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ABSTRACT: The AdS/CFT duality maps supersymmetric heavy operators with conformal
dimension of the order of the central charge to asymptotically AdS supergravity solutions.
We show that by studying the quadratic fluctuations around such backgrounds it is possible
to derive the 4-point correlators of two light and two heavy states in the supergravity
approximation. We provide an explicit example in the AdS3 setup relevant for the duality
with the D1-D5 CFT. Contrary to previously studied examples, the supergravity correlator
derived in this work differs from the result obtained at the CF'T orbifold point. Our method
bypasses the difficulties of applying the standard Witten’s diagrams approach to correlators
with operators of large conformal dimension and also avoids some technical steps that
have made the computation of dynamical 4-point correlators in the AdS3;/CFTs context
unfeasible until now.
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1 Introduction

The analysis of 4-point correlators has been one of the key ways to study the AdS;,1/CFTy
duality [1-3] from its very early days. While 3-point functions of operators belonging
to supersymmetric chiral multiplets do not depend on the coupling constants,! 4-point
correlators of the same operators are generically non-protected quantities that capture
interesting dynamical features of the theory. Most of the work in this area has been so
far focused on the d > 2 case and, in particular, on correlators of single trace operators
for the four dimensional N'=4 SYM theory. On the bulk side, the standard approach for
evaluating these correlators is to use Witten’s diagrams, but other approaches are being
developed which bypass part of the supergravity analysis, see [8] and references therein
also for an overview of the results obtained with the traditional approach.

In this article we extend these results in two ways. Firstly, we compute correlators at
strong coupling in a 2D CFT, where the conventional Witten-diagram method faces some

!The general proof of this non-renormalization theorem was given in [4], and in [5-7] it was exploited to
match states at weak and string coupling in the particular set-up relevant for this article.



technical difficulties, because the quartic couplings of the 3D supergravity Lagrangian
have not been worked out and the diagrams representing vector and graviton exchange are
naively divergent in AdSs [9]. Hence, dynamical correlators have not been computed in
the AdS3/CFTsy setting until now. Secondly, we consider correlators that contain “heavy”
operators O, whose conformal dimensions scale as the central charge ¢ of the theory when
¢ — o0; the Op’s are typically multiparticle operators with large quantum numbers. We
will refer to ordinary single particle operators Oy, with dimensions of order one in the same
limit, as “light”. In analogy with the case of ' =4 SYM we also use the nomenclature
single or multitrace operators to indicate single or multiparticle states. We concentrate
in particular on 4-point functions with two heavy and two light operators, which we will
denote as HHLL. This class of correlators has recently been studied both from the CFT [10-
13] and the bulk point of view [14-17]). They are particularly interesting in the study of
black holes in the AdS/CFT context as the heavy operators represent the microstates that
provide a statistical interpretation of the Bekenstein-Hawking entropy.

It should be noted that a different type of heavy operators were considered before:
these are non-protected semiclassical stringy operators of dimension of order ¢!/4: 3-point
functions of the HHL type were computed in [18, 19], and the extension to 4-point HHLL
correlators was worked out in [20]. There is a substantial difference between the two
types of heavy operators: when the dimension is O(cl/ 4), Op is dual to a semiclassical
string state in AdS, while operators with O(c) dimension source new asymptotically AdS
geometries. Since neither type of heavy operators is dual to a simple supergravity mode,
it does not seem to be easy to use the standard Witten’s diagrams approaches mentioned
above to derive the HHLL correlators. For the stringy operators of [18-20], one could
use the worldsheet theory dual to the semiclassical states to compute holographically the
correlators, but this method is not applicable for the correlators of interest here. Another
powerful technique is integrability, which has been a very successful approach in studying
the spectrum and the correlation functions of holographic superconformal theories, see [21]
for a review in the AdS3/CFT; context; however the correlators we are interested in are
outside the integrable sector of the theory since they involve operators that have a conformal
dimension of the order of the central charge. As in the case of the AdS;/CFTy4 SYM duality,
we do not expect integrability to help in understanding the properties of the heavy states
representing the microstates of a black hole. In this paper we develop a new holographic
approach to the problem of calculating correlators with heavy operators of dimension of
order ¢, which exploits the supergravity solution dual to the heavy states. We restrict here
to supersymmetric operators.

We focus on the d = 2 case that relates a 1+ 1-dimensional CFT with (4, 4) supersym-
metries, known as the D1-D5 CFT, to type IIB string theory on AdSs x S% x M, where
the four dimensional compact space M can be either 7% or K3. This background geometry
arises in the near-horizon limit of a stack of n; D1 and ns D5-branes wrapped on a common
St and (for the D5’s) on M. The dual CFT has central charge ¢ = 6N with N = nin;
and its moduli space contains a free point where the CFT can be described simply as an
orbifold with target space M~ /Sy. The states in the Ramond-Ramond (RR) sector of
the CF'T are heavy since their holomorphic and anti-holomorphic conformal dimensions



are at least ¢/24. The supersymmetric states in this sector are relevant for the statistical
interpretation of the entropy for a black hole in type IIB supergravity on S x M [22, 23].
In particular we study correlators of the form

(On(z1,21)0m(22, 22) O (23, 23)OL (24, 24)) (1.1)

where the O, is a chiral primary operator of dimension h = h = 1/2 and Oy is the RR
ground state that was studied in [6, 7] in the precision holography analysis of the 3-point
functions [5]. At the orbifold point the free field realisation of the CFT can be used to
rewrite (1.1) as a combination of free correlators determined by the single trace constituents
of the heavy state. On the bulk side, the heavy state we consider is described in terms of a
supersymmetric 10-dimensional type IIB geometry that has D1 and D5 charges determined
by n1 and ns [6, 24, 25]. In the decoupling limit, this solution reduces to a 6-dimensional
solution (after a standard KK reduction on M) that is asymptotically AdS3 x S3. The
correlator (1.1) is captured by studying the quadratic perturbation of this geometry where
we add the supergravity field dual to Oy, with the appropriate boundary condition on the
AdS boundary. A class of bulk correlators of this type was studied in [12]: the heavy state
chosen there was composed of equal single trace constituents and the dual geometry could
be factorised (in a particular coordinate system) as the product of an orbifold of AdS;
times S%. Here we consider a more generic heavy state composed of two different types
of single trace constituents. In the orbifold CFT, each constituent is characterised by a
winding number, which specifies the twist sector, and by the SU(2); x SU(2)r R-charge.
In the heavy state of [12] each constituent had winding one and maximal R-charge; here
we add a new type of constituent, with the same winding number but vanishing R-charge.
Since the total winding number is fixed in terms of the CF'T central charge, the heavy state
depends on a single parameter (related to B in (2.7)) which controls the relative number of
the two types of single trace constituents; the state preserves the same (eight) supercharges
for any value of B and it reduces to the state of [12] for B = 0. When B # 0, the dual
geometry is a more complicated space which cannot be factorised in AdSs and S? factors:
of course, the majority of the bulk microstates are of this type.

The gravity computation of the correlator of two of these heavy states and two light
states involves a perturbation around the D1-D5 non-factorised geometry dual to the heavy
state; the analysis of this perturbation requires some non-trivial calculations. First one
needs to find the linearized equations of motion for the perturbation around a background,
which, apart from being non-factorized, displays non-trivial values for all type 1IB fields.
This requires generalising the analysis of [26], which applies to perturbations around AdSs x
S3. Then one has to reduce the six-dimensional linearized equations to a system of three-
dimensional equations (in the asymptotically AdSs part of the space) describing the field
dual to the light operator Oy. This step is obviously complicated by the non-factorised
form of the background. Here we simplify this task by performing a perturbative expansion
that is motivated by the result of the dual correlator at the orbifold point. The orbifold
result (2.9) has a simple polynomial dependence on the parameter B, which, on the gravity
side, controls the deviation from the factorised geometry considered in [12]. This suggests to
expand the gravity equations in this parameter: we will keep here only the first non-trivial



order. In this way we can organise the computation using the basis of spherical harmonics
on the S? of the factorised B = 0 background and obtain a set of solvable three-dimensional
bulk equations. This procedure, though perturbative in B, allows us to keep the exact
dependence of the correlator on the cross-ratio z obtained from the points z; in (1.1): in
particular we have access to the regime in which the light operators are maximally far and
the gravity correlator probes the D1-D5 geometry arbitrarily deep in the interior.

