δe2φ1 = 2e2(φ1+φ2)χ2w . (3.9)

Given the form of B in (3.1c), it is also natural to define h as

δH ≡ h+ dy , y ≡ −2
Z2Z

2
4

P2
w dû ∧ dv̂ . (3.10)

The Bianchi identity dH = 0 implies dh = 0. The Bianchi identity for F :

d(F + χ1H) = 0 (3.11)

implies the form of the F -variation:

δF = −eφ2−φ1wH − χ1h− χ1dy + dx . (3.12)

The 2-form x is not fixed by the Bianchi identity, but the supersymmetric solution suggests

the ansatz

x = −2
Z2
2Z4

P2
w dû ∧ dv̂ = χ−1

2 y , (3.13)

which is what one would obtain by varying Z4 in the expression for C in (3.1c). Since Z4

also appears in the 6D Einstein metric, ds26 should also fluctuate. Instead of guessing the

full form of the metric perturbation, we will determine its effects on the 6D Hodge star by

consistency with the equations of motion. The Maxwell’s equation for F

d(eφ1−φ2 ∗ F − χ2H) = 0 (3.14)

implies

δ(∗F ) = eφ2−φ1wH + χ1h+ χ1dy − eφ2−φ1dx̃ ; (3.15)

the 2-form x̃, which represents the variation of the dual potential C̃, can be inferred

from (3.7):

x̃ = −2
Z1Z2Z4

P2
wdû ∧ dv̂ = eφ1−φ2x . (3.16)

If one assumes that (3.6) is preserved by the perturbation, one deduces

e−(φ1+φ2)δ(∗H) = (2− e−(φ1+φ2))h− w(1 + 2e2φ2χ2
2)(F − ∗F )

+ 2χ2e
φ2−φ1wH + (2− e−(φ1+φ2))dy + χ2(dx+ dx̃) .

(3.17)

Finally, we need to know how the Hodge star acting on 1-form on R4 is deformed: since in

the supersymmetric ansatz one does not get any factor of Z4 when the star acts on 1-forms

with legs only along the spatial directions, we assume that δ(∗ω1) = ∗ δω1 for any 1-form

ω1 on R4.

We can now apply these deformation rules on the remaining equations of motion and

require that they are preserved at first order in the deformation. If one looks at the

variation of the equations for the RR scalars:

d(e2φ1 ∗ dχ1)− eφ1−φ2 ∗ F ∧H = 0 , d(e2φ2 ∗ dχ2) + F ∧H = 0 , (3.18)
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one finds that w and h must satisfy the differential constraints

e−(φ1+φ2)(h− ∗h) = w(F − ∗F ) , d(e2φ2 ∗ dw) + dC ∧ h = 0 . (3.19)

These are the perturbation equations that generalize (3.8) around a general D1-D5 back-

ground.

As a further consistency check, one can verify that the identity

H ∧ ∗F + ∗H ∧ F = 0 , (3.20)

is preserved by our deformation rules: this checks that the deformation ansatz for the Hodge

start operation, that we have derived somewhat indirectly (see eqs. (3.15) and (3.6)), is

actually consistent.

3.3 A particular D1-D5 microstate

The 4-point function of the light operators OL, ŌL and the heavy operators OH , ŌH

is found by solving the perturbation equations (3.19) in the background sourced by the

heavy operators. When OH is the operator in (2.8), the metric functions that describe the

associated geometry are collected in appendix B. The geometry depends on two parameters

a and b, that are related to the CFT parameters A and B via [7]

A = R

√
N

Q1Q5
a , B = R

√
N

2Q1Q5
b . (3.21)

Here Q1 and Q5 are the supergravity D1 and D5 charges, given in terms of the numbers

n1, n5 of D1, D5 branes by the usual relations

Q1 =
(2π)4 n1 gs α

′3

V4
, Q5 = n5 gs α

′ , (3.22)

with gs the string coupling and V4 the volume of M; R is the radius of the S1 on which

the CFT lives. The constraint |A|2 + |B|2 = N translates into

Q1Q5

R2
= a2 +

b2

2
. (3.23)

When b = 0 the geometry is just AdS3 × S3:

ds26 =
√
Q1Q5 (ds

2
AdS3

+ ds2S3) , (3.24a)

ds2AdS3
=

dr2

a20 + r2
− a20 + r2

Q1Q5
dt2 +

r2

Q1Q5
dy2 , a0 ≡

√
Q1Q5

R
, (3.24b)

ds2S3 = dθ2 + sin2 θ dφ̂2 + cos2 θ dψ̂2 , φ̂ ≡ φ− t

R
, ψ̂ ≡ ψ − y

R
, (3.24c)

C = C0 = − r2

Q1
dt ∧ dy −Q5 cos2 θ dφ̂ ∧ dψ̂ , e2φ1 = e−2φ2 =

Q1

Q5
, (3.24d)

with all other fields vanishing. When b does not vanish the geometry cannot be factorized

in an AdS3 and an S3 part, and solving (3.19) in such a background seems a daunting task.
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Since the CFT result (2.9) shows that the first non-trivial contribution to the correlator ap-

pears at order b2, we set up the gravity computation through a perturbative expansion in b,

and we concentrate on the terms of order b2. We thus expand both the background and the

perturbation up to order b2, and we organize the computation using the AdS3 plus S3 split

of the b = 0 background. We perform the expansion in b keeping the D1, D5 charges Q1, Q5

and the S1 radius R fixed; from the CFT point of view this is the most natural expansion,

as it changes neither the central charge c = 6n1n5, nor the CFT spatial volume. Note that,

according to the constraint (3.23), the parameter a has to be varied when expanding in b.

