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DISCREPANCY BOUNDS FOR THE DISTRIBUTION OF THE
RIEMANN ZETA-FUNCTION AND APPLICATIONS

YOUNESS LAMZOURI, STEPHEN LESTER, AND MAKSYM RADZIWILL

ABSTRACT. We investigate the distribution of the Riemann zeta-function on the line
Re(s) = 0. For 3 < o <1 we obtain an upper bound on the discrepancy between the
distribution of {(s) and that of its random model, improving results of Harman and
Matsumoto. Additionally, we examine the distribution of the extreme values of ((s)
inside of the critical strip, strengthening a previous result of the first author.

As an application of these results we obtain the first effective error term for the
number of solutions to {(s) = a in a strip 1 < 01 < 02 < 1. Previously in the strip
% < 0 < 1 only an asymptotic estimate was available due to a result of Borchsenius
and Jessen from 1948 and effective estimates were known only slightly to the left of
the half-line, under the Riemann hypothesis (due to Selberg). In general our results
are an improvement of the classical Bohr-Jessen framework and are also applicable to
counting the zeros of the Epstein zeta-function.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let {X(p)}, be a sequence of independent random variables uniformly distributed
on the unit circle where p runs over the prime numbers. Consider the random Euler

product
o0 =TI (1- );Sf’))_l,

p

which converges almost surely for o > % Due to the unique factorization of the inte-
gers we intuitively expect that the functions p~* interact like the independent random
variables X (p). This suggests that (o, X) should be a good model for the Riemann
zeta-function, and one may ask: How well does the distribution of ((o, X') approximate
that of the Riemann zeta-function?

A probabilistic treatment of a theorem of Bohr and Jessen [1, 2] due to Jessen and
Wintner [12] asserts that log (o + it) has a continuous limiting distribution in the
complex plane for o > % In fact, it can be seen from these works that log (o + it)

1

converges in distribution to log((c, X) for ¢ > 5. In this article we investigate the

discrepancy between the distributions of the random variable log ((o, X) and that of
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log ((o +it), i.e.

D, (T) :=sup
R

PT(log§(0+it) € R) —P<10gC(U7X) € R)‘7

where the supremum is taken over all rectangles R with sides parallel to the coordinate
axes and

1
IPT<f(t) € R) =7 meas{T <t <2T: f(t) € R},
where here and throughout we denote by meas the Lebesgue measure on R.

This quantity measures the extent to which the distribution function of the random
variable log ((o, X') approximates that of log ((o + it). We prove
Theorem 1.1. Let % < o <1 be fixred. Then

1
D,(T —_—
)< og Ty

Additionally, for o =1 we have
(loglog T')*

logT

Theorem 1.1 improves upon a previous discrepancy estimate due to Harman and
Matsumoto [7]. For fixed 1 < ¢ < 1 they showed that the discrepancy satisfies the
bound

Dy(T) <

1

(log T)(o~2)/(21+80)—<
for any € > 0. One new feature of our estimate is that the power of the logarithm
does not decay to zero as o — We introduce a different technique to study this
problem that relies upon careful analysis of large complex moments of the Riemann
zeta-function inside of the critical strip. Some of the tools developed by Selberg to
study the distribution of log (% + it) are also used, such as Beurling-Selberg functions.

We have not been able to determine conjecturally the correct size of the discrepancy
D,(T). In this direction we have only the following result, whose proof we include in
the Appendix.

D,(T) <

N |+

Proposition 1.2. Let 1/2 < 0 < 1 be fized, and € > 0 be small. Then, we have
D, (T) = Q(T*"%77¢).
Moreover, If D,(T) = O(T'~2°%¢) then the Zero Density Hypothesis holds.

The zero density hypothesis states that for 1/2 < ¢ < 1, the number of zeros p =
B + iy of ((s) such that 8 > ¢ and |y| < T is < T?(1=9)+¢ (see [11] for the current
developements towards this conjecture). There is an apparent difference between our
upper and lower bounds for D,(7") in Theorem 1.1 and Proposition 1.2. It would be very
interesting to work out a reliable heuristic to predict the correct size of this discrepancy.

An important problem in the theory of the Riemann zeta-function is to understand
its maximal order within the critical strip. The Riemann hypothesis implies that for
1 <o < landtlarge we have log |((0+it)| < (log )22 (1) (see Theorem 14.5 of [24]).
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On the other hand, Montgomery [22] proved that log [((c + it)| = @ ((logt)' 7o),
and based on a probabilistic argument, he conjectured that this omega result is in fact
optimal, namely that log |((c + it)| < (logt)'=+°(). This motivates the study of the
extent to which the extreme values of ((o + it) can be modeled by those of the random
variable (o, X). For if the distribution of the extreme values of (o + it) matches that
of {(o, X) in the viable range, then Montgomery’s conjecture follows.

To this end we would like to understand

log Pr(log |((o + it)| > 7). (1.1)

For fixed 7 an upper bound for (1.1) was first given by Jessen and Wintner [12], and
further improvements, including lower bounds, were later given in [21, 8, 13]. More
recently, an asymptotic formula has been derived by Hattori and Matsumoto [9]. Im-
proving on these results, the first author [16] established a uniform asymptotic formula
for (1.1) in nearly the full conjectured range of 7. More precisely, he showed that there
is a positive constant A(c), such that uniformly in the range 7 < (log T')!~7*°W) | we
have

1og1P>T<1og C(o +it)] > T> = (1+0(1)) logP(log C(0, X)| > T>

= (—A(0) +o(1)) 777 (log 7) 7.
He also proved that the same estimate holds when log |((o + it)| and log |((c, X)| are
replaced by arg((c + it) and arg((c, X) respectively. We strengthen this result, ob-
taining an asymptotic formula for Pr(log|((o +it)| > 7) (and Pr(arg ((o +it) > 7)) in
the same range.

(1.2)

Theorem 1.3. Let % < o <1 be fized. There exists a positive constant b(c) such that
for 3 < 7 < b(o)(logT)7 (loglog T)' "= we have

(1 log T)(lli’(); -T()ljg log T ) > |

Moreover, the same asymptotic estimate holds when log|((o + it)| and log|((o, X)| are
replaced by arg ((o + it) and arg (o, X) respectively.

PT(logK(a—f—itﬂ > 7') :P<10g|C(U,X)| > T> X (1—|—O<

The terms (log7)? appearing in the error term in Theorem 1.3 and in the upper
bound of Theorem 1.1 are related. An improvement in our method would produce an
improvement in both results. Since we do not believe that we will be able to extend
significantly the range of Theorem 1.3, it seems that our bound for D,(T) is as well
optimal given the method used.

We also apply Theorem 1.1 to study the roots, s, to the equation ((s) = a where a is
a nonzero complex number. These points are known as a-points and the study of their
distribution is a classical topic in the theory of the Riemann zeta-function.

Let Ny(o1,09;T) be the number of a-points in the strip % <0 <o <oy <1,
T <t < 2T. In 1948 Borchsenius and Jessen [3] proved that there exists a constant
c(a,01,09) > 0 such that as T'— oo

Ny(o1,09;T) ~ c(a,o1,09)T. (1.3)
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The constant ¢(a, 01, 02) can be explicitly given in terms of the random variable ((o, X).
Indeed, let

falo) = E(log (0, X) — al).
Then,
faloz) — fa(o1)
2m '
The differentiability of f,(o) is not trivial, and was established by Borchsenius and
Jessen.

Using Theorem 1.1 we obtain the first effective error term for N,(oy, 09;T) valid for
01 < 09 in the critical strip.

C(CL, 01, 02) =

Theorem 1.4. Let % < 01 < 09 < 1. For every nonzero complex number a there exists
a constant c(a,o1,09) > 0 such that

loglog T
No(oy,09;T) :C(av‘71702)T—|—O(T. og log )

(log T)1/2

Inside the critical strip, an effective error term was known previously only slightly
to the left of the half-line under the assumption of the Riemann hypothesis, thanks
to unpublished work of Selberg (see [23] and [25], Chapter 8). A related (but easier)
problem studies the a-points of log((s). In this setting, Borchsenius and Jessen [3]
proved an asymptotic formula for the number of these a-points in the region % <o <
o <o9<1,T<t<2T. Moreover, an effective formula for the number of such a-points
with an error term that has a power saving of (loglog7)/'°¢:T has been established by
Matsumoto [19], [20], where here and throughout we let log;, denote the k-th iterated
logarithm. In the region of absolute convergence (o > 1) Matsumoto’s formula is slightly
stronger and has an error term with a power saving of loglog 7. We have not determined
the limits of our method for ¢ > 1, but it should give a formula for the number of a-
points of ((s) with an error term with a saving of at least (log T')'/2. Additionally, our
method applies to counting the a-points of log ((s) and a modification of our argument
should give an effective formula for the number of such points with a power saving of
log T inside the critical strip.

It is likely that our ideas can be generalized to other situations where the Bohr-
Jessen framework [1] applies. For example, our methods were recently used by Gonek
and Lee [4] to obtain an effective error term for the number of zeros of the Epstein
zeta-function of a quadratic form with class number n > 1, in a strip o7 < Re(s) < 09,
where 1/2 < 07 < 0y. This improves on a previous result of Lee [18], where only an
asymptotic estimate for this quantity was obtained.