We will not provide a detailed comparison between the free orbifold and supergravity
correlators, but some simple features are immediately visible. First the correlator analysed
is not protected, contrary to what happens to the B = 0 case studied in [12]. This fact
is not surprising, and can be understood already from the analysis of the single trace
operators exchanged between the two light operators: while, as was shown in [12], the
only operators exchanged at B = 0 are protected operators consisting of chiral-algebra
descendants of the identity, when B = (0 the correlator at the orbifold point receives
contributions also from the exchange of non-protected operators, which are expected to
lift in the gravity limit. Hence the O(B?) part of the correlator is sensitive to dynamical
effects that depend on the CFT moduli. It also receives contributions from the exchange
of multiparticle operators whose dimension gets corrections at subleading orders in 1/N.
The latter feature is generic for the case of non-protected correlators in AdS/CFT and
the logarithms of the correlator captures the anomalous dimension [27, 28]. We leave the
analysis of the operators exchanged in the various OPE channels to a future work. This
is clearly of great interest as it has the potential to shed light on the mechanism by which
the information of the heavy state is encoded in the gravity correlator. Another interesting
question is whether from the geometries discussed in this paper it is possible to extract
a standard light 4-point correlator in the NS sector. This would represent a significant
technical advance, since, as it was mentioned above, none of these correlators could be
computed with conventional Witten-diagrams techniques in AdSs. Notice however that
the small B approximation discussed above is a double scaling limit where N is taken
to be large with b?> ~ B?/N small but constant. Thus, even after performing a spectral
flow transformation, the heavy state we consider remains a multiparticle operator with
a number of constituents (proportional to B?) that is of order N. Because of this, our
approach cannot at present make direct contact with standard light 4-point correlators.
It would also be interesting to study quantitatively the connection between the standard
HHLL scaling and the correlators where the two light operators are substituted by two
“perturbatively” heavy operators (whose conformal dimension scales as ac with a@ < 1).
This problem was studied very recently in the context of the Liouville theory [29].

The paper is organised as follows. In the next section we introduce the CFT operators
that enter the 4-point correlator and give its expression at the orbifold point. Section 3
contains the gravity computations: we first describe the background geometries dual to
RR ground states and derive the linearized equations satisfied by the perturbation dual
to the light operator O around such backgrounds. We then specialise to one particular
family of RR ground states, which depends on a parameter B, and solve the perturbation
equations in this background at the first non-trivial order in B. From the solution for
the perturbation, with appropriate boundary conditions, we extract the 4-point correlator



at strong coupling. In section 4 we perform some preliminary consistency checks on the
holographic result and conjecture some of its consequences for the information loss paradox.
The details of the computation of the free correlator are presented in appendix A. In
appendix B we collect the supergravity solution dual to the heavy operator O and its
B-expansion. Some properties of S? spherical harmonics useful for the gravity computation
are listed in appendix C. Appendix D provides a short summary of the D-integrals that
are ubiquitous in the supergravity results for the 4-point correlators and contains some
useful identities they satisfy. Finally the steps needed to rewrite the gravity correlator in
terms of D-integrals are detailed in appendix E. In appendix F we provide the result for a
correlator that has a different choice of the light states but the same heavy states.

2 A CFT correlator at the orbifold point

At the orbifold point the D1-D5 CFT can be described in terms of elementary free fields.
In this work we focus on the untwisted sector where we have N groups of bosons and
fermions? labelled by an index r = 1,..., N

(X (r0), w3+ o), G- o), (2.1)

where the indices (« &) are in the fundamental representation of the SU(2), x SU(2) g which
are part of the R-symmetry group, while A and A are in the fundamental representation of
two other SU(2)’s that we call SU(2) g and SU(2)¢ respectively for “bonus” and “custodial”
(SU(2)p is an outer automorphism of the superalgebra).

As standard in an orbifold description, we have to keep only states invariant under the
orbifold group, so the operators involved in the correlators must be invariant under the Sy
transformations permuting the copies of M. In the untwisted sector this is achieved simply
by symmetries over the index r; for instance we will consider the following operators in the
NS-NS sector

N N . N
af _ ab _ —1 ged, BB g3 _ 1 +A_ B
O = Z_;Om = Z_} TNt ey T =35 Z_gwm apve) - (22)

These operators are protected also away from the orbifold point since they are part chiral-
primary multiplets, i.e. the highest weight state conformal dimension is equal to the R-
symmetry spin j (defined as the eigenvalue under J3): h = j = h = j = 1/2 for O** and
h=j=1,h=7j=0for J*. These operators are light since their conformal dimension
A = h + h remains fixed when the central charge ¢ is scaled to infinity. On the contrary
the R-R ground states are heavy since they have h = h = ¢/24.

We are interested in 4-point correlators with two light NS-NS operators and two R-R
ground states®

1 1

2hp —2hy _2hp =2h;
127 12 %34 F34

(On(21,21)On(22, 22)OL (23, 23)OL (24, 24)) =

G(z,2), (2.3)

*We follow the conventions of [12], which are based on [30].

3The plane and the cylinder coordinates are related by the change of variables z = 5119 z = 7B

zZ=c¢e ,
with 7 = —iTg.



where z;, = 2; — 2, and G is a function of the projective-invariant ratio

oo DI PuE (2.4)

213224 213224
We can characterise the R-R insertions in terms of states (by sending zo — oo and z; — 0).
A simple example of a correlator of the type (2.3) is obtained by taking as the heavy
operator O the R-R state that has maximum value of the spin j = N/2. This state
is related to the SL(2, C)-invariant vacuum by a spectral flow transformation and, in the
orbifold language, correspond to the product of the R-R ground state |+ +),y of spin (j =

1/2,7 = 1/2) in each copy of the CFT. If we choose the heavy and light operator as follows
Op=0"", lim Oy|0) = H|++ =|++)V (2.5)
z—0

the correlator (2.3) takes the following form G(z, z) = é In [12], this correlator was anal-
ysed both within the CFT and the dual supergravity description, and it was shown that the
two results agree. This non-renormalization property can be understood by decomposing
the result in the channel where the two light operators approach each other and by showing
that the correlator is saturated by considering the U(1)-affine descendants of (.J3, J 3). The
same result holds for a more general class of correlators [12], where the heavy states are
different from the ones in (2.5) but share a key property: as in (2.5) they are constructed
by multiplying the same building block which acts on different copies of the CFT. The
building blocks considered in [12] live in the &' twisted sector of the orbifold CFT and can
also carry a (holomorphic) momentum obtained by taking a spectral flow of level s (in the
holomorphic sector): again the correlators (2.3) constructed with these heavy operators are
protected and the orbifold CFT results match the corresponding supergravity expressions.

In this paper we focus on a different class of heavy operators whose basic constituents
are not all identical. An interesting operator of this type can be constructed by taking
N — p copies in the state | + +)(,y as in (2.5) and the remaining copies in a R-R ground
state |00) . of spin (4, j) = (0,0)

100}y = lim Oy (2, 2) |+ +)r) - (2.6)

In order to obtain a heavy state that has semiclassical dual description as a smooth ge-
ometry, one needs to take a linear combination of such states with a different number p of
100) () constituents [31]

N
1

lsp) = P Y AN ) NP BPI00)?,  with A+ |Bf = N, (2.7)
2

p=0

where A and B are complex parameters. Here we follow the conventions of [7]: we un-
derstand a full symmetrization between the N copies in (2.7) and the norm of the ket
|+-+)N=P|00)? is equal to (]1\9])’ i.e. the number of distinct permutations of the constituents.

