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RANDOM GEOMETRIC GRAPHS AND ISOMETRIES OF
NORMED SPACES

PAUL BALISTER, BELA BOLLOBAS7 KAREN GUNDERSON, IMRE LEADER,
AND MARK WALTERS

ABSTRACT. Given a countable dense subset S of a finite-dimensional
normed space X, and 0 < p < 1, we form a random graph on S by
joining, independently and with probability p, each pair of points at
distance less than 1. We say that S is Rado if any two such random
graphs are (almost surely) isomorphic.

Bonato and Janssen showed that in % almost all S are Rado. Our
main aim in this paper is to show that ¢ is the unique normed space
with this property: indeed, in every other space almost all sets S are
non-Rado. We also determine which spaces admit some Rado set: this
turns out to be the spaces that have an /. direct summand. These
results answer questions of Bonato and Janssen.

A key role is played by the determination of which finite-dimensional
normed spaces have the property that every bijective step-isometry
(meaning that the integer part of distances is preserved) is in fact an
isometry. This result may be of independent interest.

1. INTRODUCTION

In [2] Bonato and Janssen introduced a new random geometric graph
model, defined as follows. Let V be a finite-dimensional normed space and
let S be a fixed countable dense subset of V. Let G = @(V, S) be the
unit radius graph on S: that is z,y € S are joined if ||z — y|| < 1. Form
G = G,(V,S) by taking a random subgraph of G(V,S) in which each edge is
chosen independently with probability p, and let G,(V,.S) be the probability
space of such graphs.

Motivated by the existence of the Rado graph, the unique infinite graph
in the Erd6s-Rényi random graph model, Bonato and Janssen asked when
the random graph in their model is almost surely unique up to isomorphism.
We say a set S is Rado if the resulting graph is almost surely unique up to
isomorphism, and we say it is strongly non-Rado if any two such graphs are
almost surely not isomorphic. (Rather surprisingly, there are sets that are
neither Rado nor strongly non-Rado; see Theorem 2 below.)
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Bonato and Janssen proved that, for V = ¢2 (the normed space on R?
with norm defined by |[(x1,x2,...,24)| = max;|x;|), almost all countable
dense sets are Rado.

[The exact definition of ‘almost all’ for countable dense sets is a little
subtle and we discuss it at the end of Section 2, but, for now, we remark
that the only property of ‘almost all’ that we require is that almost all sets
contain no integer distances, and no integer distances (or coincidences) in
projections on to natural subspaces such as the coordinate axes.]

In the same paper, Bonato and Janssen proved that all countable dense
sets in the Euclidean plane are strongly non-Rado. Subsequently [3] they
showed that almost all countable dense sets in the plane with the hexagonal
norm are strongly non-Rado, and in [4] that, for R? with any norm that is
strictly convex or has a polygonal unit ball (apart from a parallelogram),
there are no Rado sets. They asked which normed spaces contain a Rado
set.

Our first result implies that ¢¢ is the only space for which almost all
countable dense sets are Rado.

Theorem 1. Let V' be a finite-dimensional normed space not isometric to
(L. Then, for any 0 < p < 1, almost every countable dense set S is strongly
non-Rado.

Theorem 1 shows what happens for ‘typical’ countable dense sets S, but
leaves open the possibility of exceptional cases. Our second result, The-
orem 2 below, is a refinement of Theorem 1 that answers the question of
Bonato and Janssen, and, in fact, describes the precise situation in each
normed space.

Before stating the theorem, we need the following fact about finite-dimensional
normed spaces, which roughly says that any such space contains a unique
maximal ¢4, subspace embedded in an £, fashion. The precise statement
(Proposition 14) is that, for any finite-dimensional normed space V', there
exists a unique maximal subspace W isometric to Kgo for some d, such that
there is a subspace U with V = U@ W and ||u+w|| = max(||ul], ||w]|) for all
u € U and w € W. We prove this result in Section 3. This decomposition
is useful since, in essence, the complicated behaviour can only occur on the
Kgo part. We call this decomposition the {4, -decomposition and write it as
V=(Ua&)w.

We are now ready to state the main result of the paper.

Theorem 2. Let V be a normed space with £ -decomposition (U @ £2)q
as above, and let 0 < p < 1. Then
(i) If V. = (% (equivalently, if U is trivial), then almost all countable
dense sets S are Rado, but there exist countable dense sets which are
strongly non-Rado. Additionally, there exist countable dense sets S for
which the probability that two graphs G,G' € G,(V,S) are isomorphic
lies strictly between 0 and 1.
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(ii) If d =0 (that is, if V.= U ), then all countable dense sets S are strongly
non-Rado.

(11i) If d > 0 and U # {0} then, almost all countable dense sets S are
strongly non-Rado, but there exist countable dense sets S which are
Rado. Additionally, there exist countable dense sets for which the prob-
ability that two graphs G,G' € G,(V,S) are isomorphic lies strictly
between 0 and 1.

As we mentioned above, the typical case in (i) was proved by Bonato
and Janssen. In fact they proved more: they showed that the graph is
independent of S. More precisely, they showed that for almost all countable
dense sets S and ', and any p,p’ € (0,1), two graphs G € G,(¢%,,S) and
G’ € Gy (14, S") are almost surely isomorphic. Of course, Theorem 2 shows
that this does not hold for other normed spaces, as Parts (ii) and (iii) show
that, for almost all sets S, the probability that G is isomorphic to any
particular graph is zero.

We shall make use of a key lemma of Bonato and Janssen that shows that
any graph isomorphism must induce an approximate isometric action on S.

Definition. Let A C V. A step-isometry on A is a bijective function
f+ A— A such that, for all z,y € A,

Lz =yl = Llf (=) = f)ll-

We remark that Bonato and Janssen’s definition was slightly different:
they did not require the function to be a bijection. However, all our maps
will be bijective, and many of the results we state only hold for bijective
step-isometries, so we use the above definition. Note that we use ‘isometry’
to mean any distance preserving map; in particular, it need not be surjective.

Bonato and Janssen [2] proved the following lemma.

Lemma 3 (Bonato and Janssen [2]). Suppose G € G,(V,S). Then, almost
surely, for every pair of points x,y € S and every k € N with k > 2 we have
|z —y| <k if and only if da(z,y) < k.

In particular, for almost all graphs G,G' in G,(V.S), every function
f:8 = S inducing an isomorphism of the graphs is a step-isometry on

S.

To see why this is true, first note that it is immediate that the existence of
a path of length k implies that the norm distance is less than k. For the
converse, they use the countable dense property to construct infinitely many
edge disjoint paths of length k between z and y in G. Each of these has a
positive chance of occurring in G so, almost surely, one of them does.

The second part now follows since an isomorphism between any two
graphs satisfying the first part must be a step-isometry. (The case of
||z — y|| <1 requires a small additional check.)

This result shows that a natural step towards characterising the possible
graph isomorphisms is to characterise all the step-isometries and, indeed,
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this will form the bulk of this paper. As we shall prove (Proposition 24),
any step-isometry of S extends to a step-isometry of V itself. Thus, we want
to characterise the step-isometries of V.

Observe that a step-isometry on V need not be an isometry. Indeed,
consider the following example on R. Let g: [0,1) — [0,1) be any increasing
bijection. Now define f(z) = |z] + g(x — [z]). It is easy to see that this is
a step-isometry but not an isometry (unless g is the identity function).

This example extends naturally to £%.: we can do the above independently
in each coordinate. However, the following result shows this is essentially
the only example.

We need one piece of notation first. If V =U @& W is a vector space and
f:V = V, then we say f factorises over the decomposition if there exist
fu:U — U and fiy: W — W such that f(u+w) = fu(u) + fw(w) for all
u €U and w e W. We write f = fu @ fw.

Theorem 4. Let V be a finite-dimensional normed space with £, -decomposition
V=U&t) and let f: V — V be a step-isometry. Then f factorises
over the decomposition as f = fu ® fu_, where fy is a bijective isometry of

U and fggo is a step-isometry of £ .

Thus, to obtain a full characterisation of the step-isometries of V', we need
to classify the step-isometries of ¢% . The following result does exactly that.

Theorem 5. Let [ be a step-isometry of {%,. Then there exists a permu-
tation o of [d], and € = (e1,¢e9,...,e4) € {—1,+1}¢, and, for each i, an
increasing bijection g;: [0,1) — [0,1), such that

d d
f (Z Am) = £0) =D (g (i — X)) + [Ni)) gieogsy.
i=1 i=1
where e1,es,...,eq is the standard basis of Ego.

Having established these two theorems, as we shall see, it is relatively
straightforward to prove Theorems 1 and 2.

The layout of this paper is as follows. In the next section we introduce
some standard definitions and notation, and then in Section 3 we prove
the existence and uniqueness of the /,,-decomposition together with some
simple facts about it that will be useful later. In Section 4 we prove that
any step-isometry on a dense subset can be extended to a step-isometry on
the whole space.

In Sections 5-11 we prove Theorems 4 and 5. The proofs of these are quite
lengthy, and we break them down as follows. Sections 5 and 6 show that
any step-isometry is an isometry on the set of finite sums of extreme points
of the unit ball of V', and that we can compose the step-isometry with an
isometry so that the combination fixes all these finite sums. Then, Sections 7
and 8 show that any step isometry that fixes these finite sums actually
preserves many directions, and that this implies it must fix a particular
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subspace. Finally, Section 9 shows that this particular subspace is the non-
loo-component of the ,-decomposition, and Sections 10 and 11 put these
facts together to complete the proofs of Theorems 4 and 5.

Parts of the proof of Theorem 2 rely on the back and forth method; as we
use this several times we abstract it out into Section 12. Then, in Section 13,
we use Theorem 4 to prove Theorem 2. We conclude with a brief discussion
of some other exceptional cases and some open problems.

Throughout the paper we use standard results and notation from graph
theory (see, e.g., [1] or [6]) and functional analysis (see, e.g., [8]).

