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1 Introduction

In [1] we showed that free scalar four dimensional conformal field theory can be formulated
as an infinite dimensional associative algebra, admitting a decomposition into linear rep-
resentations of SO(4, 2), and equipped with a bilinear product satisfying a non-degeneracy
condition. This algebraic structure gives a formulation of the CFT4 as a two dimensional
topological field theory (TFT2) with SO(4,2) invariance, where crossing symmetry is ex-
pressed as associativity of the algebra. TFT2 structure had previously been identified as a
unifying structure in the study of combinatorics and correlators in BPS sectors of N = 4
SYM, quiver gauge theories, matrix models, tensor models, and in Feynman graph combi-
natorics [2-5]. The theme of TFT2 as a powerful unifying structure for QFT combinatorics
was also developed in [1] in the context of counting primary fields. In this paper we return



to a systematic study of primaries in free field theories in four dimensions. We consider
scalar, vector and matrix models. Another motivation for the detailed construction of pri-
mary fields four dimensional scalar QFT is that free field calculations have been found to
be useful in calculating the anomalous dimensions of operators at the Wilson-Fischer fixed
point in the epsilon expansion [6-12].

We start by developing some explicit formulae for the counting of primary fields, using
characters of representations of so(4,2). This makes extensive use of previous literature on
the subject, notably [13]. This is followed by considering the problem of constructing the
primary fields. A useful remark is that the algebraic problem of finding composite fields of
the form

where there are n ¢ fields involved, can be conveniently rephrased in terms of a question
about multi-variable polynomial functions of 4n variables: ‘If(xﬁ) where p runs over the
space-time coordinates and I runs from 1 to n. This relies on a function space realisation
of the conformal algebra. We explain how this function space realisation arises naturally in
radial quantization. The question of constructing primaries, when phrased in terms of the
functions \Il(xﬁ) can be viewed as a many-body quantum mechanics problem, where ¥ is
a many-body wavefunction of n particles moving on R*. These many-body wavefunctions
have to obey three simple conditions:

e They have to obey Laplace’s equation in each of the variables fo forI=1---n.

e They have to be invariant under the translation xlﬂ — xlﬂ +ay, forp=1---4.

e They have to be invariant under permutations xﬁ — xZ(I) for any

permutation o € S,,.

An infinite class of solutions of the Laplacian condition are obtained by choosing a complex
structure to identify R* = C? so that x, — (z,w,Z,w) and considering holomorphic
functions of z, w. These primaries correspond to holomorphic polynomial functions on

(C*)"/(C? x Sy) (1.2)
which can also be written as
(cCr/CcxC*/C)/S, (1.3)

The modding out by C? is the condition of invariance under the shift while the S,, invariance
comes from the permutation symmetry. A special class of these primary fields correspond
to functions of z only i.e functions on

(C")/(C x Sn) (1.4)

These primaries were constructed in [15] using an oscillator realization of the conformal
algebra, which is close to the differential realization used here. An extensive study of the



representations of so(4,2) on function spaces with emphasis on relations to quarternions,
is developed in [16].

The association of primaries to functions on the orbifold has several interesting conse-
quences. Since the holomorphic polynomial functions form a ring, and a class of primaries
are in 1-1 correspondence with these functions, we are finding on a ring structure on this
subspace of primary operators. This ring structure is different from the algebra structure
related to the operator product expansion. The interplay between this product and the
OPE would be an interesting subject for future study. The Hilbert series of the polynomial
ring (1.2) has a very interesting palindromy property which we prove. The proof relies on
an interesting algebraic structure based on symmetric groups in the problem. For fixed
number of primaries n, this is

o

P C(Sn) © C(Sn) @ C(Sk) © C(S)) (1.5)
k,1=0

where C(S,,) is the group algebra of the symmetric group S,,. As recently discussed in the
context of Hilbert series for moduli spaces of supersymmetric vacua of gauge theories [17,
18], the palindromy property of Hilbert series is indicative that the ring being enumerated
is Calabi-Yau. The precise mathematical statement is due to Stanley [19]. We show that
the orbifold (1.2) indeed admits a unique non-singular nowhere-vanishing top-dimensional
holomorphic form, which is inherited from the covering space.

Our work involves an interesting interplay between representations of so(4,2) and
representations of symmetric groups. Let Vi be the lowest weight representation corre-
sponding to local operators build from derivatives acting on the field ¢. The construction
of primaries built from derivatives acting on n copies of ¢, amounts to finding explicit for-
mulae for the lowest weight states of irreducible representations in the symmetrized tensor
product Sym™(V4). If we consider the primaries which arise at dimension n + k, of the
class associated to the geometry (1.4) this can be mapped to a problem about multiplicities
of S;, x S irreps in ng where Vi is the n — 1 dimensional representation of S,,. A formula
for these multiplicities, derived in [15], is found to be useful in the study of the geometry
of (1.2). The connection between representation theory of symmetric groups and that of
non-compact groups has also been discussed in [20] in the context of higher spin theories.

We extend this approach to primary fields to the case of vector fields in four dimensions.
The underlying orbifold geometry for holomorphic primary fields in this case is

(C*/C x C?"/C)/S,[S] (1.6)

The group S,,[S2] is the subgroup of Sa,, which is generated by the n pairwise permutations
(1,2),(3,4),--- ,(n — 1,n) along with the n! permutations of these pairs. It is called the
wreath product of S,, with So. We establish the palindromy property of the Hilbert series
in this case. For the case of primary fields in the free theory of matrices in four dimensions,
we again find the underlying orbifold geometry

((C*)" x 5,)/(C? x 8,) = (C"/C x C"/C x S,,)/Sn (1.7)

with a palindromic Hilbert series.



The paper is organized as follows. In section 2 we describe a realisation of the conformal
algebra so(4,2) in terms of differential operators acting on polynomial functions of space-
time coordinates x,, in R* . This is related, by a duality which we explain, to the standard
realization of the conformal algebra in terms of derivatives acting on a scalar field. In
section 3 we obtain a number of useful general formulae for the counting of primary fields.
The first step is to start from the character of the irrep Vi of so(4, 2) which contains all the
local operators consisting of derivatives acting on a single scalar field. This is a function
of variables s, x,y which keep track of dimension, left spin and right spin i.e eigenvalues
of D (the scaling operator) and Jr,Jr (the Cartan generators for the two SU(2)’s in
SO(4) = SU(2) x SU(2)). We then derive a generating function for the characters of
all the symmetrised tensor products Sym”™(V,). This is an application of the Cauchy
identity. We describe a specialisation of these formulae relevant to what we call extremal
primaries. These include the leading twist primaries studied in the context of deep inelastic
scattering in QCD. Taylor expansion of the generating function leads to explicit results for
n = 3,4 which take the form of rational functions of s,z,y. In section 4 we describe the
construction of the primary fields using the polynomial representations. A new counting
formula for the extremal primaries is obtained by exploiting the permutation group algebras
C(Spn) x C(Sy) ® C(Sk) ® C(S;) in the problem of building primaries from n fields ¢ and
corresponding to polynomials of degree k& in one holomorphic variable and degree [ in the
other. This is shown to be consistent with the derivation based on the Taylor expansion
method of the previous section. These primary fields form a ring and the counting is
recognised as a Hilbert series, which encodes aspects of the generators and relations of the
ring. This is a ring of functions of an orbifold which we identify. The counting formula
based on S, x Sk x S; symmetry for the extremal sector is shown to have a palindromy
property indicative of a Calabi-Yau nature of the orbifold. As further support for the
Calabi-Yau nature of the orbifold, we construct the explicit top-dimensional holomorphic
form. In section 5 we extend the results on counting and construction of primaries, and the
underlying Calabi-Yau orbifold geometries, to the case of a four dimensional vector model.
In section 6 we develop the story for the case of free four dimensional 1-matrix theory.

This paper is the extended version of an accompanying short paper [21].

2 Representations of so(4,2) on multi-variable polynomials
The generators of SO(4,2) form the algebra

(K, = 2M,, —2Dé

B =
[D. Pu] = Pu
(D, Kyl =
(M, ]_5mK — SuakK,
My, Ko = dvaPy — dua Py (2.1)

The representations of this algebra play a central role when the constraints that conformal
invariance places on the dynamics of a CFT are developed. To develop the representation



theory, one uses the fact that there is a unique primary operator O for each irrep, formed
by taking products of the fundamental fields of the theory and derivatives of these fields,
with each other. The primary operator is distinguished because its dimension can not be
lowered. Consequently, primaries are annihilated by the generator of special conformal
transformations

[Kyu, O] =0 (2.2)

The complete irrep is then formed by acting on the primary O with traceless symmetric
polynomials in the momenta P,. The spectrum of dimensions of the primaries and their
OPE coeflicients provide a list of data that completely determines the correlation functions
of local operators. Clearly then, it is interesting to determine the spectrum of primary
operators of a conformal field theory. Our goal is to determine this list for the free bosonic
field ¢ in four dimensions. The states corresponding to ¢ and its derivatives in the operator-
state correspondence consists of a lowest weight state |vy >

D"U_A,_ > = |U+ >
Kaloy > = 0 (2.3)

This state obeys
Ko(P,Pul0>)=0 (2.4)

which means that P, P,|0 > can be set to zero to give an irreducible representation. The
states in this representation are of the form

(SOyva it P Py Py ot > (2.5)

where (S(1)yL " is symmetric and traceless in both upper and lower indices.

Solving for the primaries O is a representation theory problem of finding the decom-
position of the symmetrized tensor product Sym"™(Vy) into irreducible representations.
A particularly convenient realization of V, is in terms of harmonic polynomials. Indeed
polynomials of the form

(S(l))lytlllll%’;::"zizxﬂl BT (2-6)
are annihilated by the Laplacian
0o 0
— (2.7)
0%q 0T,
hence are harmonic. The algebra so(4, 2) is realised on these polynomials as [1]
0
K, =—
o oxy,
P, = (%0, — 2z,x - 0 — 2x,,)
D= (x-0+1)
M, = x,0, —x,0, (2.8)



Thinking of x,, as the co-ordinate of a particle, this is a single particle representation. The
tensor product me can be realized on a many-particle space of functions \Il(xi), where
1 < I < n labels the particle number. The generators of so(4,2) now include

~ 9
I=1 ~"H
- 0 0
Ip, .1 1 I
P, = Z(x Pg;pa——2 ! pa——Q > (2.10)
I=1

along with the many-particle versions of D, M, of (2.8). In this polynomial rep, the state
of the scalar field lim, o ¢(z)|0 > corresponds to the harmonic function 1.

This polynomial representation is naturally understood in the context of radial quan-
tization. Towards this end, consider the mode expansion of the field

[e.o] o0
=30 Al Yim(@) + D Y anmlal Yim(@') (2.11)
=0 meV, =0 meV;

The sum over m is over the states of the symmetric traceless tensor irrep V; of SO(4).
Acting on the vacuum, which is annihilated by the a;.,,’s but not the a;r,m’s, we have the
usual operator-state correspondence. For example, we find

lim ¢(2)[0) = af,[0) = [¢)

z—0
lim 0,,¢(2)[0) = a},,,|0) = [0.9)
lim 0,0,¢(x)|0) = 0 (2.12)

z—0

The last equation above is expected because the free scalar field is a representation with null
states. It expresses the free equation of motion. The scalar field and all its derivatives as
x — 0 lead to states in an irreducible lowest weight representation V' of SO(4,2), consisting
of a lowest weight state of dimension A = 1 along with states with higher dimension.