When A and B are of order v/ N, then the sum over p is peaked, in the large N limit, around



p ~ | B|? and this semiclassical state is dual to a smooth 1/4-BPS geometry. In this paper
we study in detail the correlator (2.3) where the light operator is as in (2.5), while the
heavy one creates the ket (2.8); in summary we choose

— Nttt 3 —
OL =0 s il_I)I(l)OH’()) = ‘SB> . (2.8)

It is straightforward to calculate this correlator at the free orbifold point and, with the
choice (2.8), we obtain (2.3) with

1 Bl 224+ 1—22=1 |A]?|B|? 1\ [1—2z2
Gez)= L 4 BEIL =2 —1  |APIB (1_)\ d

2.9
|z| = 2N |z N N (29)

]
Notice that the last term scales, in the large N limit, as O(NN), while the first two terms are
of order O(N?). In the free CFT calculation they have two different combinatoric origins:
the leading term in NV is due to the contributions from the terms where the light operators
Op, and Oy, are non trivial in different copies, while the remaining terms are due to the
“diagonal” contribution where both Oy, and Oy, act on the same copy.

3 Gravity

In this section we describe the holographic computation of the correlator (2.9). We first
introduce the general background geometries and the linearized equations satisfied by the
perturbation describing the light operator Oy, and then specialise to the geometry dual to
the state |sg) in (2.7).

3.1 The D1-D5 background

We specialize to D1-D5 states that are invariant under rotations of the compact 4D manifold
M. Their dual geometries can be described in the 6D theory? reduced on M and have the
general form [6, 24, 25, 33]:

2
ds? = ———(dv+ B) (du +w) + VPds2, P =712y~ 73, (3.1a)
VP
Z2 Z2 Z Z
2¢1 _ “Z1 2¢2 _ “Z2 _ “4 _“4
e P s € D X1 7 ) X2 Zo ) (31b)
Z Z
B= —%(du+w)/\(dv+6)+52, C = —%(duﬂ;) A(dv+B) +12. (3.1c)

ds% is the 6D Einstein metric, ¢; is the dilaton, e?' =2 is the volume of M, i is the RR
0-form, y2 is the component along M of the RR 4-form, B and C' are the NSNS and RR
2-forms. The 6D space is split in the light-cone coordinates

u_it_y U_it_‘_y
V2 V2

with ¢ and y the time and the S' coordinate, and the non-compact Euclidean 4D space
R%, on which we define the flat metric ds3. The different 2-charge D1-D5 microstates are

(3.2)

*A nice review of this theory can be found in appendix B of [32].



characterized by the three scalars Zi, Zo, Z4, the two 1-forms on R* 8, w and the two
2-forms on R* 7o, do. All these are functions of the R* coordinates but are independent of
u and v and satisfy the differential relations

dﬁ = *4dﬁ, dw = — *9 dw, d *q le = 0, *4dZ2 = d’yQ N *4dZ4 = d52 s (3.3)

with *4 the Hodge dual with respect to ds?. The expressions for the NSNS and RR. 3-form
field strengths will also be useful:

Z4d(2122) — (leQ‘i‘ZZ)del

Z
H=dB= AdaAdD— > [dw AdD—dB i) +%4dZy,  (3.4a)

P2 P
F=dC—x1H
Zs Zy dundo 1 . . Z4
=|—=dZy——=dZ ——dwAdv—dBNd dZo— —x4d”Z 4b
|:Z1 1 7 4:|/\ D Zl[ w A\ dvU 6/\ U]+*4 2 7 *40d44, (3 )
where we have defined
di=du+w, do=dv+p. (3.5)

We note the following identities, that will be used in the next section:
e D1t (H — sH) = xo(F — %F), e %2« F —xoH = —dC, (3.6)

where we denote by * the Hodge-dual with respect to ds3 with a 6D orientation such that
€uv1234 = +1 and

~ Z
C = f%(duth)/\(dv+ﬁ)+%, *4dZ1 = dy . (3.7)

3.2 The perturbation

The 6D fields dual to the (anti)-chiral primary operators O, O are a scalar w and a
closed 3-form h. The linearized perturbation equations around the AdSs x S? background
were derived in [26]. The AdS3 x S® geometry is a special case of (3.1) with Z4 = dy = 0,
constant ¢1 = —¢9 and anti-self-dual F'. Around such a background the perturbation
equations for (w, h) are

h—sh=2wF, e*dxdw=hAF. (3.8)

One can identify w with the fluctuation of ya = e?*~%2y; and h with the fluctuation of H.

We need to generalize the perturbation equations to a generic D1-D5 background. So
we are looking for deformations of the solution (3.1) controlled by a scalar w and a 3-form h
that satisfy the equations of motion at linear order, but generically break supersymmetry.
It is immediate to see that in the presence of non-vanishing background values for xi, x2
and H, perturbing xi1, x2 and H induces at first order a perturbation of all other fields,
so the task of constructing a consistent deformation is considerably more involved in this
more general setting. Even if the perturbed solution does not need to be supersymmetric,
we can use the supersymmetric solution (3.1) as a guide to understand which fields will



be excited by the perturbation. In particular we can consider the effect of varying at first
order Z,4 by 6Z4 = w Z5. This motivates the following ansatz for the perturbation:

Sx1 =MW Gxg=w, 06%?? =2e'2yw,  §e2P = 2621 H92) oy (3.9)

Given the form of B in (3.1c), it is also natural to define h as

_ L DZy
0H=h+dy, y=-2 P2 wduAdo. (3.10)

The Bianchi identity dH = 0 implies dh = 0. The Bianchi identity for F’
d(F+x1H)=0 (3.11)
implies the form of the F-variation:
OF = —e? ""wH — y1h — xady + dz . (3.12)

The 2-form x is not fixed by the Bianchi identity, but the supersymmetric solution suggests

the ansatz
Z22 Z

7)2

which is what one would obtain by varying Z, in the expression for C' in (3.1c). Since Z4

=2 wdi A do = x5y, (3.13)

also appears in the 6D Einstein metric, ds% should also fluctuate. Instead of guessing the
full form of the metric perturbation, we will determine its effects on the 6D Hodge star by
consistency with the equations of motion. The Maxwell’s equation for F

d(e? =2 « F — x9H) =0 (3.14)

implies
S(xF) = e?2 "'wH + x1h + x1dy — e?*~91di ; (3.15)

the 2-form #, which represents the variation of the dual potential C, can be inferred
from (3.7):
VAVAYA

F= -2

wdii A\ db = e?1 %2z . (3.16)
If one assumes that (3.6) is preserved by the perturbation, one deduces
e—(¢1+¢2)5(*H) =(2— e—(¢1+¢2))h —w(l+ 2€2¢2X%)(F — %F)

3.17
+ 2x2¢®2 P wH + (2 — e 192V dy + yo(da + dF) . (3.17)

Finally, we need to know how the Hodge star acting on 1-form on R?* is deformed: since in
the supersymmetric ansatz one does not get any factor of Z4 when the star acts on 1-forms
with legs only along the spatial directions, we assume that §(*wj) = * dwy for any 1-form
wy on R

We can now apply these deformation rules on the remaining equations of motion and
require that they are preserved at first order in the deformation. If one looks at the
variation of the equations for the RR scalars:

de® s« dy,) — e ™2« FAH =0, d(e*? xdy)+FANH=0, (3.18)



one finds that w and h must satisfy the differential constraints
e~ Ot (b —xh) = w(F —xF), d(**?sdw)+dCAh=0. 3.19
( ) =w( ), ) (3.19)

These are the perturbation equations that generalize (3.8) around a general D1-D5 back-
ground.
As a further consistency check, one can verify that the identity

HA+F+«HANF =0, (3.20)

is preserved by our deformation rules: this checks that the deformation ansatz for the Hodge
start operation, that we have derived somewhat indirectly (see egs. (3.15) and (3.6)), is
actually consistent.