2. NORMED SPACE PRELIMINARIES

Throughout this paper we will be working exclusively in finite-dimensional
normed spaces, and we shall frequently make use of properties particular to
such spaces, such as the compactness of the unit ball, and the fact that a
linear injection from the space to itself is necessarily a bijection.

Before stating any of the results that we need, we introduce some very
basic notation. Given a normed space V', we write B(z,r) for the closed
ball of radius r about z and, on the few occasions we need it, B°(x,r) for
the open ball.

In many cases the normed space will decompose naturally into subspaces,
V=U®W. Given a vector v = u + w, with u € U and w € W, we call u
the U-component of v. In most cases we use the ‘additive’ notation u + w
for vectors, and V = U @ W for subspaces. However, in some cases it will
be easier to think of a vector v € V' as the ordered pair (u,w) and the space
as V =U x W, and we will occasionally use this alternative notation.

Much of our work will be on (not necessarily linear) functions mapping
the vector space V to itself. One key tool that we shall use several times is
the Mazur-Ulam Theorem (see, e.g., [7]). This states that any isometry is
‘affine’; that is, a translation of a linear map. More formally:

Theorem 6 (Mazur-Ulam Theorem [9]). Let X and Y be normed spaces
and f: X =Y be a surjective isometry. Then the map f: X — Y given by

f(z) = f(x) — f(0) is linear.

Since we are concerned only with finite-dimensional normed spaces in this
paper, it is worth noting the following folklore result which shows that the
Magzur-Ulam Theorem has a particularly simple form in this setting.

Corollary 7. Suppose V is a finite-dimensional normed space and that
f:V =V is an isometry. Then f is an affine bijection.

Proof. By the Mazur-Ulam Theorem it suffices to show that f is surjective.
First, observe that, by translating f if necessary, we way assume that f(0) =
0.

We claim that f(V) is closed. Indeed, if a sequence f(z,) tends to y, then
f(xy) is Cauchy. This implies that, since f is an isometry, the sequence (x,)
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is Cauchy, and thus converges to some point, = say. But then f(z) = vy,
which completes the proof of the claim.

Now, suppose, for a contradiction, that there is some point = ¢ f(V).
By the claim, f(V) is closed, so there exists € > 0 such that the open ball
B°(z,¢) is disjoint from f(V).

Trivially, this implies that, for any n > 1, f*(z) & B°(x,¢) or, equiva-
lently, that || f™(z) — || > €. Since f is an isometry, this shows that, for any
n>m > 1, we have ||f"(x) — f™(z)| = ||f" ™ (z) — z|| > . Therefore, the
sequence x, f(z), f2(x)... is e-separated. But these terms all have norm
||z|| (since f(0) = 0), so this contradicts the compactness of the closed ball
B(0, 2]). O

Much of our work will concern properties of the closed unit ball B =
B(0,1), and we recall some simple facts and notation related to B.

The ball B is a convex compact set, and the norm is determined by B.
An extreme point of B is a point z such that if y,z € B and x is a convex
combination of y,z then y = z = z (for general background on extreme
points see, e.g., [11]). We write Ext(B) for the extreme points of B. The
set B is the convex hull of its extreme points; that is, conv(Ext(B)) = B.
Since B is not contained in any proper subspace we see that the vectors in
Ext(B) span all of V. For any set of vectors A we use (A) to denote the
span of the vectors in A.

It will be useful to work with finite sums of extreme points. Thus, we let
A Dbe the ‘lattice’ generated by the extreme points of the unit ball B: that
is all points of the form ), A\;x; with A\; € Z and x; € Ext(B). Note that A
need not be discrete.

We start with a simple lemma that shows that A is not too sparse.

Lemma 8. Let V be a finite-dimensional normed space and letv € V.. Then
there exists x € A such that ||x — v|| < dim V/2.

Proof. As noted above, the extreme points of B span V, so let x1,x2, ... 24,
where d = dim V', be any minimal spanning set of extreme points of B. Note
that ||z;]| =1 for all 7.

We can write v = Zle a;x;. For each i let \; be a; rounded to the nearest
integer (so A\; = |a; + 1/2]). Then
d

> (@i = M)z

i=1

d
lo -zl = <Y lai = il < df2
=1

7

as claimed. O

We remark that it is easy to see that this bound is obtained for the
space ¢ (the space R? with norm ||(z1, z2,...,24)| = Z?Zl | ]).

Since the set A need not be discrete we will often work with its closure A
which has a relatively simple form.
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Lemma 9. Let V be a d-dimensional normed space. Then there is a basis

€1,€2,...,eq of unit vectors in 'V and an v with 0 < r < d such that
A=) Re;® ) Ze;.
i<r >

Proof. As remarked above the extreme points of B span V', so A spans V.
Hence A is a closed additive subgroup of V = R? so must have the form
specified (see, e.g., [5]). O

The following subspace will be important later.

Definition. We call the subspace ), _, Re; in the decomposition given by
Lemma 9 the continuous subspace of A and we usually denote it Uy.

We make the following simple observation for future reference.

Corollary 10. The extreme points of the unit ball B are covered by finitely
many cosets of the continuous subspace Uy. U

We conclude this section with a brief discussion of the meaning of ‘almost
all’ for countable dense sets. Before doing this we remark that, for our
purposes, all we need is the following: if V = (U @ ¢4 ), then, for almost
all sets S, no two points of S have the same U-component, nor differ by an
integer in any coordinate direction in their ¢4 -component. This obviously
holds for any sensible definition of ‘almost all.’

Indeed, there are several possible definitions in the literature, any of which
would be suitable. One such possibility is to take any distribution on R?
with a strictly positive density function, and let S be the set formed by
taking countably many independent samples from it. Another would be to
take the union of countably many density-one Poisson Processes. (There
are also rather less intuitive possibilities — for example taking S to be the
set of all local minima of a Brownian motion on RY.) In fact Tsirelson [12]
showed that these all give the same resulting measure. See that paper for a
thorough discussion of the whole area.

3. THE {o,-DECOMPOSITION

In this section we prove the existence of the £,,-decomposition mentioned
in the introduction.

Definition. A unit vector v is an {s-direction if there exists a subspace U
of V' such that V- = ((v) & U)eo; that is, if ||av + u|| = max(|al, ||u]]) for all
a € R andu e U. We call U the subspace corresponding to v. Note, we
view v and —v as the same . -direction.

This definition is useful since, in any decomposition of V as (U @ ¢%)4
then each basis vector of the ¢4, is an £.-direction; see Proposition 14 for a
formal proof.
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Lemma 11. Suppose that v is an lo-direction. Then the corresponding
subspace U is unique.

Proof. Fix a corresponding subspace U. Suppose v/ € V is any vector

satisfying ||av+u/|| = max(|al, [|[¢'])) for all & € R. We can write v’ = fv+u
for some 8 € R and u € U. By the definition of an fo-direction, ||u'|| > [ju]|.
Let v = ||/||. By our assumption on u’ we have ||[u’ + yv|| = ||u/ — o] so
lu+ (B + )| = |lu+ (8 —7)v|. Since v > |lu| this implies 8 = 0 and,
hence, v’ € U. O

Lemma 12. Suppose that v1 and vy are distinct o -directions with corre-
sponding subspaces Uy and Us. Then vo € Us.

Proof. First, we claim that, for any vector v/, the line {v' + Avg : A € R}
either contains a non-trivial interval of vectors of minimal norm (among
points on the line), or contains 0. Indeed, this line contains a point, say u’
of Us. Thus, we can write the line as {u' 4+ Avy : A € R}. Since [|u/ 4+ Ava|| =
max(|A|, [|u||) we see that, if v’ = 0, we have the latter case; and if ||| > 0
all vectors in the set {u/ + Avy : [A| < ||o/||} have minimal norm. The claim
follows.

We can write vy = awvy + fu; with uy € Uy and ||up]] = 1. If @ = 0 then v9
is in U7 as claimed; if 8 = 0 then vo = £v1 S0 v9 is the same {,.-direction as
v1 contradicting the assumption that v1 and vy are distinct £o-directions.

Thus, we assume «, 8 # 0 and, by negating either or both of vy and u;
we may assume «, 5 > 0. Consider the set of vectors

{v1 —u1 + Avg : XA € R}.
Since
llvg — ug + Avg|| = [[(1 4+ Aa)vy — (1 = AB)uq|| = max(|1 + A, |1 — AS]),

we see that A = 0 gives the unique vector of minimal norm in this set,
and that this vector has norm one which contradicts the above claim that,
whenever the minimum norm on the line is not zero, there must be an
interval of minimal norm. O

The next lemma shows that any set of /.-directions combine to give an
{~ subspace of V.

Lemma 13. Suppose that v, v, ..., v are any (distinct) oo -directions with
corresponding subspaces U1,Us, ..., Ux. Then

k
V= <<U1>@<U2>@”'@<Uk>@mUi>
=1

o0

Proof. First we show inductively that we can write any vector v as Zgzl A+
w; where w; € ﬂgzl U;. For j = 1 it is just the definition of an /,,-direction.
Suppose it holds for j. Then since vj;q is an fy-direction we can write
wj = \j41Vj4+1 + wjy1 for some wjy 1 € Ujypq. Since, for each 1 <@ < 4,
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wj € U; and vj1 € U; we see that wjy1 € U;. Hence w;qq € ﬂf;rll U; and
the induction is complete.
Next we show that the sum

is direct. Suppose that u € ﬂi?:l U;, that u + Zle \;v; = 0 is a non-trivial
linear relation, and that A\; # 0. By Lemma 12, v; € U; for all i # j,
and obviously u € U;. Hence v; = )\—1] <—u — Zi# Aﬂh‘) € U; which is a
contradiction.