Let us rewrite the positive part of the radial mode expansion

o0
=Dl (SO b 0) (2.13)

where SO is a projector, projecting to symmetric traceless tensors. We take al iy TO be

symmetric and traceless in the y indices. S () is symmetric and traceless in the w as well
as the v indices. The operator state map identifies

lim 9y, -+ 0 d(@)]0) = (SO)yeal L, 10) (2.14)
T—

A B2 R Y]
Note that we have a duality

((SOymztal,, DT, 6@)I0) ) = (Olars,..y(SO)A () |0)

(5(”)%3 i Tan " Ty (2.15)



where we have used the projector property of S(). Unpacking this a little, if we apply Oy
to the local operator, go to zero to get the corresponding state and then do the duality, we
will get a new polynomial as the outcome

ill% auaﬂl e 8ﬂl¢($)‘0> = (S(l))z’,l;l,llt::-’,l;il a;—‘,—l;u,ul--.yl |0> (216)

If we take the overlap of this with ¢(z)|0) then we get

l
(S( )>Z:Ilj,l,117,'-~7,’:ilxl/xyl . xl/l (217)

This polynomial of degree one higher is related to the previous polynomial by applying
P, = (2%, — 2z, (z - 0+ 1)). We have the following identifications between operators and
states, and then states and polynomials

O — |0) = Po(x)
0,0 — 0,0) = P,Po(x) (2.18)

This provides a concrete correspondence between applying d,, to local operators made from
a scalar, and applying P, as the dual differential operator on dual polynomials.

Primaries in the free theory are given by acting with traceless symmetric polynomials in
momenta, on the scalar field. Tracelessness is often implemented [22, 23] by using variables
z-xl = z“xﬁ with z# a null vector, i.e. 2z, = 0. Thanks to the fact that z* is null, any
polynomial in z - 2! automatically gives a traceless symmetric polynomial in xﬁ after the
zMs are stripped away. In what follows we will solve the algebraic primary problem, to
obtain a polynomial that corresponds to the primary. To obtain the primary operator
written in terms of the original scalar field, we need to translate between the polynomials
and operators. For the current polynomials, the translation between polynomials and
operators is

(z-0)Fp » (—1)F2kEN (2 - z)F (2.19)

This construction is convenient because of its simplicity. However, it is not completely
general, since there are primary operators that are not symmetric in their indices and
hence can’t be represented as a polynomial in z - z. The general discussion makes use of
projectors that project from symmetric tensors to traceless symmetric tensors. It is useful
to consider a concrete example. The tensors of ranks 2 and 3 are given by

e o 1 e
(5(2))p5 = 5y55 - Zéuyé p

1
(5<3>)gﬁg = 0%005) — 6(%5&553 + 0,p0*7 85 + 626776, (2.20)

These operators are projectors in the Brauer algebra of tensor operators that commute
with SO(4) [24]

C
(2) _1_>12
S 1 1
1
SB) — 1 - 5 (Cha + Ci3 + Co3) (2.21)



The terms correcting the 1 above subtract off the trace of the tensors they act on.
They satisfy

(s™My2p, = sMp, (2.22)

where P, projects onto the totally symmetric polynomials of degree n

1
Pr=— Yo (2.23)

’ O'ESn

The multiplication (2.22) is in the Brauer algebra, where loops are assigned the value
of 4. These elements of the Brauer algebra are completely determined by the projector
property (2.22) and the property that they start with 1. In general

Py - Py 1= (—D)FkRI(SEy vk g g, (2.24)

The above factor is easily obtained by deriving a recursion formula. Note that the term
220, does not raise the rank of the tensor. The other two terms both raise the rank by
one, which then leads to the recursion relation. In the many-particle realization such a
traceless polynomial made of the I'th coordinates corresponds to derivatives acting on the
I’th copy of ¢ in a sequence of n of these.

To construct primaries using n scalar fields we consider a multi-particle system with :Eﬁ
the coordinates of the n particles. Primaries at dimension n + k are obtained by allowing
k derivatives to act on the n fields. In the dual polynomial language, states at dimension
n + k in V®" correspond to polynomials in a:l{ of degree k. Primaries at dimension n + k
correspond to degree k polynomials \I/(:J:ﬁ) that obey the conditions

K, U = Z@\P_o

L = Z dal 8xI =0
U(zl) = xy(x;(f)) (2.25)

The first condition above is the familiar condition that the special conformal generator
annihilates primary operators. The second condition implements the free scalar equation
of motion which implies that the image of states like PJ PA{ , with only g summed, in the
Fock space, is zero. This null state appears because the dimension of free scalar field
saturates a unitarity bound. To see that the second constraint is indeed implementing the

equation of motion, note that with the second of (2.8) we can calculate
P,P, = 19,0, (2.26)

Simplifying the product of differential operators, it is simple to verify that terms like 2,
2%z - 0 and 2?x,2,0,0, cancel out. The final condition in (2.25) above ensures that our
polynomials are S,, invariant. By constructing .5, invariant polynomials, we are imple-
menting the bosonic statistics of the scalar field.



In what follows we will focus on primaries (and hence polynomials) that transform in
a definite representation of the SO(4) = SU(2) x SU(2) subgroup of SO(4,2). To make
the SO(4) transformation properties of the polynomials more transparent, our construction
makes use of the complex coordinates

z=x1 + 129 W = T3 + 124

Z=x1 — 19 W = T3 — 1T4 (2.27)
This amounts to choosing an isomorphism between R* and C?> = C x C. In our conventions,
these coordinates have the following ( ji, j%) charge assignments

11 _ 1 1
ze| =, = Zo|l —=,—=
2’2 27 2
1 1 11
el T 0| — =, 2 2.2
v <2’ 2> v ( 2 2) (2.28)
We will construct a class of primaries corresponding to holomorphic polynomial functions
on the orbifold

(C*H)"/(C? x S,) (2.29)

The division by C? is a consequence of the first of (2.25). These will not, form the complete
set of primaries but a well-defined subspace of primaries, which we will call extremal. Before
explaining this construction in more detail we show, in the next section, how characters of
so(4,2) representations can be used to get a complete counting of general primaries built
from n fields. We will then specialize to the extremal primaries.

3 Counting with so(4,2) characters

In this section our goal is to enumerate the SO(4,2) irreducible representations appearing
among the composite fields made out of n = 2,3, fundamental fields. These multiplici-
ties will, for example, compute the spectrum of primary operators in the free CF'T4. This
enumeration entails decomposing, into irreducible representations, the symmetrized tensor
product Sym"(V, ), where Vi = Dy ¢ in the notation of [13]. The three integer labels
in Dia j, .jn) are the dimension and two SO(4) spins. After obtaining a general formula in
terms of an infinite product, we specialize to primaries that obey extremality conditions,
that relate their dimension to their spin. For these primaries using results from [15], we
find simple explicit formulas for the counting.

3.1 General counting formula

Consider a matrix M belonging to any matrix representation R of SO(4,2). A key result
for the analysis of this section is

1

det(I —tM) ;}t Xy (r) (M) (3.1)



This is a special case of the Cauchy identity which states that

FRIETRE ) Sty 32)

i=1j=1 n=0 RFn

where x g is a Schur polynomial in the N variables x; and the M variables y;, labelled by a
Young diagram R with n boxes and height no larger that the minimum of M, N. When one
of these variables is 1, then we sum over single-row Young diagrams. This formula (3.1) is
also easily proved by using the identity (this is just a statement of Wick’s theorem)

N
N 1 _ k1 i i
)iy iy = —% I Idﬂﬁidyie 2 247 A R

— j2 Jn
- n' Z 0'(1 ia 50‘(71) (33)

gESy

to evaluate

N
1 _ (ST _ N[5 1
WN/Z]‘_[1$ e e det(1 —tM) (3-4)
Now, apply (3.1) to the case that
M = P75 LyJ3,R (3'5)

and specialize to the representation V, spanned by the free scalar and all the derivatives
acting on it. Here we have chosen D, J3 1, J3 g to span the Cartan subalgebra of SO(4,2).
It is straight forward to see that

(e}

1 3
det(1 —tM) 1;[ 1_[

q

(3.6)

q

2

H _ q+1 a
gp_ g tsatlyaqb
2 2

This generating function of the characters of the symmetrized tensor products of the free
scalar representation will be denoted by Z(t, s, x,y). So we have

o
Z(t,s,z,y) = H

N

1
oo = 2 P Xsymn (v (5,7, y) (3.7)
1,1 —tsttlzay nz;) v

III zwm

I\J\Q

2

where we have denoted xsymn(v7,)(M) by Xsymn (v, )(s,7,y). The characters for Sym" (V)
follow by developing the infinite product above in a Taylor series in t. The decomposition
of Sym™ (V) into irreps is now achieved by writing xsymn (v, (s, Z,¥) as a sum of characters
X[A,j1,j2] (8, %, y) of M, in the irrep of dimension A and spins j1, jo

XSym"(V+)(S7x>y) = Z N[A,jl,jg]X[A,jth}(s?x7y) (38)

Ag1,J2
The coefficients Na j, j,] are non-negative integers, counting the number of times irrep
Alaj1,jo) (in the notation of [13]) appears in Sym™(V,)). If we restrict to the case that

~10 -



n > 3, the only characters X[A,jhjg](s, x,y) which contribute are labeled by dimensions A
that do not saturate the unitarity bound and hence do not have any null states. In this
case we have [13]

s, (2) x5, (y
X[A1,52) (85 @, Y) = h(x) 2(Y) - - (3.9)
(1= syam)(1 - s, /D)1 - s/H(1 - 727)
It is useful to define
(5:2:9) = D> Nagigals™ X0 (@)x5 ) (3.10)

ALj1,52

It follows that

Zn(s,2,y) = (1 — sy/ay) (1 — s\/;)(l - s\/g) (1 - \/17) Xsymr(v) (5, 2,y) (3.11)

The right hand side of this last equation is precisely a sum of (products of ) SU(2) characters,
so we can treat this, following [14], using the orthogonality of SU(2) characters. The result
is most easily stated in terms of the generating function

(s,2,y) Z Z N"+d»]17J2]8n+dx]1 ” (3.12)
d=0 j1,j2

(s, 2,1) = {(1 - i) (1 - ;) Zn(s,x,y)] i (3.13)

where the subscript > is a notation to indicate that the above function should first be

which is given by

expanded as a Laurent series in both x and y, and then negative powers of x and y should
be discarded. The infinite product in the above formula makes it difficult to evaluate
Gn(s,z,y) in closed form. For that reason, in the next section, we focus on specific classes
of primaries for which G, (s,z,y) can be evaluated.

To end this section let us explain how the above derivation is generalized when irreps
that include null states appear in the tensor product Sym™(Vy). This is the case when
n = 2. Naively computing Ga(s, z,y) using (3.13), we obtain the following terms

Gas,z,y) = s° + stwy — $°\Vofy + $Say? — sTad/2y%2 4 ... (3.14)

The negative coefficients in the above expansion show this answer is manifestly wrong. The
problem is that we have some null states that have not been removed correctly. There are
two types of primaries that appear in the above sum. We have a primary with A = 2 and
j1 = j2 = 0 and primaries with A = 2425 and j; = jo = j for j = 1,2,3,.... The condition
for a short multiplet [25] is that A = f(j1) + f(j2) with f(j) =0if j=0o0r f(j)=j+1
if j > 0. The primary with A = 2 and j; = jo = 0 is not short and nothing needs to be
subtracted. The primaries with A = 2+ 23 and j; = jo = j are short irreps and hence have

- 11 -



null states. These null states (and their descendants) must be removed. To understand
how this is done, note that the primary with A = 2 4 25 and j; = jo = j is a conserved
higher spin current J#1#2"#i and the null state is nothing but the conservation law

By JHH2 s = () (3.15)

The null state thus has A = 3+ 2j and j; = jo = j — % and so the subtraction of null
states is achieved by removing the primary that does not need to be subtracted, dividing
by 1 — s/\/zy and then putting the original primary back in. In the end we have

Gals,2,y) = [(1 _ 1) (1 _ ;) (Zo(s,2.y) — 5°) 1_; 4+ 2

x
e . . .
= Z §2T20 g0 (3.16)
=0

This is indeed the correct result.