3.3 A particular D1-D5 microstate

The 4-point function of the light operators Oy, O, and the heavy operators Op, Op
is found by solving the perturbation equations (3.19) in the background sourced by the
heavy operators. When Op is the operator in (2.8), the metric functions that describe the
associated geometry are collected in appendix B. The geometry depends on two parameters
a and b, that are related to the CFT parameters A and B via [7]

| N | N
A=Ry\[Ga-an B=Ry555-b (3.21)

Here Q1 and @5 are the supergravity D1 and D5 charges, given in terms of the numbers

ni, ns of D1, D5 branes by the usual relations

(271')4 nigs o’

‘/;1 ) QS =N5Jds O/ ) (322)

Q=

with gs the string coupling and Vj the volume of M; R is the radius of the S! on which
the CFT lives. The constraint |A|? + |B|? = N translates into

Q&?“” —ad®+ b; . (3.23)

When b = 0 the geometry is just AdS3 x S3:
dsg = \/m (d5,24d53 + d8§3) , (3.24a)
ds% 45, = agdfﬂ - ag;g: dt? + Qi)s, dy? ap = Q];L% , (3.24D)
dS%g = dO? + sin® 0 dp? + cos? O di)? , éng—%, ﬁzw—%, (3.24c¢)
C=Cy= —g;l dt Ady — Qs cos® 0dd A di, 2 = 7202 — g; . (3.24d)

with all other fields vanishing. When b does not vanish the geometry cannot be factorized
in an AdS3 and an S3 part, and solving (3.19) in such a background seems a daunting task.

,10,



Since the CFT result (2.9) shows that the first non-trivial contribution to the correlator ap-
pears at order b?, we set up the gravity computation through a perturbative expansion in b,
and we concentrate on the terms of order b2. We thus expand both the background and the
perturbation up to order b, and we organize the computation using the AdSs plus S? split
of the b = 0 background. We perform the expansion in b keeping the D1, D5 charges @1, Q5
and the S radius R fixed; from the CFT point of view this is the most natural expansion,
as it changes neither the central charge ¢ = 6 nyns, nor the CFT spatial volume. Note that,
according to the constraint (3.23), the parameter a has to be varied when expanding in b.

The background solution expanded up to order b? is given in appendix B. At linear
order in b the deformation of the background around AdSs x S is controlled by the scalars
X1, X2 and by the 2-form B: with the identifications w = xo = Q1/Q5x1 and h = dB, this
is the deformation described in section 3.2, and it satisfies eq. (3.8). The expressions for
x2 and B in (B.2e) and (B.2f) are indeed linear combinations of two solutions of the form
of eq. (4.15) of [12]. The two solutions are determined by the AdSs scalars B+ and by the
S3 scalar spherical harmonics Y*+, which satisfy

Oags,Be + By =0, OgY*F +3Yv* =0, (3.25)
with
g = T lg| "0, . (3.26)
Their explicit form is
By = B eHIR Lyt sin 0 ¥ . (3.27)

Vit +a}

The O(b?) terms in the metric, in the RR 2-form and in the scalars ¢;, ¢ represent the
backreaction, at second order in b, of this linear perturbation. They are encoded in the
AdS3 metric fluctuation dg,, and in the vectors A? and AY

2 2
dt A(b _ R dt’ Aq/} _ R . T 5
T Q105 2Q1Q5 2Q1Q5 7 + af

which are linked to the first order perturbation fields B+ by covariant differential identities:

O dztdz” dy , (3.28)

1
og, = —ay*ByB_, V* ((Sg#,, ~ 5 595) =0, (3.29a)
(Dads; +2) 89 = —a—2 (0,B1+9,B_ +0,B+0,B_), (3.29b)
dA® =0, dAY = —2 5 (B- *aas, dBy — By *a4s, dB_), (3.29¢)

where to raise and lower indices and to define covariant derivatives one uses the unperturbed
AdS3 metric dsidss. The constant gauge field A? and the constant part of A¥ could be
re-absorbed by a redefinition of the ¢ and v coordinates, and hence are not determined
by the equations of motion. These diffeomorphisms, however, do not vanish at the AdS
boundary, and have a physical effect on the geometry: we will see that the result of the
correlator, indeed, depends on A?.
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3.4 Calculation of the 4-point function

As we see from the CFT result (2.9), the correlator comprises a term of order N, which
dominates the large N expansion, and a subleading term of order NV:

St
e 'R

N
+(Op (t = =00)On(t = 50)OL(0,0)O,(t,9))” .

(O (t = —0)On(t = 0)0L(0,0)0L(t,y)) = (Op(t = —00)Oy(t = 00)OL(0,0))?

(3.30)
The leading term, which represents the disconnected part of the correlator, is proportional
to the modulus square of the 3-point function [6, 7]

(Op(t = —00)Op(t = 00)OL(0,0)) = B A, (3.31)

a protected quantity which can be computed both in supergravity and at the free orbifold
point. The order N? term, which is denoted with the subscript (0), is the sum of the
subleading part of the disconnected correlator and of the connected correlator, and is, in
general, a non-protected quantity. To compute this term on the gravity side, one needs to
solve the linearized equations (3.19) for (w, k) in the background (B.2), with the following
boundary condition for w at large r:

w = 0(t, ) k’% Y0, ¢) + b(try) YTH(0,0)+ ... ; (3.32)
the term proportional to logr/r is the source for Oy, localized at the point ¢t = y = 0 on
the boundary, the term proportional to 1/r is the normalizable term proportional to the
vev of Or, and the dots represent terms proportional to spherical harmonics other than
Y ™", which do not contribute to the correlator of interest here. We further require w and
h to be regular in the interior of the space, and this determines uniquely the normalizable
term. The vev of Oy, in the presence of a source for Oy, gives the 2-point function in the
geometry sourced by O, and hence the correlator at order N is given by

(Op(t = —00)Op (t = 00)0L(0,0)01(t,y))* = b(t,y) (3.33)

up to a proportionality factor of which we do not keep track here. The correlator above
is computed on the cylinder with coordinates t,y. We can transform from the cylinder to
the Minkowski plane with the usual transformation

ittty

p=e' B, z=¢ R, Op(z,2) = (2220, (ty), (3.34)

and we can further analytically continue to the Euclidean complex plane by sending ¢ —
—it., with t. the Euclidean time. Then the O(N 0) correlator on the plane is

1
11—z

(0 (0)05(x)01(1,1)0r(2,2)) = GO(z,2) = (22) 72 b(2, 2), (3.35)

where Op(00), O (0) denote the heavy operators evaluated at z = oo and z = 0.
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The b-expansion of the background induces a corresponding expansion for the pertur-
bation (w, h):
w=wo+ 02w +0O0Y), h=ho+bh +00Y). (3.36)

The order zero term (wyo, ho) is the solution of (3.19) in the AdS3 x S? background (3.24)
and hence it admits the factorized form [12]

wo = Bo(r, t,y) YYH(0,0),  ho = Qs d[YH(0,$)%aqs, dBo— Bo*gs dY 4 (0,9)], (3.37)

where #445, and *gs are the Hodge duals with respect to the AdS; and S° met-
rics (3.24b), (3.24c). The AdS3 function By(r,t,y) satisfies Oags,Bo + Bp = 0, has the
boundary behaviour By = §(t,y)logr/r for large r and is regular at any finite value of r:
it is thus the usual bulk-to-boundary propagator for a field of dimension A = 1 in global
AdS3, with the boundary point set to ¢’ = ¢y’ = 0:

ao

1
2 \/m cos(t/R) — r cos(y/R) .

To extract the order b° contribution to the correlator, we have to transform from the
coordinate ¢ to ¢ (which is equivalent to spectrally flowing from the NSNS to the RR
sector of the CFT): this is easily done by using

Bo(r,t,y) = KPP (r,t,ylt' = 0,y = 0) = (3.38)

YH(0,0) = e RYTH(0,0). (3.39)
Taking the large r limit of (3.38), including the e~i% factor coming from (3.39), and
switching to Euclidean plane coordinates, we find the b = 0 value of the correlator
1
2]
This result was already obtained in [12], and coincides with the b = 0 term of the CFT
correlator.