The background solution expanded up to order b2 is given in appendix B. At linear

order in b the deformation of the background around AdS3×S3 is controlled by the scalars

χ1, χ2 and by the 2-form B: with the identifications w = χ2 = Q1/Q5χ1 and h = dB, this

is the deformation described in section 3.2, and it satisfies eq. (3.8). The expressions for

χ2 and B in (B.2e) and (B.2f) are indeed linear combinations of two solutions of the form

of eq. (4.15) of [12]. The two solutions are determined by the AdS3 scalars B± and by the

S3 scalar spherical harmonics Y ±±, which satisfy

�AdS3B± +B± = 0 , �S3Y ±± + 3Y ±± = 0 , (3.25)

with

�g ≡ 1√
|g|

∂µ
√
|g| gµν∂ν . (3.26)

Their explicit form is

B± =
a0√

r2 + a20
e±i t/R , Y ±± = sin θ e±iφ̂ . (3.27)

The O(b2) terms in the metric, in the RR 2-form and in the scalars φ1, φ2 represent the

backreaction, at second order in b, of this linear perturbation. They are encoded in the

AdS3 metric fluctuation δgµν and in the vectors Aφ and Aψ

δgµν dx
µdxν =

dt2

Q1Q5
, Aφ =

R

2Q1Q5
dt , Aψ =

R

2Q1Q5

r2

r2 + a20
dy , (3.28)

which are linked to the first order perturbation fields B± by covariant differential identities:

δgµµ = −a−2
0 B+B−, ∇µ

(
δgµν −

1

2
gµν δg

ρ
ρ

)
= 0 , (3.29a)

(�AdS3 + 2) δgµν = −a−2
0 (∂µB+∂νB− + ∂νB+∂µB−) , (3.29b)

dAφ = 0 , dAψ = − i

2 a20
(B− ∗AdS3 dB+ −B+ ∗AdS3 dB−) , (3.29c)

where to raise and lower indices and to define covariant derivatives one uses the unperturbed

AdS3 metric ds2AdS3
. The constant gauge field Aφ and the constant part of Aψ could be

re-absorbed by a redefinition of the φ and ψ coordinates, and hence are not determined

by the equations of motion. These diffeomorphisms, however, do not vanish at the AdS

boundary, and have a physical effect on the geometry: we will see that the result of the

correlator, indeed, depends on Aφ.
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3.4 Calculation of the 4-point function

As we see from the CFT result (2.9), the correlator comprises a term of order N , which

dominates the large N expansion, and a subleading term of order N0:

〈OH(t = −∞)ŌH(t = ∞)OL(0, 0)ŌL(t, y)〉 ≡
e−i t

R

N
|〈OH(t = −∞)ŌH(t = ∞)OL(0, 0)〉|2

+ 〈OH(t = −∞)ŌH(t = ∞)OL(0, 0)ŌL(t, y)〉(0) .
(3.30)

The leading term, which represents the disconnected part of the correlator, is proportional

to the modulus square of the 3-point function [6, 7]

〈OH(t = −∞)ŌH(t = ∞)OL(0, 0)〉 = B Ā , (3.31)

a protected quantity which can be computed both in supergravity and at the free orbifold

point. The order N0 term, which is denoted with the subscript (0), is the sum of the

subleading part of the disconnected correlator and of the connected correlator, and is, in

general, a non-protected quantity. To compute this term on the gravity side, one needs to

solve the linearized equations (3.19) for (w, h) in the background (B.2), with the following

boundary condition for w at large r:

w ≈ δ(t, y)
log r

r
Y ++(θ, φ) +

b(t, y)

r
Y ++(θ, φ) + . . . ; (3.32)

the term proportional to log r/r is the source for OL localized at the point t = y = 0 on

the boundary, the term proportional to 1/r is the normalizable term proportional to the

vev of ŌL, and the dots represent terms proportional to spherical harmonics other than

Y ++, which do not contribute to the correlator of interest here. We further require w and

h to be regular in the interior of the space, and this determines uniquely the normalizable

term. The vev of ŌL in the presence of a source for OL gives the 2-point function in the

geometry sourced by OH , and hence the correlator at order N0 is given by

〈OH(t = −∞)ŌH(t = ∞)OL(0, 0)ŌL(t, y)〉(0) = b(t, y) , (3.33)

up to a proportionality factor of which we do not keep track here. The correlator above

is computed on the cylinder with coordinates t, y. We can transform from the cylinder to

the Minkowski plane with the usual transformation

z = ei
t+y

R , z̄ = ei
t−y

R , ŌL(z, z̄) = (zz̄)−1/2 ŌL(t, y) , (3.34)

and we can further analytically continue to the Euclidean complex plane by sending t →
−ite, with te the Euclidean time. Then the O(N0) correlator on the plane is

〈OH(0)ŌH(∞)OL(1, 1)ŌL(z, z̄)〉(0) =
1

|1− z|2 G
(0)(z, z̄) = (zz̄)−1/2 b(z, z̄) , (3.35)

where ŌH(∞), OH(0) denote the heavy operators evaluated at z = ∞ and z = 0.
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The b-expansion of the background induces a corresponding expansion for the pertur-

bation (w, h):

w = w0 + b2w1 +O(b4) , h = h0 + b2 h1 +O(b4) . (3.36)

The order zero term (w0, h0) is the solution of (3.19) in the AdS3 × S3 background (3.24)

and hence it admits the factorized form [12]

w0 = B0(r, t, y)Y
++(θ, φ̂) , h0 = Q5 d [Y

++(θ, φ̂)∗AdS3 dB0−B0 ∗S3 dY ++(θ, φ̂)] , (3.37)

where ∗AdS3 and ∗S3 are the Hodge duals with respect to the AdS3 and S3 met-

rics (3.24b), (3.24c). The AdS3 function B0(r, t, y) satisfies �AdS3B0 + B0 = 0, has the

boundary behaviour B0 ≈ δ(t, y) log r/r for large r and is regular at any finite value of r:

it is thus the usual bulk-to-boundary propagator for a field of dimension ∆ = 1 in global

AdS3, with the boundary point set to t′ = y′ = 0:

B0(r, t, y) = KGlob
1 (r, t, y|t′ = 0, y′ = 0) =

1

2

a0√
r2 + a20 cos(t/R)− r cos(y/R)

. (3.38)

To extract the order b0 contribution to the correlator, we have to transform from the

coordinate φ̂ to φ (which is equivalent to spectrally flowing from the NSNS to the RR

sector of the CFT): this is easily done by using

Y ++(θ, φ̂) = e−i t
R Y ++(θ, φ) . (3.39)

Taking the large r limit of (3.38), including the e−i t
R factor coming from (3.39), and

switching to Euclidean plane coordinates, we find the b = 0 value of the correlator

G(z, z̄)|b=0 =
1

|z| . (3.40)

This result was already obtained in [12], and coincides with the b = 0 term of the CFT

correlator.