3.2 Counting the leading twist primaries

Consider the leading twist primaries, which have quantum numbers [A, j1, jo] = [n+¢, 2, 2].
Each such primary operator comes in a complete spin multiplet of (¢ + 1)? operators.
Choosing the operator with highest spin corresponds to studying polynomials constructed
using only the single complex variable z, as we can see from (2.28). This corresponds to
the fact that all primaries are constructed using a single component P, of the momentum
four vector operator. We will now count the leading twist primaries by counting this
highest spin operator in each multiplet. Denote the corresponding generating function by
G (s, x,y). To determine this generating function we will modify the above results in
three ways:

1. We modify the formula (3.7) by replacing Xsymn(v)(s,2,y) with a new function

max

Xmax(g x,y), and we keep only the highest spin state in the product
oo
= X (s, 3.17
I -3 ) .17

2. The leading twist primaries are all constructed using a single component of the mo-
mentum, that raises both the left and right spin maximally. Consequently in (3.13)
we keep only the factor that corresponds to this component of the momentum, which
amounts to replacing

(1—3\/@)(1—3\/§> (1—5\/@ <1— \/‘;y) S (1-syay)  (3.18)

3. For each spin multiplet we keep only 1 state so there is no longer any need to replace
the multiplet of spin states by a single state when we count. Thus in (3.13) we replace

(1 - 91:) (1 - ;) 1 (3.19)
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The final result is

G?ax(swrﬂl/) lenax(‘s?x’y)(l - S\/@) (320)

In this formula we don’t need to track the dependence on x and y since for this class of
primaries, once n and the dimension of the operator is specified, the spins are determined.
For simplicity then, we will study

[ee) e¢]

S G (s) }:w m“<)=(“—ﬁllfi%;ﬁ’ (3.21)

n=0 q=0

To extract G'**(s), we need to develop the infinite product above in a Taylor series in ¢.
To do this we introduce the functions

i 1 oOF 6k_1f1
q=0
It is straightforward to find F'(0,s) = 1 and
> gka+k gk
= —1)! e — = Sy ] ——
fk(ta S) (k 1) e (1 — tSaJrl)k fk(ov S) (k 1) 1— sk (323)

Using these quantities, we have

8nF TL]_]C]_—'— +nqk ) ng
S 0 wnghky ' .24
ot an klz n! nq (k) (k‘ ')”qf fk:q n,n1k1+ngkq (3.24)

Inserting the formulas for the fi’s we have

O"F n1 ki+ -+ ngky)! skt \™ ska N\
Ot li=o = Z Z Rl I R o 1 — skq 5”:”1k1+"'"qkq
Ny, ,Ng kl q-'v1 q

sh 1 ni 1 Ng
-y ¥ kk() B

N1, Ng ki, Lk,

(3.25)

Notice that this is a sum over conjugacy classes of S,,. The conjugacy class collects per-
mutations with n, kg-cycles. This interpretation follows because the coefficient

n!

male - ng kK kg

(3.26)

is the order of the conjugacy class. There is a factor of (1 — s¥)~! for each k-cycle in the
permutation. Here are a few motivational examples

oF s I*F 52 52 252

B o = -5 | = = 2
ot ’t=0 1—s Ot2 li=0 (1 — 3)2 + 1— g2 (1 _ s)(l _ 82) (3 7)
3F 3 2 9243 3
él‘*‘ = +3 ° = Os (3.28)
o3 li=o (1 —s)3 (1-s)(1-5%) 1-5 (1-s)(1-5%)(1-s3)
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It is easy to identify the above expressions: recall the lowest weight discrete series irrep of
SL(2), denoted Vi, has character

x1(s) = Trvl(sLO) =1 (3.29)

It then follows that (P, projects onto the symmetric irrep i.e. a single row of n boxes)

oF,
ot li=0 1—s

= x1(s) (3.30)
2 2 2
21!?{%5‘1‘:0 - 2(18— 9 © 2(18— s2) Tr(Pys™)
- Trsym(vlg;z)(sLo) (3.31)
;!a;tg“t—o - 3!(15i PEREETTE i)s(Ql " 3!(12i333) = Tr(Pys™)
= Trsym(vlcag)(sLO) (3.32)

This interpretation follows for general n as proved in (3.25). Thus the general formula is

n

1 o"F
n! Ot lt=0

(1—8)(1—-82)(1—=83)---(1—s")

= Tr(P,s™) = (3.33)

where the last equality follows from eq. (47) of [15], where these SL(2) sector primaries
were studied in the language of oscillators. Consequently we have

(1—s)0"F B s"
n! ot li=o (1 —3s2)(1—s3)---(1—s")

GI’TIL'I&X(S) — (3.34)

Note the close connection between counting leading twist primaries and the multiplicities

of V/\Siﬁk ® V[S", which is given by the coefficient of ¢* in
1

1—¢

(3.35)

n
=2

The result (3.34) was also recently obtained in [26].

There are three other sectors of primaries that are closely related to this one: polyno-
mials in Z correspond to primaries of the form [n+¢q, —¢, —q], polynomials in w to primaries
of the form [n + ¢, ¢, —¢] and polynomials in @ to primaries of the form [n + ¢, —q, ¢|.

3.3 Extremal primaries

We now come to a more general class of primaries with charges

A=n+gq ; JF= (3.36)

kd
2
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The charge Jf, which is part of SU(2)g, is not constrained. These primary operators
belong to complete multiplets of SU(2)z. They correspond polynomials constructed using
the pair of complex variables zy, wr. This is clear from inspection of the charges in (2.28).
Translating from the polynomial representation back to the usual scalar field representation,
this corresponds to the fact that all primaries are constructed using only two components of
the momentum four vector operator. The two components are complex linear combinations
of the (hermitian) P,. Arguing as we did in the previous section, we introduce a generating
function G (s, z,y), which is now given by

G (s, 3, y) = {(1 _ ;) Z;’w(s,x,y)] i (3.37)

where Z,(s,z,y) is obtained from

o q o
H H 1 _ t5q+1$q/2 m— q/2 = Z tnxn(sa x, y) (338)
n=0

q:Om:O
Zpt(s,e,y) = (L= sy/ay)(1 = sv/x/y)xals, z,y)  (3.39)

The two brackets multiplying Z,(s,z,y) in (3.37) is a consequence of the fact that two

components of the momentum four vector are used when constructing the primaries.
From (3.38) it is clear that we are selecting the state from the J;j multiplet (recorded
using the variable x) with the highest spin. The product over m in (3.38) indicates that all
the states in the J3 g multiplet are counted. The factor of (1 —1/y) as well as the instruc-
tion (indicated with the subscript > in (3.37)) to keep only positive powers of y ensures
that we count each SU(2)g spin multiplet once. It is clear that the expansion of (3.37) has
only positive powers of . This is a consequence of the fact that we kept only one state
from each SU(2)z multiplet.

It is again possible to derive closed expressions for the generating functions Z," (s, z, y)
and G5 (s,z,y). Introduce the functions

0 q
Ey(t,s,z,y) = HHl

—Ztan (5,2,y)
q=0m=0

3 o] q q+1,.2 m—
» S, T, } t,s,x ’ t S, T } 15 S, T
}2 t y 1mgym g 2 y 1 y 2 y

tSQ‘i‘lxzy -3

q=0 m=0
A 0 L. ghathg b hm—
fe(t, s,z y) = =(k—1)! 3.40
( ) oth—1 ( ) qu;) (1 — tsrtlgsym=3)k (340)
It is simple to establish that F5(0,s,z,y) =1 and
1 1
[0, 5,2, y) = s*(k —1)! (3.41)

kE k k k
1—ska2y2 1 — ska2y 2

Exactly as above we have

o™y (nlkl + -+ nq ) Ng
On.n e 3.42
8tn 12 kzk n1' nq'(kl) ( ) f fkq B 1]€1+ qkq ( )
N1, Ng K1yeeey q

=0
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Inserting the formulas for the fi’s and streamlining the notation by using a = s,/zy and

b= s\/%, we find

1 0"Fy s 1 ni
=0 Z Z m!---nq!k?l---knq((l—akl)(l—bk1)>
q

n! Ot" q
N1, ,Ng ki, Lk,

1 "
' <(1 — aFa)(1 - bkq)> Oninakat-nqky
= Xn(s,2,y) (3.43)

The expression for Z,(s,z,y) now follows from (3.39).
It is not easy to proceed for general n, but it is straight forwards to obtain explicit
formulas once a specific n is chosen. For example, the final result for n = 3 fields is

3 (6.3 4,2 2 3,.3 1
s (sx + s%x* +sx + 14 522 <\/§+ﬁ>>

(1 - s2ay)(1 - s3(ay)?

Z3% (s, x,y) = (3.44)

)1 - 25)(1 - =5

To extract spin multiplets, we need to compute

G2 (2, w) = [Zg(s,a:,y) (1 - ;)L - % Cdz(l - i)_Zig’x’zz) (3.45)

The contour C' must have a radius larger than ,/y. We assume that s, x and y are all less

than one so that the expansion of Z3" (s, z,y) converges. Thus, we can take C' to be the
unit circle. The integrand has poles at z = +s\/x, 2 = /Y, 2z = is\l/i’ z = —5\2/5 (1 + z\/g)
(1£iv3)

DRV To compute the integral we need to pick up the residues from the poles
at z = £s\/z, 2 =/, and z = =2 (1 £ iv/3). We obtain
$3(1 — 51025¢3)
(1—s*22)(1 — s3/23y3) (1 — s2ay) (1 — s%gy%)

It is easy to check, using mathematica, that this expression has the correct expansion.

and z = —

Gg’w(z, w) =

(3.46)

The check tests that the expansion, as a polynomial about s = 0, of the above generating
function matches the counting following from the expansion of the function appearing

in (3.13).
Consider next the final result for n = 4 fields, which is
1 0'F,
zZ,Ww ot
Zi (s 2y) = g L:o
(22— y)* (1 = s2ay)? (s +y) (~sbat +y3) (14 s2ay) (1 - stadyl )
(3.47)
Qs.2,y) = y2 (y + suy + 500y + "% + sPx2yz (1+y) + Swdyz (1+y)
+sTwdy? (14 y) +5°22y2 (1+y) + s'2* (1 +y)°
+5%23 (1 +y)? + 52" (1 +y)?) (3.48)
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To extract spin multiplets, we again need to compute
1 1 1— ) Z7% (s, x, 22
GiY(s,2,y) = [Zi’w(s,x,y) (1— )] = 7{ 4. \L= ) 20 ) (3.49)
y)]ls 2m Jo z2—=3/Y

The contour C' must again have a radius larger than ,/y, so we again choose the unit circle

|z| = 1. The integrand has poles at z = xs\/x, 2 = \/fy, z = :I:%, z = +isz, 2z =
_3\2/51. (1 + 2\/3), z = j:é and z = — (1;;3/5) The integral above receives contributions

from the poles at z = +s/x, z = /i, 2 = tisz, and z = —8*2/52' (1 +4v/3). We obtain

s*R(s,z,y)
(1—s2zy)(1 — s3x%y%)(1 — st22y?) (1 — s*2?) (1 — s8a3) (1 — s8a)
(3.50)

Gy (s,z,y) =

where

R(s,z,y) =1+ s53 (Vy+ sgx%y + s%gy + 93 — 561‘31/% - 58:U4yg — slﬁxgy%

—Slll‘%yQ (I1+y)+ sTxs (1 - y2) + s4x2y% (1 — y2) + 521:\/17 (1 + y2)
—sgxgy (1 + yz) — 5109353/% (1 +y— y2) — sV (1 —y— y2) ) (3.51)

It is again easy to check, using mathematica, that this expression does indeed have the
correct expansion.

