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It was at the dawn of the historical developments of quantum mechanics when Schrödinger, Ken-
nard and Darwin proposed an interesting type of Gaussian wave packets, which do not spread out
while evolving in time. Originally, these wave packets are the prototypes of the renowned discovery,
which are familiar as “coherent states” today. Coherent states are inevitable in the study of almost
all areas of modern science, and the rate of progress of the subject is astonishing nowadays. Non-
classical states constitute one of the distinguished branches of coherent states having applications
in various subjects including quantum information processing, quantum optics, quantum superse-
lection principles and mathematical physics. On the other hand, the compelling advancements of
non-Hermitian systems and related areas have been appealing, which became popular with the sem-
inal paper by Bender and Boettcher in 1998. The subject of non-Hermitian Hamiltonian systems
possessing real eigenvalues are exploding day by day and combining with almost all other subjects
rapidly, in particular, in the areas of quantum optics, lasers and condensed matter systems, where
one finds ample successful experiments for the proposed theory. For this reason, the study of coher-
ent states for non-Hermitian systems have been very important. In this article, we review the recent
developments of coherent and nonclassical states for such systems and discuss their applications and
usefulness in different contexts of physics. In addition, since the systems considered here originate
from the broader context of the study of minimal uncertainty relations, our review is also of interest
to the mathematical physics community.
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I. INTRODUCTION

The terminologies coherent states, squeezed states and
nonclassical states have been so common in recent days
that they can be found in almost every article in modern
quantum optics and quantum information theory. Coher-
ent states, which are, in a sense, the cornerstones of mod-
ern quantum optics, were proposed immediately after the
birth of quantum mechanics by Schrödinger [1] followed by
Kennard [2] and Darwin [3] in the form of a non-spreading
Gaussian wave packets. The states were rediscovered later
in 1963 by Glauber [4] in the form of eigenstates of the
annihilation operator who expressed them in a fascinating
form, which is familiar as coherent states today. Soon af-
ter its discovery, the subject has spread to almost all other
areas of science very rapidly and the developments of the
field and its applications have been breathtaking.

Today, coherent states are found to exist in various
branches of physics including mathematical physics [5–8],
wavelets [9], quantum gravity [10], cosmology [11], atomic
and molecular physics [12], to mention a few. Squeezed
states as well as the other nonclassical states have origi-
nated mainly from the coherent states and, they are the
source of entangled quantum states [13] which are one of
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the fundamental ingredients for the study of quantum infor-
mation theory. The span of the subject of coherent states
and other related areas are almost limitless and, thus, it
has not been possible to revise the whole subject in a sin-
gle review article or in a book. Here we provide a partial
list of references that have been devoted to several different
aspects of coherent states [9, 12, 14–21].

Keeping aside the rapid progress of the subject of co-
herent states itself, in this article we intend to provide a
concise review on the developments of coherent states for
non-Hermitian systems primarily based on [22–28]. Specif-
ically, the systems that we study here originate form the
noncommutative (NC) quantum mechanical structure with
minimal length associated with the generalized uncertainty
principle. The advancement of the coherent states for such
systems are mainly based on the concepts of generalized
coherent states [5, 6, 15, 29–32] and, thus, their structure
appears to be almost evident at first sight. However, we
argue that they are highly nontrivial and challenging not
only because of the complications of sophisticated mathe-
matical structure of our system, but mostly, in the sense
that they always emerge with the non-Hermitian structure,
which is always challenging for the construction of concrete
physical systems. Throughout this review, we not only dis-
cuss the construction of well-behaved coherent states for
our systems, but also we shed light on the facts that these
constructions may give rise to more degrees of freedom over
the coherent states and nonclassical states of the standard
harmonic oscillator, so that they may be utilized in a more
efficient way for further development of the subject area.

II. FORMALISM

A. Coherent states: general properties

Coherent states are interesting superposition of infinitely
many quantum states, whose dynamics most closely re-
semble the classical systems [33, 34]. It was Schrödinger
[1], who first discovered them in 1926 while searching for
the solutions of the Schrödinger equation that satisfy the
Bohr’s correspondence principle. In his discovery, he con-
structed an interesting type of wave packet consisting of a
large number of harmonic oscillator wave functions, which
does not spread out with time and the behavior of which is
very similar to a solitary wave as given by

〈x|α〉 = π−1/4exp

(
−1

2
x2 +

√
2xα− α2

2
− |α|

2

2

)
, (1)

with α being a complex parameter. Later in 1951, the same
wave packet was derived in the opposite way by Iwata [35],
who first considered the coherent states to be the eigen-
states of the non-Hermitian annihilation operator

â|α〉 = α|α〉, (2)

and then successfully derived the same wavepacket (1). Af-
terwards, many authors obtained the same equation (1)
from many different arguments and finally it was Glauber
[4], who actually carried out a more systematic analysis to

express it more compactly in terms of the Fock basis

|α〉 = e−|α|
2/2

∞∑
n=0

αn√
n!
|n〉, ∀ α ∈ C, (3)

and entitled them as the “coherent states” for the first time
in the literature. It is, by now, well-known that the coher-
ent states can be constructed from any of the following
definitions: (i) as eigenstates of the annihilation operator
a|α〉 = α|α〉, (ii) by applying the Glauber’s unitary dis-
placement operator, D(α) = exp(αa†−α∗a) on the vacuum
state and (iii) as quantum states that minimize the uncer-
tainty relation ∆x2∆p2 = ~2/4, with equal uncertainties
in each coordinate, ∆x2 = ∆p2 [36]. However, every co-
herent state does not satisfy all of the above properties at
a same time; for instance, see [23, 37], where the first two
properties have been satisfied, but not the third one. Co-
herent states that satisfy all of the three properties, are
usually specified to intelligent states [19, 38–40] or some-
times squeezed coherent states. Glauber coherent state (3)
is an ideal example of intelligent state.