2. KEY IDEAS AND DETAILED RESULTS

In probability theory, the classical Berry-Esseen Theorem states that if the charac-
teristic functions of two real valued random variables are close, then their correspond-
ing probability distributions are close as well. In order to establish Theorem 1.1 the
key ingredient is to show that the characteristic function of the joint distribution of
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Relog ((o+it) and Imlog ( (o +it) can be very well approximated by the corresponding
characteristic function of the random model log {(o, X). For u,v € R we define

1 2T
D, r(u,v) = T / exp (zu Relog (o +it) + iwImlog (o + it))dt,
T

and

Prand(y, v) = E(eXp (zu Relog((o, X) + ivIm log((a,X)>>.

Then we prove

Theorem 2.1. Let % <o <1and A > 1 be fired. There exists a positive constant
by = bi(0, A) such that for |u|, |v| < bi(logT)? we have
1
P, pr(u,v) = P (y, O——1. 2.1
() = 2 w) +0 () 2.)
Remark 2.1. The analogous asymptotic estimate for ®,r(u,v) when o = 1 follows
from Theorem 2 of [14], which states that for all complex numbers z1, zo with |z1|, |z2| <
log T'/(50(log log T')?) we have

! /2T CA+ ity ((1+it) dt =E (<(1 X)*((1 X)Z2) 20 ((exp (18T

T Jr ! ! N ’ ’ P 2loglogT ) )
Indeed, by taking z1 = 1(u —w) and 2z = £(u + i) we obtain that for all real numbers
u, v with |u|, |v] <logT/(50(loglog T')?) we have

®y 7 (u,v) = O3 (u,v) + O <exp (—ﬂg;g—lgﬂ)> . (2.2)
To deduce Theorem 1.1 from Theorem 2.1 and Remark 2.1, we use Beurling-Selberg
functions (see Section 6 below) to relate the distribution function Pr(log (o +it) € R)
to the characteristic function @, (u,v). We should note that any improvement in the
range of validity of Theorem 2.1 would lead to an improved bound for the discrepancy
D,(T). Indeed, we can show that D,(T") < 1/L if the asymptotic formula (2.1) holds
in the range |u|, |v| < L.
In order to investigate the distribution of large values of log |((o+it)| (or arg ((o+it))
and prove Theorem 1.3, we study large complex moments of ((o +it) and compare them
to the corresponding complex moments of ((o, X). Define

M.(T) ::—/ C(o + it)|Fdr.

T
Assuming the Riemann hypothesis, the first author [16] established an asymptotic for-
mula for M, (T) uniformly in the range |z| < (log7)?*~!, and conjectured that such
an asymptotic should hold in the extended range |z| < (log7)?. The assumption of
the Riemann hypothesis is necessary in this case, since |((o + it)|* is very large when
o + it is close to a zero of ((s) and z is a negative real number. Also note that, when
Re(z) is large, the moment M,(T') is heavily affected by the contribution of the points
t where |((o + it)| is large. Thus, short of proving strong bounds for |((o + it)| and
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without assuming the Riemann hypothesis, we cannot hope for asymptotics of the mo-
ments M,(T'), except in a narrow range of values for z. To overcome this difficulty, we
compute instead complex moments of (o +it) after first removing a small set of “bad”
points ¢ in [T, 277], namely those close to zeros of ((s) and those for which [((o + it)|
is large. Using this method we obtain an asymptotic formula for these moments in the
full conjectured range |z| < (logT)°.

Theorem 2.2. Let % <o <1and A > 1 be fixed. There exist positive constants
by = bs(o, A) and by = by(o, A) and a set E(T) C [T,2T] of measure meas(E(T)) <
Texp (—bslogT/loglogT), such that for all complex numbers z with |z| < bs(log T)°
we have

l |C(U+it)|zdt:]E(|C(0'7X)|Z)+O (

T Jirarner) (log T)A

E (¢(o, X>|Re<z>)>

Moreover, the same asymptotic formula holds when |((o + it)|* and |((o, X)|* are re-
placed by exp (z(arg C(o+ zt))) and exp (z(arg ((o, X))) respectively.

When computing complex moments of ((o + it) the first step is to use the classical
zero density estimates to approximate log ((o + it) by a short Dirichlet polynomial for
all t € [T, 2T] except for a set of small measure (see Lemma 3.1 below). Let

Ry (o +it) == Z ; and Ry(0,X):= Z X(p)"'

np(otit) npen
pr<y P <y P

We extract Theorems 2.1 and 2.2 from the following key proposition.

Proposition 2.3. Let 3 < 0 <1 and A > 1 be fivzed. Let Y = (logT)*. There exist
positive constants by = bs(0, A) and bg = bg(o, A) such that for all complex numbers
21, 29 with |z1], |22] < bs(log T) we have

1 .
— / exp (ZlRy(U +it) + 2Ry (0 + it))dt
T Jar

logT
=E (exp (ley(a X) + 2Ry (0, X) X) (exp ( logﬁ)gT)>
where A(T) is the set of those t € [T, 2T)] such that |Ry (o +it)| < (logT)'~7/loglogT.

Compared to earlier treatments our main innovation consists in the introduction of
the condition |Ry (o +it)| < (logT)*~7/loglog T in A(T). Without this constraint the
range of |z1| and |23| in Proposition 2.3 would be reduced to (log7T)* .

Using Littlewood’s Lemma (see equation (8.2) below), one can count the number of

a-points of ((s) in the strip % <o <0 <o0y<1,T<t<2T, if one can estimate the
integral

2T
/ log |C(0 + it) — aldt. (2.3)

T



DISCREPANCY BOUNDS FOR THE DISTRIBUTION OF THE RIEMANN ZETA-FUNCTION 7

In [3], Borchsenius and Jessen proved the following asymptotic formula for this integral
from which they deduced their result (1.3)

T

We improve on this result, obtaining the first effective error term for the integral (2.3).

1 2T
—/ log |((o + it) — a|dt ~ Ellog|¢(o, X) — a|], as T — oc.
T

Theorem 2.4. Let % <o <1 anda#0 be a complex number. Then,

(log log T)2)

1 o7 .
—/ log |((o + it) — a|dt = Ellog|((0, X) — a|] + O( log T)7

T Jr

We should note that apart from the factor (loglogT)?, the error term in Theorem
2.4 is the best we can get using our bound for the discrepancy D,(T') in Theorem 1.1.
There are two main ingredients in the proof of Theorem 2.4. First, we use our result
on D,(T) to capture the main term. Secondly, to control the error term we need a
completely uniform (but not necessarily very good) bound for the measure of those ¢ for

which ((o + it) is very close to a. We achieve such an estimate by using the following
L?** bound.

Proposition 2.5. Let % < 0 <2 be fived. Let a € C. There exists an absolute constant
C > 0 such that for every real number k > 0 we have

1 2T
T / |log ¢ (0 + it) — a|* dt < (Ck)*.
T

In order to study a-points to the left of the half-line, Selberg obtains a similar propo-
sition when o = % His argument depends on the rapid rate of change of the phase of
((o+it) when o < 1 (for o < 1 this follows from the Riemann hypothesis) and does not
generalize to any line with o > % (see [25], Chapter 8, in particular the discussion on
page 119). Our treatment depends on a careful use of Jensen’s formula. Proposition 2.5
bears some resemblance to a result obtained by Guo to study zeros of (’(s). Our result
is more refined, in particular our treatment removes the loss of a power of loglog T

3. PRELIMINARY LEMMAS

In this section we collect together several preliminary results that will be useful in
our subsequent work.

Lemma 3.1 (Lemma 2.2 of [5]). Let 5 < 0 < 1 be fized and 3 <Y < T/2. For
t € [T, 2T except outside a set of measure < T°*=7/2Y log” T' we have

log (0 + it) = Ry (o +it) + O(Y Y22 10g® T). (3.1)
Lemma 3.2. Let 2 < y < z. For any positive integer k that is < logT/(3logz) we

have
1 [ 1 LN s
?/T‘ E paﬂ.t dt < k!( E ﬁ) + T .

y<p<z y<p<z

2k
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Additionally, for any positive integer k we have
X (p) |2 1\*
(| 2 201 wn( ¥ )

y<p<z y<p<z
Proof. The first assertion of the lemma is Lemma 4.2 of [16]. Next, note that
X(p)
E
|z

y<p<z
Since the X(p)’s are independent random variables uniformly distributed on the unit
circle the only terms that contribute to the above sum are those where p;---pr =
¢1 -+ - q&. The contribution from these terms is

1 k
<<k!( Z ﬁ) .

y<p<z

>_ 3 B (X X () X)X ).

Y<pi,.- kaz(pl"OPRQI"'
y<q1,..,qk <z

O

Lemma 3.3. Let % <o <1and A>1 be fived. Also, let Y = (logT)? and k be
an integer that satisfies 2 < k < logT/(6AloglogT). Then there ezists a constant

a(o) > 0 such that
e 2% a(o)k' 7 2
- O dt < (D20 )
T/T Ry (o + it) [ dt < ( <1ogk)o)

Additionally, for any integer k > 2 we have

e (1o 0) < (05)

Proof. We will only prove the first assertion; the second follows from a similar argument.