There are other sectors of primaries that are slight variations of the extremal sector
studied in this section. Polynomials in z7, @y correspond to primaries with (A = n+q, Jf =
q). Polynomials in Z;,w; correspond to primaries with (A = n+ ¢, J& = —¢). Polynomials
in Z7,w; correspond to primaries with (A =n + ¢, J¥ = —q).

4 Construction and construction with symmetric groups

In this section we would like to provide construction formulas for the extremal primaries
we have counted in section 3. To accomplish this the polynomial representation of SO(4,2)
introduced in section 2 will play a central role. These polynomials are constructed us-
ing the coordinates xﬁ, I =1,...,n which admit a natural action of 5,. Constructing
primaries then amounts to constructing polynomials that are consistent with (2.25). The
first of (2.25) can be satisfied by constructing n — 1 translationaly invariant “relative co-

1

ordinates” out of the x;,. This construction is not unique. Following [15], a particularly

“w
convenient choice makes use of the variables
1
X = — (gl 4. 429 — gzt 4.1
I a(a i 1)( H © I ) ( )

These variables are in the [n — 1, 1] irrep of S,,. To satisfy the second of (2.25) we need to
build polynomials that are harmonic. In terms of complex coordinates the Laplacian is

8 6 _06 9 9 9 (4.2)
” 83:}6 837,{ 910z w! dw! '
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It is clear that we can build harmonic polynomials by considering polynomials that are
functions only of the z!, which gives the leading twist primaries, or that are functions of
the 2! and w!, which gives the leading left twist primaries considered in section 3.3. The
harmonic constraint is the only constraint that is not first order. By replacing this with a
holomorphic constraint, which is first order, the resulting problem entails finding families
of polynomials that obey first order equations. This implies that the problem will now
have a natural ring structure, something which will be visible in our construction. The
final constraint that needs to be obeyed is that the polynomials are S,, invariants. The
counting formulas we derived in the previous section will give valuable insight into how to
handle this final constraint.

4.1 Leading twist primaries

Specializing to n = 3 and employing complex variables, we have

2l — 22 72 _ 2l 422 - 223
V2 V6

plus the obvious formulas for Z(®, W(® and W(®). The nice thing about these variables

is that .S, acts on these variables with Young’s orthogonal representation of [n — 1, 1], i.e.

for n = 3 we have [27]

The remaining elements of the group can be generated using these two. When acting on a
product of variables, say Z(91)Z(a2) ... Z(ar) we have

AR (4.3)

ra:<<12>>=[‘o“f] Faﬂ((23)):[

O[O —

[Seo
ol

D= w

T(0) = Tg(0) x - - x Tip(0) (4.4)

where we take a tensor product (the usual Kronecker product) of k copies of the matrices
of the hook irrep. Any polynomial in the hook variables automatically obeys (2.25). Thus,
all that is left is to project to .S, invariants in ng. We can build these by acting with the
projector from the tensor product of k copies of the hook onto the trivial irrep

P - % 3" Ti(o) (4.5)

oES3

Acting on Z®* we obtain an expression of the form ", 7;P;(z) where 7; are unit vectors
inside the carrier space of #®* and P;(z) are the polynomials that can be translated into
primary operators.

It is useful to consider a few examples. Acting with the projector (4.5) on the tensor
product of k copies of the hook, we find

Poiagap, = Z Fk(U)alagnuk,blbgmbkZ(bl)Z(b2) ALY (4.6)

og€E€Ss3
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It is simple to implement this projector in mathematica. For £ = 1 we find P,, = 0. For

k = 2 the projector is

Payay = (21 — 22)* + (21 — 23)” + (22 — 23)°)

ol O O ol

so the invariant polynomial is
P(z) = ((z1 — 22)° + (21 — 23)° + (22 — 23)°)

By inspection, this obviously obeys (2.25). For k = 3 the projector is

Lo

|®
L5

D
=

Palazag = ((2’1 + 290 — 223)(21 + 23 — 222)(2’2 + 23 — 22’1))

|
—

5

"—‘OO

so the invariant polynomial is
P(z) = ((z1 + 22 — 223) (21 + 23 — 222) (22 + 23 — 221))

This polynomial again obeys (2.25). Finally, for & = 4 the projector is

Poyazagas = ((Zl - z2)4 + (Zl - 23)4 + (22 - 23)4)

~19 —
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so the invariant polynomial is
P(z) = ((z1 — 22)" + (21 — 23)" + (22 — 23)")

This clearly obeys (2.25), so this is again the correct answer.
The polynomials we construct in this way will obey the conditions spelled out in (2.25).
In fact, they obey an even stronger linear condition

8.1 P(Z) = 0 = O, P(2) (4.12)

which imply the Laplacian constraint. As a result, taking all possible values of k£ we find
that the polynomials constructed in this way exhibit a highly non-trivial structure enjoyed
by the leading twist primaries: the polynomials P;(z) are a finitely generated polynomial
ring. The counting formula (3.34) gives the Hilbert series for holomorphic functions on
(C™/C)/Sy. The quotient by C sets the center of mass momentum of the many body wave
function to zero as dictated by the first of (2.25). The orbifold by S,, implements the last
of (2.25). The counting formula (3.34) implies that the ring has n — 1 generators. These
generators are given by constructing the n — 1 possible independent S, invariants out of
the hook variables introduced in (4.1). For example, for n = 2 fields the polynomials are

generated by (21 — 2z2)2. The polynomials corresponding to primaries are
(21 — 22)%F (4.13)

Using (2.19) it is easy to see that (these vanish if s is odd)

Os = (21 — 2)°
s! o (—1)F s—k ; ak
ngm@ e (4.14)

reproducing the higher spin currents, given for example in [28]. For n = 3 fields the ring
of polynomials that correspond to primary operators is generated by

(2’1 — 22)2 + (Zl — 23)2 + (22 - 23)2 (415)
and
(21 + 22 — 223) (23 + 22 — 221) (21 + 23 — 222) (4.16)

In general, the generators of the ring are a product of the variables Z(®) introduced above,
such that the product is S,, invariant. For n = 4 the ring is generated by (21 —22)(22 —21) +

(21422 —223) (23 + 22— 221)(21 + 23 —229) + -+ - and (21 + 20+ 23 —324) (23 + 22+ 24 —
321)(z1+ 23+ 24 — 322) (21 + 22 + 24 — 323), where - - - stand for terms that must be summed
to obtain an Sy invariant. The ring structure that has appeared is rather interesting. The
product on the ring is simply multiplication of polynomials. This is a natural product
in the polynomial language, but is highly non-trivial in the original CFT description. A
natural guess would be that this is somehow connected to the OPE of primaries, which is

—90 —



the natural product on the primaries of the CFT. However, this cannot be correct because
the polynomial ring exists for a fixed number n. Thus, in terms of the CFT language, the
ring multiplication is a product between two primaries, each of which has n fields, and the
result is again a primary with n fields. The operator product of two local operators, each
containing n fields, is a sum of operators containing 2n — 2k fields with £k = 0,1,...,n. For
odd n the product of elements of the ring gives an operator with n fields. This product
can therefore not even be a subalgebra of the CF'T operator product algebra. This product
and the associated ring structure of primary fields in free CF'T4 appears to be a genuinely
new structure, not previously noticed.

A natural question to ask is whether or not these primary operators are orthogonal.
We can translate any polynomial into an operator and then compute the two point function
of the operator. The computation can also be carried out by a judicious choice of an inner
product for the polynomial. For example, consider the correlator

(0 ()l p(a')) = (1) (k + ! (- )™ (4.17)
z z (‘Z—Z/‘Q-i- ‘w—w’|2)k+l+l

Everything in the above result is determined by conformal invariance, except the overall
number = (—1)¥(k + 1)!l. Recalling that 2" translates into 1,07, this number can be
computed if we use the following inner product for the polynomials

, k+1)!
(2, = (-1t E LD (4.18)

Notice that the norm following from this inner product is not positive definite. For n
fields we have polynomials in zj, for the primary at « and in zj, for the primary at 2/, with

k=1,...,n. In this more general setting, the inner product is
- - - (Pk + an)!
k + qk
Lz | 2% —1) pki (4.19)
1 e | i

In addition, due to Wick’s theorem, there are a total of n! Wick contractions contributing,
which introduces a factor of n!. In the end, if polynomials P; of degree k; in n variables
translate into primaries O; constructed from n fields with dimension n + k;, then we have

cii(Z—2 ki+k;
(OO ) = e (4.20)
with
cij = nl{(Pi(2k) Pj(2))p (4.21)

Using the above formulas, it is easy to check that primary operators with different di-
mensions are orthogonal, as they must be. Further, we also see that although our ring of
primaries is a basis, the operators in the basis are not orthogonal.
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4.2 Extremal primaries

The above construction is easily extended to the other classes of extremal primaries we have
counted. The leading left or right twist class is provided by polynomials in two holomorphic
coordinates, z and w. Consider polynomials of degree k in Z and of degree [ in W, with
Z,W the hook variables transforming in the hook representation Vi of .S, described by
a Young diagram with row lengths [n — 1,1]. These polynomials belong to a subspace of
Vg ke Vg’l of S,,. To characterize this subspace using representation theory, start with the
decompositions in terms of S,, x S irreps

k n S, Com(Sn xS
Vﬁ? - @ V/EI )® V/£2k) ®VA1,A2( )
Arkn,Aokk
vil= @ v e v eyt (4.22)
Aszbn,AqHl

Com(S,, x Si) is the algebra of linear operators on Vlﬁ?k which commute with S, X Si. The
tensor product ng ® Vgl is a representation of

C(Sp) ® C(Sk) ® C(S,) ® C(S)) (4.23)

These decompositions (4.22) have been studied in detail in [15] where they were used to
construct BPS states of N/ = 4 SYM. In the application we consider here, the Z and W
variables are commuting which implies that they are in the trivial rep Ao ® Ay = [k] ® [I]
of S x S;. The multiplicity with which a given S, x Sk irrep (A1, A2) appears is given by
the dimension of the irrep of the commutants Com(S,, x S;) in Vﬁ?k. We want to project
to states in V7% ® V5" which are invariant under the diagonal C(S,,) in the algebra (4.23).
This constrains A3 = A;. Thus we find that the number of S, x S; x S, invariants is

> Mult(Aq, [k]; Sp x Sp) Mult(Ay, [I]; Sn x S)) (4.24)
AiFn

The generating functions for these multiplicities have been derived in [15].

Mult(Ay, [k]; Sn x Sk) is the coefficient of ¢* in

Zon(a ) = =0 o= [ 5=y
b

=Y " Zu(A) (4.25)
K

Here ¢; is the length of the ¢’th column in A;, b runs over boxes in the Young diagram A;
and hy is the hook length of the box b. Thus, for the number of primaries constructed from
2, W; we get

Z ZEn (M) Za (A1) (4.26)
Aibn

The above integer gives the number of primaries in the free scalar theory, of weight n+k+1,
with spin (J£, JI) = (&, 51). For the generating function Z;" (s, x,y) which encodes
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all k,1, we have

Z7"(s,x,y) = s" Y Zsu(sy/ay, M) Zsu <s\/§,A1> (4.27)

Aibn

where A is a partition of n and we can use the formula 4.25.