Coherent states have several interesting mathematical
features that are very different from the usual Fock states.
For instance, two different coherent states are not orthog-
onal to each other due to the property that the annihi-
lation operator is not a self adjoint operator by defini-
tion. There are many other interesting features of co-
herent states, which are well documented in the literature
and, therefore, we are not going to discuss them in detail.
Rather, we refer the readers to [9, 12, 14–21].

B. Nonclassicality

The clue to the explication of nonclassicality lies within
its name, it simply means that any state which is not classi-
cal is nonclassical. However, the concept of nonclassicality
originally follows from Glauber and Sudarshan’s conven-
tion [4, 41, 42]. According to them, any state which is less
classical than the coherent state is nonclassical. A more
precise definition emerges from the Glauber-Sudarshan’s P -
function, which was introduced in [41] to represent thermal
states and in [42] for arbitrary density matrices

ρ =

∫
P (α)|α〉〈α|dReα dImα, (4)

with

∫
P (α)dReα dImα = 1.

For coherent states, the weight function P (α) can be in-
terpreted as a probability density, as in this case the P -
function is a delta function. Glauber defined the nonclassi-
cal states as the states for which the P -distribution fails to
be a probability density. More specifically, if the singular-
ities of P -functions are either of types stronger than those
of the delta functions (e.g. derivatives of delta function) or
they are negative, the corresponding states have no classical
analogue. There are few other related techniques by which
one can define the nonclassicality of a state, for instance
by, Husimi Q-representations [43], Wigner representations
[44], which can be found in any standard textbook of quan-
tum optics [16, 45–49]. A completely different statement
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was given in [50], where the author argued that a quantum
state may be nonclassical even though the P -distribution
is a probability density. Rather, the nonclassicality is as-
sociated with the failure of the Margenau-Hill distribution
to be a probability distribution. Nevertheless, we will stick
to the convention of Glauber and Sudarshan throughout
our discussion. Although, the notion of nonclassicality was
established by Glauber, the name nonclassical states, non-
classical effects, nonclassical light appeared much later in
the literature; see, for instance, [51, 52].

Nonclassicality can also be explained from a slightly dif-
ferent angle. For instance, one can consider a Gaussian
wave packet with unequal variances of two quadratures,
whose P -function in the special case of the statistically un-
correlated quadrature components reads as [53]

PG(α) = N
[
− (Reα− a)2

σx − 1/2
− (Imα− b)2

σp − 1/2

]
, (5)

where a and b are the position of the center of the distri-
bution in the α plane and N stands for the normalization
constant. The function (5) exists as a normalizable distri-
bution only for σx ≥ 1/2 and σp ≥ 1/2. Therefore, the
state with the variances of one of the quadratures being
less than 1/2 does not correspond to a Gaussian distribu-
tion and, therefore, the corresponding state is nonclassical.
This statement is not only true for Gaussian states, but
holds for any state. Indeed, it is possible to express the
quadrature variance in terms of the P -function as follows

σx =
1

2

∫
P (α)

[(
α+ α∗ − 〈â+ â†〉

)2
+ 1
]
dReα dImα.

(6)
Now, if σx < 1/2, the P -function must be negative and,
therefore, the state can not be interpreted as classical [53].
This is one of the strong evidences of nonclassicality and the
phenomena is usually known as quadrature squeezing, which
we will discuss with more details in the next subsection.

As a matter of fact, all pure states except the coherent
states are nonclassical with respect to the their physical
properties [54] as well as the formal definitions with respect
to the P -function given above [55]. Nonclassicality of the
Fock states and their finite superpositions was mentioned in
[56]. However, speaking of nonclassical states, people usu-
ally do not have any arbitrary pure quantum states in mind,
but the states with more or less useful and distinctive prop-
erties. For instance, superposition of two coherent states,
which are often known as the Schrödinger cat states, can
be used as qubit in quantum information processing [57].
There are several other well-known nonclassical states; such
as, squeezed states [36, 58], photon-added coherent states
(PACS) [59], pair coherent states [60], photon subtracted
squeezed states [61], etc. For more information on nonclas-
sical states one may refer to, for instance, the review article
[19]. We will discuss some of them for our non-Hermitian
systems in this article.