Plainly,
o N ) oT 1|2 2T 1 |
/ |Ry (o + t)|™" dt <9 (/ Z poit dt +/ Z poHit
T T | p<klogk T Vklogk<p<y (3.2)
+O(TI0g g(20))).

By Lemma 3.2 and the prime number theorem we have
1 /2T 3 1 ( 1 )’f (klog 2k)1—20\*
= Sodt<k Y o) ATV <R )
o+it 20 _
T Jr Elog k<p<Y Pt klogkgpgyp (20 —1)logk
Next, note that for fixed 1/2 < o < 1

1 [T L 1\ 2 (klog k)17 2%
— | at < = AR08
T/T 2 potit _< 2 p") < <(1—0)10gk> ’

p<klogk p<klog 2k

2k
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by the prime number theorem. Inserting the two estimates above into (3.2) completes
the proof. 0

Lemma 3.4. Let 3 < 0 <1 and A > 1 be fized, and let Y = (logT)*. Then there
exists a constant B = B(o, A) such that

_ (logT)*~7 logT
Pr(|R ) > ——— —B———
4 (l vlo+it)] 2 loglog T < exp loglog T’

and

(log T)t° logT
P X)) > ——" —-B——— .
<|RY(U’ )= loglog T < exp loglog T

Proof. We will only prove the first assertion; the second follows from a similar argument.
Let 2 < k <logT/(6AloglogT) be an integer. Then, Lemma 3.3 implies that

: (log 7))~ (log 7)o\ 7" 1 /2T -\ (2K
P H>—="7 )< | =21 — 1" dt
r (’RY(U+Z )= loglogT / — \ loglogT T Jr [y (o +t)]

Ck'=7loglogT \**
(log k)7 (log T)'~7

Choosing k = [logT/(C}loglog T)], where C; = 6A(1 + C)Y(1=)_ yields the desired
bound. 0

Lemma 3.5. Let 5 <o <1 and A > 1 be fiwzed, and let Y = (logT)*. Then, for any
positive integers k, € such that k+ { < (logT)/(6AloglogT), we have

%/TQT (Ry(aJrit))k- <m>ﬁdt
() () o)

Proof. Integrating term-by-term gives

%/TQT (Ry(a + z’t))k- (m)gdt

> 1 i) o
N . mapr e mpr *ona gt g T Jp \ 0T ot
1 >

m

Prlps 2, pp B
n

a1t a2 ,0q, P<Y
_ZD+207

where ¥ equals the sum over the terms where p™ - - - p/"™* = ¢ - - - ¢,/ and X¢ consists
of the remaining terms. Observe that for non-negative integers a and b

— 1 if a=b,

E<X(p)“X(p) ) = {

0 otherwise.
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Using this and noting that { X (p) }, are independent random variables and that py,
G- i

- Pk,
, q¢ are prime numbers it follows that

s-s{ (e (7))

To complete the proof note that both products pj

P p™ and ¢t - )t are < TS so
for each term in Yo one has |log ((p{™ -+ p*)/(q* - - - ¢;*))| > T/6. Thus,
1 1 yk+e
Yo Lmm — < .
© T5/6 m mz m m]_p:‘nl mkp'r' kgnlq?lo' e ngqél T5/6
P 17p2 2. P kgy

4. COMPLEX MOMENTS OF ((0 +it): PROOFS OF THEOREMS 2.1 AND 2.2
We begin by proving Proposition 2.3

Proof of Proposition 2.3. Let k = max{|z1], |22|}, and N

= [log T'/(D(loglog T'))] where
D is a suitably large constant. Write

T / exp (ley(o +it) + 2Ry (0 + it))dt

it j ¢ (4.1)
=) 2= / Ry(o+it)) ( Ry(oc +it) ) dt + E,.
G0T AT
]+Z<N
To estimate E; we use the assumption that |Ry (o + it)| < (logT)'=/loglog T for
t € A(T) and also apply Stirling’s formula to get that

1 T -0
T \Ry (o +it)[ M ar < Z ((Og )
iron I AT o

> e

loglog T ) = gl(n —j)!
Z 2k IOgT)l 7 < Z 6k’(10gT>1 g < e_N

- n! loglog T T = '

NloglogT
Let S(T' ) ={T'<t<2T:t¢ A(T)}. If j +¢ < N then using Lemmas 3.3 and 3.4
along with the Cauchy-Schwarz inequality we get
1

T /sm (RY(U * it))j (M)Zdt

/2
meas(S(7T)) V2o -\ (2040 '
< (T T/T | Ry (o + it)["V it

log T (7 + 6)1_” e
g
< eXp( 2loglogT) (C V)

(log(j + £ +2))°
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for some positive constants B = B(o,A) and C' = C(c0). Inserting this bound in

equation (4.1) we deduce

1 -
= / exp <21Ry(0' +it) + 2Ry (0 + it))dt
T J

1 [T T \'
— Z ﬁf/ (Ry(a—i—it)) (Ry((j—i—it)) dt + Es,
A T

JHSN
where

log T
2loglogT

LI+t /1o Jj+e
( : (j+70) > LN

E
9 K exp ( 510! log(j + ¢ +2))°

N

) +£<
log T EN1—© N
< eXp( 210glogT> ( (log(N +2)) > te

< _logT kN~ LN
ex e
P 210g logT log (N + 2))
logT _N
B_—°"
S eXp ( 4loglog T> te

if D is suitably large and k < ¢y(log T')” where ¢ is suitably small.
Now, for all j + ¢ < N, we have by Lemma 3.5 that

%/TQT (Ry(a + z’t))j(m)édt _E((RY("’X>)j (m)z)

o)

Note that Y2V <« TV*if D is suitably large. By this, (4.2), and (4.3) we obtain

1 -
T / exp (ZlRy(U +it) + 2Ry (0 + it))dt

_NZ;N éfE((Ry(U,X))j(m)g) +0 (exp <_%01;%)) '

Furthermore, by Lemma 3.3 we have

E (|RY(U,X)|4> < ( )U)z

for all £ > 2. Therefore, the main term on the RHS of (4.4) equals

E (exp (ZlRy(O' X) + 2Ry (o X))) + Es,

(4.2)

(4.3)

(4.4)
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where
2Cknt— 6Ck " 6CEk "
E _— < _— < _ -N
3<<Zn'( (log n)” ) —Z<<nlogn>o> —Z(wmgw) <
n>N n>N n>N

This completes the proof.
O

Before proving Theorems 2.1 and 2.2, we need the following lemma which shows that
the characteristic function of the random variable log ((o, X) is well approximated by
that of Ry (o, X) in a certain range that depends on Y.

Lemma 4.1. Let 1/2 < 0 < 1 be fized. Let Y be a large positive real number, and s be
a complex number such that |s| < Y° /2. Then we have

E (|¢(o, X)[°) = E(exp (5 Re (Ry(o,X)))> +0 (E (1C(a, X)[Rel)) Yii|1/2> . (4.5)

Moreover, if u,v are real numbers such that |u| + |v| < Y712 then

ornd (g, p) = ]E(exp (zu Re Ry (0, X) +ivIm Ry (o, X))) +0 (@;'/Z‘) . (4.6)

Proof. Let z be a complex number with |z| < Y°~1/2, Using that

1 1
27<<m7

n>2 p
p">Y
we obtain
E exp(zRelogC(a X)) =E|exp ZRe(Ry(O' X))"‘ZRGZw—i-O || .
) Y p>y pa' YO'*l/Q

Furthermore, if p > Y then |z| < p” and hence

o o (-1 52)) <2 (14 X2 40 (E)) 21 o ().

The independence of the X (p)’s together with the fact that 37 _, p~?7 < Y727 imply
that

E(exp (z Relog ((o, X))) —E (exp (z Re (Ry (0, X)) + O (le’m))) @)

from which (4.5) follows. To obtain (4.6) one also uses that

]E(exp (Z Tmlog (o, X))) K (exp (zIm (Ry(0, X)) + 0 (YJ_Z’W))) :

which can be obtained along similar lines.
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Proof of Theorem 2.1. Let Y = (logT)?/(?=1/2) where B = B(A) is a suitably large
constant that will be chosen later. Then it follows from Lemma 3.1 that

log C( + it) = Ry(o + it) + O (W) | (4.8)

for all t € [T, 2T except a set of measure T4 for some constant d(c) > 0. Let B(T)
be the set of t € [T, 2T such that (4.8) holds. Note that |e®® —¢®| = | fab edr| < |b—al.
Therefore, we obtain
1
O, p(u,v) = T / exp (zu Relog (o +it) + ivImlog (o + zt)) dt+ O (T_d("))
B(T)

1

= —/ exp (iuReRy(a+it)+z’vaRy(J+it))dt+O (
B(T)

1
T (log T)B/H)

L . L . 1
— f/T exp (zuReRy(a +it) +ivIm Ry (0 + ZIf))dt—i- O (W) .