To complete the proof observe that, by applying the £,.-direction property
inductively, we have

J
> A+ ul| = max((hl, el gl flull)
=1
for any j, \; € R and v € ﬂgzl U;. Taking j = k gives the result. O

Thus we see that the £,,-decomposition is unique in the strongest possible
sense: namely that the Ego—component is the space spanned by all the £.-
directions. We sum this up in the following proposition.

Proposition 14. Suppose V is a finite-dimensional normed space. Then
there is a unique mazximal space W isometric to Kgo, for some d, with the
property that there is a subspace U with V. = U & W and ||u + w|| =
max(||ull, ||wl]]), for any w € U and w € W.

Moreover, if vi,va,...,vq are all the fo-directions with corresponding
subspaces Uy,Us, ..., Uy then W = (v1,v9,...,vq) and U = ﬂ?zl U;.

Proof. As in the statement of the proposition let vi,vs,...,v4 be all the
lo-directions, W = (v1,va,...,v4), and U = ﬂle U; where U; is the corre-
sponding subspace to v;. By Lemma 13, V = U @ W, and for any u € U
and w = Z?:l Aiv; € W owe have ||w| = max(|A\1],|Ae], ..., | \a]) so W is
isometric to ¢4 and, by Lemma 13 again,

lu+ wl| = max([ull, [M], [Aal, - s [Aal) = max([|u]], [lw]])

as required.

To complete the proof suppose that W’ is any subspace isometric to Eg; for
some d' and that U’ is a subspace with the property that V = U’ & W' and
v + || = max (|||, |w'|]) for any v’ € U’ and w’ € W'. Let e, ea,...,eq
be the natural basis of W’ viewed as Eg;. We see that, for any A1, Ag, ..., Az

Combin+DiscGeom Mar 25 2017 02:54:25 EDT
Version 2 - Submitted to TRAN



10 P. BALISTER, B. BOLLOBAS, K. GUNDERSON, I. LEADER, AND M. WALTERS

and any u' € U,

d’ d’
lu' + > Aei] = max <||U/H, | Z)\ieiH)
=1 i=1

= max (Hu/Hv A1l [ Al - - ’)‘d")
&
= max (w, lu+>" Aieiu> ,
i=2
so, in particular, e; is an f,-direction with corresponding subspace U’ @
(e9,€3,...,eq). Thus e is one of the v; or —v; and, in particular, e; € W.
Since this is true for each e;, 1 < i < d’, we see that W/ C W. O

Corollary 15. Let QQ be a linear isometry of a finite-dimensional normed
spaced V with lu-decomposition U S L%, Then Q factorises over the decom-
position as Qu P Qggo and each factor is an isometry.

We remark that there are direct proofs of this result, based on Proposi-
tion 14; our proof, whilst a little longer, will be useful for the next result

Proof. First, observe that, since @) is linear, factorising over the decomposi-
tion is the same as saying Q(U) C U and Q(¢%,) C ¢4, and this is what we
shall show.

Suppose vy, v, . .., vq are the £,-directions with corresponding subspaces
Uy, Us,...Ug. Let v, = Q(v;) and U] = Q(U;) for each i. We claim that v]
is an {o-direction with subspace U/. Indeed, given v’ € V let v = Q~ (/).
Since v; is an f4-direction we can write v = av; + u; for some u; € U; and
we have [|v]] = max(|a], [|u;||). Since @ is linear, and writing ] for Q(u;),
this implies that v = Q(v) = Q(aw; + u;) = av] + u}; with u € U/. Since Q
is an isometry, we have

[Vl = llvll = max (o], usl]) = max(|el, [u]])

as claimed.

Thus @ permutes the (. -directions (possibly negating some of them)
and, in particular, maps ¢4 = (vi,va,...,v4) to itself. Also, Q permutes
the corresponding subspaces so U = ﬂgzl U, is also mapped to itself. As
observed above this shows that @ factorises as Q|y @© Q)| 0l and, since the
factors are just the restrictions of @ to U and ¢4 respectively, we see that
each factor is an isometry. O

The proof of Corollary 15 actually describes what the isometries of Ego
are.

Corollary 16. Suppose that f is an (bijective) isometry of £%. Then there
is a permutation o of [d] and € = (¢1,¢9,...,6q) € {—1,4+1}¢ such that f
is the linear map that sends each basis vector e; to gieq(;), combined with a
translation.
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Proof. Define f by f(a:) = f(z) — f(0). By the Mazur-Ulam theorem fis
linear. The proof of Corollary 15 shows that f permutes the basis vectors
of ¢4 (which are obviously the /..-directions), possibly changing the sign.
The result follows. O

4. EXTENDING STEP-ISOMETRIES FROM S TO V

Suppose that f is a step isometry on a dense set S in V. In this section
we show that f extends to a continuous step-isometry f: V — V.

As one would expect we shall define f in terms of sequences in S. We
start by proving some simple results about such sequences.

Lemma 17. Suppose f is a step-isometry on S, that (x,) is a sequence in
S converging to x, and that f(x,) converges to x’. Then, for anyy € S and
k € N which satisfy ||z — y|| < k we have ||z’ — f(y)| < k.

Proof. Suppose ||z —y|| < k. Then, for all sufficiently large n, ||z, —y|| < k.
Thus, since f is a step isometry, ||f(z,) — f(y)|| < k. Hence ||z’ — f(y)|| <
k. O

Lemma 18. Suppose f is a step-isometry on S, that (z,), (yn) are sequences
in S converging to x and y respectively, and that f(xy), f(yn) converge to
x' and y' respectively. Then, for any k € N, ||z — y|| < 3k if and only if

|l=" — /|| < 3k.
In particular, for any k € N, if y € S then ||z — y|| < 3k if and only if
2" = f(y)]| < 3k.

Proof. Suppose that ||[z—y|| < 3k. Since S is dense, we can pick s,t € S such
that ||z —s|| <k, |[s—t| < k and |t —y| < k. By Lemma 17 ||z’ — f(s)|| < k
and || f(t)— || < k. Also, since f is a step-isometry on S, ||f(s)— f(¢)]| < k.
Hence, by the triangle inequality, ||z’ — ¢/|| < 3k.

We obtain the converse by applying the above to f~! which is also a
step-isometry on S.

The final part follows by taking the sequence (y,) to be the constant
sequence . O

Lemma 19. Suppose f is a step-isometry on S, that (zy), (yn) are two
sequences in S converging to x, and that f(xy), f(yn) converge to z' and y/,
respectively. Then x’' = 1v/.

Proof. Suppose that =’ # 3. Then the set
{fveV |z’ —v| <3 and ||y —v| >3}

is open and non-empty. Since S is dense in V, there exists 2’ € S with
|z’ — 2| < 3 and ||y’ — 2| > 3. Let z = f~1(2/). Then, Lemma 18 applied
to the sequences (x,,) and (y,) implies ||z — z|| < 3 and ||z — z|| > 3 which
is a contradiction. O

Lemma 20. Suppose that (zy,) is a sequence in S that converges in V. Then
f(xy,) is a convergent sequence.
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Proof. Since (z,,) is convergent, there is an m such that, for all n > m, we
have ||z, —zn|| < 1. Hence, since f is a step-isometry, ||f(z,) — f(zm)] < 1
for all n > m; in particular, f(z,) is a bounded sequence. Thus, since V is
finite-dimensional, there is a subsequence (z,,) such that f(z,,) converges
to some value x’ say.

Suppose that f(z,) does not converge to z/. Then there exists a subse-
quence bounded away from z’. As above we can take a further subsequence
which converges and is bounded away from z’; in particular it must converge
to some value z” # /. But this contradicts Lemma 19. O

Corollary 21. Suppose f is a step-isometry on S. Then there is a unique
continuous function f:V — V that extends f.

Proof. For any = € V define f(z) as follows. Choose a sequence (x,) in
S converging to x, and let f(z) = lim, o f(2,). This limit exists by
Lemma 20 and the function is well defined by Lemma 19.

Finally, it is easy to see that f is continuous. Indeed, suppose that (z,,)
is a sequence in V converging to x, say. By the definition of f we can pick a
sequence (x,) in S such that ||z, — z}|| < 1/n and | f(2)) — f(x,)]| < 1/n
for all n. Then z/, — x so, since f is well defined, f(z!,) — f(x) and, thus,
f(zyn) — f(x) as required. O

Corollary 22. Any step-isometry on V is continuous.

Proof. This follows immediately from Corollary 21 by taking the dense set
S to be the whole of V. O

Lemma 18 shows that f is a ‘scaled’ step-isometry; that is, a step isometry
in the norm %H -||. Whilst that would be sufficient for our needs, f is actually
a step isometry in the original norm and we prove that next. We start with
the following trivial fact

Lemma 23. Suppose that S is a dense set in 'V and that x,y € V. Then
there exist sequences (xy,), (yn) of points in S converging to x and y respec-
tively such that ||z, — ynl| > ||z — y|| for all n. Similarly, providing x # vy,
we may choose such sequences (), (yn) such that ||z, — ynll < ||z —yl| for
all n.

Proof. Let € > 0. Let r = ||z — y||. The point 3 =z + (1 4+ ¢)(y — «) has
ly—¢|| =er and ||z — || = (1 +¢&)r. Let 2” be any point of S in the set
B(z,er/2) and y” any point of S in B(y',er/2). By the triangle inequality,
we have ||z — 2”|| < er/2, |y — y"|| < 3er/2 and, also, ||z" —y"| > r.

We get the required sequence by setting z,,y, to be the points z”,y"
given by the above argument when ¢ = 1/n.

The second inequality is very similar but this time we choose 3y’ = z +

(1—¢e)(y — o). O

Proposition 24. The function f defined above is a step-isometry. More-
over, f preserves integer distances.
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Proof. Suppose = and y have ||z — y|| > k for some k € Z. Then, by
Lemma 23 we can find sequences (z,,) and (y,,) in S that converge to x and
y respectively and have ||z, — y,|| > k. Hence, since f is a step-isometry,

Similarly, if  and y have ||z — y|| < k, then, by taking sequences with
ln — gl < &, we see that || F(z) — F)]l <

This shows that if ||z — y|| € (k,k +1) then 1f(z) = f()| € [k, k+1].
Also, if ||z — y|| = k then | f(z) — f(y)| = k; that is, f preserves integer
distances.