G(2,2)|p=0 = (3.40)

The interesting new information is contained in the O(b?) terms (w1, h1). The pertur-
bation equations (3.19) at order b? give:

hl — % hl — 2W1 ClCO = f, (341&)
F = W0 (Fl — *QFl — *1d00) + *1h0 -2 (67(¢1+¢2))1 Wo dCQ s (3.41b)
and
Qs =
a d*xgdwi —hy ANdCy = F (3.42&)
1
f' = ho VAN dCl - gi d *1 dW() — d[(€2¢2)1 *Q dW(]] . (3.42b)

The left-hand sides of (3.41a) and (3.42a) are obtained by keeping the second order terms of
(w, h) and the zeroth order background (*g is the Hodge dual with respect to the AdS3 x 3
metric (3.24)); vice versa the sources in (3.41b) and (3.42b) originate from the zeroth order
perturbation (3.37) and the second order corrections to the background (B.2), which we
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denote with the subscript 1. The sources F and F contain scalar and vector spherical
harmonics of various orders; we need to keep only terms containing the scalar harmonic
Y+ (or its derivative), which are the only ones contributing to our correlator. Some
identities on S spherical harmonics useful to perform the projection on Y+ are collect
in appendix C. A laborious computation gives:

F=Qs[fo(volgs—volaas,) Y T (0,0)+ f1 AxgadY T (0,0)+*aas, LAY T(0,0)], (3.43a)

1

fo= 5 BoBy B-—i0" By Af, (3.43b)
0

fim L ByB_dB, - —2 ByB.dB. ——— B\ B_dBy—iByA®+ 2" s sys, (ABoAAY)
P I T R 0 3 *Ads; (@50

—069,,,0" Bodz" (3.43¢)
F=Q3 foY ™" (6,6)volaas, Avolgs, (3.43d)
. 1 1 L
fo:_37330&3—+CT(2)B_‘9MB+3’”‘BO—VN3VBO59“ —4i0" By A, (3.43¢)

where operations on the AdSs indices pu,r are performed using the unperturbed AdSj
metric (3.24b) and

r

vol ggg3 = 0.0 dr Adt Ady, volgs =sinf cos@df A de A di . (3.44)
1

5

A general ansatz for (w1, k1), that only includes the scalar spherical harmonic Y™, is
wi=B1Y (0,0), hi=Qsd[S1xes dYTT(0,0) +xaas,VIYT(0,9)],  (3.45)

where By, Sp are scalars and V; is a 1-form on AdS3. Note that we could have added to
hy a term Qs d[V; A dY 1] for some 1-form Vi, but this amounts to redefining *a4s,Vi —
% 4ds; V1 + dVi. Eqgs. (3.41) then reduce to

38, -V, V}'~4By = fo, dSi+Vi=fi, OB —3B+2V,V}'—6S; = —fy. (3.46)

One can solve the middle equation for V; and substitute it in the remaining two equations.
These become coupled differential equations for the two scalars By and Si, which can be
decoupled by introducing the combinations

s=By—35, t=B1+65;. (3.47)
We then obtain the equations
Os+s = —(fo + fo+3V,fi)y=Js, Ot—15t= —f0+3fo+vuf{‘ =J. (3.48)

We see that s is a field dual to an operator of dimension 1, while the operator dual to ¢ has
dimension 5 and is a super-descendant of the chiral primary Oy. To obtain the correlator
we are interested in, we should then set ¢ = 0, which gives

s(r,t, 2 o
Bi(rit,y) = (41/) -1 / Bt \/=gazs, GIP (W |r,t,y) Jo(x') | (3.49)
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where v’ = {r',#',9/'} is a point in AdS3 and GF°P(v/|r, t,y) is the bulk-to-bulk propagator
for a scalar field of mass m? = —1 in global AdSs, normalized such that (O + 1)G{1°P =
i//—9Ads; 0. In the r — oo limit G?’bb is related with the bulk-to-boundary propagator
KG1P (|t 57) normalized as in (3.38) by (see for example eq. (6.12) in [34])

GFP (¢ t,y) — —— KEP (|, ). (3.50)

2rr

After including the factor originating from the spectral flow relation (3.39) and continuing
to Euclidean signature (¢ — —it.), one finds the order b contribution to the O(N?)
correlator on the Euclidean cylinder:

_ _ We
(O (te==00) O (te =00) O (0,0) O (te, )2 = = [ A, VG KT P2 |te,y) 1o (x)),
(3.51)
with v, = {r/,t.,y'} and g the metric of Euclidean AdSs. The source J4(r.) follows
from (3.48), (3.43) and (3.29a):

11
o) = =5 BOB+B 322 5 B0 By 0B~ o B_0,B1 9" By
0 0
T B+ 0,B- 6’“30 + 409" V',0,,Bo + 8i 0" By AS,
5 (3.52)

= -5 BoByB_+ — By9,B. "B — — B 0,B, "By
3a0 3 ag “
7 a} R? R
— B, B_9"By—4—— _92By+4——— 0y By,
+ 3a2 % 0 (12 +a2)2 e U 2 4 a2 te20

with ('% the derivative with respect to r,. To simplify the correlator it is useful to switch
to Poincaré coordinates w = {wp, w,w} via the coordinate transformation
/ Vi / .
a T tetiy T te—1y
Wy = ——0—¢ W= —F———€e Rk , W=—7———¢e R . (3.53)

/p!2 +CL(2) ’ [ p!2 —{—CL% /p!2 —{—CL%
The bulk-to-boundary propagator of global AdSz K&°P(r!|t,, ) is related to the bulk-to-
boundary propagator in Poincaré coordinates K;(w|z, z) as

NN

A
Wo

(wg + [w—z[2)2

KS°P(r|te,y) = |2|® Ka(w|z,2) with Ka(w|z,2) = (3.54)

the factor |z[A in this relation is precisely the factor that appears in the transformation
from the cylinder to the plane in (3.35). The propagator By in (3.51) can be rewritten in
Poincaré coordinates by using (3.54) with A = 1. Similarly, for By and B_, we use the

identification for the boundary points z = oo, z = 0; for a general A the relations are

A A
A(x!) = Tim |25 et
B+ (I'e> - lepgo |Z‘ KA(W‘Z,Z) - \/m ) (355&)
tl A
BA() = Ka(w|o)= [ €T (3.55b)
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With manipulations similar to the ones used to simplify Witten’s diagrams [9, 35-37]
(summarised in appendix E), we can rewrite the correlator (3.51) in terms of the integrals

Dayasaga, = Jim 2222 DAy nyagag (21 = 0,22 = 00,23 = 1,24 = 2) (3.56)
= 2211_r>noo | 2|42 /d3w Vi Ka, (w|0) K, (W22, 22) Kay(w|l) Ka, (w2, 2).

By using (E.2) in (3.51), we have from (3.35)

b1 [|Z|2 . 1]
=T 2211 — 5| -
ag |2

GO (2, 2)|y2 = — 5 (3.57)

Including the b = 0 and the O(N) terms, one finds the total correlator up to order b?:

_ 1 v [z - 1 N 9
ggrav(Z,Z) = m |:1+ag (7‘(‘D22112+2‘1Z . (358)
Clearly the gravity result differs from the free correlator (2.9), and so this correlator is
not protected for b # 0. Of course by using the same supergravity solutions it is possible
to derive the correlator with a different choice of the light states while keeping the heavy
states unchanged: in appendix F we provide the result for the correlator with Oy, = O*~.