C. Coherence versus nonclassicality: Methods of
identification

Given the definitions of nonclassical states that we have
discussed in the last section, it is fairly straightforward to

identify them. However, sometimes it becomes important
to not just test a binary notion of classical versus nonclas-
sical but to develop a concept that quantifies the amount
of nonclassicality it possesses [62, 63]. For instance, higher
nonclassical states are more useful in quantum information
theory as well as they reduce optical noise in one quadra-
ture component with respect to that of the coherent states.
In order to study such type of properties, in this section,
we discuss some techniques that may be utilized for this
purpose.

1. Quadrature squeezing

In quantum optics, quadratures are usually referred to
the dimensionless position and momentum operators

y =
1

2
(a+ a†), z =

1

2i
(a− a†). (7)

Any quadrature is said to be squeezed if the variance of that
quadrature becomes less than the right hand side of the un-
certainty relation, which is 1/2 for the systems satisfying
the Heisenberg’s uncertainty relation, or for a general sys-
tems which obeys the Robertson-Schrödinger uncertainty
relation, it is 1

2

∣∣〈[X,P ]〉
∣∣. Here, X and P are the position

and momentum operators of the models obeying the gen-
eralized Robertson-Schrödinger uncertainty relation. The
above situation (squeezing in one quadrature) can occur in
two scenarios (by considering a system satisfying Heisen-
berg’s uncertainty relation), when the uncertainty relation
is saturated ∆x∆p = 1/2, as well as, in the usual case when
∆x∆p > 1/2. The latter case is more usual and happens
more frequently, whereas, the former case is more inter-
esting, since in this case the uncertainty relation is min-
imized with one of its quadratures being squeezed. This
phenomenon is very rare in the literature, and it corre-
sponds to an excellent type of nonclassical states, which is
sometimes referred as ideal squeezed states [16, 64–66].

2. Photon number squeezing

The meaning of photon number squeezing is that the
photon number distribution of the state is narrower than
the average number of photons 〈(∆n)2〉 < 〈n〉 , with n =
a†a being the number operator. A straightforward way to
identify the photon statistics of any states as indicated by
Mandel [67] is to calculate the Mandel parameter Q:

Q =
〈(∆n)2〉
〈n〉

− 1. (8)

For states with Q = 0, the statistics are Poissonian, while
Q > 0 and Q < 0 correspond to the cases of super-
Poissonian and sub-Poissonian statistics, respectively. For
a coherent state, it is well known that the photon distribu-
tion is Poissonian (Q = 0) with a mean of 〈n〉. While, the
nonclassicality corresponds to the case of sub-Poissonian
statistics Q < 0. An alternative approach to realize the ex-
istence of photon number squeezing is to study the second
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order correlation function (for zero delay time) [68]

g(2)(0) =

〈
(a†)2a2

〉
〈a†a〉2

. (9)

The number squeezing applies to the scenario when
g(2)(0) < 1, physically which is referred to as a light field
with photons more equally spaced than a coherent laser
field and the phenomenon is popularly known as photon
antibunching.

3. Photon distribution function

A simple study of photon distribution function of a state,
say |α〉

Pn :=
∣∣〈n|α〉∣∣2, (10)

with n being the number operator, can indicate the non-
classical behavior of the state. An oscillatory behavior
of the function (10) corresponds to a nonclassical system,
whereas, for classical-like states the distribution function
(10) is of Gaussian type.

4. Revival structure

Further insights into the nonclassical behavior of a time-
dependent system can be obtained from the study of the
revival structure of the wave packets. For a general wave
packet of the form ψ =

∑
cnφn, with the mean of the dis-

tribution being n = n̄ and energy En̄, the quantum revival
[69] is a periodic recurrence of the quantum wave func-
tion from its original form during the time evolution. A
partial revival for which the initial form of the wavefunc-
tion is not recovered completely is known as fractional re-
vival. If the quantum revival or regaining happens exactly
at its classical periods Tcl = 2π~/|E′n̄|, the structure corre-
spond to a classical-like system. Whereas, if it occurs more
than once within the classical period periodically at times
Trev = 4π~/|E′′n̄|, it was argued in [70] that the phenomenon
corresponds to a system where the photon statistics is sub-
Poissonian and, thus, the corresponding state is nonclassi-
cal in nature. In case of the existence of a revival structure,
fractional revivals may also occur at times p/qTrev, with co-
prime integers p, q. If, the quantum revival occurs only once
within the classical period, it is usually said that the system
possess a revival structure, while if it happens twice within
the same period, it owns a super-revival structure and in
case of thrice a super-super-revival structure, and so on.
Systems with super-revival structure are more nonclassical
than those of having revival structure. The easiest way to
study the revival or super-revival structure is to compute
the auto-correlation function of a state |γ, φ〉

A(t) :=
∣∣〈γ, φ|γ + ωt, φ〉

∣∣2, (11)

where γ is a parameter of the system and φ labels the state.