Observe that f~! is also a step-isometry on S, so it extends to f—1
step-isometry on V. Since we have f~1o f= fo f~I =id on S, and f and
f~T are both continuous, we see that f~! = f=L. Thus, if || f(z) — f(y)|| = k
then ||z — y|| = k and the result follows. O

Corollary 25. Suppose f is a step-isometry on V. Then f preserves integer
distances. Moreover, for any integer k and x € V we have f(B(x,k)) =

B(f(x), k).

Proof. For the first part, take S = V in Proposition 24. By the definition
of a step isometry, f maps the open ball B°(x, k) to B°(f(z), k) so, since it
and its inverse preserve integer distances, the second part follows. O

5. EXTREME POINTS

For this section we assume f is a (necessarily continuous by Corollary 22)
step-isometry on all of V' that fixes 0. The assumption that 0 is fixed makes
the results simpler to state and this case is sufficient for our needs.

Our aim in this section is to prove that f maps the extreme points of the
unit ball to themselves, and that restricted to these extreme points it is an
isometry.

First we characterise the extreme points of B in a purely norm/metric
way.

Lemma 26. Suppose that x is an extreme point of B = B(0,1) and n € N.
Then B(0,1) N B(nxz,n — 1) = {x}.

Proof. Suppose that y € B and [[nx —y|| < n—1. Then [ly[| < 1 and
|22 — —y[| < 1. Since

n—1 n 1 1
T = T — Y|+ =y
n n—1 n—1 n

and zx is an extreme point of B we see that y = x. (]

Lemma 27. A point z in the unit ball B = B(0,1) is an extreme point if
and only if there exists a point z such that B(z,1) N B(0,1) = {x}.

Proof. If x is an extreme point then the point z = 2z is such a point by
Lemma 26.
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Now suppose that z is a point such that B(z,1) N1 B(0,1) = {z}. Let
y = z —x. Then ||y| < 1. Hence, the point y is in B(0,1) and B(z,1).
Thus, since = is the unique point in the intersection, y = x, so z = 2x.

Now suppose that z = %(y+w) for some y,w € B. Then 2z —y =w € B,
soy € B(0,1) N B(2z,1). Using the fact that z is the unique point in this
intersection again, we have y = w = z, and we see that x is an extreme
point of B. O

We use this characterisation of the extreme points to show that f maps
them among themselves.

Corollary 28. The extreme points of the unit ball map to themselves un-
der f.

Proof. Lemma 27 characterises the extreme points by their integer distance
properties. These are preserved by the step-isometry so the extreme points
must be. Indeed, suppose x is an extreme point of B. Then by Lemma 26
the point 2z has the property that B(0,1) N B(2z,1) = {z}. Hence, by
Corollary 25, B(0,1) N B(f(2z),1) must be the single point f(x). Thus, by
Lemma 27, f(z) is an extreme point of B. O

The final aim in this section is to show that f restricted to the extreme
points of B is an isometry.

Lemma 29. Suppose that n € N and that x is an extreme point of B. Then
fnz) =nf(z).

Proof. Obviously f is also a step-isometry in the norm %H -|| which has unit
ball nB. Thus, since nx is an extreme point of nB, it must map to a point
ny which is an extreme point of nB and, thus, y is an extreme point of B.
We need to show that f(z) =y.

By Lemma 26, B(0,1) N B(nz,n — 1) = {z}. Hence, by Corollary 25,
B(f(0),1) N B(f(nz),n — 1) = {f(x)}. Since f(0) = 0 and f(nz) = ny,
Lemma 26 again shows that

B(f(0),1) N B(f(nz),n —1) = B(0,1) N B(ny,n — 1) = {y},
and, thus, f(x) =y as required. O

The next lemma provides a useful criterion for certain distances to be
preserved.

Lemma 30. Suppose z,y € V have the property that f(nx) = nf(x) and
f(ny) =nf(y) for any n € N. Then |z —yl| = [|f(z) — f(y)]]-

Proof. By hypothesis, for any n € N,
1
1£ (@) = FW)ll =~ f(nz) = f(ny)]l

Also, since f is a step-isometry

LInz —nyll} = LIf(nz) = Flny)ll]
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in particular
|1 f(nz) = f(ny)|| = lInz — nyl]| < 1.
Hence

17(@)~ F@)ll = lim | fna) ~ Fn)]| = lim *fnz—ny| = o —y]. O

n—oo N

Proposition 31. The function f is an isometry on the extreme points of B.

Proof. Suppose x and y are extreme points of B. We know that they map
to extreme points. By Lemma 29 we know that f(nz) = nf(z) and f(ny) =
nf(y) for all n € N. Hence, by Lemma 30, ||z — y|| = ||f(x) — f(y)]|. Since
this is true for all z,y € Ext(B), f is an isometry on Ext(B). O

6. THE LATTICE GENERATED BY THE EXTREME POINTS

Throughout this section we assume that f is a (continuous) step-isometry
of V that fixes 0. In the previous section we showed that f maps the extreme
points of B to themselves. Obviously the same argument shows that f maps
the extreme points of B(y, 1) to extreme points of B(f(y),1). We start this
section by showing that this mapping is the ‘same’ mapping.

Lemma 32. Suppose x is an extreme point of B. Then for any y € V we

have f(y+z) = f(y) + f(x).

Proof. The point y + x is an extreme point of B(y, 1) so, by Corollary 28,
fly+z) = f(y) + z for some extreme point z € B and, by Lemma 29,
fly +nx) = f(y) + nz for all n € N. Now the pairs of points nx and
y—+ nx are each ||y|| apart: in particular these distances are bounded. Thus,
since f is step-isometry, the same is true of the pairs f(nz) = nf(x) and
fly+nz) = f(y) + nz. Hence z = f(z) as claimed. O

Corollary 33. For any extreme point x of B we have f(—x) = —f(x).
Proof. This is instant from Lemma 32. Indeed
0=f(0) = flz+ (=x)) = f(z) + f(—2). O

Next we show that f behaves well on the lattice A. (Recall from Section 2
that A denotes the ‘lattice’ generated by the extreme points of B.)

Corollary 34. The function f maps A to itself with

f(E:Mw0==§:Mf@0
i=1 i=1

for any \; € Z and x; € Ext(B). Moreover, for any x € A andy € V, we
have f(y +x) = f(y) + f(x).

Proof. Both parts follow by applying Lemma 32 and Corollary 33 repeatedly.
O

Lemma 35. The function f restricted to A is an isometry.
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Proof. By Corollary 34

/ (Z Aﬂz) = Z Aif (w4).
=1 i—1

In particular for any n € N and z € A we have f(nz) = nf(xz). Thus
Lemma 30 shows that, for any =,y € A, we have ||z —y|| = ||f(z) — f(y)]];
that is, f is an isometry on A. O

Of course this isometry extends from A to A.
Corollary 36. f restricted to the closure A of A is an additive isometry.
Proof. f is continuous and is an additive isometry on A. O

Our final aim in this section is to show that there exists an isometry @ of
V such that Qo f fixes A pointwise. Obviously @ o f is also a step-isometry
S0 in our later arguments we are able to reduce to the case when f fixes A.

Lemma 37. There exists a unique linear isometry f: V — V such that f
and f agree on A.

Proof. First, define f on QA by f(qv) = qf(v) where ¢ € Q and v € A. This
is well defined and linear since f is additive on A. Since f is an isometry on
A, fis an isometry on QA. Now, since A is spanning, QA is dense in V and
thus f extends to a linear isometry on V.

The uniqueness is trivial since A is spanning. (]

Corollary 38. There exists an isometry QQ of V such that Q o f fixes A
pointwise.

Proof. Let Q be the isometry extending f~!, as guaranteed by the previous
lemma. Then Q o f fixes A pointwise. U

7. EXTREME LINES AND PRESERVED DIRECTIONS

In this section we assume that f is a step-isometry of V that fixes A
pointwise, and so, in particular, f(0) = 0.

Our aim in this section is to show that many directions are unchanged,
or ‘preserved’.

Definition. A preserved direction is a vector x such that, for all o € R and
for ally € V', the vector f(y + ax) — f(y) is a multiple of x.

In particular, since we are assuming f(0) = 0, for any preserved direction x,
f(x) is a multiple of z.

Preserved directions turn out to be closely related to extreme lines, which
are a standard generalisation of the notion of extreme points.

Definition. Suppose A is a convexr body. An extreme line of A is a line
segment [z,y] in A such that, for all z € [z,y], if z is a convexr combination
of s,t € A then s,t € [x,y].
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Remark. Obviously, if [z,y] is an extreme line then x and y are extreme
points of A.

Just as extreme points are characterised by the intersection properties of
balls, so are extreme lines.

Lemma 39. Suppose [x,y] is an extreme line of the unit ball B = B(0,1).
Then
[z,y] = B(0,1) N B(z+y,1).

Proof. Since z,y € B, we have x,y € B(x +y,1), so x,y € BN B(z+y,1).
Hence, by convexity, [z,y] C BN B(x +y,1).
Suppose that z € BN B(z +y,1). Then z € B and x +y — z € B. Thus
r+y—z 2z x+y
2 27 2
is a point in [z, y] that is a convex combination of points in B. Since [z, y]

is an extreme line this implies that z € [z, y]. O

We will be interested in the directions of the extreme lines rather than
the lines themselves. Thus we make the following definition.

Definition. Suppose B is the unit ball of a normed space V. An extreme
line direction is any non-zero multiple of the vector x —y where [x,y] is an
extreme line in B.

Remark. We view extreme line directions that are (non-zero) multiples of
each other as the same extreme line direction.