Let A(T) be as in Proposition 2.3. Then, by Lemma 3.4 and Proposition 2.3, taking
z1 = 5(u —v) and 2, = 5(u + iv) there, we get

1 2T
T / exp (zu Re Ry (0 +it) +ivIm Ry (0 + Zt)> dt
T

1 1
= — uRe R it) +ivlm R t) |dt + O | ———=
T/A(T)exp (zu e Ry (o +it) +ivIm Ry (o + 1 )) + <(logT)B)

_ E(exp <zu Re Ry (0, X) + ivIm Ry(o—,x>)> +0 (@) |

Finally, using (4.6) we deduce
1
E(exp (zu Re Ry (0, X) +ivIm Ry (o, X)>) = ord(y, v) + O (W) :
Choosing B = 2A + 8, and collecting the above estimates completes the proof. [l

Proof of Theorem 2.2. As in the proof of Theorem 2.1, let Y = (log T)2/(?=1/2) where
B =2A+8, and B(T') be the set of t € [T, 2T such that (4.8) holds. Then, by Lemma
3.1 meas([T, 2T]\ B(T)) < T'~%?) for some constant d(c) > 0. Moreover, let A(T) be
as in Proposition 2.3. We define

E(T):=[T,2T]\ (.A(T) N B(T)).
Then, it follows from Lemma 3.4 that

log T
meas(g(T)) < Texp (—bow) s (49)

for some positive constant by = by(o, A).
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Now, by (4.8) we get

1 / . 1 . 1
— ((o+1it Zdt:—/ exp(zRe Ry (o + it —|—O(—))dt
T Jiramecr) o€ ) T J arynser) (fox ) (logT)4

= l/ exp (ZRe (Ry(0+it)))dt+E4a
T J arynB(r)

(4.10)
where
E, < m /A(T) exp (Re(z) Re (Ry (o + it)))dt
< @E(exp (Re(z) Re (Ry(O’,X)))) (4.11)
< G (<o ),

by Proposition 2.3 and Lemma 4.1.
On the other hand, since meas([T,2T] \ B(T)) < T'~%?), and |Ry(o + it)] <
(logT)'=9/loglog T for all t € A(T) we deduce that

1 / / ) ( . —d(o) (lOg T)l—a
= - exp | zRe (Ry (o +it) )dt L T " exp | Re(z)————+
T ( A(T) A(T)NB(T) ( v ) loglogT
< T2,
(4.12)

Furthermore, combining Proposition 2.3 and Lemma 4.1 we obtain

% exp (2 Re (Ry(o +it)) ) dt = ]E(exp (Re (Ry(U,X))>> +0 (@)

A(T)
~E(lg(0. X)) +0 (@E(w,xnf“@)) |

(4.13)
The result follows upon inserting the estimates (4.11), (4.12) and (4.13) in (4.10).
O

5. L?* NORM OF log (o + it) — a: PROOF OF PROPOSITION 2.5

As a special case of Lemma 2.2.1 of Guo [6], which itself is a generalization of a lemma
of Landau (see [17] or Lemma « from Chapter III of [24]), we have

Lemma 5.1. Let 0 < r < 1. Also, let so = oo + it and suppose f(z) is analytic in
|z — so| < r. Define

f(z)
f(s0)

M, (sg) = max
|z—so|<r

+3 and N, (s0) = Z 1,
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where the last sum runs over the zeros, o, of f(z) in the closed disk of radius r centered
at so. Then for 0 < § <r/2 and |z — so| < r — 25 we have

L= 2 o (i) + Nstoulos1/5+ 1) ).

/ s—=p

Here and throughout, we denote by p, = f,+1i7, the a-points of ((s). In the following

lp—so|<r—s

we take
f(z) = falz) = {;EE?(Z; i){;lif—aai 11f.a # 1, (5.1)
We also choose
d=(c—-1/2)/5 and r=o09—(c+1/2)/2, (5.2)

where oy is taken to be large enough (depending on a) so that |f(og +it)| > 1/10 and
min,, [so — pa| > 1/10 uniformly in ¢.
For |z — so| <7 — 2§ Lemma 5.1 yields

('(z) 1 1
((2)—a Z o + 0(5—2(10g M,.(so) + N,_5(s0))(log 1/6 + 1)) (5.3)

Lemma 5.2. Let 1/2 < 0 < 2 be fized. Also, let 6, r, and oo be as in (5.2). Fort
sufficiently large we have

log [((0 +it) —a|] = Z log |0 + it — pa| + O(log M, (s0)).

|pa—sol<r—3

|pa—so|<r—3

Proof. Let f(z) be as in (5.1). First, note that Jensen’s formula gives

r dx 1 2w 0
Na(so) 2 = = [ log |£(re® + s0)] d6 — log | f(s0)].
0 x 2m Jo

Observe that ; y . y 5
T x
N, — > N, — > -N,_ :
| v T [ Nt 5= ()
By this and the bound log |f(so)| > log1/10 we have

N,_s(s0) < g(% /0 log | f(re® + so)| dd—log | f(so)|> < %(long(so)—i—log 10). (5.4)

Applying this estimate in (5.3) and noting that 6 > 1 and r < 1 we have

) _
¢(z)—a 2

z
lpa—so|<r—d

+ O(log M,(s0))

a

for |z — so| < r —260. In particular, this formula is valid along the line segment that
connects s to so. Hence, integrating the above equation from s to sg and taking real
parts gives

log [¢(s) —a| —log|((so) —al = > (log|s — pa| = log|so = pa|) + Olog M, (s0))-

|Pa_50‘§7’_5
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By the choice of oy we have
log [¢(s0) — al = O(1) and log [so — pa| = O(1).

Thus,
logl¢(s) —al = 3 1og]s — pal + O(N_s(s0) + log M (s0).
lpa—so|<r—é
Applying (5.4) to the error term completes the proof. O

Lemma 5.3. Let % < o < 2 be fired. Also, letr, §, and o¢ be as in (5.2). Then there

exists an absolute constant C > 0 such that for any real number k > % we have
1 27 2k
T/ ( > |log|0+it—pa||> dt < T'(2k +1)(C'log M, 5(s0))%.
T

|pa—so|<r—s

Proof. Define Dg(z) to be the closed disc of radius R centered at z. Forn = |T'],...,[2T |+

1 let
[1//6]+1

D,= |J Diloo+i(n+1-V5)).
=0
Observe that

Dr,g(ao—i-z'n)u {z n<Imz<n+Vo, o9—(r—0) <Rez < 00—1—7’—5} C D,(og+in).
Next, note that
{z:n+Vi<Imz<n+2V5 00— (r—08) <Rez < og+r—08} C Dy(og+i(n+V5)),
and so on. Hence, by construction
lJ Disloo+it) C Dy
n<t<n+1

This implies that
|.2TJ+1 n+1 (

2T 2k
/ ( Z |log\a+it—pa|’> dt < Z

T

2k
Z \log]a—i-it—PaH) dt

lpa—s0|<r—6 n=|T| “" lpa—so|<r—o
[2T]+1 41 2k
<> < > |log|0+it—pa||> dt.
n=|T| " pPa€Dn,

Applying Minkowski’s inequality to the right-hand side we get that

2T 2k
/ ( Z \log]0+it—pa\|) dt
r |pa—so|<r—4
12T | +1 el 1/(2k)N 2k
< Z ( Z (/ |log|0+it—ﬂa||%dt> > :

n=|T] ~pa€Dn
(5.5)
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We now estimate the inner integral on the right-hand side. We have forn <t <n+1
and p, € D,, that
L=l <lo+it —pa| <c

for some absolute constant ¢ = c¢(a) > 1. So forn <t <n+1 and p, € D,, we get that

|log o + it — pa|[** < [log|t — 7al|** + [log c[*". (5.6)
Also, for p, € D,, we have n —r <, <n+r+ 2. Thus,
n+1 o n+r—+2 o
[ ol —alPrar < [T frog e —
2r4-2
§2/ |log x|**dx (5.7)
0

—oT(2k + 1) + O((log(Zr + 2))2k).

Next, note that the set D, consists of < 1/v/§ = O(1) disks, each of radius 7.
Arguing as in (5.4), we see that each one contains < §!log M, s(s0) < log M, s(s0)
zeros. Hence, by this, (5.5), (5.6), and (5.7) we see that

2T 2k [2T]+1 2k
/ < Z \log]a—i-it—/?aH) dt < Z F(Zk—i—l)( Z 1)

T |pa—so|<r—4 n=|T| Pa€Dn,

<TT(2k + 1)(C'log M,45(s0))**,
for some absolute constant C' > 0. O

Lemma 5.4. Let % < o <2 be fivred. For any fized o9 > 1 and R = 0y — o we have

/ " Mp(so)dt < T

T
Proof. First of all,

2T 2T]+1 a1
/ (Ma(so))Pdt < Y / (Ma(so))? dt.
T n=|T| n

Next, let Dg(z) be the disk of radius R centered at z. Also, let s,, = 0, +it,, be a point
at which |((s)| achieves its maximum value on the set U,<;<n+1Dg(S0). Thus,

n+1
/ (Ma(s0))2 dt < [C(s0)[2 + 1.