The interesting new information is contained in the O(b2) terms (w1, h1). The pertur-

bation equations (3.19) at order b2 give:

h1 − ∗0 h1 − 2w1 dC0 = F , (3.41a)

F ≡ w0 (F1 − ∗0F1 − ∗1dC0) + ∗1h0 − 2 (e−(φ1+φ2))1w0 dC0 , (3.41b)

and

Q5

Q1
d ∗0 dw1 − h1 ∧ dC0 = F̂ (3.42a)

F̂ ≡ h0 ∧ dC1 −
Q5

Q1
d ∗1 dw0 − d[(e2φ2)1 ∗0 dw0] . (3.42b)

The left-hand sides of (3.41a) and (3.42a) are obtained by keeping the second order terms of

(w, h) and the zeroth order background (∗0 is the Hodge dual with respect to the AdS3×S3

metric (3.24)); vice versa the sources in (3.41b) and (3.42b) originate from the zeroth order

perturbation (3.37) and the second order corrections to the background (B.2), which we
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denote with the subscript 1. The sources F and F̂ contain scalar and vector spherical

harmonics of various orders; we need to keep only terms containing the scalar harmonic

Y ++ (or its derivative), which are the only ones contributing to our correlator. Some

identities on S3 spherical harmonics useful to perform the projection on Y ++ are collect

in appendix C. A laborious computation gives:

F=Q5 [f0(volS3−volAdS3)Y
++(θ,φ̂)+f1∧∗S3dY ++(θ,φ̂)+∗AdS3f1∧dY ++(θ,φ̂)], (3.43a)

f0=
1

6a20
B0B+B−−i∂µB0A

φ
µ , (3.43b)

f1=
1

9a20
B0B−dB+−

2

9a20
B0B+dB−−

1

18a20
B+B−dB0−iB0A

φ+
2i

3
∗AdS3 (dB0∧Aψ)

−δgµν∂
µB0dx

ν , (3.43c)

F̂=Q2
5 f̂0Y

++(θ,φ̂)volAdS3∧volS3 , (3.43d)

f̂0=− 1

3a20
B0B+B−+

1

a20
B−∂µB+∂

µB0−∇µ∂νB0δg
µν−4i∂µB0A

φ
µ , (3.43e)

where operations on the AdS3 indices µ, ν are performed using the unperturbed AdS3
metric (3.24b) and

volAdS3 =
r

Q1Q5
dr ∧ dt ∧ dy , volS3 = sin θ cos θ dθ ∧ dφ̂ ∧ dψ̂ . (3.44)

A general ansatz for (w1, h1), that only includes the scalar spherical harmonic Y ++, is

w1 = B1 Y
++(θ, φ̂) , h1 = Q5 d[S1 ∗S3 dY ++(θ, φ̂) + ∗AdS3V1 Y

++(θ, φ̂)] , (3.45)

where B1, S1 are scalars and V1 is a 1-form on AdS3. Note that we could have added to

h1 a term Q5 d[Ṽ1 ∧ dY ++] for some 1-form Ṽ1, but this amounts to redefining ∗AdS3V1 →
∗AdS3V1 + dṼ1. Eqs. (3.41) then reduce to

−3S1−∇µV
µ
1 −4B1 = f0 , dS1+V1 = f1 , �B1−3B1+2∇µV

µ
1 −6S1 = −f̂0 . (3.46)

One can solve the middle equation for V1 and substitute it in the remaining two equations.

These become coupled differential equations for the two scalars B1 and S1, which can be

decoupled by introducing the combinations

s = B1 − 3S1 , t = B1 + S1 . (3.47)

We then obtain the equations

�s+ s = −(f̂0 + f0 + 3∇µf
µ
1 ) ≡ Js , �t− 15 t = −f̂0 + 3f0 +∇µf

µ
1 ≡ Jt . (3.48)

We see that s is a field dual to an operator of dimension 1, while the operator dual to t has

dimension 5 and is a super-descendant of the chiral primary OL. To obtain the correlator

we are interested in, we should then set t = 0, which gives

B1(r, t, y) =
s(r, t, y)

4
= − i

4

∫
d3r′

√
−gAdS3 G

Glob
1 (r′|r, t, y) Js(r′) , (3.49)
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where r′ ≡ {r′, t′, y′} is a point in AdS3 and GGlob
1 (r′|r, t, y) is the bulk-to-bulk propagator

for a scalar field of mass m2 = −1 in global AdS3, normalized such that (� + 1)GGlob
1 =

i/
√−gAdS3 δ. In the r → ∞ limit GGlob

1 is related with the bulk-to-boundary propagator

KGlob
1 (r′|t, y) normalized as in (3.38) by (see for example eq. (6.12) in [34])

GGlob
1 (r′|r, t, y) → a0

2π r
KGlob

1 (r′|t, y) . (3.50)

After including the factor originating from the spectral flow relation (3.39) and continuing

to Euclidean signature (t → −ite), one finds the order b2 contribution to the O(N0)

correlator on the Euclidean cylinder:

〈OH(te=−∞)ŌH(te=∞)OL(0, 0)ŌL(te, y)〉(0)b2
= −b2e−

te
R

8π

∫
d3r′e

√
ḡ KGlob

1 (r′e|te, y)Js(r′e),
(3.51)

with r′e ≡ {r′, t′e, y′} and ḡ the metric of Euclidean AdS3. The source Js(r
′
e) follows

from (3.48), (3.43) and (3.29a):

Js(r
′
e) = − 1

3a20
B0B+B− +

1

3a20
B0 ∂

′
µB+ ∂′µB− − 11

3a20
B− ∂′

µB+ ∂′µB0

+
1

12
B+ ∂′

µB− ∂′µB0 + 4δgµν ∇′
µ∂

′
νB0 + 8i ∂′µB0A

φ
µ

= − 1

3a20
B0B+B− +

1

3a20
B0 ∂

′
µB+ ∂′µB− − 5

3a20
B− ∂′

µB+ ∂′µB0

+
7

3a20
B+ ∂′

µB− ∂′µB0 − 4
a20R

2

(r′2 + a20)
2
∂2
t′e
B0 + 4

R

r′2 + a20
∂t′eB0 ,

(3.52)

with ∂′
µ the derivative with respect to r′e. To simplify the correlator it is useful to switch

to Poincaré coordinates w ≡ {w0, w, w̄} via the coordinate transformation

w0 =
a0√

r′2 + a20
e

t′e
R , w =

r′√
r′2 + a20

e
t′e+iy′

R , w̄ =
r′√

r′2 + a20
e

t′e−iy′

R . (3.53)