5. Beam splitter entanglement

A beam splitter is a familiar optical interferometer, which
has two input and two output ports. The lights passing
through the input ports are partly reflected and partly
transmitted with the amplitude reflection and transmission
coefficients being r and t, respectively. The quantum ver-
sion of the classical beam splitter is obtained by replacing
the incoming electromagnetic fields with a set of annihila-
tion operators a and b corresponding to two different inputs
[16]. The output fields are, then, realized with the unitarily
transformed operators c = BaB† and d = BbB†, such that

[c, c†] = 1 and [d, d†] = 1. (12)

The unitary operator B is known as the beam splitter op-
erator

B = e
θ
2 (a†beiφ−ab†e−iφ) , (13)

where θ denotes the angle of the beam splitter and φ is
the phase difference between the reflected and transmitted
fields. The conditions (12) impose the restriction on the
reflection and transmission amplitudes, |r|2 + |t|2 = 1, with
r = −e−iφ sin(θ/2) and t = cos(θ/2). For a 50 : 50 beam
splitter, r and t are naturally equal in amplitude, |r| =

|t| = 1/
√

2. The effect of the beam splitter operator on a
bipartite input state composed of a usual Fock state |n〉 at
one of the inputs and a vacuum state |0〉 at the other, is
well-known [13]

B|n〉a|0〉b =

n∑
q=0

(
n
q

)1/2

tqrn−q |q〉c|n− q〉d . (14)

The output of the beam splitter (14) can be used in a re-
duced density matrix to calculate any type of entanglement
entropy; such as, linear entropy, von-Neumann entropy, etc.
One of the exciting features of a quantum beam splitter is
that it produces entangled output states, if at least one of
the input fields is nonclassical [13, 71]. That is why one
does not obtain the entangled states in the output ports,
when one transmits coherent states through the input ports
[13]. One of the biggest advantages of using beam splitter
as a test of nonclassicality includes the comparison of the
entanglement entropy among many states and, thus, it may
help us to recognize the nonclassical state that possesses the
highest degree of nonclassicality among many states.

III. NON-HERMTIAN SYSTEMS IN MINIMAL
LENGTH SCENARIO

Having introduced the general features of coherent states
and nonclassicality, in this section, let us discuss a system
on which our article is based on, i.e. some non-Hermitian
models based on quantum mechanics in NC space and,
then, we discuss how these models can be applied to phys-
ical systems like coherent states.

A. Noncommutative quantum mechanics

The original proposal of space-time noncommutativity is
very old and was introduced in the pioneering days of quan-
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tum field theory most notably by Heisenberg, who argued
that one could use a NC structure of space-time at very
small length scales to introduce the effective ultraviolet cut-
off to regularize the ultraviolet divergence. The idea was
given a proper mathematical structure for the first time by
Snyder in 1947 [72]. Immediately after this, Yang extended
Snyder’s idea by replacing the algebra of noncommuting
linear operators by the algebra of functions to describe a
general geometrical structure [73]. However, all of these
suggestions were ignored at that time, perhaps mainly due
to the failure of making accurate experimental predictions
of the theory, but mostly because of its timing. At around
the same time, the renormalization group program of quan-
tum field theory finally was becoming successful at accu-
rately predicting numerical values for physical observables
in quantum electrodynamics and, therefore, the theory of
NC space-time went through a long period of ostracism.

However, the theory was reborn with a very simple and
elegant Lorentz-covariant version introduced by Seiberg
and Witten [74], who showed that the string theory can be
realized as an effective quantum field theory in a NC space-
time at a certain low-energy limit. Some important mathe-
matical developments of the 1980s have also contributed to
this rebirth, for instance, Connes [75] and Woronowicz [76]
revived the notion by introducing a differential structure
in the NC framework and, NC theories have been an area
of intense research since then. For further details on the
subject, we refer the readers to some reviews, for instance
[77–81].

Nevertheless, the theory of noncommutativity has
evolved from time to time and has shown its usefulness
in different areas of modern physics [82–87]. Besides, some
well-known versions of it, some natural and desirable pos-
sibilities may arise when the canonical space-time commu-
tation relation is deformed by allowing general dependence
of position and momentum [88–92]. In such scenarios, the
Heisenberg uncertainty relation necessarily modifies to a
generalized version to the so-called generalized uncertainty
principle (GUP). Over last two decades, it is known that
within this framework, in particular, where the space-time
commutation relation involves higher powers of momenta,
explicitly leads to the existence of nonzero minimal un-
certainty in position coordinate, which is familiar as the
minimal length in the literature [88, 93–108]. An intimate
connection between the gravitation and the existence of
the fundamental length scale was proposed in [109]. The
minimal length has found to exist in string theory [110],
loop quantum gravity [111], path integral quantum grav-
ity [112], special relativity [113], doubly special relativity
[114], coherent states [22–28, 115–122],, etc. Furthermore,
some thought experiments [109] in the spirit of black hole
physics suggest that any theory of quantum gravity must
be equipped with a minimum length scale [123], due to the
fact that the energy required to probe any region of space
below the Plank length is greater than the energy required
to create a mini black hole in that region of space. In
short, the existence of minimal measurable length, by now,
has become a universal feature in almost all approaches of
quantum gravity. For further informations on the subject
one may follow some review articles devoted to the subject,
for instance, [77, 124].