Hence, we have
|27 ]+1

/T (Mp(so)?dt < 3 [C(sa)P +T. (5.8)

n=|T|
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Let R' = 0y — (0 + 1/2)/2. To bound [{(s,)|* we note that
2 4 . 2
o< [[ s P sy, (5.9)
m(o — 5) D i (g0+itn)

(For a proof of this inequality see the lemma preceding Theorem 11.9 of Titchmarsh
[24]).

Let S; = {sp, :n =7 (mod (4[R'| +2))}. If 5,5, € S; and m # n then |m —n| >
4[R"| +2; so that |t,, —t,| > 2R'+1. This implies that Dg/(0¢+it,) NDg/(0¢+ity,) = 0.
Thus, since the disks are disjoint we see that by (5.9) we have

200—%'(0'4-%)

2T+R'+R+1
D )P < / / C(u + it)|? dt du.

. T—-R —-R-1
Snesj %(U+%)

Applying, the well-known mean value estimate for {(s) to the inner integral (see Theo-
rem 7.2(A) of [24]) we have (uniformly in j)

> s < T

S»,LES]'
Also, {s,} = [[;S;. Thus,
2T +1 4[R'+1
D K= D> > K<
n=|T| J=0  snES;
Inserting this into (5.8) completes the proof. O

Lemma 5.5. Let % < 0 <2 be fizred. Also, let r, §, and oy be as in (5.2). Then, there
exists an absolute constant C' > 0 such that for any real number k > 1

2T
/ (log M. y5(so))2*dt < T(Ch)?.
T

Proof. Apply Jensen’s inequality to the function (log(z + e*71))2* and then Lemma 5.4
to see that

1 2T 1 2T
7 omMetso)) e < g [ Qo as(su) P+ 21
T T
1 1 oT 2k
2 2k—1
§4_k <10g (T /T (MT+5(80)) dt + e >)
<(Ck)*,

for some absolute constant C. O
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Proof of Proposition 2.5. First we consider the case k > 1. Note that by Lemma 5.2 we

have
2T 2T 2k

/ |log |C (o + it) — a||** dt §4’“/ ( > |log|0+it—pa||) dt
T T

|pa—so|<r—3

2T

+0(4’f / (log M,(s0))*" dt).
T

Hence, for this case, we see that Proposition 2.5 follows from the above inequality,
Lemma 5.3, and Lemma 5.5. For 0 < k < 1 the proposition follows from an application
of Holder’s inequality. O

6. BOUNDING THE DISCREPANCY: PROOF OF THEOREM 1.1

In order to prove Theorem 1.1 we shall appeal to the following Lemma of Selberg
(Lemma 4.1 of [25]), which provides a smooth approximation for the signum function.
Selberg used this lemma in his proof that log ((3 + it) has a limiting two-dimensional
Gaussian distribution (see [25] and [23]). Recall that the signum function is defined by

-1 ifz<O,
sgn(z) =< 0 if © =0,
1 if x > 0.

Lemma 6.1 (Selberg, Lemma 4.1 of [25]). Let L > 0. Define

G(u) = Q?U +2(1 — w)ucot(mu)  foru € [0,1].

Then for all x € R we have

sgn(x) = /OL G (%) sin(27ru:c)dzu +0 ((%) 2) .

Moreover, G(u) is differentiable and 0 < G(u) < 2/7 for u € [0,1].

For any rectangle R in the complex plane, let 1z denote its indicator function. Using
Lemma 6.1 we derive a smooth approximation for 1z which will be used to prove
Theorem 1.1. For any «, 5 € R, we define

€—2mocu o e—27rzﬁu

2

fop(u) ==

Then, we prove
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Lemma 6.2. Let R={z=z+iy e C:ay <x <ag and by <y < by}, and L >0 be a

real number. For any z = x + 1y € C we have
sin?(nL(x —ay))  sin®(7L(z — ap))

1x(2) = W, (
=(2) LR(2)+0 (mL(x — ay))? (mL(x — ag))?
sin?(rL(y — by)) N sin®(rL(y — 62))>
(L(y — b1))? (mL(y — b2))?

where Wi z(2) equals

—Re/ / > (62”“”_”’)&1,@( ) fora (V) = €7D fo (1) fiy (v ))

Proof. Here and throughout we shall denote by 1, g the indicator function of the interval
(cr, B). Observe that

du dv

w v

1o p(c) = =) 5 B =0) 4 05z - a) +b6(z — B).

where d(x) is the Dirac delta function (it equals 1 when x = 0, and zero otherwise).
Furthermore, it follows from Lemma 6.1 that

L ru ~ du sin?(rL(x — )  sin*(7L(z — B))
-1 G(= 2miux . _ 0] X
[ 6 (F) e hat -0 (R i)
(6.1)
The result follows from the fact that 1x(z) = 14, 4, ()1, 5, (y) together with (6.1) and
the identity

1
Im(wq)Im(wsy) = éRe(wlw_g — WiWsa). (6.2)
OJ
The last ingredient we need in order to establish Theorem 1.1 is the following lemma.

Lemma 6.3. Let % <o < 1. Let u be a large positive real number, then

E(exp (iuRelogC(o,X))) < exp <_51§gu> ,

and

]E(exp (iuImlogC(a,X))) < exp (_5l§gu) )

Proof. First, note that E(e**ReX®)) = E(eismX®) = Jy(s) for all s € R and all primes
p, where Jy(s) is the Bessel function of order 0. We shall prove only the first inequality
since the second can be derived similarly. We have

E<exp <w Relog g(a,X))> -TIE (exp (-w Re log (1 - );?)))) .




DISCREPANCY BOUNDS FOR THE DISTRIBUTION OF THE RIEMANN ZETA-FUNCTION 21

Since |E (exp (—iuRelog (1 — X (p)p~7))) | < 1 for all primes p, then

E(exp (iuRelog((o, X)) )| < ] E (exp (;—Z Re X(p) +0 (%)))

Vup<u
= exp (O (u?’/Q—U)) H Jo (%) .
N

Now, using that |Jo(x)| < e71/2 for all # > 2, along with the prime number theorem we
obtain

‘E(exp (zu Re log{(a,X)))‘ < exp <_%7T(u/2) +0 (u3/2")) < exp (—51§gu> ,

as desired. O

Proof of Theorem 1.1. To shorten our notation we let
U (R) = IPT<log C(o+it) € R) and U(R) = P(logc(a, X) e R)

Let R be a rectangle with sides parallel to the coordinate axes, and R = RN
[—log, T, log, T x [—log, T, log, T)]. If 1/2 < ¢ < 1 we use the large deviation re-
sult (1.2) (and its analogue for arg ((o + it)) to obtain that

Ur(R) = Up(R) + O <@> , and U(R) = ¥(R) + O (@) . (6.3)

When ¢ = 1, we obtain (6.3) by using the large deviation result of Granville and
Soundararajan [5], which states that in the range 7 <logs T+ v + o(1) we have

logIP’T<log C(1+it)| > T) = (14 0(1)) log]P’<log (1, X)| > T>
= —exp (e’ —7—co) (1 +0(1)),
for some positive constants ci,co. The analogous result for arg (1 + it) follows from
the work of Lamzouri [15].

Let S be the set of rectangles R C [—log, T, log, T'] x [—log, T, log, T'| with sides
parallel to the coordinate axes. Then, we deduce that

1
D,(T)=sup |[Vr(R) —Y(R —|—O(—>.
(T) R£| 7(R) = ¥(R)] (log T
Let R be a rectangle in § and L a positive real number to be chosen later. Then it
follows from Lemma 6.2 that

2T
\I/T<R) = %/ WLR(IOg §(0+zt))dt+O<IT(L,a1)+IT(L, a2)+JT(L,b1)+JT(t,b2)>
T

(6.4)
where

1 /2T sin® (mL(Relog (o + it) — s)) "

=T Jo " GLRelosClo + i) — )
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and

JT<L7S> = dt.