4 Discussion and conclusions

In this paper we calculated a HHLL correlator (2.3) in the context of the AdS3/CFTs
duality. The heavy operators are RR ground states and so they have conformal weight
h = h = ¢/24, while the light operators are chiral primaries with quantum numbers h =
j =h=7j=1/2. In particular we focus on a class of RR ground states for which the dual
bulk description is known in terms of an explicit, regular supergravity solution. On the
CF'T side, it is straightforward to calculate the correlator at a special point of the moduli
space where the CFT reduces to a free orbifold and the result is given by (2.9). On the
bulk side, the calculation is more challenging and the result (3.58) is obtained in the limit
b? < a®. Notice that the approximation on b is performed after taking the large N limit,
so we are taking a double scaling limit where NN is large and b is small but constant; in
other words the parameter B? (3.21) on the CFT side is always of order N.

By comparing the two results mentioned above, it is clear that the correlator under
investigation is not protected. It would be interesting to study explicitly how this correlator
changes in conformal perturbation theory when the orbifold description is deformed with
the blow-up twist two modes; this is a technically challenging calculation as it requires to
add two new external states to previous analysis which focused on the 2-point function (see
for instance [38, 39]). On the bulk side, the gravity result has a more intricate structure
and should display several features such as Landau singularities, anomalous dimensions
and couplings of double trace operators that are absent in the free orbifold result. We
leave the analysis of these points to a future work and here we wish to mention just a few
consistency checks, which can be performed easily on the supergravity result.
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The exchange of the operators Oy, and Oy, should act on the correlator as G(z,2) —
G(z=1, 271, as can be seen from the definitions (2.3) and (2.4). On the gravity side, the
correlator with exchanged Op and Of, is computed by replacing Y+ — Y=~ in (3.32),
which is equivalent to sending ¢ — —¢. As the background is invariant if one reverses at
the same time the signs of ¢ and ¢, this exchange produces a result for the correlator of the
form of eq. (E.2) with t — —¢, Is and I, interchanged and Is — —Is. Using the identities
of appendix E and the symmetry (D.13) of the function 152211, one can verify that the final
result indeed equals Ggray (271, 271).

Of course an important consistency check is provided by the study of the OPE degen-
eration, as done for the AdS; case [27, 28]. As usual, the expansion of the gravity correlator
in the various channels contains logarithmic terms, which capture the anomalous dimen-
sions of the exchanged multiparticle states. In the z — 1 limit the two light operators are
close and the leading multiparticle state is : O7,Op, :. Since the single particle constituents
are a chiral and an anti-chiral operator, this multiparticle state is expected to gain an
anomalous dimension at subleading order in 1/N, encoded in the coefficient of the term
|1 —2|?log |1 — 2|? in the expansion of G. By looking at the sign of the relevant logarithm,
it is clear that the anomalous dimension of the state : O;Op : will be positive. This is
a somewhat surprising result since, to the best of our knowledge, all the previous holo-
graphic computations, mostly performed in 4D CFT’s, have produced negative anomalous
dimensions [40, 41]. It is interesting to study the logarithms also in the z — 0 limit: in this
channel the multiparticle operators exchanged between O, and Oy are composed by con-
stituents of the same chirality, unless they contain both holomorphic and anti-holomorphic
2,

derivatives. This implies the absence of terms of the form 2" log |z|? and 2" log |z|?, for any

integer n > 0: one can verify that this expectation is fulfilled by our result.

It is possible to extract some interesting information also from the non-logarithmic
terms of the OPE expansions. For instance one can check that the contributions due to the
exchange of the lowest order protected operators in the various OPE channels are equal at
the orbifold and the gravity point: in the z — 1 channel one can match the contributions
from the identity and the R-currents J? and J3, and in the z — 0 channel the contribution
of the lowest order anti-chiral multiparticle operator exchanged between Oy, and Op.

Beyond the leading order the analysis is more complicated. In the OPE channel where
the two light operators are close, the gravity result contains holomorphic corrections that
can not be explained by the exchange of the affine descendants of the identity (and of
course the same holds in the antiholomorphic sector). This suggests that some primary
operators, that at the orbifold point can be constructed by using affine descendants on
different CFT copies, have a fix conformal dimension, with h = 0, at large N. It would be
of course interesting to verify or disprove this conjecture, since it is relevant to determine
the singularity structure of the large ¢ correlators and can shed some light on the problem
of information loss in the dual gravitational description, see [12, 42, 43].
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A Some details on the free correlator

In this appendix we provide some detail on the derivation of (2.9). As mentioned at the end
of section 2, there are two type of contributions: the “diagonal” terms where Oz, and O,
are non-trivial on the same copy and the “off-diagonal”ones where the two light operators
act on different copies. We start from the second type of contributions, which produces the
last term of (2.9). In this case, the calculation has the structure of a product of two 3-point
correlators and we can derive the contribution proportional to |A[?|B|? in (2.9) (which we
indicate by Gog) by choosing zo — 00, 21 = 0, z3 =1 and 24 = 2

1
mgoﬁ(zv 2) = Z<SB|O(J;;F(1’ 1)0@;(27 Z)|SB> . (A'l)
r#s

By using (2.7) and the fact that the zero-mode of OE‘;T turns the state [00) ) into | ++) )

and vice versa for O(_T)_ we have

N
ZOE;Y(L ) (z Z)|sp) = iz;)

r#s

where the dots stand for terms that contain copies of the CFT that are not in the |+ +) or
|00) state and that we can ignore as they do not give any contribution to (A.1). The factors
of pand (N —p) in (A.2) follow from the action of O and O~ on the different |00) and
| + +) copies respectively. Then, since the norm of the | + +)V =P |00)? is (];[), we have

f; \NWPBW< )
=0 v p
NV

\1—21 — DIAPIBI*( AP + B[N
2] NN ’

AN- po N
N=p)|++)VPI00yY+...], (A.2)

goff(z Z
(A.3)

which, as anticipated, yields the last term of (2.9) after using the normalisation
condition (2.7) |[A|> +|B|? = N
The diagonal contribution follows from the building blocks

1 1
L1 _— A4
e H IO (L D05 (52 + +y = 2 (A4)
1 11
++ ——(, 5 _ L 2 2
r)<00|0(7~) (1, 1)O(T) (2,2)[00) () = 11— 2[22]z] (1 + 2]+ 1 — 2| ) : (A.5)
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These results can be derived explicitly by using the bosonization formulae as done in [12]
or equivalently by using the RR mode expansion for the fermions. Alternatively, one can
reconstruct the correlators from their behaviour as z — 0, 1, co. In both cases there should
be a simple pole in 1 —z and 1 — Z due to the fusion of Oz;;r and O(_r)_ on the identity. Then
the zero-modes of Oy act non-trivially both on |00)(y and | + +)(, so again the two
equations should have the same z — 0 limit proportional to 1/|z|. In the z — oo limit there
is a difference: the zero-modes of O(_T)_ act non-trivially on (,)(00] and so in this limit (A.5)
should be proportional to 1/|z|. On the contrary, the first modes of O(_T)_ acting non-trivially
on (,)(+ + | are at level one, so (A.4) should go as 1/|z|* as z — co. These constraints
determine uniquely the sphere correlators above. Then the diagonal contributions to (2.7)
are obtained by counting how many times the building blocks above appear:

ot 2IN—p| R2|p
g(ﬁag(zag) = |21|Z(N _p) |A|]VN|B| (A]]\j>
p=0 (A.6)
_ 1 NIAP(AP + ][B!
= g NN ,

which is the contribution following from (A.4) and

TP 2P | A2 NP B2 /N
gﬁag(z, )= A

2|z NN P
! p=0 (A.7)
_ L+ [P+ 1 - 2P NIBP(JA + |BP)M !
N 2|z| NN '

which is obtained from (A.5). Summing ggﬁag, gﬁag and Gog, we obtain (2.9).