While NC theories have been proposed in a way that
may circumvent the divergence problem in quantum grav-
ity, the main obstacle is in the understanding of such
theories experimentally. The effects of quantum gravity
are expected to become relevant near the Planck length
(lP ≈ 10−35m) or at the energy scale near the Planck en-
ergy (EP ≈ 1019GeV ), which is about 15 orders of mag-
nitude away from the energy range accessible to us today
through the high energy scattering experiments. Astro-
nomical observations have also failed to provide any promis-
ing evidence of quantum gravitational effects. It is, thus,
beyond our ability to provide any experimental setup that
could test quantum gravity. However, it has been shown
recently that it is possible to test such theories by using
an opto-mechancial experimental set-up [125, 126]. More-
oever, if minimal length exists and its influence is severe
in many directions of quantum gravity, the corresponding
quantum mechanical structure has to be reformulated too.
This gives rise the necessity to study the subject of NC
quantum mechanics [127–129]. The best way to realize the
effects of these deformations from its root is to study quan-
tum optical models, which is what is our main motivation.

Let us now introduce a version of NC structure from a
slightly different background and discuss about why this
version is interesting for our purpose. We commence with
a simple q-deformed oscillator algebra of the form

AqA
†
q − q2A†qAq = 1, |q| < 1. (15)

The Fock space of the corresponding algebra (15) can be
defined by choosing q-deformed integers [n]q in such a way
that the following relations hold

|n〉q :=
A†nq√
[n]q!
|0〉q, [n]q! :=

n∏
k=1

[k]q, [0]q! := 1,

[n]q :=
1− q2n

1− q2
, Aq|0〉q = 0, q〈0|0〉q = 1. (16)

It immediately follows that the operators Aq and A†q act
as lowering and raising operators, respectively, in the de-
formed Fock space

Aq|n〉q =
√

[n]q |n− 1〉q, (17)

A†q|n〉q =
√

[n+ 1]q |n+ 1〉q.

It means that the states |n〉q form an orthonormal basis
in the q-deformed Hilbert space Hq spanned by the vec-
tors |ψ〉 :=

∑∞
n=0 cn|n〉q with cn ∈ C, such that 〈ψ|ψ〉 =∑∞

n=0 |cn|2 <∞. Therefore, the commutation relation be-
tween Aq and A†q is realized as follows

[Aq, A
†
q] = 1 + (q2 − 1)A†qAq = 1 + (q2 − 1) ˆ[n]q, (18)

where ˆ[n]q = A†qAq is the number operator for the deformed
system. The concept that the q-deformed algebras of type
(15) can be implemented for the construction of q-deformed
harmonic oscillators was given by many authors [30, 130].
Here we recall Refs. [23, 88, 91, 99] to construct a NCHO
from the given algebra (15), instead. For this, we first



6

express the deformed observables X and P in terms of the
ladder operators Aq, A

†
q in the following form

X = γ(A†q +Aq) and P = iδ(A†q −Aq). (19)

Thereafter, by using (15) we obtain the following commuta-
tion relation between the position and momentum variables
[91, 103]

[X,P ] =
4iγδ

1 + q2

{
1 +

q2 − 1

4

(
X2

γ2
+
P 2

δ2

)}
. (20)

The interesting feature of such type of NC space-time (20)
is that it leads to the existence of a minimal length as well
as a minimal momentum [91, 99], which are also direct
consequences of string theory. Furthermore, there exists a
concrete self-adjoint representation of the ladder operators
[23]

Aq =
i√

1− q2

(
e−ix̂ − e−ix̂/2e2τp̂

)
, (21)

A†q =
−i√
1− q2

(
eix̂ − e2τp̂eix̂/2

)
,

in terms of the canonical coordinates x, p satisfying [x, p] =

i~, with x̂ = x
√
mω/~ and p̂ = p/

√
~mω being dimension-

less observables, and the deformation parameter q being
parametrized to q = eτ . It follows that the observables
(19), which satisfy (20) are Hermitian with respect to the
representation (21), i.e. X† = X,P † = P . As obviously,
our representation (21) is not unique and with further in-
vestigations it may be possible to find other Hermitian rep-
resentations. However, for our purpose it is important that
there exists at least one such representation providing a self-
consistent description of a physical system. Nevertheless,
by imposing the constraint on the parameters γδ = ~/2 in
(20) and, assuming the deformation parameter q to be of

the form q = e2τ̌β2

followed by a nontrivial limit β → 0, we
obtain [91, 103]

[X,P ] = i~(1 + τ̌P 2), (22)

where τ̌ = τ/(mω~) has the dimension of inversed squared
momentum, with τ ∈ R+ being dimensionless. Note that
in the limit τ → 0, i.e. for q → 1, the commutation relation
(22) reduces to the usual canonical commutation relation.
For further informations on this version of NC structure,
one may follow [91, 99, 101, 103], where one can find elabo-
rate discussions on the physical implications of the algebra.
A simple representation of the commutator (22) in terms of
the canonical observables x, p satisfying [x, p] = i~ is given
by

X = (1 + τ̌ p2)x, P = p, (23)

which is, however, non-Hermitian with respect to the stan-
dard inner product. There are several other non-Hermitian
as well as some Hermitian representations of the algebra
(22) [101], nevertheless, we will mainly consider the non-
Hermitian representation (23) and discuss how to deal with
these kind of difficulties for our purpose. Note that, in order
to build quantum optical models, like coherent and nonclas-
sical states, we may either consider the q-deformed version

satisfying (17) or, we can take the observables X and P
represented in (23) directly to build a meaningful Hamilto-
nian, for example, a NC harmonic oscillator (NCHO)

H =
P 2

2m
+
mω2

2
X2 − ~ω

(
1

2
+
τ

4

)
. (24)

Here the ground state energy is conventionally shifted to
allow for a factorization of the energy. Nevertheless, both
of the approaches are equivalent as well as interrelated to
each other and represent a non-Hermitian and NC system.