1 [(?"sin® (7L(Imlog (o +it) — s))
T /T (rL(Imlog (o + it) — s))?
We choose L = ¢(log T')? for a suitably small constant ¢ = ¢(0) > 0if 1/2 < 0 < 1, and
L =logT/(50(log, T')?) when o = 1. Then it follows from Theorem 2.1 and equation
(2.2) that for all |ul,|v| < L we have

1
d — (I)rand . .
o1 (U, v) anf(u,v) + 0 ((log T)5) (6.5)
First, we handle the main term of (
T / WL,R(IOg C(O’ + Zt = _Re/ / (q)J,T(Qﬂ-UM _27”))fal,a2 (u)fln,bQ (U)
T
du dv
- CI)U7T<27TU,27TU)fa17a2( )fbl b2< )) U
(6.6)
Inserting the estimate (6.5) in equation (6.6) and using that
1 27 Bu 4
sl = 5| [ tar] < mujs -l 67
2mou
we obtain
1 [T

T/ Wir(log¢(o +it))dt =E (W, (log((o,X))) + O (measg(R) (10§T>5)
=E (W (log¢(o,X))) + O ((1()5;%)2) ;
(6.8)

where meas; denotes the two-dimensional Lebesgue measure. Furthermore we infer from
Lemma 6.2

E(WL,R(log((J,X))) =E (1R(10g§(0, X)))

+ O( rand(L al) + ]rand(L a'2) + Jrand(L bl) + Jrand(L b2)>
(6.9)

where

o [ sin” (rL(Relog (0, X) — 5))
Lana(L, 5) = ( (rL(Relog (o, X) — s))? ) |

and

_ sin® (mL(Imlog ((o, X) — s))
Frana(L, 8) = ( (rL(Imlog ((0, X) — 5))? )

Note that E (1 (log((s,X))) = P(log((o,X) € R). Moreover, in order to bound
Lana(L, s) and Jyana(L, s) we use the following identity
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Indeed, using (6.10) along with Lemma 6.3 we obtain

<%m@ﬁ%:EG@AL%%;pr@me@¥QQX%wDMO

LoL —w ,
= Re/o (L—Q)e_%ws@f,and(%w,O)dv (6.11)

<2 1+/L U V) <« 2
— ex —_—— v —.
L 9 P logv L

uniformly for all s € R. Similarly, one obtains that Jana(L,s) < 1/L. Therefore,
inserting these estimates in (6.9) and using (6.8) we deduce

%L wmdmg@+ﬁ»ﬁ_Pa%q@Xwna+o(%). (6.12)

Now it remains to bound the error term on the right hand side of (6.4). Using the
identity (6.10) along with equations (6.5) and (6.11) we obtain

1 2T L 2L —
Ir(L,s) = Re T/T /0 % exp (27riv(Re log (o +it) — s))dvdt
Lo -

= Re/ Tme_2m”s@g7;p(27rv,0)dv
0

LorL —v) _, 1 1
— — wzvs(I)rand 2 d -
Re/0 —fz ¢ and(27,0)dv + O <—(logT)5) < T

uniformly for all s € R. Moreover, the bound Jr(L, s) < 1/L can be obtained along the
same lines. Combining these estimates with (6.4) and (6.12) completes the proof. [

7. LARGE DEVIATIONS: PROOF OF THEOREM 1.3
For 2z € C we define
M(z) = log E(|¢(o, X)[*).

Further, let  be the unique positive solution to the equation M’(k) = 7. One of the main
ingredients in the proof of Theorem 1.3 is the following proposition which is established
using the saddle-point method.

Proposition 7.1. Let % < o < 1. Uniformly for 7 > 1 we have

E (|¢(o, X)) e™™ 1
P(log [((o, X)| > 7) = ’ <1+O</ilolo ra))
(ogIClo: X)) > ) = =2 PIE :
7.1. Preliminaries. Let x(y) = 1 if y > 1 and be equal to 0 otherwise. Then we
have the following smooth analogue of Perron’s formula, which is a slight variation of a
formula of Granville and Soundararajan (see [5]).
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Lemma 7.2. Let A > 0 be a real number and N be a positive integer. For any ¢ > 0
we have for y > 0

0 - 1 c+ioco . 6)\3 -1 N ds ( ) - 1 /c+ioo . 6)\3 -1 N 1 — efANsd
— — — — s.
21 o, 4 AS s X =94 o—i 4 AS 5

C—100 100

Proof. For any y > 0 we have

c+ioco s N A c+io0
L y° e -1 @ — L/ / /+ t1+~--+tN>s§dtl dtn
270 f oo As s ANV omi .

so that by Perron’s formula we obtain

=1 if y > 1,

1 fetioe s —1\"Vd

— v & B _le0,1] ifeW<y<i,

270 Joing AS s . N
= ifo<y<e

Therefore we deduce that

1 c+ico \N eAs -1 N ds 1 c+ico e/\s -1 N ds
- S - s — < < — $ — 71
omi ), .. U © ( As s = x(y) = 21 /c_- Y As 5 (7.1)

C—100 100

which implies the result.

Lemma 7.3. Let s = k + it where k is a large positive number. Then, in the range
|t| > k we have

E (/¢(0, X)[*) < exp ([t ) E (¢(0, X)[") .
Proof. For simplicity we suppose that ¢ > 0. First, note that

E (|¢(0, X)|* HE(’ )_S>.

Therefore, for any y > 2 we have
X() —k—it)

1 - X
(<0, 1) _ (-3
E (I¢(o, X)IF) g E(‘l_%‘

1/(20)

(7.2)

Moreover, since for p > |s|

(-2 5) e o) - (2)
e )1 () (o)

we have
E X(p)
pa

1—
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where Io(z) := 5= f027T e df is the modified Bessel function of order 0. Let y = t*/.
since Iy(z) = 1+ 22/4 + O(]z|*) for |z| < 1, we deduce that for all primes p > y

2 S) 2 2 4
s°—k t t
—k> = exXp ( 4p2‘7 + O <p— + ]F)) .

Since Re(s? — k?) = —¢?, it follows from the prime number theorem and equation (7.2)
that

E (lc(, 1) 2
E (o, F) = O <_Zp>yp_+0(t§_+ 2 >)
2/0—2

< exp (—c(a) o1 +0 (t2/a—3)) 7

for some constant ¢(o) > 0. This implies the result.

O

Let f(u) :=log Iy(u). Then, a classical estimate (see for example Lemma 3.1 of [15])
asserts that f(u) < u?if 0 <wu <1and f(u) < wifu > 1 (where we write g(u) < h(u) if
we have both g(u) < h(u) and h(u) < g(u)). Similarly, we have the following standard
estimates.

Lemma 7.4. We have

, _Ju if0<u<l1
f(u)ﬁ{l if u>1.

" _ )1 fo0<u<l1
filu) = {u‘l ifu>1.

f’"(u)"{u if0<u<l1

u?  ifu>1.

Next, we have the following proposition from which we deduce an asymptotic formula
for the saddle-point  in terms of 7.

Proposition 7.5. For large positive real numbers k, we have

M(k) = go(a)llz;/; (1 +0 <lo;kz>) | (7.4)

=/

where
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and
M (k o2 75
where
g1(0) == e du.
Similarly we have
kl/a—? kl/a—?)
M"(k) <, ———, and M"'(k +it) <, (7.6)

log k logk ’
for all |t| < k.

Proof. The first estimate (7.4) follows from Proposition 3.2 of [16]. The other estimates
can be proved along the same lines. ([l

Corollary 7.6. Let T be a large real number and let k be the solution to M'(k) = 7.

Then
1
K = 92(0_)7_0/(1—(7)(10g7_)0/(1—(7) (1 +0 ( 0g9 ’7')) ’
log 7

ga2(0) = (my/(la)‘

Combining Proposition 7.1, Proposition 7.5 and Corollary 7.6 we recover the following
result, which was obtained by the first author in [16].

where

Corollary 7.7. Let % < o < 1. There exists a constant A(c) > 0 such that uniformly
for T > 2 we have

P(log |¢(o, X)| > 7) = exp (—A(U)Tﬁ(log 7')ﬁ (1+ 0(1))) )
7.2. Proof of Proposition 7.1 and Theorem 1.3.

Proof of Proposition 7.1. Let 0 < XA < 1/(2k) be a real number to be chosen later.
Using Lemma 7.2 with NV = 1 we obtain

o< [T TR0 e Biog oo, X)) > 7)
T 27 S i ’ As s ()
- L H—l—iooE (|C(J X)|5) 6_7—5 (6)\3 o 1) (1 _ efz\s) ds
T 27 i ’ s s ‘

Since Ak < 1/2 we have |e** — 1] < 3 and |e=** — 1| < 2. Therefore, using Lemma 7.3
we obtain

“+’°° A —1ds e n7!
X —TS _ ]E X K —TK .
[ [ TR o e S « S e 0 (1)

+ik S
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and similarly

n—i—zoo . (6)\5 _ 1) (1 _ e—)\s> 6_H1/0—1 N
/m / E (¢l X)) e 3 ——ds < ——E(¢(, X)) e ™
(7.9)

Furthermore, if [t| <  then |(1 — e™*)(e* — 1)| < A?|s|?. Hence we derive

As
Therefore, combining this estimate with equations (7.7), (7.8) and (7.9) we deduce that

Kt+ik e)\S_ _e—)\s
/ E(((o. X)) et D 0 : ) ds <€ ARE (C(0, X)) .

—1K

K+ik As
P(log|¢(0, X)| > ) — i./ E (1C(o, X)) e s

270 Jine

_gl/o-1
B L P

On the other hand, it follows from (7.6) that for |t| < k we have

(7.10)

. 2 1/0—3 )
g B (G(0. X)) = 1og 2 (o X))+ i3 () = 5 0r") +.0 (oI

log k
-1 1 t 12

Hence, using that M'(k) = 7 we obtain

Also, note that

s _756)\8—1
E (C(0 X)) e 7"
K\ ,—TK t2 " 1 Y t2 K’l/oig 3

=—FE (|{(c, X)|") e ™ exp _EM (k) 1—2;—1—0 /<a+?—|— Tog || :
Therefore, we obtain

1 K+iK e/\s_l

- E X S —TS d

27TZ i (’C(O-’ )’ )6 )\32 S

1 1 K t2 t2 51/0_3
=—FE X)) e ™ — ——M" 1+0 A+ — t?) ) dt

oo 0F e 5 [ e (<5ar) (140 (e S )

since the integral involving it/ vanishes. Further, we have

% Z exp (—%M”(m)) dt = m (1 +0 (exp (—%HQM”(K)))) :

" n t? " 1
/H ‘t’ exXp (—EM (KZ)) dt < W

and
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Thus, using (7.6) we deduce that

1 i e — 1

— [ R X)) e

21t J_ine

E(|C(UaX>|H) e " < 1—1
= 1+O()\/<;+/<a o lo Ii))
K/ 2 M" (k) &
Finally, it follows from (7.6) that k/M" (k) =<, /%) (log k)~'/2. Thus, combining the
estimates (7.10) and (7.11) and choosing A = £~% completes the proof. O

ds

(7.11)

Proof of Theorem 1.3. As before, xk denotes the unique solution to M'(k) = 7. Let N
be a positive integer and 0 < A < min{1/(2x),1/N} be a real number to be chosen
later.