We can in fact see that the above discussion is consistent with the Taylor expansion
formula (3.43). We can recognise this formula as Tr(Pj,ja™0b™) where the trace is being
taken in

o0

P sym* (Vi) (4.28)
k,1=0

which can be identified with a tensor product of discrete irreps of SL(2), which we may
denote as VS‘%&) ® VS%?Q): one factor corresponds to the z variables and another to the w
variables. Py, is the projector for the symmetric irrep of Sy,. Factor out the trace into the
separate SL(2) factors to get (see (3.39))

1 8”FQ - LO LO
m 875” -0 = TI‘(P[TL]CL b )
= Y Tr(Py,a™)Tr(Py,b™) (4.29)
AiFn
Note also that
1
——Zgsu(a, A) = Tr (Pya™) (4.30)

(1—a)

which follows by recognising that the raising operators of the SL(2) representation on
z1 -+ zp can be separated into a weight one centre of mass coordinate and the differences
which span the hook representation of S,,. This demonstrates the equivalence between the
Taylor expansion formula (3.43) and the S, x Sk xS; formula (4.27). It is important to note
that this is a non-trivial equivalence: both formulae are self-contained ways of calculating
the multiplicities.

We have thus re-expressed our earlier Taylor expansion in a way that makes the repre-
sentation theory content of the counting manifest. This structure in the counting problem
can be used to provide an explicit construction formula. First we need to decompose the
Z and W polynomials into definite .S, irreps. The projector onto irrep r from the tensor
product of k copies of the hook is

P =S xe(o)Ti(o) (4.31)
" oEeS,

We also need the projection onto the symmetric irrep

1
PR — o > Tepi(o) (4.32)
’ UESn
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Using these two projectors, the polynomials corresponding to primaries constructed using
two holomorphic variables are now given by

> Pa(z,w)at = PEHY "(Prtx prk) z@k e (4.33)
A rkn
where 74 are unit vectors inside the carrier space of #2 **! and P, (2, w) are the polynomials

we want. In fact, the construction formula given in (4.33) constructs a larger class of
polynomials than those counted in (3.37). This is because the polynomials counted in (3.37)
are extremal and hence they are annihilated by J f. We will return to this point in the
discussion below.

The construction formula that has been sketched above can easily be implemented
numerically. To implement (4.33), we need the projector onto irrep r in the space obtained
by taking the tensor product of k copies of the hook

1 Z
Pz;l---ak,by--bk = E XT(U)Fk(G)a1a2~~-ak,b1b2~--bk (434)
) O'ESn

and we need the projection onto the symmetric irrep

1
Payeoap iy = — ; Tk(0)ayan bybn (4.35)
g n

We find that (4.33) is now given by

E : ~ A _ r g
PA(Z7 w)n61---€k+l - P61"'€k+l7a1'“ak01“'CzPa1--~ak,b1~~-kacl-~~cl,d1-~~dl
A

w701 . 7)) | py(d)

=P,

€1 €kt

where 74 are unit vectors and P4(,wz) are the polynomials we want. To start, consider

k=1=1. We find

]36162 = (—ws(z1 + 22 — 223) + w1(221 — 22 — 23) — wa(z1 — 222 + 23)) (4.36)

= o O =

so that the invariant polynomial is
P(z,w) = —ws(z1 + 22 — 223) + w1 (221 — 22 — 23) — wa(z1 — 222 + 23) (4.37)

This polynomial is not extremal, which is easily verified by computing

0 P(z,w) = (21 — 22)° + (21 — 23)° + (22 — 23)° (4.38)

_JEp — .
+ (va) Zi w;

so that this is another state in the multiplet of the k£ = 2 primary we built in the last section.
To focus on the extremal polynomials counted in (3.37) we must implement the con-
straint that these polynomials are annihilated by Jf. Towards this end, note that the
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polynomials in Z, W carry a representation of SU(2)g, so that we can further decompose
the polynomials according to their SU(2) g quantum numbers. Z, W form an SU(2) doublet
with Z the +% state and W the —% state. There is an action of Si,; on these polynomials
that commutes with SU(2)g. This Sk4; action acts to permute the W@ and Z®) factors.
Denote the matrix representing o € Sk1; by I'(0). This rep is generated by the adjacent
permutations which are easy to build. Towards this end, note that swapping two factors
in the tensor product is accomplished by the permutation P which obeys Pr®y = y ® x,
i.e. we have

T1Y1 T1Y1 1000
plowe| _ || L, _ 0010 (4.39)
T2y T1Y2 0100
T2Y2 T2Y2 0001
Using the adjacent permutations we can construct any I'(¢) and then any projector
1
Kt = o)l'(o 4.40
G 2 X)) (4.40)
G'GSk+l

with xr(o) a symmetric group character. The label R is a Young diagram with at most 2
rows. The spin of the SU(2) irrep that K% projects to is given by (R; — Ry)/2 where Ry
and Ry are the lengths of the rows of R. As an example, consider kK = 2 = [. The rep of
S4 we need is generated by (1 is the 2 x 2 identity)

r(12)=Po1el I(23)=10P®1 TI((34))=101aP  (4.41)

2

To construct the primary corresponding to s’z we need to project on the SU(2)py irrep

with spin zero. This is accomplished by using the projector

1
K(Blalagaga4,blbgb3b4 = E Z XEE(U)F(J«IC’«2043a4yblb2b3b4 (U) (442)
T oeSy

It is simple to compute

Swe O O O

WD W

2 (4.43)

o O

Ko apasanbibabsbs Porbabsbs = (w1(22 — 23) 4+ wa(z3 — 21) + wa(z1 — 22))

wWlNoW(N

S O OSOww O
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Thus the invariant polynomial is
P(z,w) = (wy(z2 — 23) + wolz3 — 21) + w3(z1 — 22))? (4.44)

By inspection it is obvious that this polynomial obeys the conditions (2.25) and further
that it is a highest weight of SU(2)g, i.e. JfP(z,w) = 0. The above polynomial suggests
a natural generalization: consider the family of polynomials indexed by the integer n

v, = (w<3>(5<2> —20) L@z Z 53y 4y () 5(2>))2" (4.45)

It is obvious that they also obey (2.25) and hence that these polynomials do correspond to
primary operators. It is also clear that they are extremal, i.e. J.W¥,, = 0. These primaries
have spin [2n, 0] and dimension A = 3 + 4n. The translation into the free field language is

2n 2n—r r s 2n—r—s 2n)( 1)t+u+v

[%ngn% ZZZZ Z r—t't's—u)'J(2n—r—s—v)'U'X

r=0 s=0 t=0u=0 v=0

X(P2T S PLFSUG) (P P 6) (P PRV —5V6) - (4.46)

The polynomials we have constructed in (4.33) obey all of the conditions spelled out
n (2.25). In fact, they again obey an even stronger linear condition

0.1 P(Z,%) = 0 = D1 P(Z, W) (4.47)

which imply the Laplacian constraint. As a result, taking all possible values of k, [ we find
that the polynomials P4(z,w) are again a finitely generated polynomial ring. This is a
consequence of the Leibnitz rule for the derivatives of a product of functions. The ring of
polynomials that correspond to extremal primaries is the polynomial ring of holomorphic
functions for

(C*)™/(C? x Sy) (4.48)

In (3.46), we have computed the Hilbert series for the polynomials in two holomorphic
variables, that correspond to extremal primary operators built using two scalar fields. Using
generalities about Hilbert series for algebraic varieties (see [17, 18] for applications in the
context of moduli spaces of SUSY gauge theories), we know that if the ring is generated
by h homogeneous elements of positive degrees di,--- ,dp, then the Hilbert series is a
rational fraction

_ Q(t)
HS(t) = AR (4.49)

where @ is a polynomial with integer coefficients. Thus, we see from (3.46) that for n = 3
the polynomials P4(z,w) are a finitely generated polynomial ring with 4 generators and one
relation and that this space of polynomials is a complete intersection and it is 3 dimensional.
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Using this Hilbert series and the explicit constructions described above, we can identify
the generators (z;; = 2z — zj)

G1 = (212)* + (213)? + (223)° < 2wy
Gy = (213 + 223)(231 + 221)(212 + Z32) VRGPS aj3y3
2
w1 W2 W3
Ga = o ghg?
3 21 %2 Z3 st (4.50)
1 1 1
z% Z% Z% w1 w2 w3 .,
Ga= |21 290 23| X |21 22 23 & sor2y2
111 1 1 1

of this ring. Consider the last generator above: either of the determinants being multiplied
is antisymmetric under permuting 1,2 or 1,3 or 2, 3 so that the product is symmetric. The
relation obeyed by these generators is easily identified

27 (G4)? + G ((02)2 - ;(G1)3> =0 (4.51)

Once again the ring structure exhibited by the polynomials implies a genuinely new struc-
ture for the extremal primary operators that was not previously recognized. The Hilbert
series in more complicated situations encodes detailed information about the generators of
the ring, relations between these generators, relations between the relations and so on. An
example of this structure is given in appendix C.

The Hilbert series we have computed so far exhibit a palindromic property of the
numerators. This can be verified for Z5™ (s, z,y) and Z;™ (s, z,y). A general property of
the numerators

D

Qn(s,z,y) = Zak(:c,y)sk (4.52)

k=0

is that ap_g(z,y) = ag(z,y). A theorem due to Stanley [19] suggests that this palindromic
property of the numerators implies the Calabi-Yau property of the underlying orbifolds.
It is fascinating that non-trivial properties of the combinatorics of primary fields in four
dimensional scalar field theory is related to the geometry of Calabi-Yau orbifolds (4.48).
Motivated by this connection, we will prove this palindromic property of the numerators
in the next section.