B. PT-symmetry

Hermiticity is a property of quantum operators that en-
sures real eigenvalues as well as unitary time evolution when
this operator is taken to be the Hamiltonian. Therefore, in
order to construct a meaningful physical system, Hermitic-
ity is a property that is desirable. However, by now, it is
also well-established that Hermiticity is not necessary and
the non-Hermitian Hamiltonians could play an important
role in the formulation of complete and fundamental quan-
tum theories [131, 132]. The possibility that those systems
can possess discrete eigenstates with real positive energies
was indicated by von Neumann and Wigner [133] almost
eighty five years ago. Later, this type of systems were un-
der more intense scrutiny and, nowadays, the properties of
these so-called BICs (bound states in the continuum) are
fairly well-understood for many concrete examples [134] to-
gether with their bi-orthonormal eigenstates [135].

Whereas, the above type of Hamiltonians only possess
single states with these “strange properties” [133], it was
observed fairly recently in a ground-breaking numerical
study by Bender and Boettcher [131] that the Hamilto-
nians with potential terms V = x2 (ix)

ν
for ν ≥ 0 possess

entirely real and positive spectra. It was argued that the
reality of spectrum is guaranteed if the Hamiltonian is sym-
metric under the simultaneous operation of parity P and
time-reversal T operators, such that PT : x → −x, p →
p, i → −i. However, later it became evident that all what
is required for the reality of spectrum is an anti-linear sym-
metry [136] and, PT is one of the examples only. In fact,
when the wavefunctions are simultaneous eigenstates of the
Hamiltonian and the PT -operator, one can easily argue
that the spectrum has to be real [132, 136, 137]. However
despite the fact that [PT , H] = 0, this is not always guar-
anteed, because the PT operator is an anti-linear operator
[138]. As a consequence one may also encounter conjugate
pair of eigenvalues for broken PT symmetry [137], that
is when [PT , H] = 0 but PT φ 6= φ. One may use var-
ious techniques [139] to verify case-by-case, whether the
PT symmetry is broken or not.

Therefore a PT -symmetric Hamiltonian, though it is
non-Hermitian, in principle in the PT unbroken regime
can also produce a quantum theory similar to a Hermitian
Hamiltonian. However, what is essential is to have a fully
consistent quantum theory whose dynamics is described by
a non-Hermitian Hamiltonian. In order to achieve this,
one needs to modify the inner product for the correspond-
ing Hilbert space. The natural choice of the inner product
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suitable for PT -symmetric quantum mechanics is the PT -
inner product which can be defined as

〈φ|ψ〉PT =

∫
[φ (x)]

PT
ψ (x) dx =

∫
[φ (−x)]

∗
ψ (x) dx.

(25)
Note that, the boundary conditions (vanishing φ, ψ at
x→ ±∞) must be imposed properly at this point to solve
the eigenfunctions of the time independent Schrödinger
equation, which are located in this context within the
wedges bounded by Stokes lines in the complex x-plane
[131] and that is the reason why one must integrate the
system within this specified region. However, the inner
product is not yet acceptable to formulate a valid quantum
theory, because the norm of a state is not always positive
definite, which is once again due to the fact that the wave-
functions may not be simultaneous eigenfunctions of H and
PT due to the antilinearity property of the PT operator.
Bender, Brody and Jones [137] overcame this problem con-
sistently by introducing a CPT -inner product, which was
later studied by many people; see, for instance [140–142].

C. Pseudo-Hermiticity

The concept of pseudo-Hermiticity was introduced very
early in 1940s by Dirac and Pauli [143], and was dis-
cussed later by Lee, Wick, and Sudarshan [144, 145], who
were trying to resolve the problems that arose in the con-
text of quantizing electrodynamics and other quantum field
theories in which negative norm states appear as a con-
sequence of renormalization. Even before the discovery
of PT -symmetry [131] and the introduction of the CPT -
inner product, there have been very general considerations
[146, 147] addressing the question of how a consistent quan-
tum mechanical framework can be constructed from the
non-Hermitian Hamiltonian systems. It was understood
at that time that quasi-Hermitian systems would lead to
positive inner products. The concept was illustrated later
by Mostafazadeh [148], who proposed that instead of con-
sidering quasi-Hermitian Hamiltonians one may investigate
pseudo-Hermitian Hamiltonians satisfying

h = ηHη−1 = h† = η−1H†η, (26)