The bulk-to-boundary propagator of global AdS3 KGlob
1 (r′e|te, y) is related to the bulk-to-

boundary propagator in Poincaré coordinates K1(w|z, z̄) as

KGlob
∆ (r′e|te, y) = |z|∆K∆(w|z, z̄) with K∆(w|z, z̄) = w∆

0

(w2
0 + |w − z|2)∆ ; (3.54)

the factor |z|∆ in this relation is precisely the factor that appears in the transformation

from the cylinder to the plane in (3.35). The propagator B0 in (3.51) can be rewritten in

Poincaré coordinates by using (3.54) with ∆ = 1. Similarly, for B+ and B−, we use the

identification for the boundary points z = ∞, z = 0; for a general ∆ the relations are

B∆
+ (r′e) = lim

z→∞
|z|2∆K∆(w|z, z̄) =


 a0e

t′e
R

√
r′2 + a20




∆

, (3.55a)

B∆
− (r′e) = K∆(w|0) =


 a0e

−
t′e
R

√
r′2 + a20




∆

. (3.55b)
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With manipulations similar to the ones used to simplify Witten’s diagrams [9, 35–37]

(summarised in appendix E), we can rewrite the correlator (3.51) in terms of the integrals

D̂∆1∆2∆3∆4 ≡ lim
z2→∞

|z2|2∆2 D∆1∆2∆3∆4(z1 = 0, z2 = ∞, z3 = 1, z4 = z) (3.56)

= lim
z2→∞

|z2|2∆2

∫
d3w

√
ḡ K∆1(w|0)K∆2(w|z2, z̄2)K∆3(w|1)K∆4(w|z, z̄) .

By using (E.2) in (3.51), we have from (3.35)

G(0)(z, z̄)|b2 =
b2

a20

1

|z|

[ |z|2
π

D̂2211 −
1

2

]
. (3.57)

Including the b = 0 and the O(N) terms, one finds the total correlator up to order b2:

Ggrav(z, z̄) =
1

|z|

[
1 +

b2

a20

( |z|2
π

D̂2211 −
1

2
+

N

2
|1− z|2

)]
. (3.58)

Clearly the gravity result differs from the free correlator (2.9), and so this correlator is

not protected for b 6= 0. Of course by using the same supergravity solutions it is possible

to derive the correlator with a different choice of the light states while keeping the heavy

states unchanged: in appendix F we provide the result for the correlator with OL = O+−.

4 Discussion and conclusions

In this paper we calculated a HHLL correlator (2.3) in the context of the AdS3/CFT2

duality. The heavy operators are RR ground states and so they have conformal weight

h = h̄ = c/24, while the light operators are chiral primaries with quantum numbers h =

j = h̄ = j̄ = 1/2. In particular we focus on a class of RR ground states for which the dual

bulk description is known in terms of an explicit, regular supergravity solution. On the

CFT side, it is straightforward to calculate the correlator at a special point of the moduli

space where the CFT reduces to a free orbifold and the result is given by (2.9). On the

bulk side, the calculation is more challenging and the result (3.58) is obtained in the limit

b2 ≪ a2. Notice that the approximation on b is performed after taking the large N limit,

so we are taking a double scaling limit where N is large and b is small but constant; in

other words the parameter B2 (3.21) on the CFT side is always of order N .

By comparing the two results mentioned above, it is clear that the correlator under

investigation is not protected. It would be interesting to study explicitly how this correlator

changes in conformal perturbation theory when the orbifold description is deformed with

the blow-up twist two modes; this is a technically challenging calculation as it requires to

add two new external states to previous analysis which focused on the 2-point function (see

for instance [38, 39]). On the bulk side, the gravity result has a more intricate structure

and should display several features such as Landau singularities, anomalous dimensions

and couplings of double trace operators that are absent in the free orbifold result. We

leave the analysis of these points to a future work and here we wish to mention just a few

consistency checks, which can be performed easily on the supergravity result.
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The exchange of the operators OL and ŌL should act on the correlator as G(z, z̄) →
G(z−1, z̄−1), as can be seen from the definitions (2.3) and (2.4). On the gravity side, the

correlator with exchanged OL and ŌL is computed by replacing Y ++ → Y −− in (3.32),

which is equivalent to sending φ → −φ. As the background is invariant if one reverses at

the same time the signs of φ and t, this exchange produces a result for the correlator of the

form of eq. (E.2) with t → −t, I3 and I4 interchanged and I6 → −I6. Using the identities

of appendix E and the symmetry (D.13) of the function D̂2211, one can verify that the final

result indeed equals Ggrav(z
−1, z̄−1).

Of course an important consistency check is provided by the study of the OPE degen-

eration, as done for the AdS5 case [27, 28]. As usual, the expansion of the gravity correlator

in the various channels contains logarithmic terms, which capture the anomalous dimen-

sions of the exchanged multiparticle states. In the z → 1 limit the two light operators are

close and the leading multiparticle state is : ŌLOL :. Since the single particle constituents

are a chiral and an anti-chiral operator, this multiparticle state is expected to gain an

anomalous dimension at subleading order in 1/N , encoded in the coefficient of the term

|1− z|2 log |1− z|2 in the expansion of G. By looking at the sign of the relevant logarithm,

it is clear that the anomalous dimension of the state : ŌLOL : will be positive. This is

a somewhat surprising result since, to the best of our knowledge, all the previous holo-

graphic computations, mostly performed in 4D CFT’s, have produced negative anomalous

dimensions [40, 41]. It is interesting to study the logarithms also in the z → 0 limit: in this

channel the multiparticle operators exchanged between ŌL and OH are composed by con-

stituents of the same chirality, unless they contain both holomorphic and anti-holomorphic

derivatives. This implies the absence of terms of the form zn log |z|2 and z̄n log |z|2, for any
integer n ≥ 0: one can verify that this expectation is fulfilled by our result.

It is possible to extract some interesting information also from the non-logarithmic

terms of the OPE expansions. For instance one can check that the contributions due to the

exchange of the lowest order protected operators in the various OPE channels are equal at

the orbifold and the gravity point: in the z → 1 channel one can match the contributions

from the identity and the R-currents J3 and J̄3, and in the z → 0 channel the contribution

of the lowest order anti-chiral multiparticle operator exchanged between ŌL and OH .