The key result for preserved directions is that all extreme line directions
are preserved directions.

Proposition 40. Suppose B is the unit ball and [x,y] is an extreme line.
Then x — y is a preserved direction.

Proof. Suppose vy,vy € V satisfy vo = v1 + a(y — x) for some o > 0. Let
n = [a] and u = v; — nx. Then we have vy, vy € u + [nx, ny|.

Now, by Lemma 39, for any point z € u + [nz, ny] we have z € B(u,n) N
B(u + nz + ny,n). Hence, since f is a step-isometry, f(z) € B(f(u),n) N
B(f(u+ nz + ny),n). Since nx + ny € A, by Corollary 34, we have f(u+
nx +ny) = f(u) + nx + ny. Thus,

f(z) € B(f(u),n) N B(f(u) + nz + ny,n) = f(u) + [nz, ny]
by Lemma 39 again. In particular both f(v;) and f(v2) lie in f(u)+ [nz, ny].
Thus
f(v2) = f(v1) = Bz —y)
for some 3, as claimed. O
Remark. The map f need not preserve the directions of the extreme points:

indeed consider the £2 case where f can treat each coordinate separately
and, thus, need not preserve the line y = x through the extreme point (1, 1).
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8. STRONGLY FIXED SUBSPACES

In this section we assume that f is a step-isometry of V that fixes A
pointwise.

Definition. We say a subspace U of V is strongly fixed if, for all u € U
andv € V, we have f(u+v) =u+ f(v).

Remark. Tt is immediate from the definition that if U and U’ are strongly
fixed subspaces then U + U’ is a strongly fixed subspace.

We have seen (Corollary 34) that f(u+ v) = u + f(v) for all u € A and
v € V. Hence, the continuous subspace Uy of A is a strongly fixed subspace.
Our aim in the next two sections is to show that the whole of U in the f.-
decomposition of V' is strongly fixed; in this section we show that a ‘large’
subspace is strongly fixed. Then, in the next section, we show that what
is left is essentially an £, subspace — in particular, that it is spanned by
{o-directions.

Lemma 41. Suppose x1,Ta,...xE is a linearly independent set of preserved

directions. Then i i
f (Z Aﬂi) =3 Fhix)
i=1 i=1
for any A1, Ao, ... A\ € R

Proof. We prove this by induction on k. It is trivial for & = 1.
Suppose it is true for k£ — 1: that is, suppose

k—1 k-1
f (Z Aﬂi) =3 (i)
i=1 i=1

for all A, Ao, ..., Ap_1 € R.
Since Zle iz — Zf:_ll X;x; = \pxp, which is a preserved direction we see
that

k k-1 k-1
f (Z Am) =/ (Z Aﬁi) + ey =y fNiwi) + pray
i=1 i=1

i=1
for some pi.
Similarly by applying the induction hypothesis to the last k—1 summands
rather than the first we see that

k k k
f (Z Aﬂz) =f (Z Aﬂi) + pxy = Zf()\z‘l“z‘) + 1y,
i—1 =2 =2

The z; are preserved directions so f(A;x;) is a multiple of z; for each i.
Thus, since the z; are linearly independent, we see that pgzy = f(Axk) as

required. O
Lemma 42. Suppose x1,xa,...x form a minimal linearly dependent set
of preserved directions, and that k > 3. Then (x1,x9,...,2k) is a strongly

fized subspace.
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Proof. Suppose that Zle Aiz; = 0 is a non-trivial linear dependence. Since
the z; form a minimal linear dependent set all the A; are non-zero. Thus we
may assume A} = 1.

We start by showing that for any m € N we have f(mz1) = mf(z1).
We prove this by induction. The case m = 1 is trivial so suppose that

f((m—1)z1) = (m —1)f(x1). We have

flmay) = f <<m S A>

~

B
_ N

f ((m -z — )\iﬂfi) + Cxy, (for some ()

.

/\/\[U)

= f((m—=1Da1) + f

k—1
Z —)\ixi> + Cuxyp

=2
k

= f((m—1)z1) + f Z —)\z‘l“z) + C'zy, (for some C”)

=2

= (m = 1)f(z1) + f(z1) + C'zy

=mf(z1) + C'zy,

where the second line follows since xy is a preserved direction; the third line
by Lemma 41 twice, since x1,...,T_1 are linearly independent; the fourth
since xy, is a preserved direction; and the fifth by the inductive hypothesis.

But since x; is a preserved direction and x1, x) are linearly independent
C’" = 0 and the induction is complete.

Obviously, az; is also a preserved direction for any « # 0, so the above
shows that f(ax1) = af(z1) for all « € Q with a > 0. Since f is continuous
this means that f(ax1) = af(z1) for all a > 0.

Now, for any a > 0, by Lemma 8 there is a point y € A with ||az; —y|| <
dim V/2. Thus, since f is a step-isometry, we have

[f(ex1) = W) < llexr =yl +1 < dimV/2 4+ 1.

But f fixes A pointwise so f(y) = y and, thus, ||f(az1) — ax1]| is bounded
independently of a. Since, || f(az1) — azi|| = o/ f(x1) — 1] this implies
that f(z1) = x1 and, thus, that f(az1) = az; for all @ > 0. The same
argument applied to —x; — obviously also a preserved direction — shows
that f(—axi) = —ax;. This shows that f is the identity on (z1).

We have shown that f fixed (x1) pointwise, but we want to show more:
that f strongly fixes (x1). For any v € V, the function g defined by g(z) =
f(xz+v)—f(v) is also a step-isometry and, by Corollary 34, fixes A. Moreover,
g also preserves the directions x;. Thus, by the above argument ¢ is the
identity on (x1). Hence f(v+ ax1) = f(v) 4+ ax for all « € R, that is, (x7)
is a strongly fixed subspace.

Combin+DiscGeom Mar 25 2017 02:54:25 EDT
Version 2 - Submitted to TRAN



20 P. BALISTER, B. BOLLOBAS, K. GUNDERSON, I. LEADER, AND M. WALTERS

Since this is true for each z;, we see that (z1,x2,... xx) is a strongly fixed
subspace. O

The previous lemmas show that the span of linearly dependent preserved
directions is strongly fixed. Of course, we also know that the continuous
subspace Uy of A is strongly fixed. Thus we make the following definition
to cover the largest subspace that we know (so far) is strongly fixed. Later,
we shall show that this is the non-£% -component of the £,,-decomposition.

Before stating the main definition we need a little more notation. Suppose
that W is any subspace of V and x1,zo,...,x are vectors in V. A linear
combination of the z; over W is any sum of the form w + ), A;x;, where
w € W the span of the z; over W is (W, x1,x2,...,zk); the z; are linearly
independent over W if ). Ax; € W implies that \; = 0 for all 4.

Definition. Suppose that V is a normed space with unit ball B, that U is
a subspace and x;, i € I are the extreme line directions in U. Then U is
well-spanned if

(1) it contains the continuous subspace Uy of A

(2) the z; span U over Uy

(8) every x; € U \ Uy can be written as a linear combination of the
other z; over Uy

First, we show that there is a unique maximal well-spanned subspace
and then that any step-isometry that pointwise fixes A strongly fixes this
subspace.

Lemma 43. Suppose that V is a normed space with unit ball B. Then there
is a unique maximal well-spanned subspace U. Moreover, the extreme line
directions outside U are linearly independent over U.

Proof. Obviously Uy is well-spanned. Now suppose that U and U’ are well-
spanned subspaces of V. We show that U + U’ is also well-spanned. Indeed,
it is immediate that (1) and (2) of the definition hold. To show condition
(3) suppose that z is an extreme line direction in (U + U’) \ Up. If x is in
U then, since condition (3) holds in U, x can be written as the required
linear combination, and similary if x € U’. On the other hand, if z ¢ UUU’
then, since condition (2) holds in U and U’, x can be written as a linear
combination (over Up) of the extreme line directions inside each of these
spaces (which cannot include z as z is not contained in U or U’). Thus
U + U’ is well spanned. It follows that there is a unique maximal well-
spanned subspace.

To prove the second part let U be the maximal well-spanned subspace and
xi, © € I be the extreme line directions in U. Suppose that yi,y2,...,y; €
V'\ U is a minimal linearly dependent set of extreme line directions over U.
Then, since the x; span U over Uy, we see that, for each j, y; can be written
as a linear combination of the {z; : ¢ € I} U {y; : i # j} over Up. Hence
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U+ (y1,y2,...,ye) is a well-spanned subspace contradicting the maximality
of U. U

Corollary 44. Suppose that 'V is a normed space with maximal well-spanned
subspace U and that f is a step-isometry fizing A. Then U is a strongly fized
subspace.

Proof. We have seen that f strongly fixes Uy. Consider any extreme line
direction v in U. Then v occurs in a minimal linear relation with other
extreme line directions in U over Uy. Since, by Proposition 40, extreme line
directions are preserved directions of f, Lemma 42 shows that f is strongly
fixed on the span of these directions and, in particular, on (v). Since this is
true for every extreme line direction in U, and these directions span U over
Uy, we see that U is strongly fixed. O

9. THE COMPLEMENT OF THE MAXIMAL WELL-SPANNED SUBSPACE

In this section we prove that V = (U & (v1) & (va) ... (vk))oo Where U is
the maximal well-spanned subspace and v; ... v are extreme line directions
outside of U and, thus, deduce that U is the non-¢% -component in the £y-
decomposition.

We start by showing that, unless U = V, there is an extreme line direction
outside of U. Since we use induction it is convenient to prove a (stronger)
result for a general convex set rather than just for the unit ball of the normed
space.

Lemma 45. Suppose U is a codimension one subspace of V, thatv € V\U,
and that U; = U + \jv, 1 <@ < k, are distinct cosets of U with A1 < Ao <
o < A\g. Further, suppose that, for each i, A; is a (non-empty) compact
convex subset of U;, and that, for some s < k, x € Ag is an extreme point
of A = conv(|J; Ai). Then there exists t > s and y € A; such that [x,y] is
an extreme line of A.