H† = ρHρ−1 with ρ = η†η,

where ρ is a linear, invertible, Hermitian and positive op-
erator acting in the Hilbert space, such that H becomes
a self-adjoint operator with regard to this metric ρ, as ex-
plained in more detail below. η is often called the Dyson
map [149]. Note that the usual Hermiticity condition is
recovered with the choice of η to be 1. Since the Hermi-
tian Hamiltonian h and non-Hermitian Hamiltonian H are
related by a similarity transformation, they belong to the
same similarity class and, therefore, have the same eigen-
values. The time-independent Schrödinger equations corre-
sponding to the Hermitian and non-Hermitian Hamiltonian
are

hφ = εφ and HΦ = εΦ, (27)

respectively, where the wavefunctions are related as

Φ = η−1φ. (28)

Therefore, the inner products for the wavefunctions Φ re-
lated to the non-Hermitian H may now simply taken to
be

〈Φ|Φ′〉η := 〈Φ|η2Φ′〉, (29)

where the inner product on the right hand side of (29) is
the conventional inner product associated to the Hermitian
Hamiltonian h. Crucially we have 〈Φ|HΦ′〉η = 〈HΦ|Φ′〉η.

To summarize, it is conceptually straight forward to com-
pute the Hermitian counterpart h of the non-Hermitian
Hamiltonian H, for which one needs to construct the met-
ric operator followed by the equation (26). Thus a key task
that remains to calculate in this approach is to find ρ and
η. In practical terms, however, there are very few examples
[150, 151] where one can compute them in an exact man-
ner, as for example; see, [86, 152] for an exact form of the
metric which was derived in the context of Euclidean Lie
algebraic Hamiltonians. However, there are many other
methods such as spectral theory, perturbation technique
[141, 153], Moyal product approach [154] etc., which one
may follow for the construction of the metric operator.

Meanwhile there are numerous experimental conforma-
tions of effects and applications resulting from the pres-
ence of PT -symmetry in many branches of physics. Most
notably are the applications in optics exploiting the formal
analogy between the stationary Schrödinger equation and
the Helmholtz equation describing monochromatic linearly
polarized light. This has led to the production of mate-
rial with controllable gain and loss [155–157], which led for
instance to the discovery of meta-materials [158] with uni-
directional invisibility [159] or complete absorption ability
for incoming radiation referred to as coherent perfect ab-
sorbers [160]. Further applications of PT -symmetric sys-
tems can be found in the stimulation of superconductivity
[161], microwave cavities physics [162] and in nuclear mag-
netic resonance quantum systems [163]. For more informa-
tions in this regard one may refer to some books on the
subject [164, 165].

IV. COHERENT STATES FOR NON-HERMITIAN
SYSTEMS

Let us now construct the coherent states for the non-
Hermitian systems described in the previous section. Here,
we discuss several different types of coherent states arising
from this scenario. We will mainly focus here on examples
for the NCHO (24), however, by following our procedure it
is possible to construct coherent states for any other mod-
els. As discussed before in Sec. III A, the Hamiltonian (24)
is non-Hermitian, since, the position and momentum oper-
ators X,P are not self adjoint and satisfy (23). But, we
can use the standard techniques of non-Hermtitian systems
to find real eigenvalues of the system as described in Secs.
III B and III C. In particular, we compute the isospectral
Hermitian counterpart h of the non-Hermitian Hamiltonian
H (24) by utilizing the pseudo Hermiticity property (26) as
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follows [22]

h = ηHη−1 (30)

=
p2

2m
+
mω2

2
x2 +

ωτ

4~
(
p2x2 + x2p2 + 2xp2x

)
−~ω

(
1

2
+
τ

4

)
+O(τ2) ,

with the metric η = (1+ τ̌ p2)−1/2. We consider a perturba-
tive treatment here and decompose the above Hamiltonian
(30) as h = h0 + h1. Now, taking h0 to be the standard
harmonic oscillator and following the common techniques
of Rayleigh-Schrödinger perturbation theory, the energy
eigenvalues of H and h are computed [22, 88, 99] to lowest
order to

En = ~ωnf2(n) = ~ω(An+Bn2) +O(τ2) , (31)

with A = (1 + τ/2) and B = τ/2. The corresponding
eigenstates are

|φn〉 = |n〉 − τ

16

√
(n− 3)(4)|n− 4〉 (32)

+
τ

16

√
(n+ 1)(4)|n+ 4〉+O(τ2) ,

where Q(n) :=
∏n−1
k=0(Q+k) denotes the Pochhammer sym-

bol with the raising factorial. In what follows, we will drop
the explicit mentioning of the order in τ , understanding
that all our computations are carried out to first order.
Having obtained all the prerequisites, we can now construct
the coherent states for the NCHO (24).