Beyond the leading order the analysis is more complicated. In the OPE channel where

the two light operators are close, the gravity result contains holomorphic corrections that

can not be explained by the exchange of the affine descendants of the identity (and of

course the same holds in the antiholomorphic sector). This suggests that some primary

operators, that at the orbifold point can be constructed by using affine descendants on

different CFT copies, have a fix conformal dimension, with h̄ = 0, at large N . It would be

of course interesting to verify or disprove this conjecture, since it is relevant to determine

the singularity structure of the large c correlators and can shed some light on the problem

of information loss in the dual gravitational description, see [12, 42, 43].
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A Some details on the free correlator

In this appendix we provide some detail on the derivation of (2.9). As mentioned at the end

of section 2, there are two type of contributions: the “diagonal” terms where OL and ŌL

are non-trivial on the same copy and the “off-diagonal”ones where the two light operators

act on different copies. We start from the second type of contributions, which produces the

last term of (2.9). In this case, the calculation has the structure of a product of two 3-point

correlators and we can derive the contribution proportional to |A|2|B|2 in (2.9) (which we

indicate by Goff) by choosing z2 → ∞, z1 → 0, z3 = 1 and z4 = z

1

|1− z|2Goff(z, z̄) =
∑

r 6=s

〈sB|O++
(r) (1, 1)O

−−
(s) (z, z̄)|sB〉 . (A.1)

By using (2.7) and the fact that the zero-mode of O++
(r) turns the state |00〉(r) into |++〉(r)

and vice versa for O−−
(r) we have

∑

r 6=s

O++
(r) (1, 1)O

−−
(s) (z, z̄)|sB〉 =

1

|z|
N∑

p=0

AN−pBp

N
N
2

[
p(N − p)|++〉N−p|00〉p + . . .

]
, (A.2)

where the dots stand for terms that contain copies of the CFT that are not in the |++〉 or
|00〉 state and that we can ignore as they do not give any contribution to (A.1). The factors

of p and (N − p) in (A.2) follow from the action of O++ and O−− on the different |00〉 and
|++〉 copies respectively. Then, since the norm of the |++〉N−p |00〉p is

(
N
p

)
, we have

Goff(z, z̄) =
|1− z|2

|z|
N∑

p=0

p(N − p)
|A2|N−p|B2|p

NN

(
N

p

)

=
|1− z|2

|z|
N(N − 1)|A|2|B|2(|A|2 + |B|2)N−2

NN
,

(A.3)

which, as anticipated, yields the last term of (2.9) after using the normalisation

condition (2.7) |A|2 + |B|2 = N .

The diagonal contribution follows from the building blocks

(r)〈++ |O++
(r) (1, 1)O

−−
(r) (z, z̄)|++〉(r) =

1

|1− z|2
1

|z| , (A.4)

(r)〈00|O++
(r) (1, 1)O

−−
(r) (z, z̄)|00〉(r) =

1

|1− z|2
1

2

1

|z|
(
1 + |z|2 + |1− z|2

)
. (A.5)
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These results can be derived explicitly by using the bosonization formulae as done in [12]

or equivalently by using the RR mode expansion for the fermions. Alternatively, one can

reconstruct the correlators from their behaviour as z → 0, 1,∞. In both cases there should

be a simple pole in 1−z and 1− z̄ due to the fusion of O++
(r) and O−−

(r) on the identity. Then

the zero-modes of O−−
(r) act non-trivially both on |00〉(r) and | + +〉(r), so again the two

equations should have the same z → 0 limit proportional to 1/|z|. In the z → ∞ limit there

is a difference: the zero-modes of O−−
(r) act non-trivially on (r)〈00| and so in this limit (A.5)

should be proportional to 1/|z|. On the contrary, the first modes of O−−
(r) acting non-trivially

on (r)〈+ + | are at level one, so (A.4) should go as 1/|z|3 as z → ∞. These constraints

determine uniquely the sphere correlators above. Then the diagonal contributions to (2.7)

are obtained by counting how many times the building blocks above appear:

GA
diag(z, z̄) =

1

|z|
∞∑

p=0

(N − p)
|A2|N−p|B2|p

NN

(
N

p

)

=
1

|z|
N |A|2(|A|2 + |B|2)N−1

NN
,

(A.6)

which is the contribution following from (A.4) and

GB
diag(z, z̄) =

1 + |z|2 + |1− z|2
2|z|

∞∑

p=0

p
|A2|N−p|B2|p

NN

(
N

p

)

=
1 + |z|2 + |1− z|2

2|z|
N |B|2(|A|2 + |B|2)N−1

NN
,

(A.7)

which is obtained from (A.5). Summing GA
diag, GB

diag and Goff , we obtain (2.9).

B A D1-D5 geometry

The supergravity solution dual to the state (2.7) can be written in the form (3.1) with (see

for example [44])

ds24 = (r2 + a2 cos2 θ)

(
dr2

r2 + a2
+ dθ2

)
+ (r2 + a2) sin2 θ dφ2 + r2 cos2 θ dψ2 , (B.1a)

β =
Ra2√

2 (r2 + a2 cos2 θ)
(sin2 θ dφ− cos2 θ dψ) , (B.1b)

Z1 = 1 +
R2

Q5

a2 + b2

2

r2 + a2 cos2 θ
+

R2 a2 b2

2Q5

cos 2φ sin2 θ

(r2 + a2 cos2 θ)(r2 + a2)
, (B.1c)

Z2 = 1 +
Q5

r2 + a2 cos2 θ
, γ2 = −Q5

(r2 + a2) cos2 θ

r2 + a2 cos2 θ
dφ ∧ dψ , (B.1d)

Z4 = Ra b
cosφ sin θ√

r2 + a2 (r2 + a2 cos2 θ)
, (B.1e)

δ2 =
−Ra b sin θ√

r2 + a2

[
r2 + a2

r2 + a2 cos2 θ
cos2 θ cosφ dφ ∧ dψ + sinφ

cos θ

sin θ
dθ ∧ dψ

]
, (B.1f)
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ω =
Ra2√

2 (r2 + a2 cos2 θ)
(sin2 θ dφ+ cos2 θ dψ) . (B.1g)

Expanding this solution up to order b2, keeping Q1, Q5 and R fixed, yields

ds26√
Q1Q5

=V −2
[
ds2AdS3

+b2δgµνdx
µdxν

]