Proof. We prove this by induction on the dimension of V. If dimV =1 it is
trivial: V = R and each A; is a single point. Since s < k and z is extreme
point we must have x € Ay so join it to the point in Ag. Thus suppose that
the result holds for all spaces of dimension less than dim V.

Let Hy be a codimension one tangent hyperplane at x to A and let hy be
a corresponding linear functional; that is, such that Hy = {y € V : ho(y) =
ho(z)}. We may assume that ho(y) < ho(z) for all y € |J, Ai.

Let g be the linear functional on V defined, for any v € U and A, by
q(u 4+ Av) = A. By hypothesis ¢(U;) = ); is increasing with i. Consider the
family of hyperplanes H, through x given by the functionals h, = hg + ag;
that is, Hy, = {y € V : ho(y) = ho(2)}. Let H, ={y € V : ho(y) < ho(2)}
Note that, A; C Hy for all 1.

For each i > s, the function «;(y) = (ho(z)—ho(y))/(Ai —As) is continuous
and non-negative on the compact set A; and so attains an absolute minimum
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af > 0. Set f = min;>s{a}} > 0. Then, by the choice of 3, for every i > s,
and y € A;, we have hg(y) < hg(xz). Additionally, for every i < s, and
y € A;, since B > 0 and A\; < Ag, we also have hg(y) < hg(z). Thus,
U; Ai € Hj, so Hg is a tangent hyperplane to A at x.

Furthermore, since all the minimums « were attained in the choice of
B, there is at least one j > s and y € A; with hg(y) = hg(xz) and so
Hﬁ N (Ui>s Al) 7& 0.

Let H=Hg and H™ = Hy, and, for each 7, let A, = A; N H. Note some
of the A; may be empty and we ignore these sets. Let

Al = conV(U Al = conV(U A;NH) = conv(U A)NH=ANH

where the third equality follows since |J; A; C H~. Now each A} lies in
U; N H which are cosets of U N H which is codimension one. Obviously the
Al are compact convex subsets. Also x € A/, and, since A’ C A, we see that
x is an extreme point of A’. Finally, by our choice of H, at least one of the
Al, for s’ > s is non-empty. Hence the A] satisfy the induction hypothesis.
Thus, there exists y € A} with ¢ > s such that [z, y] is an extreme line of A’.

To complete the induction step, and thus the proof, we show that [z,y]
is extreme line of A. Indeed, suppose z € [z,y] is a convex combination of
s,t € A. Since [x,y] C A’ C Hand A C H™ both s, ¢ must lie in H, and thus
s,t € A’. Since [z,y] is an extreme line in A’ this shows that s,¢ € [z, ],
and thus [z, y] is an extreme line of A as claimed. O

We use this result to deduce that there are ‘many’ extreme line directions.

Corollary 46. Suppose that U is the maximal well-spanned subspace of V.
Then the extreme line directions outside U span V' over U.

Proof. It U = V then the statement is (rather vacuously) true so assume
U # V. Since Ext(B) spans V there is an extreme point = ¢ U. Let y;,
i € I be the endpoints of the extreme lines [z, y;] which have z as the other
endpoint. If U together with the vectors x —y; span V' then the result holds,
so suppose they do not.

Let U’ be a codimension one subspace containing U and all the vectors
z —y;. Fixve V\U' and let U{,Us, ..., U} be the cosets of U’ covering
the extreme points of B, where U] = U + \v are such that the \; are
increasing. By Corollary 10, such a k exists and, since B is not contained
in any codimension one affine hyperplane, k > 2.

By replacing v with —v (and thus reversing the order of the U)) if neces-
sary, we may assume x € U! for some s < k. Now apply the previous lemma
with U’, taking the set A; in U] to be BN U] for each i. Note that, since all
the extreme points of B are contained in | J; A;, we have conv(|J, 4;) = B.

This gives an extreme line [z, y] of B with # —y not in U’ contradicting
the choice of U’. O
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Lemma 47. Suppose that v1 is an extreme line direction not in the maximal
well-spanned subspace U. Then vy is an Ly -direction and U is a subset of
Uy the corresponding subspace.

Proof. Let va,... v be the other extreme line directions outside of U. We
may assume that they all, and v;, have norm one. By Lemma 43, the v; are
linearly independent over U, and by Corollary 46 they span over U.

Let U’ be the subspace spanned by U and vo, vs3, ..., vg. Since the v; are
linearly independent and span over U, we see that U’ has codimension one.

Suppose that U7, Us, ..., U] are finitely many cosets (Corollary 10) of U’
that cover the extreme points of B. Our first step is to show that, from
every extreme point of B, we can either add or subtract a multiple of v; and
stay in B.

Write U/ = U’ 4+ \jv1, and we may assume that the \; are increasing.
Define Ay, Ag, ..., A by A; = BN U/. Note that B = conv(|J; 4;).

For any extreme point x of B in some A; with i < ¢, Lemma 45 shows
that there exists y in one of the A with s > 7 such that z — y is an extreme
line direction. Since vy is the only extreme line direction not in U’ we must
have that z — y is in the same direction as v;. Thus, y = = + Av; for some
A, and since s > i we see A > 0.

By applying Lemma 45 again, this time to the A; in reverse order, we see
that any extreme point 2’ of B in any of the A; with ¢ > 1 there is also a
y' € Ag for some s < i with 2/ — ¢’ an extreme line direction. Again 2/ — o/
must be the same direction as vy; that is, ¥/ = 2’ + Nv;. This time, since
s < i we see that \' < 0.

Since the extreme points of B span V and B is symmetric, we see that
Ext(B) is not a subset of U’ or any single coset of U’, and thus ¢t > 2. Hence,
for any extreme point of B, at least one of the two cases above applies; thus,
we have shown that from any extreme point of B we can either add or
subtract a multiple of v1 and stay in B.

It now follows that ¢ = 2; that is, that the extreme points of B are
contained in two cosets of U’. Indeed, suppose ¢t > 3. By applying the two
cases above to any extreme point x in Ay we see that x + Avy and = + Ny
are both in B for some A > 0 and X' < 0. But this contradicts z being an
extreme point of B.

Since B is symmetric we must have U] = U’ — vy and Uj = U’ + Av; for
some A > 0. Let By = A1 + Avy and By = Ay — Avp be the projections of
A, Ay onto U'.

We claim that B; = Bs. For a contradiction suppose there is a point in
Bs\ By. Then there must be an extreme point z of By in B\ B;. Obviously
2/ = z+ A\vy € As is an extreme point of B. However, since z ¢ By we see
that we can not add or subtract any multiple of v; to 2’ and stay in B which
is a contradiction.
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Now since v; € B (recall we assumed ||v1|| = 1) we see A > 1. Also for
any z € Ay the vector z + 2 vy € Ag, so z and z + 2A\vy are both in B; in
particular A < 1. Thus A = 1.

Combining this we see that B = conv(B; + v1, By — v1). We use this to
show that vy is an . .-direction. Given any v € V write v = awv; + Suy for
some «a, 3 € R and u; € U’ with |lu;|| = 1. Observe that the description of
B above shows that BN U’ = By. Thus, since ||u1]| = 1 we see that u; € B

so u1 € Bj.
Now
||| = inf{\ : v/X € B} = max(«, 8) = max(a, || Suy]]).
Since U C U’ the result follows. O

Lemma 48. Suppose that x is an s -direction with corresponding sub-
space W. Then x is an extreme line direction, and the mazximal well-spanned
subspace, U, is contained in W .

Proof. Let Byy = B N W be the unit ball in W. We claim that B =
conv(Bw + z, By — x). Suppose v € V. Then, since x is an {-direction,
we can write v = w+ Az, and we have ||v|| = ||lw+Az| = max(||w|[, |A|). This
implies that, if ||v|| < 1, then v is a convex combination of w + z and w — z,
for some w € Byy, that is B C conv(Bw + z, Byy — x); and, conversely, it
implies that By +x C B and By —x C B, so conv(By + z, By —x) C B.
This completes the proof of the claim.

It is immediate that = is an extreme line direction: indeed, for any w €
Ext(Bw), [w — x,w + 2] is an extreme line.

We also see that Ext(B) C (W + x) U (W — z) so, in particular, the
continuous subspace Uy is contained in W. Moreover, the only extreme line
direction outside W is z. Indeed, suppose [y1, y2] is an extreme line. If y1, yo
are both contained in W+ or both in W —x then ys—y; € W. Thus assume
y1 € W—z and yo € WHx. Write y; = 21—x and y3 = 29+, 80 21, 29 € Byy.
The point %(21 +22) € [y1,¥2] is a convex combination of z; +x, zo —x. Since
[y1,y2] is an extreme line this shows that z; + z, 20 — = € [y1,y2], and thus
z1 = z9 and yo — y; = 2z. It follows that the extreme line [y;,y2] has
direction .

In particular, this shows that x is not a linear combination of other ex-
treme line directions over Uy, which implies that z is not in any well-spanned
subspace. Moreover, since all other extreme line directions, and the contin-
uous subspace, lie in W we see that the maximal well-spanned subspace is
contained in W. ]

Finally, we show that the well spanned subspace is actually the non-¢2 -
component in the £,,-decomposition.

Proposition 49. Suppose that V is a normed space with £ -decomposition
(W) oo, and that U is the mazimal well-spanned subspace. Then U = W.
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Proof. Let uy,us,...,ur be the extreme line directions outside U, and let
U' = (ui,ug,...,ug). Let wy,ws, ..., wg be all the o-directions, with cor-
responding subspaces W, and let W’ = (w1, wa, ..., wg) (so W’ is the Kgo—
component in the ¢-decomposition).