B A D1-D5 geometry

The supergravity solution dual to the state (2.7) can be written in the form (3.1) with (see
for example [44])

2

ds? = (r* + a® cos® 0) <T2dj; =+ d92> + (r* 4+ a®)sin? 0 d¢? + r’cos’ Ody?,  (B.la)
RCL2 2 2
= sin“ 0 d¢p — cos” 0 dv)) , B.1b
g V2 (12 + a2 cos? 0) ( ¢ v) ( )
2 2, b2 2 2712 52
> b 2 0
Z1:1+R— a”+ 3 +Ra cos 2¢ sin ’ (B.1¢)
Q5 12 + a? cos? 0 2Q5 (r?+a?cos?0)(r? + a?)
Qs (72 4 a?) cos? 0

Ty =14+ " = — do N d B.1d
2 +r2+a200320’ 2 @ r2 4+ a2 cos? 0 oAdy, ( )

cos ¢ sin 0
Z, = Rab : B.1e
! V12 4+ a? (1?2 + a? cos? 0) ( )

_ . 2, 2

by = —HAb SO TG 2 o5 do A di+sing S0 do ady|, (BAD)

sin 0

VrZ + a2 |r?2+a?cos?6
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B Ra?
V2 (12 + a2 cos? 0)

(sin? 0 d¢ + cos® 0 dv)) . (B.1g)

Expanding this solution up to order b?, keeping Q1, @5 and R fixed, yields

ds% —27 7.2 2
=V"°|ds +b°6q,, detdx”
VoG Y ohas, b 00 detdr”]
2 2 )
+ 1—%B+B,sm29 df*+sin*0 1+b—2B+B,sin20 (dp+b*A%)?
4ag 4ag
b2 .
+00529<1—B+B (00829—|—1)> (dip+b2AY)?, (B.2a)
2.2 WP 249 9.7 & BiB_ ., 200 h
C=Co+Q5b* |sin®0dpNAY +cos?Odip NA® — 52 Sin Ocos“OdpNdyp|, (B.2b)
ap
2o - Dl [(B+Y++)2+(B_Y__)2+B+B_Y++Y__] , (B.2¢)
Q5 2a0
202 __ Q5 ddby——
e BB Y'Y B.2d
2 v | (B.24)

Qs _ @ -
w=/e 2a0(B FHBY ) =y 2%(3 LYY EBY ), (B.2e)

B b
\/W 2a (Y++*Ad5 dB+ B+ *g3 dY+++Y * AdSs dB_—B_ *g3 dY__), (B2f)
1
where
b2
V=1-c5BiB- (cos?0 + 1), (B.3)

0
and By, Y, §g,,,, A? and AY are defined in (3.27) and (3.29a).
C On 8?2 spherical harmonics
We embed the 3-sphere of unit radius in R* as follows
x4 ix? = sin Hei‘z’, 2% + izt = cos e’ (C.1)
with 0 € [0,7/2] and ¢, € [0,27]. The round metric of S* reads
ds%s = df* + sin® 0 dp? + cos? 0 dy)® (C.2)

and the volume form is

volgs = sinf cos 0 dO A dp A dip . (C.3)

The scalar spherical harmonics of degree k are defined as

Yy = gl oogie) ir=1,...,4 (C.4)

— 20 —



with symmetrized and traceless indices with respect the flat metric of R*. They satisfy the

equation®
AgsYTe = —k(k +2)Yk (C.6)
and enjoy the orthogonality relation
21—kﬂ.2
/ dQaY Ty Tk = méfkvfkl . (C.7)

The scalar spherical harmonics of degree 1, used in the text, are linear combinations
of the ones defined above. In particular we have (see (3.27))

YTt =gl +i2?, Y =2'—i? = (YTH)" (C.8)
and using the relation (C.7) we have
/ng,YiinFjF =72, /ngYiiYii =0. (C.9)

We can also construct vector harmonics Yl(kl) simply by taking the product of a scalar
harmonic and a 1-form: Yk dz:7] where the index j is antisymmetrized with the index 4;

in I. The vector harmonics satisfy
AgV ) = —(L+k(k+2)YY,  dxgY ) =0. (C.10)

However, in this work we need to keep track only of the contributions of the scalar harmonics
and their derivatives dY k. It is easy to see that the dY!¥’s satisfy the same equation as
the scalar harmonics

AgsdY™ = —k(k +2)dY '+ (C.11)

and so are clearly orthogonal to the vector harmonics which satisfy (C.10). For the partic-
ular combination (C.8) we have

/*Sgdyii AdYFF =372 /*Sgdyii ANdYFE =0 . (C.12)

It is then straightforward to isolate the contributions proportional to Y™ and dY++
in (3.41) by using the orthogonality properties mentioned above

F0,6,0) =Y+ [7:2 [d0sy=se. qmw)] L (C.134)
1
v(0,,1) = dy++ |:37T2/df23 kg3 dY ~ Aw(d, gb,l/))} +..., (C.13b)

where f and v are an arbitrary scalar function and a 1-form on S3.

®We define the Laplace-de Rham operator acting on p-forms as Ags = —(d + §)%, where § = (—1)? * dx
when it acts on a p-form; on scalars Ags reduces to the [gs defined in the text. Our convention for the
Hodge dual in d-dimensions is

) _ Vgl Tedp ) P) gt A gt (C.5)

T T pl(d = p)l e Iy
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D Some properties of the D-integrals

The unnormalized boundary-to-bulk propagator for a scalar field propagating in Euclidean
Ade+1 is

A oo
Kﬁ<w,z>—[ o )2} —F(l /dtwoAtAleﬂw%HM%, (D.1)

where A is the conformal dimension of the dual operator (related to the mass as usual:
m? = A(A — d)). The D-integrals arising from a 4-point contact vertex in the bulk take
the following form

4
Daynsnsng = /dde\/ﬁ 15w %), (D.2)
i=1

where the AdSg;1 metric in the Euclidean Poincaré coordinates is

d
1
0 i=1

By using the representation of the propagator in terms of Schwinger parameters given
in (D.1) it is straightforward to perform the integration over the interaction point (wy, W)
and obtain

A—d\ [® it

withT =3 t;, A= > Aj and z;; = z;—z;, where z; are the standard complex coordinates

d/2

A
272

4 2 tity
e Zi,j:l |23 5T (D'4)

for a plane z; = x;+1y;. Since in this paper we are interested in the AdS3 case, we set d = 2.
Once written in terms of Schwinger parameter, one can see that Dij1; is proportional to
the massless box-integral in four dimensions with external massive state the result can be
written in term of logarithms and dilogarithms

Dy = 2|213|2’Z;’2(z — 9Lis(2) — 2Lis(2) + In(22) In 1 - ; , (D.5)

where z is the crossratio defined in (2.4).

The result in (D.4) is proportional to the Bloch-Wigner dilogarithm D(z, 2)
2mi
D = 1220 = E)D(Z, z) (D.6)
where
D(z,z) = Im[Lis(z)] + Arg[ln(1 — z)]In |z|

. (D.7)

1 1 1
=5 Lig(2) — Lig(2) + B In(2z) In T
The function D(z, %) is a real-analytic function® except in z = 0, 1. It is continuous also in

those two points, but not differentiable (since it has singularities of the type ylog(y), where

In order for this to hold, Z has to be the complex conjugate of z, so the correlator (D.6) has a more
complicated analytic structure in Minkowski space where zZ # z*, see [45] and references therein: in that
case it has non-trivial monodromies around z = 1 and z = oo with z fixed (and vice versa).
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y =Im[z] or y = Im[1 — z] and y — 0). Moreover we have the following useful identities
_ 11 _
D(z,z2)=-D (, ) =-D(1—-21-2), (D.g)

which implies

1 1 1 1 — -z
D(z,z)=D(1--,1—--)=D|(—,—— | =-D 72,72_ . (D.9)
z zZ 1—21—2 1—-21—2

Our correlator involves also the D-integrals of the type D129 and permutations, i.e.
we have two A; equal to two and the other two equal to one. By using the expression in
terms of Schwinger parameters (D.4) it is easy to write these integrals as derivatives of
Dq111. The D-integrals of this type that are relevant for our correlator are

9D
8|Z12|2 ’

D2211 = (DlO)

and its permutations.