+

(
1− b2

4a20
B+B− sin2θ

)
dθ2+sin2θ

(
1+

b2

4a20
B+B− sin2θ

)
(dφ̂+b2Aφ)2

+cos2θ

(
1− b2

4a20
B+B−(cos

2θ+1)

)
(dψ̂+b2Aψ)2 , (B.2a)

C=C0+Q5b
2

[
sin2θdφ̂∧Aψ+cos2θdψ̂∧Aφ−B+B−

2a20
sin2θ cos2θdφ̂∧dψ̂

]
, (B.2b)

e2φ1 =
Q1

Q5

[
1+

b2

2a20

[
(B+Y

++)2+(B−Y
−−)2+B+B−Y

++Y −−
]]

, (B.2c)

e2φ2 =
Q5

Q1

[
1+

b2

2a20
B+B−Y

++Y −−

]
, (B.2d)

χ1=

√
Q5

Q1

b

2a0
(B+Y

+++B−Y
−−), χ2=

√
Q1

Q5

b

2a0
(B+Y

+++B−Y
−−), (B.2e)

B√
Q1Q5

=
b

2a0
(Y ++∗AdS3dB+−B+∗S3dY +++Y −−∗AdS3dB−−B−∗S3dY −−), (B.2f)

where

V = 1− b2

8 a20
B+B− (cos2 θ + 1) , (B.3)

and B±, Y
±±, δgµν , A

φ and Aψ are defined in (3.27) and (3.29a).

C On S
3 spherical harmonics

We embed the 3-sphere of unit radius in R4 as follows

x1 + ix2 = sin θeiφ̂, x3 + ix4 = cos θeiψ̂ (C.1)

with θ ∈ [0, π/2] and φ̂, ψ̂ ∈ [0, 2π]. The round metric of S3 reads

ds2S3 = dθ2 + sin2 θ dφ̂2 + cos2 θ dψ̂2 (C.2)

and the volume form is

volS3 = sin θ cos θ dθ ∧ dφ̂ ∧ dψ̂ . (C.3)

The scalar spherical harmonics of degree k are defined as

Y Ik = x(i1 · · ·x ik) , ik = 1, . . . , 4 (C.4)
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with symmetrized and traceless indices with respect the flat metric of R4. They satisfy the

equation5

∆S3Y Ik = −k(k + 2)Y Ik (C.6)

and enjoy the orthogonality relation

∫
dΩ3Y

Ik1Y Ik2 =
21−kπ2

Γ(k + 2)
δIk1 ,Ik1 . (C.7)

The scalar spherical harmonics of degree 1, used in the text, are linear combinations

of the ones defined above. In particular we have (see (3.27))

Y ++ = x1 + ix2, Y −− = x1 − ix2 =
(
Y ++

)∗
(C.8)

and using the relation (C.7) we have
∫

dΩ3Y
±±Y ∓∓ = π2,

∫
dΩ3Y

±±Y ±± = 0 . (C.9)

We can also construct vector harmonics Y
(1)
Ik

simply by taking the product of a scalar

harmonic and a 1-form: Y [Ik dx j] where the index j is antisymmetrized with the index i1
in Ik. The vector harmonics satisfy

∆S3Y
(1)
Ik

= −(1 + k(k + 2))Y
(1)
Ik

, d ∗S3 Y
(1)
Ik

= 0 . (C.10)

However, in this work we need to keep track only of the contributions of the scalar harmonics

and their derivatives dY Ik . It is easy to see that the dY Ik ’s satisfy the same equation as

the scalar harmonics

∆S3dY Ik = −k(k + 2)dY Ik (C.11)

and so are clearly orthogonal to the vector harmonics which satisfy (C.10). For the partic-

ular combination (C.8) we have
∫

∗S3dY ±± ∧ dY ∓∓ = 3π2,

∫
∗S3dY ±± ∧ dY ±± = 0 . (C.12)

It is then straightforward to isolate the contributions proportional to Y ++ and dY ++

in (3.41) by using the orthogonality properties mentioned above

f(θ, φ, ψ) = Y ++

[
1

π2

∫
dΩ3 Y

−−f(θ, φ, ψ)

]
+ . . . , (C.13a)

v(θ, φ, ψ) = dY ++

[
1

3π2

∫
dΩ3 ∗S3 dY −− ∧ v(θ, φ, ψ)

]
+ . . . , (C.13b)

where f and v are an arbitrary scalar function and a 1-form on S3.

5We define the Laplace-de Rham operator acting on p-forms as ∆S3 = −(d+ δ)2, where δ = (−1)p ∗ d∗

when it acts on a p-form; on scalars ∆S3 reduces to the �S3 defined in the text. Our convention for the

Hodge dual in d-dimensions is

∗ ω(p) =

√

|g|

p!(d− p)!
ǫi1...id−p

j1...jpω
(p)
j1...jp

dx
i1 ∧ . . . dx

id−p . (C.5)
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D Some properties of the D-integrals

The unnormalized boundary-to-bulk propagator for a scalar field propagating in Euclidean

AdSd+1 is

K∆(w, ~z) =

[
w0

w2
0 + (~w − ~z)2

]∆
=

1

Γ(∆)

∫ ∞

0
dtw∆

0 t∆−1e−t(w2
0+(~w−~z)2) , (D.1)

where ∆ is the conformal dimension of the dual operator (related to the mass as usual:

m2 = ∆(∆ − d)). The D-integrals arising from a 4-point contact vertex in the bulk take

the following form

D∆1∆2∆3∆4 =

∫
dd+1w

√
ḡ

4∏

i=1

K∆i
(w, ~zi) , (D.2)

where the AdSd+1 metric in the Euclidean Poincaré coordinates is

ds̄2 =
1

w2
0

(
dw2

0 +

d∑

i=1

dw2
i

)
. (D.3)

By using the representation of the propagator in terms of Schwinger parameters given

in (D.1) it is straightforward to perform the integration over the interaction point (w0, ~w)

and obtain

D∆1∆2∆3∆4 = Γ

(
∆̂− d

2

)∫ ∞

0

∏

i

[
dti

t∆i−1
i

Γ(∆i)

]
πd/2

2T
∆̂
2

e−
∑4

i,j=1 |zij |
2 titj

2T (D.4)

with T =
∑

i ti, ∆̂ =
∑

i∆i and zij = zi−zj , where zj are the standard complex coordinates

for a plane zj = xj+iyj . Since in this paper we are interested in the AdS3 case, we set d = 2.