By Lemma 47, each u; is an £o-direction, so U’ C W'. Also, by Lemma 48,
U C W; for each i, so U C ﬂle W; = W (Proposition 14). Since the sum
V =W @& W’ is direct we must have U = W (and U’ = W'). O

10. PrROOF OF THEOREM 4

Finally we are in a position to prove Theorem 4. We prove it first for the
case when f fixes A pointwise.

Lemma 50. Suppose that V is a normed space with {4 -decomposition
V = (U @ (L) and that f is a step-isometry fizing A pointwise. Then
f factorises over the decomposition as fyy @ ffélo where fy is the identity on
U and feu is a step-isometry on e,

Proof. Let frr be the identity on U and define ffélo = f|ff§o' We show that
this is a factorisation of f over the decomposition U@¢% . By Proposition 49,
U is the maximal well-spanned subspace so, by Corollary 44, it is strongly
fixed by f. Thus f = fu & fzgo . Obviously fy maps U to itself, so it remains
to show that fya maps ¢4 to itself.

Let vy, v2,...,v4 be the {-directions (that is, the natural basis of the
¢% -component). By Lemma 48, each v; is an extreme line direction so, by
Proposition 40 a preserved direction. Suppose that v = 2?21 Aiv;. Then,
inductively using the fact that each v; is a preserved direction, we have

d d
for (v) = F0) = FOQ_ Aivi) = D> Mo
=1 =1

for some X, and, thus, fzgo does map /% to itself.

It is easy to see that the factors in any factorisation of a bijection are also
bijections. Thus, since fya is just the restriction of f to (%, we see that fed,
is a step-isometry as claimed. O

Proof of Theorem 4. We have that f is any step-isometry on V. Define
f = f — f(0). Then f is a step-isometry that fixes zero. By Corollary 38,
there is a linear isometry @ of V such that @ o f is a step-isometry fixing
A Let g=Qo f.

By Lemma 50, g factorises over the o,-decomposition V = (U @ ¢% ) as
gu ® Yo, where gy is the identity on U, and ged_ is a step-isometry on e

Obviously Q7! is a linear isometry of V, so, by Corollary 15, it factorises
as qu @ qga_ over U® eglo and is a isometry on each part. Note that, ¢, and
qpa_are both bijective (either immediate from linearity, or from Corollary 7).
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Define fy = quogy and fggo = (g4 0gpa - By definition fiy maps U to itself

isometrically, and fzgo maps (% to itself as a step-isometry. Furthermore,

flutw) =Q Hg(u+w)) = Q (gu(u) + goa_(w))
= qu(gu(u)) + qya_(gea_(w))
= fu(u) + fea (w).

Hence, f = fu® fya_is a factorisation of f over V =U @ ¢4 . This completes
the proof. O

11. PROOF OF THEOREM 5

In this section we use the results we have proved to deduce Theorem 5.
We prove it first for the case d = 1: that is, when V = R.

Lemma 51. Suppose f is a step isometry of R. Then there exists an isom-
etry Q of R and a continuous increasing bijection g: [0,1) — [0,1) such
that

Qo fz) = =] +g(z — [=]).

Proof. Trivially, the lattice A generated by the unit ball is just the set Z.
Thus, by Corollary 38, there exists an isometry ) such that Q) o f fixes Z
and, by Corollary 34,

Qoflx+k)=Qo f(x)+k (1)

for any z € R and k € Z. Let f = ) o f. Since f is a step isometry and
fixes both 0 and 1, it must map (0, 1) to (0,1), as must f~1. Hence, defining
g = f|[0,1) we see that g maps [0,1) to [0,1) bijectively. From (1) we see
that

Qo f(x) =[] +9(z — [z]).

It is immediate that g is continuous (it a restriction of the continuous
function f), so, to complete the proof, we just need to show that ¢ is in-
creasing. Suppose that 0 < z < y < 1. Pick z € (1 +=z,1+vy). We
showed above that f maps (0,1) to itself and similarly it also maps (1,2) to
itself; in particular, f (z) € (1,2). Thus, since f is a step isometry, we have
f(z) > 14 f(z) = 1+g(x) and f(z) <1+ f(y) = 1+ g(y), which shows
g(x) < g(y) as claimed. O

Proof of Theorem 5. By Corollary 38 there is an isometry ) such that Qo f
is a step isometry fixing A the lattice generated by the extreme points of B.

By Proposition 40, the step isometry @ o f preserves extreme line direc-
tions. It is obvious that the points 2?21 e; and 2?21 e;—2e; are endpoints of
an extreme line with direction e;. Thus, each coordinate direction e; is pre-
served, and we see that Q) o f decomposes into independent actions on each
coordinate direction. Each of these has the form specified by Lemma 51.
Since @ has the form given by Corollary 16 the result follows. U
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12. THE BACK AND FORTH METHOD IN OUR SETTING

A standard technique for proving infinite graphs are isomorphic is the
‘back and forth’ method. As we shall use it several times in the proof of
Theorem 2 from Theorem 4, we collect precisely what we need here. We
need the following notation. For graphs G and H we write G = H to denote
that G and H are isomorphic graphs. For any subset Sy of V(G), we write
G[So] for the (induced) subgraph of G restricted to Sp.

Lemma 52. Let V = (U @ R) and let Sy be a countable dense subset
of U. Suppose that S is a countable dense subset of V such that, for each
s € Sy, SN ({s} xR) is dense in {s} x R, and no two points in S differ by
an integer in their R-component. Then S is Rado.

Further suppose Sy is any finite set of points in V with no two points,

one from S and one from Sy, differing by an integer in their R-components.
Then, for two graphs G,G" in G,(S U Sy), we have

P(G =G | G[So] = G'[Sy]) = 1.

Remark. Note, we do not require this to be the /4 ,-decomposition: for ex-
ample, it also holds for V = ¢4 = (t4! @ R) itself. Indeed, we do not
even need U to be non-trivial: that is, it holds when V' = R.

Proof. We start by showing that almost all graphs G in G,(V, S) have the
following property P: for every point s’ € Sy, every open subset A of
R, and every pair of disjoint finite sets 77,7 C S such that {s'} x A C
Neer,ur, B°(,1), there exist infinitely many s € ({s'} x A) NS such that
st € E(G) for all t € T and st ¢ E(G) for all t € Ty.

It is obviously sufficient to prove the claim for all open sets in any base
for R. In particular, if we take a countable base, there are only countably
many choices for A, s, T} and Ty. For each choice there are infinitely many
points in ({s'} x A)NS. Since, each of these points has distance strictly less
than one to each point of 17 U T3, each such point has a positive probability
of having the required adjacency. Thus, almost surely, infinitely many of
them do have the required adjacency. The claim follows.

To complete the proof we show that, if G and G’ are two graphs in G, (V, S)
both having property P, then G and G’ are isomorphic.

Indeed, we construct our isomorphism guaranteeing that it factorises over
UdR as fy @ fr and that f is actually the identity on U. In other words
flu4+w) =u+ fr(w). Further, we insist that fg is monotone and satisfies

fr=lz] + fr(z — []) (2)
(in fact this is essentially forced if fr is to be a step-isometry).

For the rest of the proof fix an enumeration si, s9,s3,... of S. We use
the back and forth method to construct the desired isomorphism. Start
the process by mapping s; = uq + wy to itself. In particular, this defines
fr(w1) = wy, so, by our requirement on fg, this defines fr on w; + Z by
fr(wy + k) =wy + k, for all k € Z.
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Suppose that v = uw 4+ w is the first point in the enumeration for which
f has not already been defined, and that v; = u; + w;, for 1 < i < n, are
the points for which f has already been defined. Let v} = f(v;) for each i.
Consider the set of points for which we have already defined fr, namely
\U;(w; + Z). The point w must lie between two consecutive of these points,
say x and y. (It is not one of these points since we have assumed there are
no two points differ by an integer in their R-component.)

Let A be the open interval (fr(x), fr(y)), and let T be the subset of the
v} that have distance strictly less than one from any point (equivalently, all
points) of {u} x A, and partition T into T} and T3 according to whether v;
is joined to v in G or not.

Since G’ has property P, there are infinitely many points v € {u} x A
which are joined to everything in 7} and nothing in T5. Let v/ be any such
point that has not already been used — i.e., not in {v}, v}, ..., v/} — and set
f(v) =7'. Let w' € R be the W-component of v' (so v' = u + w'). By our
requirement on fg this defines fg on w+Z by fr(w + k) = w' + k, for all
k € Z. By our choice of v' we see that fg is still a monotone and increasing
and satisfies (2).

We repeat this argument, but this time mapping from G’ to G. That is,
we take the first point ¢/ in our enumeration of S that is not one of the v}
and define f~'(v') = v for a suitable point v found as above but working
with f~1.

Thus, since as we alternate back and forth the process takes the first point
not yet defined in G or G’ at each stage, this process creates a bijection.
Since we maintain the isomorphism and the step-isometry at each stage this
bijection is an isomorphism (and a step isometry) as claimed.

To prove the final part just start the process with the map f: So — Sg
defined to be the identity which, since we are conditioning on G[Sy] = G’[So],
is an isomorphism. O

13. PROOF OF THEOREMS 1 AND 2 FROM THEOREM 4

In this section we prove Theorem 2 (which includes Theorem 1).

Lemma 53. Let V be a finite-dimensional normed space and S be a count-
able dense set in V.

(1) Suppose that there are only countably many step-isometries on S.
Then S is strongly non-Rado.

(2) Instead, suppose that S contains a subset T' which contains infin-
itely many pairs of points at distance less than one, and the step-
isometries on S induce only countably many distinct mappings of T,
then S is strongly non-Rado.