The D-functions that appear in the gravity computation are evaluated at the points
0,00, 1, z and are denoted by Da, A, A5.n, (See eq. (3.56)). They can be obtained as a limit
and are given by

Dooni(2,2) = Zgigloo |22|*Dag11(21 = 0, 20,23 = 1, 24 = 2)
(D.11)

__27m'|1—z\2 z—i—,?D(Z Z)_i_log\l—z\2 z4+2Z—22Z

(z—2)2 |z—-2 2i 4|1 — z|?

10g\z|2] .

Some useful relations between the D’s appearing in the intermediate results of appendix E

are
- . Dani(2,2) ~ A _ 1 - z—1 z—1
D =—=2" D =D =——=D — D.12
1122(2,2) 122 1212(2,2) 2121(2,2) BE 2211 PO I oo a)
leQl(Z,z):‘Z’2b2112(2,2):D2211(1—Z,1—2). (D.12b)
The symmetry under exchange of the first two points in Dsg11 implies
. 11 ) - )
Dy | 2,5 ) = |2|” Da211(2, 2) - (D.13)

All the D functions are linear combinations of D(z, %), log|1 — z|? and log |z|> with co-
efficients that are ratios of polynomials in z and z. Inverting the relations between the

functions D and D(z, 2), log |1 — z|2, log |z|? one finds the useful identities

Di111 = Doo1i+Diagr+Darar,  wlog|z| = |1—2|*(Digg1 —Dayon)+(|2[*—1) Daary . (D.14)
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E Reduction to D-integrals

In this appendix we derive our main result (3.57) starting from (3.51) and (3.52). We first
work in Euclidean global coordinates and, for notational coherence, we set

1 a

Bo(rl|te, y) = KCPP (¢ |t y) = = 0 ;

o(relte, ) 0 (Feltey) 2 \/r? + a3 cosh((t, —t.)/R) — 1" cos((y' —y)/R)
(E.1)

with this notation eq. (3.38) reads By(r.,) = By(r,|0,0). We can rewrite the r.h.s. of
eq. (3.51), with the source given in (3.52), as

e ®[ 11 5 7
- [—3[1 + glg - 513 + §I4 —4l5 + 41| . (E.2)

The integrals I; are defined as

B = [ VG Bolellte.y) Bo(tl]0.0) By (1) B-(x). (E.3a)
b= [ . /G Bo(wlltesy) Bo(tt]0.0) 0, B (v) 9" B (x1) (E.3b)
b= [ G Bo(x ) 0 Bo(xt]0.0) B-(x0) 0, B x1) (E.30)
= [ VG Bo(altes) 9" Bo(xL10,0) B B (x1) (E.3d)
ls = [ e G Bu(et) B0 Bofa10.0) (®.30
to= [ PV Blal o) ROy B(e210.0) 50, (©.31)
I = [ Bt )i ROy Ba(0.0) (£.30)

where in the last line we have also introduced the integral Iy for later convenience. Our
goal is to rewrite the integrals I; in terms of the D-functions evaluated at the boundary
points 0,00, 1, z as defined in (3.56). We can use the identities induced by the change of
coordinates (3.53):

Bo(relte, y) = 2| EK1(wlz, %),

B.(x)) = lm |:fKy(w]2,2) = Ki(wloo) = wn,  B-(x) = Ki(wlo).
Then one immediately finds
|2| ' = D1y - (E.5)
The relation
a? 2al
B I Bx]) = "0y = o My = K (w]o0) K (w]0) — 2 K (woe) K ()
(E.6)
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yields
2|7 12 = D111 — 2Daon - (E.7)

I3 can be computed by explicitly writing the integral in Poincaré coordinates

-1 3 -1 wo Wo wo
y4 I = dWU) —8
7t / O Wl + |w— 2f? “’°<w3+w—1|2> wg + |22

_ / P wo ( 1 B 2wy ) 1 (E.8)
wi+|w—z2 \wi+|lw—-172 (w+|w-12)2) wi+|z?

= D111 — 2 Dy9a1 -

Moreover the fact that By(rL|te,y) is an even function of t, — t. and 3’ — y implies that

/ 03, \/G Bo(t[tery) 9 Bo(r[0,0) B_(r}) &/, B. (x!) =
(E.9)

— [ VG Bo(xL10.0) 0" Bo(aLltey) B (1) 3, B (x0).
since the change of integration variables (t.,y’) — (—t., —y') followed by (t.,y') — (t. —
te,y' —y) exchanges By(r.|te,y) with By(r.|0,0) and B (r)) with B_(r)). Then

134-[4_1
E

[ w50 () s () 0]0)8, 6 () + K] )0, K (o)

= T + Dy111 = 2 Doy (E.10)

where in the last line we have integrated by parts and used OK; + K7 = 0. From (E.8)
and (E.10) we then deduce I,

I
2

2|7y = —D1111 + 2 Dog1y + 2 Digor (E.11)

To compute I5 one notes that

iR 1
(r,;ic%)g dy Bo(r]0,0) = 5[3—(1“’6) 9, By (ry) — By (r,) 9,B_(r)]0" By(r,|0,0), (E.12)

which implies

1
1
d3r /G Bo(r.|te, ) Ry Bo(r.|0,0) —— 20 — Z([; — I,) =
5V Bule ) B Bo(e10.0) (s = 500~ 1 _
= |2|(D1111 — 2 D1221 — Da211) -
Then 4
— a
Is = —/dsrle\@R@tho(r/e’te,y)Rat;Bo(r,e|070) —
(r? + ag)
4
=RO /d3r; G Bo(r'|te,y) Ry Bo(rl]0,0) — 20
te \/.5 0( ‘ y) te 0( | ) (742 _’_a%)Q (E14)

= (28, + 20z) (|2|(D1111 — 2 D1221 — Dao11))

Y
1_Z|2(1—10g|z|)> :

= |z| (2 D119 + Da1a1 — Diggy — |
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where we have first integrated by parts, exploited the fact that By(rl|te, y) is a function of
t, —t. and then used (E.13); the last line follows by substituting the explicit expressions for
the functions D given in appendix D. Finally I and I7 follow from similar manipulations

Ig =~ / d°r; /G R Oy Bo(rlte, y) Bo(xt[0,0) T,Q‘f o
= Ry, [ @G Bo(ete ) Bofet0.0) "0 (©.15)
= (20, + 203) (|2] 151111) = —‘17:’2“2 log |z],

Iy = [ a5 ROy Bl ) Bofet10.0)
— iRay/d3r'e\/§Bo(r’e\te,y) By(r]0,0) TIQQE 2 (E.16)

A Z—Z
= —(20; — 20z) (|2| D1111) = —|#| T Daonn

where the last steps we have used (D.6) and (D.11).

Substituting the simplified expressions for the integrals I; in (E.2), using the identi-
ties (D.14) and performing the transformation from the cylinder to the plane correlator
yields the result (3.57).

F The correlator with Oy, = Ot~

It is straightforward to repeat our computations to derive a different 4-point correlator
where the light operator O is replaced by O1~, while the heavy operators are left
unchanged. In this appendix, by a slight abuse of notation, we will denote Oy, = O~ and
G will represent the correlator (2.3) for this choice of Or.

The methods of appendix A give the orbifold point result

B z |B]* |z 1 1 — z|?
=4/24+ =/ — . F.1
9(22) \/;jL 2N V z [Z+ z + z (F.1)

Note that the term of order IV is now absent.

The gravity computation follows the lines of section 3.4, where now one looks for a
perturbation of the form (3.32) with the spherical harmonic Y+ replaced by Y*~. The
r.h.s. of eq. (3.51) becomes

Y

@

ble r [1 1 5 5 |2| \/E Z A 1
L =S+ =134 =14 — 4I5 + 417 | = b? 212 Dyory — = F.2
sr |37 32Tyl AT 7} -z z[w 2 2}’ (F.2)

having used the results of appendix E and the second identity in (D.14). The gravity
correlator with O, = OT~ up to order b? is then

b [z - 1
1+— (=D - = . F.3
1 (o =3)] "

ggrav(zv Z) =
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