Once written in terms of Schwinger parameter, one can see that D1111 is proportional to

the massless box-integral in four dimensions with external massive state the result can be

written in term of logarithms and dilogarithms

D1111 =
π

2|z13|2|z24|2(z − z̄)

[
2Li2(z)− 2Li2(z̄) + ln(zz̄) ln

1− z

1− z̄

]
, (D.5)

where z is the crossratio defined in (2.4).

The result in (D.4) is proportional to the Bloch-Wigner dilogarithm D(z, z̄)

D1111 =
2πi

|z13|2|z24|2(z − z̄)
D(z, z̄) (D.6)

where
D(z, z̄) = Im[Li2(z)] + Arg[ln(1− z)] ln |z|

=
1

2i

[
Li2(z)− Li2(z̄) +

1

2
ln(zz̄) ln

1− z

1− z̄

]
.

(D.7)

The function D(z, z̄) is a real-analytic function6 except in z = 0, 1. It is continuous also in

those two points, but not differentiable (since it has singularities of the type y log(y), where

6In order for this to hold, z̄ has to be the complex conjugate of z, so the correlator (D.6) has a more

complicated analytic structure in Minkowski space where z̄ 6= z∗, see [45] and references therein: in that

case it has non-trivial monodromies around z = 1 and z = ∞ with z̄ fixed (and vice versa).
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y = Im[z] or y = Im[1− z] and y → 0). Moreover we have the following useful identities

D(z, z̄) = −D

(
1

z
,
1

z̄

)
= −D (1− z, 1− z̄) , (D.8)

which implies

D(z, z̄) = D

(
1− 1

z
, 1− 1

z̄

)
= D

(
1

1− z
,

1

1− z̄

)
= −D

( −z

1− z
,

−z̄

1− z̄

)
. (D.9)

Our correlator involves also the D-integrals of the type D1122 and permutations, i.e.

we have two ∆i equal to two and the other two equal to one. By using the expression in

terms of Schwinger parameters (D.4) it is easy to write these integrals as derivatives of

D1111. The D-integrals of this type that are relevant for our correlator are

D2211 = −∂D1111

∂|z12|2
, (D.10)

and its permutations.

The D-functions that appear in the gravity computation are evaluated at the points

0,∞, 1, z and are denoted by D̂∆1,∆2,∆3,∆4 (see eq. (3.56)). They can be obtained as a limit

and are given by

D̂2211(z, z̄) = lim
z2→∞

|z2|4D2211(z1 = 0, z2, z3 = 1, z4 = z)

= −2πi |1− z|2
(z − z̄)2

[
z + z̄

z − z̄
D(z, z̄) +

log |1− z|2
2i

+
z + z̄ − 2zz̄

4i|1− z|2 log |z|2
]
.

(D.11)

Some useful relations between the D̂’s appearing in the intermediate results of appendix E

are

D̂1122(z,z̄)=
D̂2211(z,z̄)

|1−z|2 , D̂1212(z,z̄)=D̂2121(z,z̄)=
1

|z|2 D̂2211

(
z−1

z
,
z̄−1

z̄

)
, (D.12a)

D̂1221(z,z̄)= |z|2D̂2112(z,z̄)=D̂2211(1−z,1−z̄). (D.12b)

The symmetry under exchange of the first two points in D2211 implies

D̂2211

(
1

z
,
1

z̄

)
= |z|2 D̂2211(z, z̄) . (D.13)

All the D̂ functions are linear combinations of D(z, z̄), log |1 − z|2 and log |z|2 with co-

efficients that are ratios of polynomials in z and z̄. Inverting the relations between the

functions D̂ and D(z, z̄), log |1− z|2, log |z|2 one finds the useful identities

D̂1111 = D̂2211+D̂1221+D̂2121 , π log |z| = |1−z|2(D̂1221−D̂2121)+(|z|2−1) D̂2211 . (D.14)
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E Reduction to D-integrals

In this appendix we derive our main result (3.57) starting from (3.51) and (3.52). We first

work in Euclidean global coordinates and, for notational coherence, we set

B0(r
′
e|te, y) ≡ KGlob

1 (r′e|te, y) =
1

2

a0√
r′2 + a20 cosh((t′e − te)/R)− r′ cos((y′ − y)/R)

;

(E.1)

with this notation eq. (3.38) reads B0(r
′
e) = B0(r

′
e|0, 0). We can rewrite the r.h.s. of

eq. (3.51), with the source given in (3.52), as

− b2e−
te
R

8π

[
−1

3
I1 +

1

3
I2 −

5

3
I3 +

7

3
I4 − 4I5 + 4I6

]
. (E.2)

The integrals Ii are defined as

I1 =

∫
d3r′e

√
ḡ B0(r

′
e|te, y)B0(r

′
e|0, 0)B+(r

′
e)B−(r

′
e) , (E.3a)

I2 =

∫
d3r′e

√
ḡ B0(r

′
e|te, y)B0(r

′
e|0, 0) ∂′

µB+(r
′
e) ∂

′µB−(r
′
e) , (E.3b)

I3 =

∫
d3r′e

√
ḡ B0(r

′
e|te, y) ∂′µB0(r

′
e|0, 0)B−(r

′
e) ∂

′
µB+(r

′
e) , (E.3c)

I4 =

∫
d3r′e

√
ḡ B0(r

′
e|te, y) ∂′µB0(r

′
e|0, 0)B+(r

′
e) ∂

′
µB−(r

′
e) , (E.3d)

I5 =

∫
d3r′e

√
ḡ B0(r

′
e|te, y)R2∂2

t′e
B0(r

′
e|0, 0)

a40
(r′2 + a20)

2
, (E.3e)

I6 =

∫
d3r′e

√
ḡ B0(r

′
e|te, y)R∂t′eB0(r

′
e|0, 0)

a20
r′2 + a20

, (E.3f)

I7 =

∫
d3r′e

√
ḡ B0(r

′
e|te, y) i R ∂y′B0(r

′
e|0, 0)

a20
r′2 + a20

, (E.3g)

where in the last line we have also introduced the integral I7 for later convenience. Our

goal is to rewrite the integrals Ii in terms of the D-functions evaluated at the boundary

points 0,∞, 1, z as defined in (3.56). We can use the identities induced by the change of

coordinates (3.53):