Proof. Obviously the second statement gives the first statement, so it suffices
to prove that.
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Let P be the property that for every pair of points z,y € S and every
k € N with k > 2 we have ||z — y|| < k if and only dg(x,y) < k. Let Gy be
the set of graphs for which property P fails. By Lemma 3, Gy has measure
zero. Any G ¢ Gy can only be isomorphic to graphs in Gy or to a graph f(G)
where f is step-isometry of S. Obviously, if f is an isomorphism between
G and G, then f|p is an isomorphism between G[T'] and G'[f(T)]. Since T
has infinitely many pairs of points at distance less than one, it has infinitely
many potential edges, and the probability any particular mapping f|r is
an isomorphism is zero. By hypothesis there are only countably many such
mappings so the probability that any such mapping is an isomorphism is
ZEro.

We have shown that almost every graph G is isomorphic to almost no
other graphs. Thus, by Fubini’s theorem, two independent random graphs
are almost surely not isomorphic. (The event that two graphs are isomor-
phic, although not Borel, is product measurable because it is analytic — see
e.g., [10].) O

Throughout the proof of Theorem 2 we shall use the f,,-decomposition.
We make the following definition.

Definition. Suppose V is a normed space with {~-decomposition V = (U ®
04 ) . Then, for any u € U, the fibre over u is the set {u +w :w € (% }.

Proof of Theorem 2(ii). Suppose f is a step-isometry of S. By Proposi-
tion 24, f extends to a step-isometry of V. Since U = V in the f-
decomposition, Theorem 4 shows that f = fiy must be a (bijective) isometry
on the whole of V. By the Mazur-Ulam theorem this isometry is an affine
map.

Let S € S be an affine basis of V, (an affine basis is a linear basis
together with any one point not in its affine span). Then, the affine map,
f, is determined by its action on S’. Since f maps S to S, there are only
countable many choices for the images of the points of S’. Hence, the number
of such isometries is countable.

This shows that the number of step-isometries on S is countable so, by
Lemma 53, S is strongly non-Rado. O

Proof of Theorem 2(iii). First suppose that no two (distinct) points u +
w,u’ +w'" € S have u = o' (that is, each fibre over U contains zero or
one point). Obviously, almost all countable dense sets have this property.
Again suppose that f is a step-isometry of S. As before, it extends to a
step-isometry of V. By Theorem 4, f factorises as f = fu @ fzgo , where fy
is a (bijective) isometry on U. Thus, by the Mazur-Ulam theorem again, fir
is an affine map.

Let S’ C S be a set of points uq + w1, us + wa, ..., u, + wy where u; € U

and w; € ¢ for each i, and wuy,us,...,u, form an affine basis of U. The
map fy is determined by its action on ui,us,...,ug, so is determined by
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f’s action on S’. As in Part (ii), f maps S to S so there are only countably
many choices for the images of the points of S’. Thus the number of possible
fu is countable.

However, fy determines f since, once we know the U-component of f(s),
the fact that f(s) € S determines the point uniquely (there may be no
possible point but that only helps us since it reduces the number of potential
step-isometries). Hence, exactly as in the proof of Part (ii), this means there
are only countably many such step-isometries so, again by Lemma 53, S is
strongly non-Rado.

The fact that there are some sets S that have atypical behaviour is imme-
diate from Lemma 52. Indeed, write V = (U'®R) o where U’ = (U195 1)
then any S of the form required by that lemma is Rado. We remark that
this construction also works in the case V = Ego, but is not atypical there.

Since our construction of sets for which the probability the graphs are
isomorphic has probability strictly between 0 and 1 works for both Parts (i)
and (iii) of the theorem we defer it until after our proof of Part (i). O

Proof of Theorem 2(i). The ‘almost all’ statement of Part (i) was proved by
Bonato and Janssen. They showed that all countable dense sets that do not
contain any two points differing by an integer in any coordinate are Rado.
(In fact, they claimed the slightly stronger result that any set which does
not contain two points an integer distance apart is Rado — but this is not
true. Indeed, it is easy to construct counterexamples along the lines of the
examples given in the next section.)

The following shows that there are countable dense sets S which are
strongly non-Rado. Let S’ be any countable dense set in R4, Let S =
S’ x Q in R?, and fix s’ € S’. Suppose f is a step-isometry mapping on S.
As usual f extends to a step-isometry of V. Consider the action of f on
the subset 7' = {s'} x (ZUZ + 3) of the fibre {s'} x Q. By Theorem 5 we
see that this action is determined by the permutation o of the basis vectors,
the vector e of signs, together with the images f(s’,0) and f(s’,1/2). Since
f(s,0,), f(s',1/2) € S, there are only countably many choices for the step-
isometry’s action on I". Thus, since 1" contains infinitely many pairs of points
with distance less than one, Lemma 53 shows that S is strongly non-Rado.

We deal with the case of sets where the probability that two graphs are
isomorphic is strictly between zero and one in the following proposition. [

Finally we complete the proof of Theorem 2 by proving that there exist
sets which are neither Rado nor strongly non-Rado: that is sets S for which
the probability two graphs are isomorphic lies strictly between zero and one.

Proposition 54. Let V = (U ®R). Then there exist countable dense sets
S such that the probability that two random graphs taken from G,(V,S) are
isomorphic lies strictly between zero and one.

Remark. Again, we do not require this to be the f,,-decomposition: for
example, it holds for V = ¢4 = (/41 @ R),, and for V = R.
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Proof. The key idea is to find a set .S with some finite subset Sy such that
all step-isometries map Sy to Sy. If we do this, then an obvious necessary
condition for two graphs G and G’ to be isomorphic via a step-isometry is
that G[Sp] is isomorphic to G'[Sp], which is an event with probability strictly
between zero and one, provided Sy contains at least one possible edge.

Of course, that is just a necessary condition; to find a set S with the
desired property we wish to make this a sufficient condition for the existence
of such an isomorphism.

One natural possibility is to let Sy be two points that are the unique pair of
points at unit distance in S. Since step-isometries preserve integer distances
any step-isometry must map Sy to Sy. However, Sy does not contain any
potential edge. Instead, fix a unit vector u and let Sy = {0, u, 3u/2,5u/2}.
Provided 0,u and 3u/2,5u/2 are the only pairs of points at unit distance in
S, then Sy must map to itself. Moreover, Sy contains a unique possible edge
(that is a unique pair of vertices at distance strictly less than one) — that
between the points u and 3u/2 — and we see that any step-isometry must
map these two points to themselves.

Having found our set .Sy we turn to defining S, which we do as in Lemma 52
— we just add the requirements that no point of .S is at unit distance from
any point in S U Sy.

As discussed above all step isometries map the set {u, 3u/2} to itself and,
in particular, a necessary condition for G and G’ to be isomorphic via a
step-isometry is that they agree on the potential edge u, 3u/2. (As Lemma 3
shows that the probability two graphs are isomorphic via a function which
is not a step-isometry is zero, we can ignore this possibility.)

Conversely, if they agree on this edge then G[Sy] = G’[Sp] so, by Lemma 52
they are almost surely isomorphic.

Thus, the probability that G' and G’ are isomorphic is the probability
that they agree on the edge u,3u/2 which is p? + (1 — p)?; in particular it is
strictly between zero and one. U

14. FURTHER RESULTS AND OPEN PROBLEMS

We have not completely classified the behaviour of all countable dense
sets in the cases (i) and (iii) above, and that is our main open question

Question 1. Let V' be a normed space with {s-decomposition V = (U @
04 ) oo for some d = 1. Which countable dense sets are Rado?

It is easy to extend the argument for the typical case of Part (iii) above to
show that, in that setting, if each fibre over U contains a discrete set (rather
than just zero or one points as above), then the set is strongly non-Rado.
Thus, the open cases include cases where a fibre is neither dense nor discrete.

However, since the behaviour when all fibres are discrete (strongly non-
Rado) is different from the case when all fibres are dense (Rado — assuming
some no integer difference conditions) it is unsurprising that sets with some
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fibres discrete and some fibres dense can give either behaviour. We briefly
outline two sets which look very similar but have different behaviour. The
examples we give are in in V = (U @ R), but it is easy to generalise them
to either (U @ (%) or (with slightly more effort along the lines of the proof
of the atypical case of Part (i) above) to ¢4..

Let Sy be a dense set in U, and let S be a set which is dense in each
fibre over Sy, and contains no two points differing by an integer in their
R-component. (So far this is exactly the set used in the atypical case of
Part (iii) above.)

Now let Ty be an infinite one separated family in U disjoint from Sy, and
let T be a set containing exactly one point from each fibre over Ty, such
that no two points in S U T differ by an integer in their R-component.

We claim that, by choosing the single points in each fibre of T', we can
ensure that S UT is Rado, or that it is strongly non-Rado. Suppose that T’
is the set {(t1,71), (t2,72),... }.

As usual, any step-isometry f of S UT extends to a step-isometry of V,
which factorises as fyy® fr where fy7 is an isometry and fg is a step-isometry.
Obviously fi maps T to itself (as all other fibres contain either no points or
infinitely many points). Thus, once we know the U-component of the image
f(t) of a point t € T, we know its R-component; that is, fy determines
fr(r;) for each 7. If the ; mod 1 are dense in [0, 1] then, since fg is a step-
isometry this determines fr entirely. As in our proofs above there are only
countably many step-isometries mapping S U T to itself so, by Lemma 53,
S UT is strongly non-Rado.

On the other hand if the r, = n + 1/n and no point of S has integer
R-component then S U T is Rado. Indeed, we construct our map fixing U
and use the ‘back and forth’ argument as in Lemma 52 observing that the
key property used there — that for every point (u,w) € SUT not yet mapped
the point w lies in an open interval between consecutive previously defined
points — still holds in this case.

The above discussion shows that the classification of exactly which count-
able dense sets give a unique graph will be rather complicated. Thus we have
restricted ourselves to the ‘typical’ case and showing that the atypical cases
can occur.

Finally, all our work in this paper has been finite-dimensional spaces with-
out consideration for the infinite-dimensional setting. It would be interesting
to know what happens there.

Question 2. Suppose that V' is an infinite-dimensional normed space, and
that S is a countable dense subset. When is S Rado?
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