To obtain G (s, x,y) from Z;" (s, x,y), we have kept only the highest weight operator
(under SU(2)) from a complete spin multiplet of primary operators. Geometrically, this
can be viewed as modding out by the action of G, generated by the SU(2) raising operator
JT, i.e. G4 is the unipotent group of upper triangular 2 x 2 matrices with 1 on the diagonal.
Consequently, the Hilbert series Gy, (s, x,y) is the polynomial ring of functions for

)"
(C2 x Gy x Sp)

(4.53)
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4.3 Palindromy properties

The palindromic property of the Hilbert series can be stated as follows

Z2(qr 6 ) = (@) 22 (@1, ¢o) (4.54)

In this section we will prove that our Hilbert series Z;;""'(q1, g2) do indeed enjoy this trans-
formation property.
Our starting point is the formula

Z7(qrq2) = 8"y Zsu(qr, ) Zsu(ga, A) (4.55)
AbFn

where q1 = $,/7y,q2 = s\/x/y. This has the property Z,"(q1,q2) = Z7"(g2,q1). The
exchange of ¢, g2 amounts to the inversion of y. Now, observe that

ZSH(q_l, A) = (—q)n_IZSH(q, AT) (4.56)

This is easily demonstrated using the explicit formula (4.25) and the identity

Zhb = % <ZCi(Ci+1)+ZH(7’i+1)) —-n
b i

-2 (Z - ng) (4.57)

Here ¢; is the length of the i’th column and 7; is the length of the i’th row. Also note that
the row lengths of A7 are the column lengths of A and vice versa. The identity can be
understood as follows. As we sum over hook lengths, for each column of length ¢; we have
a contribution to the sum of 1 + 2+ --- 4+ ¢; as we start from the bottom and go up to the
top. For each row, we can similarly sum 14 2--- 4 r;, but this over counts 1 for each box.
Hence the identity. Using this result

Z7 (g ) = M) Y Zsa(a, AT) Zsu(ge, AT)
AbFn

= s"(q1g2)" " Y Zsu(q1, ) Zsu (g2, A)
AFn

= (192)" ' 27" (q1, 2) (4.58)

In the last step, we used the fact that transposition is a symmetry of the set of Young
diagrams. Summing over A7 is the same as summing over A.
The Hilbert series G5, (s, x,y) also exhibit the palindromy property. We know

Zﬁ’w(s_l,a:_l,y_l) = 52”_2x”_lZfL’w(s,x,y) (4.59)
Also (CCW for counterclockwise and CW for clockwise)

1 1 1
G =_— dz (1—-= ) Z2v 2 4.60
) = g e (1) e ) = (4.60)
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We will study /yG7" (s, x,y) which can be written in two equivalent ways

1 1 VY
G&Y = — dz (1— = ) Z2v )V
\/g n (vaay) 270 cow Z< zg) n (373372 )z—\/ﬂ
1 1 z
= dz (11— =) Zz2v 2 4.61
2mi Joow Z< Z2> " (873372)2—\@ (4.61)

Both of the representations will be needed below. Now, study

1
1 1 o
Gz,w(sfljxfl,yfl) - = ) dz <1 _ 2,2) Zz’w(sil,xil, 22) VY

211 z—

—_
=
<

1 1
= — d 1—— ) Z7v R ) P 4.62
=3 3 ( ) ) g (46

Now change integration variables from z to w = % to find
1 1 dw

ﬁGf;“’(s*l,fl,y*l) = "5 Doy w2 (1—w?) Z2"(s a2t w™?)

w

VY —w

2n—2,.n—1 1
= H% dw (1 — 2) Zfl’w(s,a:,w)L
271 CCW w w — \/g
= 32”’2x”71\/§Gi’w(5,1‘,y) (4.63)

4.4  Gorenstein, Calabi-Yau and top-forms

In this section we would like to return to the issue of the Calabi-Yau property for the per-
mutation orbifolds relevant for the combinatorics of the primaries. Stanley’s theorem [19]
tells us that a Cohen Macauly ring that is an integral domain and has a palindromic Hilbert
series, is a Gorenstein ring. Further, since our rings are defined over an affine space the
canonical bundle in this case is trivial, establishing the Calabi-Yau property. According
to [29], the rings that we consider are Cohen Macaulay because they are the quotient of a
Noetherian ring (C2?)*/C? by a reductive group S,. However, in general, the relevant rings
are not an integral domain. It is therefore not clear that we can apply Stanley’s theorem
to conclude that our permutation orbifolds are Calabi-Yau.

An alternative approach to demonstrating the Calabi-Yau property, is to construct a
nowhere vanishing top form. To motivate the general formula, it is useful to start with
some simple cases. For n = 2 the top form

Q(n_l)(dz) = dzlg = dzl — dZQ (4.64)

is clearly a translation invariant form on C? so it is clearly a top form on the quotient
C2/C. It is odd under Ss. For n = 3, a translation invariant, S,-odd top form is given by

Q(n_l)(dz) =dz19 Ndzoz = dzy Ndzog — dz1 Ndzg + dzo A dzs (4.65)
For general n, we have

Q(n_l) (dz) = d2,’12 A dZQg VANRERIVAN dznfl,n

= Iy dn Ado A Adzy (4.66)
k=1
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The operator Iy, removes the dzj in the n-form and leaves an (n — 1)-form, with a sign
(—1)k_1. In terms of these, the top forms for the orbifolds relevant for the extremal primary
problem are

Q= (dz) A QY (dw) (4.67)

5 Vector model primaries: symmetry breaking Ss, — S,[S:]

Up to now we have considered a single real scalar field. However, the methods we have
developed readily apply in more general settings. For applications to holography [30], it is
natural to consider the free gauged O(N) vector model, conjectured to be dual to higher
spin gravity [31]. The scalar field is now an O(N) vector and primaries must be O(N)
gauge invariants. In this section we will explain how the techniques we have developed
in this article apply to the counting and construction of primaries in the gauged O(N)
vector model.

To obtain a gauge invariant, all vector indices must be contracted. Thus, to construct
a primary, we now distribute the derivatives among

¢n91n0L01, " ¢1,91, (5.1)

where the vector indices I, are summed from 1 to N. We no longer have an Sy, symmetry
acting to swap the bosonic fields. The symmetry is broken to a smaller group which can
swap the fields in a given contracted pair, or it can swap the pairs. This symmetry group
is the wreath product S,[S2]. Thus, we don’t want to project V+®2" onto the trivial of Sa,
(i.e. Sym(V?2™)), we rather want to project onto the trivial of Sy,[Ss]. We will restrict
attention to the case where 2n < N. This avoids subtleties due to finite N relations,
associated with the stringy exclusion principle in the context of matrix invariants. These
can be dealt with using a Young diagram basis, which is left for a future discussion.

We know the character for the fundamental representation V. of SO(4,2). To repeat
the analysis we carried out for the free scalar, we need the character for the tensor product
of 2n fields, after projecting to the trivial of S,,[S2]. This gives

1
XHn (37 T, y) = onp) Z Try@zn (UM@ZTL) (52)
) oESR[S2]

where M is again given by Py y‘]?lr2 . This is equal to

X (ssw,y) = Y 2 [T(meMiyp = 37z T (me%)m (5.3)

pH2n =1 pH2n =1

where m, are the eigenvalues of M and Z;,g n[S2]

is the cycle index, which gives the number
of permutations in S, [Ss] with cycle structure specified by p;. The generating function for

these cycle indices is known (see e.g. [35]) and can be used to find the following generating
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function for the characters

o0

1 1
D Ty, (M) = 1:[ Wepmrr 11

o arb — tmgmyp)

(5.4)

1
— 1;[ 1. tmg !;[b (1 — tmamb)

We can now argue as we did in section 3. Using the known eigenvalues of M, the general-
ization of (3.7) is given by

~ 3 4
IR -
|- 1 ts2q+2$2ay2b
Q—Oa—f%bzfg V/
q2 q2

2
1
" H HQQ n H (1 — tS(I1+q2+2xa1+a2ybl+b2) (55)
5 =

2 (q1,01,b1)<(g2,a2,b2)

This can be simplified further. We can order the triples (g, a,b) as follows: the inequality
(q1,a1,b1) < (q2,a2,b2) means: q1 < g2 or q1 = q2, a1 < ag, or q1 = G2,a1 = az,b; < ba.
Alternatively, we can write

o 4 3 :
Zoew =11 1T 11
q=0q=—2 b=—1 \/(1 ts2at2p2ay20)
a2 a2 a1 91

ﬁ ! (5.6)
T \/(1 — tshitat2gaitazgbit+bz)

We can now define the generating function (here we take n > 1 to avoid complications with
null states)

O(N O(N g2ntd g1 y,d2
G2n (8,2,9) Z Z [2n+dj1.52) ® Ty (5.7)
d=0 j1,j2

which is given by

GOM) (s, ,y)) = [(1 _ i) (1 _ ;)Zgn(s,x,y)] (5.8)

where )
Zom (8,2, y) = Xt (8,2, 9)(1 — sy/zy) (1 —~ s\/§> <1 - s\/@ (1 _ \/‘}y)
= i 2N [(2)15]121,]-142152“%1 (@)X (y) (5.9)

d=0 j1,j2

~ 31—



For n = 1 we need to subtract out the null states that are present since the primaries being
counted include conserved higher spin currents.

We can again specialize to the counting of extremal primaries. For example, the leading

O(N),max(

twist primaries are counted by G, s,x,y) where

Zt"GO(N) (s, 2, 7) Zt” — erf )max(s,x,y) (5.10)

n=0
00 oo
O(N)Jnax
X (s,z,y)t

1
n H \/1 t32q+2$q q H ater ate
n=0 Y q102=0 \/1 — tsntet2y 7 Y

(5.11)

It is now straightforward to obtain the Hilbert series for leading twist primaries built using
4 fields

84(1 _ 86.’153y3)
(1 — s2ay)2(1 — sP2y?)(1 — sta2y?)

G (s 1, y) = (5.12)

This shows that there are 4 generators and a single relation, that this space of operators
is a complete intersection and it is 3 dimensional. In a similar way we have

5.2.y) = $S(1 — /Ty + sS22ys — sTawsys + s222y2 — s1025P) (5.13)
9 I - \VJ-
(1 - sy/@g)(1 — s2ay)2(1 — sw2y2)(1 — stay2)(1 — sz3y3)

The Hilbert series for these primaries are again palindromic. For the case of one-complex

Gé)(N),max(

variable that we are discussing, we have

Gon ™ (q) = 52 N Zsu(q, A) (5.14)

AF2n
Aeven

Using this formula and (4.56) we find

BN = 3zl

AF2n
Aeven

= ="' > Zsu(g, AT)

AF2n
Aeven

— _(q)Qn—lGO(N),max(q) (515)
This demonstrates the palindromy property for the Hilbert series associated to the orbifold
(C)*"/(C x 5,[S2]) (5.16)

Now consider the two complex variable case.

o0

Z(s,x,y) = H L =

— 2g+2 99,9 q1tas  qa1+as
q=0 V-t sy q1,42=0 \/1 — ¢ 5Ot Ty

[e.9]

= Zt” (s,z,y) (5.17)
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it is natural to consider the generating functions

x ZW
ﬁWwwWhﬂ—w@“”ﬁ%m@wﬂ (5.18)
and
Y >

A straightforward computation gives

Z40(N)72w<3,$,y) _ g(S T y)
(1_s\f) (1 —s/Ty) (1+s\[) (1+5y/@)2(1+ s22)(1 + s2ay)
(5.20)
where
= s4(1— (s + 8322 + P27 + 8723 1
o(s.7,y) = Q(¢+— LN (@+ﬁ>

1
(882 + s12? + 25%2 4 25523) + (s'2? + 2z + Oz )(y +1+ >) (5.21)
Y

This result can be recovered by using the generating function

S (©

A1,A2

(s A1, Ag) + O, Al,AQ))ZSH(Al,s\ﬁ)ZSH<A2, \E) (5.22)

Recall that

Zsu(A,q) = (1—-q)q (5.23)

; cilei— /2H 1_qhb

Formula (5.22) is a consequence of the fact that an irrep A of Sa, contains the trivial of
Sy [S2] with multiplicity 1. For the example given above, using the fact that the non-zero

terms are
C(E‘Ea Ala A2) 1,A2
C (e, 8, 8) = C(B, om, B) =
C(m,m,m) = C(@jﬁjaa)—l
CH e m = CEHm =1
Cmm) = C(EHEBH)—l
Clsa) = (5.24)
we obtain complete agreement between (5.20) and (5.22). The geometries associated to
Z%N)’Zw(s,x,y) are
((CQ)ZTL
—_— 2
(C x Su[Sa]) (5.25)
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and, after we impose the G4 condition, the geometries for GS,SN)’ZW(S, x,y) are
(C2)2n
_ 5.26
(G SulSa) (520

G4 is the unipotent group of upper triangular 2 x 2 matrices with 1 on the diagonal. For
the 2-complex variables case, we have the Hilbert series

ZPW gy, q0) = 87 Y Y C(A1, Ag, M) Zgu(q1, M) Zsulge, Az)  (5.27)

A1,A2F2n AF2n
Aeven

where C'(R,S,T) is the Kronecker coefficient giving the number of S,, invariants in the
tensor product of three irreps R, S, T of S,,. Applying the inversion

O(N),zw, — n _ _
ZgM gy = s Y O Mg, A) Zsu(ar ' M) Zsu(ay b Az)

A1,A2F2n AF2n
Aeven

= ") > D C(Ar, Ay, M) Zsu(qr, AT) Zsn(ga, AS)
A1,A2F2n //\\)—271

even

= ") Y D C(AT, AT, A) Zsu(qr, M) Zsu(g2, As)

A1,A2H2n AF2n
Aeven

= "(qg)®™ > D C(Ar, A, A) Zsu(qr, M) Zsu(gz, A2)
A1,A2F2n //\\)—Zn

even

= (q1q2)" 1 200 (q1, go) (5.28)

In going from the second to third line, we renamed A; — AT, Ay — AT In going from the
third to fourth line, we used an invariance of the Kronecker multiplicity

C(A1, Ay, A) = C(AT AT A) (5.29)
which follows from
C(As, Az A) = o D X (0)xan(0)xalo) (5.30)
'UGSQn
and
xar (o) = (=1)7xa (o) (5.31)

where (—1)7 is the parity of 0. The formula (5.28) demonstrates that the palindromy
property of the Hilbert series for the counting of vector model primaries.