Let A =10, &(T), and by = by(0,10) be as in Theorem 2.2. Let Y = (by(logT)?)/2.
Note that, if T"is large enough then by Corollary 7.6 we have k < Y. Let s be a complex
number with Re(s) = x and |Im(s)| < Y. Then, it follows from Theorem 2.2 that

1 N : E<|c<o,X>|”>)
1 dt = E (o X)P) + O\ = q0g 0~ ) '
T /[TzT}\s(T) (Clo +it)"dt = E(|C(o, X)[*) + < (log 7)™ o
Define
1 Ktico ¥ —1\"d
and

1 K+i00 1 6)\8 -1 N ds
Jr(o, T :—,/ <—/ C(o+1t sdt)e”( ) —.
r(o.7) 2710 J—ice \T Jirompe(r) o€ ) As S

Then, using equation (7.1) we obtain

P(log |¢(o, X)| > 1) < I(0,7) < P(log (0, X)| > T — AN), (7.13)
and
IPT<log IC(o+it)] > T) +O(8(T)) < Jr(o,7) < IP’T(log IC(o+it)] > T—)\N) +O(8(T)),
(7.14)
where

log T
o) =exp (~anlo) B0

for some positive constant cy(o), by equation (4.9).
Further, using that |e* — 1| < 3 we obtain

K+1i00 . 6’\8—1 Nds 3 N o
[ L msmaone (S 9 < () ek
(7.15)
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Similarly, using (7.12) we get

K~+1i00 As 1 N d
/ / ( / o+ it)\sdt) e (e ) =
K—100 K+iY T2TN\E(T) As S

< ( f;)Nmm(a,X)w)

Further, note that |(e* —1)/As| < 3, which is easily seen by looking at the cases |As| < 1
and |As| > 1. Therefore, combining equations (7.12), (7.15) and (7.16) we obtain

(7.16)

Jr(o,7) = I(o,7) < E(|((0, X)[") e ™ (% + ()\iY) ) . (7.17)

Furthermore, it follows from Proposition 7.1 and Proposition 7.5 that

\/log/f e (logT)letD)/(29) N
Pllog [¢(0: X)| > 7) =, LB 5 (160 X)) e, LET g (0, X017 e
(7.18)
Thus, choosing N = [loglog T| and A\ = ¢'°/Y we deduce that
1
Jr(o,7) —I(o,7) < mﬂ”(log (0, X)| > 7). (7.19)

On the other hand, it follows from Corollary 7.7 that
P(log|¢(o, X)| > 7 £ AN) = P(log [¢(0, X)| > 7) exp(O(AN (7 log 7)7°7))
(t1log 7)™ loglog T
=P(1 X 1
(105 ¢(0.X)] > ) ( +0 < R
Combining this last estimate with (7.13), (7.14), and (7.19) we obtain
IP’T<log |C(o +it)| > 7') < Jr(o,7)+O(8(T))

<I(o,7)+ O (P(log E(();’;ggl >7) + 5(T)>

P(log |¢ (0, X)| > 7) (1 410 (“ log Zl)c;;ch)(‘)’g bgT)) +0(5(T)),

(7.20)

and
Pr(loglc(o +it)] > 7) = Jr(o, 7+ AN) + O(3(T))

> I(0.7 4+ AN) + 0 (M"g 'éf)‘;;jg' >7) 6(T))

> P(log ¢ (0, X)| > 7) (1 +O (“ log Zl)(;g_”Tl)‘;g bgT)) +O(5(T)).
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The result follows from these estimates together with the fact that P(log |((c, X)| >
7) > (6(T))Y? in our range of 7, by Corollary 7.3.
U

8. DISTRIBUTION OF a-POINTS: PROOF OF THEOREM 1.3
8.1. Preliminaries. Let S(T') be the set of points 7" < ¢ < 27" such that

max{| log |¢(o +it)|

: |arg(’(a+it)‘} < log, T" and ‘1og (o +it)| — 10g|a|‘ > 4,
where § = 1/(log T')°. Similarly let F' be the event,

max {| log |¢ (o, X)), > 0.

arg (o, X)|} <log,T and ’10g|§(0,X)| — log |a|

Then we have the following lemma.

Lemma 8.1. Let % <o <1 be fixed. We have,

%/TQT log|¢(o -+ it) — aldt = %/tesm log|¢(o -+ it) — aldt + o(%).
and
E(log|¢(7, X) — af) = E(1p - log|¢(o, X) — af) + O <<<11°Og;—g))2)
Proof. Note

1
'—/ log |((o + it) —a|dt’ <
T Jigsry

1 1-1/2k 1 2T 1/2k
< <T-meas{T§t§2T:t§Z8(T)}) . <T/ |log]((a+it)—a|]2kdt> )

T

According to Proposition 2.5,

1 oT 1/2k
(?/ (log |¢(0 + it) — a|)2kdt> <K

T

while by Theorem 1.1 we have
meas{T <t <27 :t ¢ S(T)} < P(]log|¢(o, X)| — log|a|| < &) + O((log T)~7).

The probability distribution P(log ((o, X)) € ) is absolutely continuous, and therefore
the above expression is < § + (log 7)) "7 < (logT')~? . Choosing k = log, T" leads to the
desired estimate
. (log, T)*
log |C(0 +it) — aldt| K ~——=—
/t¢$(T) o€ )~ (logT)”

and hence the claim. The proof of the second statement is similar. O
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We let S1(T') be the set of points ¢ € S(T) such that log |((o + it)| > log|a| + J, and
So(T) = S(T)\S1(T'). Similarly, Fy is the sub-event of F' where log [((o, X)| > log|a|+¢
and Fy, = F'\ F;. Moreover, we define

1
Oy (u,v) = ?meas{t € S1(T) : log|¢(o +it)] <wand arg((o +it) < v}

®y(u,v) = ]P’(F1 and log|¢(o, X)| < u and arg((c, X) < v).
Also, let
U(u) = %meas{t € S1(T) : log|C(o +it)] <u}
U(u) = P(F, and log|((o, X)| < u).
Let g(u,v) :=log(e“™™ — a) and h(u,v) := Re(g(u,v)). Note that h is twice differen-

tiable in the region of R? where |u — log |a|| > 4.
We are now going to show that

/ log |C(0 + it) — aldt and E[1y - log|¢(o, X) — al]
teS(T)

match up to a small error term. For this we will need to integrate by parts. We establish
the three necessary lemmas below.

Lemma 8.2. We have

1
= log|§(a+it) — aldt
teS1 (T
logy T' log2 th T
/ (I)l U ’U (U/’ U) — " Zdudv — Mh(log2 T, 1Og2 T)
logy T Jlog |al+6 Oudv T

—/ (h(10g2T,arg§(0+it)) +h(log|C(0+it)|,log2T))dt,
T teS1(T)

and

E(1p -log|¢(o, X) — al)

log, T logo T 82h w
/ () 31581) L dudv — P(Fy)h(log, T, log, )

+E<]—F1 ' h(logQ T7 argC(UaX>)> +E<1F1 . h(lOg|<(O’,X)|,10g2T>>

logy T J'log \a|+6
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Proof. We only prove the first identity since the second can be obtained along similar
lines. We have

logo T rlogy T h(u v)
/ U, v)————=dudv
logy, T Jlog \a|—|—5 dudv
logo T plogy T (u U)
1 / s au S dtdudo
log, T Jlog |a|+6é Jlog|¢(o+it)|<u

arg ((o+it)<v

1 logy, T’ log, T' )
-7 / / ————dudvdt
teS1(T) Jarg ((o+it) Jlog|C(o+it)] 811,8’0

log, T a
T ~-h(log, T,v) — —~h(log|((o +it)|, v)dvdt
/teSl(T /argg“(aﬂt) ov 2 ) ov ( 1¢( )l )

1
=— log |((o + it) — a|dt + = / h(log, T, log, T)dt
T Jies (1) T Jies (1)

1
— _/ <h(log2T, arg ((o +it)) + h(log|§(a+z't)|,log2T)>dt.
T teS1(T)