B0(r
′
e|te, y) = |z|K1(w|z, z̄) ,
B+(r

′
e) = lim

z→∞
|z|2K1(w|z, z̄) ≡ K1(w|∞) = w0 , B−(r

′
e) = K1(w|0) . (E.4)

Then one immediately finds

|z|−1I1 = D̂1111 . (E.5)

The relation

∂′
µB+(r

′
e) ∂

′µB−(r
′
e) =

a20
r′2 + a20

− 2 a40
(r′2 + a20)

2
= K1(w|∞)K1(w|0)− 2K2(w|∞)K2(w|0)

(E.6)
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yields

|z|−1I2 = D̂1111 − 2D̂2211 . (E.7)

I3 can be computed by explicitly writing the integral in Poincaré coordinates

|z|−1I3 =

∫
d3ww−1

0

w0

w2
0 + |w − z|2 ∂w0

(
w0

w2
0 + |w − 1|2

)
w0

w2
0 + |z|2

=

∫
d3w

w0

w2
0 + |w − z|2

(
1

w2
0 + |w − 1|2 − 2w2

0

(w2
0 + |w − 1|2)2

)
1

w2
0 + |z|2

= D̂1111 − 2 D̂1221 .

(E.8)

Moreover the fact that B0(r
′
e|te, y) is an even function of t′e − te and y′ − y implies that

∫
d3r′e

√
ḡ B0(r

′
e|te, y) ∂′µB0(r

′
e|0, 0)B−(r

′
e) ∂

′
µB+(r

′
e) =

=

∫
d3r′e

√
ḡ B0(r

′
e|0, 0) ∂′µB0(r

′
e|te, y)B+(r

′
e) ∂

′
µB−(r

′
e) ,

(E.9)

since the change of integration variables (t′e, y
′) → (−t′e,−y′) followed by (t′e, y

′) → (t′e −
te, y

′ − y) exchanges B0(r
′
e|te, y) with B0(r

′
e|0, 0) and B+(r

′
e) with B−(r

′
e). Then

I3 + I4
|z| =

1

2

∫
d3w

√
ḡ ∂µ[K1(w|z)K1(w|1)][K1(w|0)∂µK1(w|∞) +K1(w|∞)∂µK1(w|0)]

= − I2
|z| + D̂1111 = 2 D̂2211 , (E.10)

where in the last line we have integrated by parts and used �K1 + K1 = 0. From (E.8)

and (E.10) we then deduce I4

|z|−1I4 = −D̂1111 + 2 D̂2211 + 2 D̂1221 . (E.11)

To compute I5 one notes that

a40R

(r′2 + a20)
2
∂t′eB0(r

′
e|0, 0) =

1

2
[B−(r

′
e) ∂

′
µB+(r

′
e)−B+(r

′
e) ∂

′
µB−(r

′
e)]∂

′µB0(r
′
e|0, 0) , (E.12)

which implies

∫
d3r′e

√
ḡ B0(r

′
e|te, y)R∂t′eB0(r

′
e|0, 0)

a40
(r′2 + a20)

2
=

1

2
(I3 − I4) =

= |z|(D̂1111 − 2 D̂1221 − D̂2211) .

(E.13)

Then

I5 = −
∫

d3r′e
√
ḡ R ∂t′eB0(r

′
e|te, y)R∂t′eB0(r

′
e|0, 0)

a40
(r′2 + a20)

2

= R∂te

∫
d3r′e

√
ḡ B0(r

′
e|te, y)R∂t′eB0(r

′
e|0, 0)

a40
(r′2 + a20)

2

= (z∂z + z̄∂z̄) (|z|(D̂1111 − 2 D̂1221 − D̂2211))

= |z|
(
2 D̂1122 + D̂2121 − D̂1221 −

π

|1− z|2 (1− log |z|)
)

,

(E.14)
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where we have first integrated by parts, exploited the fact that B0(r
′
e|te, y) is a function of

t′e−te and then used (E.13); the last line follows by substituting the explicit expressions for

the functions D̂ given in appendix D. Finally I6 and I7 follow from similar manipulations

I6 = −
∫

d3r′e
√
ḡ R ∂t′eB0(r

′
e|te, y)B0(r

′
e|0, 0)

a20
r′2 + a20

= R∂te

∫
d3r′e

√
ḡ B0(r

′
e|te, y)B0(r

′
e|0, 0)

a20
r′2 + a20

(E.15)

= (z∂z + z̄∂z̄) (|z| D̂1111) = − π |z|
|1− z|2 log |z| ,

I7 = −
∫

d3r′e
√
ḡ i R ∂y′B0(r

′
e|te, y)B0(r

′
e|0, 0)

a20
r′2 + a20

= i R ∂y

∫
d3r′e

√
ḡ B0(r

′
e|te, y)B0(r

′
e|0, 0)

a20
r′2 + a20

(E.16)

= −(z∂z − z̄∂z̄) (|z| D̂1111) = −|z| z − z̄

|1− z|2 D̂2211 ,

where the last steps we have used (D.6) and (D.11).

Substituting the simplified expressions for the integrals Ii in (E.2), using the identi-

ties (D.14) and performing the transformation from the cylinder to the plane correlator

yields the result (3.57).

F The correlator with OL = O
+−

It is straightforward to repeat our computations to derive a different 4-point correlator

where the light operator O++ is replaced by O+−, while the heavy operators are left

unchanged. In this appendix, by a slight abuse of notation, we will denote OL = O+− and

G will represent the correlator (2.3) for this choice of OL.

The methods of appendix A give the orbifold point result

G(z, z̄) =
√

z̄

z
+

|B|2
2N

√
z̄

z

[
z +

1

z̄
− 2 +

|1− z|2
z̄

]
. (F.1)

Note that the term of order N is now absent.

The gravity computation follows the lines of section 3.4, where now one looks for a

perturbation of the form (3.32) with the spherical harmonic Y ++ replaced by Y +−. The

r.h.s. of eq. (3.51) becomes

− b2e−i y

R

8π

[
1

3
I1 −

1

3
I2 +

5

3
I3 +

5

3
I4 − 4I5 + 4I7

]
= b2

|z|
|1− z|2

√
z̄

z

[
z

π
D̂2211 −

1

2

]
, (F.2)

having used the results of appendix E and the second identity in (D.14). The gravity

correlator with OL = O+− up to order b2 is then

Ggrav(z, z̄) =

√
z̄

z

[
1 +

b2

a20

(
z

π
D̂2211 −

1

2

)]
. (F.3)
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