6 Matrix model primaries

Another interesting generalization of the single real scalar field, is to a matrix scalar. We
gauge the free theory. The net effect is that we look for primary operators with all indices
contracted. There are many ways that the indices can be contracted, corresponding to the
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different possible multitrace structures that can be written down. Thus, generalizing to
the matrix scalar introduces an interesting non-trivial structure to the problem.

The large N counting of gauge invariant functions of a single matrix, is achieved by
integrating [32]

Z(x) = / U Ut T (1 : D) (6.1)
— X
=1

For multi-matrices, the large N counting is [32]

> (Z“ a)(trU (U A

Z(x;) = [ dUe =l —=— (6.2)
z:l 1 - 1 ! )
where M is the number of matrices in the model. Specializing to the 2-matrix case, this is
b 1

Z =||l— 6.3
R G (63)

For the matrix scalar, we have matrix fields

[ denotes a symmetric traceless irrep of SO(4) and m runs over the states in this irrep.
There are known methods that can be used to write diagonal bases for the local operators
of this theory [15, 33]. For the large N counting of gauge invariants built from derivatives
of a single matrix, we have [34]

s Dy )l iy s

[ee] 2
Z(t,s,x,y) = /dUeE =1 22020 Xy b= -3 ‘ (6.5)
Note that this can also be written as
Z(t,s,1,y) = /dUerol EX (5 U e (U1 (6.6)

By repeating steps similar to the ones we did for the integral encountered in case of multi-
matrices, we get

00
2t =] (6.7)
i:l Zq 0 Z tzsz—i-qzajmqyzbq)

aqv q=

To simplify this further, we will derive an identity quoted in [32]. The state space of a
single scalar V, is obtained by acting on the ground state with products of the operators
P,. This is a 4D irrep of SO(4) = SU(2) x SU(2) with spins (1/2,1/2). The equation of
motion says that P, P, acting on the ground state is zero. An immediate consequence is
that the independent states in V. generated by ¢ copies of P transform as the symmetric
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traceless irrep of SO(4), corresponding to the Young diagram with a single row of length
g. This irrep of SO(4) is the (¢/2,q/2) irrep of SU(2) x SU(2). It immediately follows that

Xv, (8, 2,y) =trv+(sDx‘]Ly )

= SZSqu/2 Xq/2( )

q/2

0 Q/2
:squ Z x% Z yba (6.8)
q=0

ag=—q/2 bg=—q/2

This character was used above in (6.5) and (6.6). The state space obtained by acting with
all the P,’s, without setting P, P, = 0 has character

Xy, (s,2,y) = try, sPalty SZZS PsTxq/2(®)Xq2(y) (6.9)
p=0 ¢q=0

The p summation is over the number of powers of P2. A basis in f@ can be given by
multiplying powers of P? with traceless products. Doing the sum over p, we find
xp, (5 2.9) = (1 — ) e (5,2,9) (6.10)
so that
(s 2.y) = (- )5 g, (5,2.9) (6.11)
Now by thinking about Y~/+ as isomorphic to the Fock space generated by four oscillators

P, (which transform in the (1/2,1/2) of SU(2) x SU(2)) it is evident that

s
X‘7+(5,937y) = =sP(s,z,y) (6.12)

(1= sy@m)(1 -, /[)(1 = s/ yam)(1 - 5,/1)

and so we find

00 q/2 q/2

xv+(s,z,9) = (1 — s*)P(s, z,y) —squ Z x® Z yba (6.13)

=0 ag=-q/2  bg=—q/2

Thus, we have the identity

DT> o)
Sq x ybq = (614)
S wmar (= sy -y [0 - s/ Em) (L - sy /1)
Using this identity, we can now rewrite (6.7) as
-1
Z(S,l‘,y):H 1+ (S) (.S ° )
i=1 (l—si\/x"yi)(l—si\/%)(l y—l J(1 = st/\/xiyt)
= (s, 2,y) (6.15)
n=0
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As we did above, we can define two primary generating functions as follows

(s,2,y) ZZ A, ]1,]2]5 le( )ij(y)

A 1,52

= Xu(s,2,9)(1 — 5/7Y) (1 - s\/j) (1 —s i) (1 - ¢%> (6.16)

and
Gu(s,z,) = > Y M [Ah sy
A j1,2
=Y (1=Y zus,2,0) (6.17)
= - = - - s, .
T y n ) 7y Z
Here J\/[ Aj1ja] COUNES the number of primaries of dimension A and spins (j1,j2) that can

be constructed using n matrix fields. We can again specialize the counting to counting
leading twist primaries, or to count extremal primaries. The relevant generating function
for the counting of extremal primaries is given by

Z(s,my) = 5 ZZSH(S\/QT,Al)ZSH(s\/j,AQ)C(Al,AQ,A)C(R,R,A)

A1,A2Fn RAFn
(6.18)

This follows from the general counting of matrix gauge invariants in the case where the
matrices X, transform under some global symmetry group G, given in [15]. The resulting
Hilbert series, for n = 3, is

$3Y (s, z,y)
(1 s\/>) (1+3\F)(—1+s\/37y)2(1+3\/@)<32%+s\/%+1>(1+s\/@+32my)

1 1
Y(s,z,y) =3+ 35523 + (sv/z + 85.56%) (\/gj + \/§> + (s%z + s'z?) (y +5+ y>

Zw
Z3

et (L4 2
Y2 \/:'7

This counts the total number of primaries we can build from 3 matrix fields. We can refine

+5\/ﬂ+y§) (6.19)

this counting by specifying the trace structure. Schematically, the primaries we study have
the form

O=> cqimdll Ol OROT2¢R  Onomse:s (6.20)

to(1) 72 lo(2) %3 io(3) 2R =2, Wp=w

i.e. they are specified by allowing derivatives to act on some gauge invariant operator
specified by the permutation o € S,,. After we translate to the polynomial language,
primaries are specified by polynomials in n variables z; and w;, as well as by the trace
structure, i.e. they are functions on the space
)"
C2

X Sy, (6.21)
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These functions have to be invariant under an action of v € .S,

v (wr,zg,0) = (wV(I),zW(I)m_lav) vy ES, (6.22)
Modding out by this symmetry we find the primaries are functions on the space

((C2)" x Sn)
(C2 x Sp)

We can also obtain a description by fixing a specific permutation, and then dividing by

(6.23)

those permutations v that fix . Lets work out this description for n = 3. For primaries
obtained by acting with derivatives on Tr(¢)3, o = (1)(2)(3) which is left invariant by
~v € S3. Thus, we need to consider
(C*)?
((C2 X Sg)
We need to project to the trivial of S3 and hence

T
Z(Zrqu;(b)?, = SBZZSH(S\/?, A)ZSH <8\/;,A>

AF3

(6.24)

53 (1 + 5% + 522 + 503 4 $3a2 (ﬁ + \/@))
(1= sy/@9)2(1 + sy/aY)(—1 + s/z9)2(1 + 5,/77) <s2§ i 8\/% n 1) (1 + sy/7y + s2ay)
(6.25)

For primaries obtained by acting with derivatives on (Tr¢?)Tr(¢), we can choose o =
(12)(3) which is left invariant by Sz x S1. Thus, we need to consider

()’
((C2 X SQ X Sl)

where S contains permutations of (z1,w;) and (z2,ws). Thus, we need to project to the

(6.26)

trivial (m,0) of the Sy x Sy subgroup. This representation is subduced once by = and once
by . Thus

x T
Ty 62)Tr (¢) = s® Zsu (sy/2y, (10) Zsn (3\/;,1333) +25° Zgw(sv/zy, ) Zsu <s\/;,53>

453 Zs (s@, ﬁ)ZSH <s\/§ ﬁ) + % Zsu(s /7Y, 0T0) Zsn <s\/§,Hj)

+8% Zsu(svzy, F7) Zsn (sﬁ,m) + 5° Zsu(sy/zy, 1) Zsu <S\/§ﬂ>

+5° Zsn (8\/@7 E >ZSH <3\/§’ Bj)

_ s*(1 + s°) (6.27)
(1= sy/@Y)2(1 + sy/@y) (=1 + s,/xY)*(1 + s,/7Y) '

For primaries obtained by acting with derivatives on Tr(¢%), we can take o = (123) which

is left invariant by Z3. Thus, need to consider
(c?)?

CEVA) (6.28)

— 38 —



where Z3 is the group comprising {1, (123), (132)}. We need to project to the trivial of Zs.

The trivial of Z3 is subduced once by 111 and once by 0. Thus

Z3 gy = 8°Zsn(sy/Ty,000) Zsn <s\/§ m) + 25% Zsu (s\/zy, ) Zsn <s\/§,53>
453 Zsn (8\/@, H )ZSH <s\/§ ﬁ) + 63 Zgn(s\/Zy, TT) Zsw (s\/j , @)
+5% Zsn <s\/g?y, @) Zsu (s\/j : m:)

3<1+s4 2—(s\/f+s3x%)(i+\f)+s2x(l+3+y))

- (6.29)
(1—8[) (1 —sy/Ty 823‘"—}-5\/7—}-1 (1 + s,/ZY + s2zy)
Note that
25" = Ziv gy + 2y g2y (¢) T L (%) (6.30)

as it must be. The permutation quotient geometry which includes all trace structures is

()" x S,

@5 (6.31)

This has an SU(2) action. We can again look at functions which are annihilated by J;.
Let G+ be the subalgebra of GL(2,C) generated by J,. The Hilbert series in this case is
GZ"”. The algebra of functions annihilated by J4 corresponds to functions on

(CH" x S,
(C2 xS, xGy)

(6.32)

It is again possible to establish the palindromic property for the Hilbert series relevant for
the matrix case. In the matrix case, we have the counting function

Zi%(aq1,q2) = 8" ) Y C(A1, g, A)C(R, R, A) Zsni(a1, A1) Zsui (g2, Aa) - (6.33)
A1,A2kn RFn

1

The symmetry under g; <> g9, equivalently x — x,y — y~* is clear. Now apply inversion

Z7(g ) = 8" Y D C(A1, Ay, A)C(R, R A) Zsu(qy ', M) Zsu(ay s Ag)

A1,AoFn Rbn

= s"(q1g)"" > Y C(A1, Ay, A)C(R, R, A) Zsu(q1, AT ) Zsu (g2, AT)
Al,AQFn RFn

=s"(qg)"" > Y C(AT, AT, NC(R, R, A) Zsu(q1, M) Zsn(ga, A2)
Al,AQFn RFn

= s"(q1g)"" > Y C(A1, Ay, A)C(R, R, A) Zsu(q1, A1) Zsu(ga, As)
A1,AoFn RFn

= (@) 22 (a1, 42) (6.34)
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7 Summary and outlook

We mapped the algebraic problem of constructing primary fields in the quantum field
theory of a free scalar field ¢ in four dimensions to one of finding polynomial functions
on (R*)™ subject to constraints involving Laplace’s equation on each factor, a condition
of invariance under translations by the diagonal R* and an S,, symmetry related to the
bosonic statistics of the elementary field (2.25). By considering holomophic solutions to the
Laplacian conditions, we mapped the primary fields to functions on the complex orbifold

(C*)"/(C? x S,) (7.1)

We showed that this space has a palindromic Hilbert series and is Calabi-Yau. We gener-
alized the discussion to the quantum field theory of free vector fields ¢(x) in the large N
limit and found that the orbifold

(C*)*"/(C? x 8u[Sa]) (7.2)

plays an analogous role. We established the palindromy property. We then considered the
free matrix scalar in four dimensions ¢} (z) again in the large N limit. The orbifold is now

(CH™ x 8,)/(C% x S,). (7.3)

We established the palindromy of the Hilbert series.