Lemma 8.3. Let % < o <1 be fired. We have

1

. log, T
= h(log|C(o+1it)|,log, T')dt = E(1p-h(log|((o, X)|,1log, T’ +O( ),
F L P08 o) oo )t = (1, (108 o X)Ll ) )40 ot

and

1

. log, T
— h(log, T t))dt =E(1p - h(log, T X )
T /tesl( ) ( Og2 ,arg{(0+l )) ( Fi ( Og2 ,argC(U, ))) +O ((IOgT)U)

Proof. We only prove the first estimate since the second is similar. We have

1 logy
T / h(log|¢(o + it)|,log, T')dt = / h(u,log, T)dW¥ (u).
teS1(T) log |a|+6
Integrating by parts, the right-hand side equals
10g2 T log2 T
[\I/(u)h(u, log, T)} — / h' (u,logy T)W (u)du
1

log |a]+6 og |al+3d

5 log, T logy N
= [\I/(u)h(u, log, T)] : - / h'(u,logy T)W(u)du + Ej
1

log |a|]+6 og |a|+d
—E(1, - h(log|¢(o, X)|,log, T) ) + Es

where

1 log, T’
Es <« (log T+/ h (u,log, T du), 8.1
5 (log T)a. 2 log a| 15 | ( 2 )| ( )
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which follows from the discrepancy estimate W(u) — ¥(u) < (logT)~7, along with the
bounds h(log, T, log, T') < log, T and h(log |a| + d,1log, T') < log(1/6) < log, T. Now,
we have

eu

W (u,log, T)| = | Re(g'(u, log, T))| < |g'(u,log, T')| < lev — |a||’

Further, by making the change of variable x = u — log |a|, we get

log, 2log, ev 1 dr
/ |1 (u,logy T)|du < / = 1dx < / g +log, T < log, T
I 5 5

ogla|+6 B

Inserting this estimate in (8.1) completes the proof. O

Lemma 8.4. Let l <o <1 be fired. We have

logy, T' logy T' 2 h logy T' log, T 2
/ w, v a “”dd_/ Oy ( a(uv)dudv
logy T' J'log \a|+6 dudv logy T Jlog |a|+§ Oudv

log2
log T

Proof. By the discrepancy estimate ®;(u,v) — ®1(u,v) < (logT)~?, we obtain that

logy T log, T 2 logy T logo T 2
/ u,v 8 / Dy (u, U)Mdudv
logy, T' J log |a\+6 8’&6’0 g, T Jlog |a|+6 Oudv
logy T' log, T' 2h
< / 9" hlu U) dvdu> :
1Og T log |a]+6 logy T 8%6’0
Note that
2 2 2 u
0°h(u,v) _ |Re 0%g(u,v) < 0%g(u,v) ¢ |
Oudv Judv Oudv |evtiv — q|?

and |e"™™ — a|? = 2" + |a|* — 2 Re(ae" ™) = (e — |a|)* + 2|ale" (1 — cos(v —arg a)). We
split the range of integration over v into intervals [—m + 27k + arga, 7 + 27k + arg a
with |k| < (log, T)/m. Since the integrand is non-negative, we deduce that

log, T 82h m+2mk+arga 1
/ (U, U) dv S el Z / dv
—log, T

Judv |y 7~ 2k arg o (e* — |a|)? + 2|ale*(1 — cos(v — arg a))

™ 1
N e e

by a simple change of variable and since the integrand is an even function of v. Fur-
thermore, using that 1 — cosv > 1)2/10 for 0 < v < 7 we obtain that

/7T ! dv < /7r ! d
v v
o (e*—lal)? + 2|ale*(1 — cosv) o (e —la])? =+ |alemv?/5
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Now, by making the change of variable
B ’a‘eu/Q
T VA = al)
we derive
™ 1 o—t/2 o q o—U/2
| et <, e e
Combining these estimates we deduce that

toga T /1% 9%h(u, v)
log |a|+d logy, T auav

by making the change of variable + = u — log |a| and since the integrand is positive.
The lemma follows upon noting that

2logy T em/z 1 1 log, T'
/ de < / “dx + / e 2dr < log, T.
5 1 5T 1

log, T 6u/2 2logy, T
dvdu < log, T/ ” du < log, T/
loglal+8 € — |CL| )

et —1

er —
O

8.2. Proofs of Theorems 2.4 and 1.4.
Proof of Theorem 2.4. In view of Lemma 8.1 we only need to prove that

1 . (log, T)?

— log [((o +it) — aldt =E(1g -log|((0, X) —a +O(— )

T Jiesr) < )~ al (Lr €0, X) = al) (logT')°
Recall that S(T') = §1(T)US2(T) and F' = F1UF,. Combining the discrepancy estimate

T
w ~“P(R) < (logT)™°

with Lemmas 8.2, 8.3 and 8.4, we obtain

1 10g|§(a+z’t)—a|dt:]E(1F1-log]((a,X)—aD—i-O(

(log, T)2>
T Jies 1) '

(log T)°
Finally, using a similar approach one obtains

2
%/tesg( )log [((o +it) — aldt = E(1p, -log|¢(0, X) —a]) + O <%)

where instead of Lemma 8.2 we use

1
—/ logl¢lo+ i) — al
teSo(T

et loglal 6 h(u,v) meas(Sy (7))
)= dudy — ——2=2h(—log, T, — log, T
/ logy T J —logy T (u,0) Oudv uav T (—log, T, —log, T)

—/ (h(—log2T,arg((J+it))+h(log]C(a+it)\,—log2T)>dt,
T teSa(T)
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with
1
Dy (u,v) = Tmeas{t € S(T) :log|¢(o +it)| > u and arg((o +it) > v}.

For the proof of Theorem 1.4 we need an auxiliary lemma.
Lemma 8.5. Let a # 0. The function
fa(o) := E[log[¢(a, X) — al]
is twice differentiable in o for % <o <l1.
Proof. See Theorem 14 of [3]. O

Proof of Theorem 1.4. Let 5 < o <1 and p, = 8, + i, denote an a-point of {(s). We
know that there is 0y = og(a) such that 5, < og for all a-points p,. By Littlewood’s
lemma (see equation (9.9.1) of Titchmarsh [24]), we have

oo 1 2T 1 2T
Vdu=— [ 1 i) —aldt — — | 1 ) —
/(, ( Z )du 27T/T og|((o +it) — aldt 27T/T og |¢ (g +it) — aldt

Ba >u
T<yg<2T

+ %/:O (arg (Cla+2T) — a) — arg (((a +T) —a))da.

(8.2)
Furthermore, a standard application of the Jensen’s formula shows that (see for example
section 9.4 of Titchmarsh [24] or equation (8.4) of Tsang’s thesis [25])

oo

/ (arg (C(a+ 2T) — a) — arg (C(a +4T) — a))da <, logT.

Let 0 < h < min(s — 1,1 — o). Inserting this last estimate in equation (8.2) and using
Theorem 2.4 we obtain

/fh( S 1>du:%(E[log\g(a,X)—au_E[logyg(a+h,X)_ay])+o(TéfgL;)Tf).

6a >u
T<v,<2T

Recall that f,(0) = El[log|¢(0, X)—al] is twice differentiable in ¢ by Lemma 8.5. Hence,
we derive

L e () o)

ﬁa >u
T<a<2T

T T(log, T)? 1
— . T4 2\9%20) 2
3r (@) 0 (h T og Ty h

Therefore,
T T(log, T)* 1
1< ——-f hl + ———— - — | < 1.
> 1s-g s o(nre L L) < by

T<y,<2T T<y.<2T
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We substitute o — h for o and use f'(o — h) = f'(c) + O(h) to conclude that also

T T(log, T)* 1
1< ——. T4 %) 2
52>a - 2 Jlo)+0 (h i (logT)> h

T<va<2T

We pick h = (log, T) - (log T)~°/? to conclude that
T Tlog, T
l=——.f — o2 ).
()
From this the claim follows. 0

9. APPENDIX: LOWER BOUNDS FOR THE DISCREPANCY

According to the work of Ingham [10],

/ Y |C(o+it)|2dt = ¢(20)T + (2m)%7 - 4(22;220‘7) (227 DT+ O(T 7 (log T)?).
i _

We notice that
E(|¢(o, X)[*) = ¢(20).
Therefore, if D,(T) = O(T*~277%) for some ¢ > 0, then by integration by parts

2T
| ket + it = o) + 012+
T
which contradicts the previous equation. Therefore D, (T) = Q(T'727¢). We notice
that the term 72729 arises from the x factors in the approximate functional equation.
Therefore the observed discrepancy D, (T) = Q(T"277¢) ultimately arises because the
probabilistic model {(o, X) does not take into account the y factors in the approximate
functional equation (or equivalently because independence is ruined for the harmonics
n' and m™ with n,m close to T).

As to the second assertion, if we have that D,(T) = O(T'7%*¢), then again an
integration by parts shows that

2T
/ log ¢ (o +it)|dt = T - Ellog |¢ (o, X)|] + O(T?7*7%%).
T
Since log |((0, X)| is symmetric we have E[log|((co, X)|] = 0. By Littlewood’s lemma
we conclude that

Z (ﬁ _ 0_) _ O(TQ*QO’*FE)'

B>0

T<y<2T

From this it follows that the number of zeros of {(s) in the region 8 > o+¢ is < T? 27+¢,
This completes the proof of Proposition 1.2.
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