In this paper we have focused on the explicit construction of extremal primary fields.
However, the formulation of the problem of constructing general primary fields given
in (2.25), as a system of equations for harmonic polynomal functions on (R*)", should
be useful beyond the extremal sector. In this more general case, we have to include non-
holomorphic solutions to the harmonic constraints - solving this simultaneously with the
symmetry and translation constraints proves surprisingly tricky. In this case, we do not
expect the ring structure of the extremal primaries to survive. Our preliminary investi-
gations indicate that this most general problem has a graph-theoretic formulation, which
will be interesting to exploit. At the level of counting these primaries, we still have the full
expressions for the so(4,2) characters of Sym™(V,) which, once expanded in terms of irre-
ducible representations, will in principle yield the counting for the general case. However
finding explicit expressions analogous to (3.46) or (3.50) looks challenging. It would very
interesting to explore the possible application of the higher spin symmetries and twistor
space variables of [36, 37] in shedding light on this problem. It is interesting to note that
symmetric group representation theoretic questions close to (but not identical) to the ones
we have used have played a role in the discussion of higher spin symmetries in [20]. Some
recent mathematical results on these symmetric group multiplicities are in [38].

A number of immediate generalizations of the current work are: free fermions, gauge
fields, the free limit of QCD and supersymmetric theories. Some of the early constructions
of primary fields — in the SL(2) sector which is a special case of the extremal operators we
considered — were done in the context of deep inelastic scattering in QCD (see for exam-
ple the review [39]). It will be fascinating to explore QCD applications of the holomorphic
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primaries considered here. The explicit enumeration and construction of superconformal
primary fields in N = 4 SYM will give a better understanding of the dual AdS5 x S® back-
ground. While the map between branes and geometries in the half-BPS sector of the bulk
and the half-BPS states in N = 4 SYM [40-42] is reasonably well understood, there are
important open problems, most notably in the sector of sixteenth BPS states [43] but also
in the quarter and eighth-BPS sectors (some progress on branes states in these sectors is
in [44-51]). A better understanding of operators with derivatives is a step in the direction
of a more complete picture of the duality map in general. The construction of holomorphic
primaries for the 1-matrix case should admit, without much diffculty, generalization to
multi-matrix systems and more generally to quiver theories by combining the methods of
the present paper with those of [15, 52-57]. Another natural direction is to consider correla-
tors involving the extremal primary fields and the determination of anomalous dimensions
for these fields at the Wilson-Fischer fixed point using the techniques of [6].

Acknowledgments

This work of RAMK, PR and RR is supported by the South African Research Chairs
Initiative of the Department of Science and Technology and National Research Foundation
as well as funds received from the National Institute for Theoretical Physics (NITheP).
SR is supported by the STFC consolidated grant ST/L000415/1 “String Theory, Gauge
Theory & Duality” and a Visiting Professorship at the University of the Witwatersrand,
funded by a Simons Foundation grant held at the Mandelstam Institute for Theoretical
Physics. SR thanks the Galileo Galilei Institute for Theoretical Physics for hospitality
and the INFN for partial support during the completion of this work. We are grateful for
useful discussions to Alberto Cazzaniga, Danilo Diaz, Yang Hui He, Dario Martelli, Vishnu
Jejjala, Bogdan Stefanski, Alessandro Torielli.

A  Decomposing Sym™(V,) for small values of n

In this appendix we will discuss an alternative approach to the problem of decomposing
Sym(V?") into irreps for some low values of n. This approach was developed in detail in [1].
The results obtained using the methods outlined in this appendix are in complete agreement
with the results derived in section 3. The method of [1] starts with the observation that
projection onto the completely symmetrized representation is easily accomplished with the
help of Young projectors. For example, for n = 3 we have

1
Xsym(V) = & (v (8,2, 9))° + 3xv, (s, 2, y) v, (2,22, 92) + 2xv, (5%, 2%, 9%)) (A1)
Evaluating the right hand side is most easily achieved by using the formula
W (s 2"y = P(s" ey (L - 82
La/2] L(g—1)/2]

= Snzan Z X%—nl(ﬂg) - Z X%—nl—l(m)
4=0 1=0.1,... 1=0,1,...
la/2) L(a=1)/2]
x X (y) = Y Xmouoa(y) (A:2)
1=0,1,... 1=0,1,...
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We also need an identity which rewrites xy+(s™, 2", y") as SU(2) characters multiplied by
P(s,z,y); these can very easily be translated into Aj.. js, in the notation of [32]. This
is easily achieved by using the well known product rule for SU(2) characters as well as
the identity

1 = P(s,m,y)(l _ sx1/2y1/2)(1 o Sl’l/2y_1/2)(1 _ sx_1/2y1/2)(1 _ S$_1/2y_1/2)
= P(s,2,y)[1+s" = s(1+5”)x1(2)x1 () + (@) + xa(»))] (A.3)

A straight forward computation now gives the desired decomposition. A few examples of
the method are given below.

Xsym3(v) = Apo0 T Ap1y + A[&%’%] + A722 + A2 + A2,
+‘A[8,%,%} + A[&%,g} + A[&g,%] +2A9,33 + Ap1,3 + Apz
+A[10,%,%] + ./4[107%7%] + A[lo,g 71+ "4[10 i “4[10 8 1] + . (A.4)
Xsymi(v) = Apuo,0 T Ap1,1 + A[7 331+ A[s 0,00 T A[s 0,2 + Ag2,0 + A[g 1,1] T 2AR2,9
A2 T A3 T AL T Ap st Ap s T A T A
+An0,0,0 + 2A00,1,1] + Aoz + 2An0,31] + Apo, + 2An0,2,2) Ao,
+2A010,1,3) + Apo,ez3 + 3Anoss +- - (A.5)
Xsyms(v) = Ap00 T Ag1y + A[g,g,g] + Apg,0,00 T Ap,1,] + Ap,2,00 T Ap,o,2 + 2Ap,2,2]
+A[1o 1+ -’4[10 31+ -’4[10,%,3} + -'4[10,%,%} + A[lo,%,g] + «4[10,3,%] + A[m,g,g]
+A[10 51 + 2.A ] + ... (A.6)

0553
’2°2 1272

B Generating function of characters

To count the primaries in the O(N) vector model, we needed explicit expressions for the
characters of me projected to the trivial of S, [S3]. In this appendix we will derive the
generating function

=3 ", Q) (B.1)
n=0

The generating function of characters for H,, the S,,[S2] invariant subspace of V®2" is

Z(t, Q) = Z 25;' Z tl"v®2n Q®2n Z Z ZSn [S2] H trQZ
n=0 '
-3

o€Sp[S2] n=0p-2n

wZZfMH(Z%) (B.2)

pH2n

Here Z;"[Sz’] is the number of permutations in S,[S2] with cycle structure p, divided by
the order of S,,[S2]. The cycle polynomials are

Z5nl52) (7 Z ZSn[Sz H Di (B.3)

pH2n
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The generating function of the cycle polynomials is given by
Z(t,7) = Y " Z5Sl(7) = X 8 (w2ita?) (B.4)
n=0
Comparing (B.2) and (B.4) we see that

Z(t,Q)=Z (t, T — Z qg>

= pL~i= 121(2 qa,)2+z q )
X B (D, Sy i+, a2

£t qaq
— eZa,b ZL b+2 ZL 22

— 3 Zanlog(1-tgagy)—3 3=, log(1-tq3)

_H\/l H\/l—tqaqb)

qa a,b

_HWH 1—tanb

a a<b

(B.5)

C The Hilbert series for Zs(s,x,y)

In this appendix we consider the Hilbert series Z3(s,z,y) for the counting of extremal
primaries built using 3 scalar fields. This Hilbert series has a non-trivial numerator

s3(1 fs5xg(\/§+ ﬁ) 75%3(% +1+y) — stz + 58z (y+1+l)+59x%(\f+ iy))

Z7w j—
Z3 =

(1 - s2ay)(1 - s2)(1 - 22)(1 - Sadyd)(1 - Pt (1 - ST (1 - *”2)

Our goal in this appendix is to explain how the numerator of Z3(s,z,y) encodes relations
between the generators of the ring as well as relations between those relations.

From the denominator of the Hilbert series, we have 7 generators. We can easily
identify them as follows

G1 = (212)* + (213)* + (223)° & s2xy
G2 = z1pw12 + 213W13 + 223W23 — sTw
G3 = (w12)? + (w13)? + (w23)? <
G = (213 + 223) (231 + 221) (212 + 232) ©
G5 = (w13 + wa3) (231 + 221) (212 + 232)
+(213 + 223) (w31 + war) (212 + 232) (C.1)
+(213 + 2023) (231 + 201) (w12 + w32) > s°x
Go = (w13 + wa3) (w31 + w21)(212 + 232)
+ (213 + 223) (w31 + wa1)(wi2 + w3z)
+ (w13 + wa3) (231 + 221) (w12 + w3z) > s3x
G7 = (w13 + wa3) (w31 + wao1)(wia + w3z) > 3z
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From the numerator of the Hilbert series, the terms with a negative sign should correspond
to relations between the generators of the degree given by the monomial. From L (Vy+
ﬁ) - 861‘3(% +1+y) — s'2" we have 6 relations. They are

x1 = 3G3G4 — 2G2G5 + G1Gg =0
x2 = G3G5 — 2G2Gg + 3G1G7 =0
xs = 4G1G3 — G3G5 =0

“
-
-

X4 = 4G5 — G1G2G3 =0 & 8023
YN
TN

(C.2)

X5 = 4G%G3 — Gng =0
X6 = Gg — GngG:g + %G%G5G6 — G%G4G7 =0
Again from the numerator of the Hilbert series, the terms with a positive sign should

corresponds to relations between the relations, again of the degree given by the monomial.
From s%z4(y + 1+ %) + %3 (Vy+ ﬁ) we have 5 relations among the relations. They are

4x5Go + x4G3 =0

X5G1 — x3G3 =0 < s°x

x4G1 4+ 4x3G2 =0 < 883:43/

- L Gs — 1v,G 30—0989“"%

X224X213X552X46 X3G7 = \/§
—4x1G3 + x1G1G3 + 12x5G 4 + 2x4G5 + 4x3G6 = 0 393:%\/@ (C.3)
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