A. Nonlinear coherent states

In order to construct the nonlinear coherent states
(NLCS), let us start by considering a set of generalized
ladder operators A† and A in terms of the bosonic creation
and annihilation operators a† and a

A† = f(n̂)a† = a†f(n̂+ 1), (33)

A = af(n̂) = f(n̂+ 1)a,

where f(n) is an operator-valued function of the Hermitian
number operator n̂ = a†a. The operators A and A† there-
fore obey the following nonlinear commutator algebras[

A,A†
]

= (n̂+ 1)f2(n̂+ 1)− n̂f2(n̂), (34)[
n̂, A

]
= −A,

[
n̂, A†

]
= A†,

where the nonlinearity arises from f(n̂). Clearly, with the
choice of f(n̂) = 1, the deformed algebra (34) reduces to
the Heisenberg algebra[

a, a†
]

= 1,
[
n̂, a
]

= −a and
[
n̂, a†

]
= a†. (35)

In analogy to the Glauber states [4], the NLCS [31, 32,
166] are, therefore, defined as the right eigenvector of the
generalized annihilation operator A:

A
∣∣α, f〉 = α

∣∣α, f〉, (36)

where α is a complex eigenvalue, which is however to be
expected as A is non-Hermitian. Solving the eigenvalue

equation (36) one then obtains an explicit expression of
coherent state in number state representation [28]∣∣α, f〉 =

1

N (α, f)

∞∑
n=0

αn√
n! h(n)

|n〉, α ∈ C, (37)

where h(n) =


1 if n = 0
n∏
k=0

f(k) if n > 0 .

It is possible to define another set of ladder operators B
and B† [167], which are canonically conjugate to A and A†

B† = a†
1

f(n̂)
and B =

1

f(n̂)
a, (38)

so that one can easily check [A,B†] = [B,A†] = 1, which
allows one to write the displacement operator

D
(
α, f

)
= eαB

†−α∗A, (39)

and construct NLCS through∣∣α, f〉 = D
(
α, f

)
|0〉 . (40)

The outcome coincides exactly with (37). The normal-
ization constant can be computed from the requirement〈
α, f

∣∣α, f〉 = 1, so that

N 2(α, f) =

∞∑
n=0

|α|2n

n! h2(n)
. (41)

Since, the eigenfunctions in our case are given by (32), the
NLCS for our case turns out to be

|α, f, φ〉 =
1

N (α, f)

∞∑
n=0

αn√
n!f(n)!

|φn〉, α ∈ C , (42)

which when rewritten in terms of the Fock states become

|α, f, φ〉 =
1

N (α, f)

∞∑
n=0

C(α, n)√
n!f(n)!

|n〉, (43)

where

f2(n)! =
τn

2n

(
2 +

2

τ

)(n)

, (44)

1

f2(n)!
= 1− τ

4
n(3 + n) +O(τ2), (45)

N 2(α, f) =

∞∑
n=0

|α|2n

n!f2(n)!
(46)

= e|α|
2
(

1− τ |α|2 − τ

4
|α|4

)
+O(τ2),

and

C(α, n) = (47){
αn − τ

16α
n+4 f(n)!

f(n+4)! , 0 ≤ n ≤ 3

αn − τ
16α

n+4 f(n)!
f(n+4)! + τ

16α
n−4 n!

(n−4)!
f(n)!
f(n−4)! , n ≥ 4 .

We will use these states to compute various physical proper-
ties, but let us first elaborate further on their mathematical
consistency.
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1. Resolution of identity

The resolution of identity is an important mathematical
property that a coherent state must possess. The vectors
|α, f〉 in (37) are mathematically well-defined in the domain
D of allowed |α|2 for which the series (41) converges. The
range of |α|2, 0 ≤ |α|2 < R, is determined by the radius
of convergence R = limn→∞

√
ρn, which may be finite or

infinite depending on the behavior of ρn for large n. Here
ρn =

∏n
k=1 ek = n!f2(n)!, ρ0 = 1 and en = nf2(n) be-

ing an infinite sequence of positive numbers, with e0 = 0.
Therefore, a family of such coherent states (37) is an over-
complete set of vectors in a Hilbert space H, labeled by
a continuous parameter α which belongs to a complex do-
main D ⊂ C (For R = ∞, D = C). To be more precise,
since |n〉 forms an orthonormal basis in the Hilbert space
H, the vectors |α, f〉 must satisfy the resolution of identity
(completeness relation) with a weight function Ω∫ ∫

D

N (α, f)

π
|α, f〉〈α, f | Ω(|α|2) d2α = IH. (48)

By considering α = reiθ, the left hand side of (48) turns
out to be

∞∑
m,n=0

1

2π
√
ρmρn

∫ R

0

rm+nΩ(r2)d(r2) (49)

×
∫ 2π

0

eiθ(m−n)dθ |m〉〈n| =
∞∑
n=0

1

ρn

∫ R

0

tnΩ(t)dt |n〉〈n|,

such that one ends up with an infinite set of constraints∫ R

0

tnΩ(t)dt = ρn, 0 < R ≤ ∞, (50)

for which the completeness relation (48) holds. Therefore,
one can construct the coherent states (37) for any model
corresponding to a known f(n), provided that there exists
a measure Ω(t) which satisfies (50). The explicit expres-
sion of the measure can be found, first, by associating (50)
with the classical moment problem, where ρ(n) > 0 are
the power moments of the unknown function Ω(t) > 0 and,
subsequently, by carrying out the integration by using the
standard techniques of the Mellin transforms [168]. In our
case

ρn = n!f2(n)! =
(τ

2

)n n!(n+ 2
τ + 1)!

(1 + 2
τ )!

, (51)

such that we obtain the accurate expression of the Borel
measure Ω(t) as follows [27]

Ω(t) =
2

1
2 (4+µ+β)

τΓ(1 + β)

(
t

τ

)µ+β
2

Kµ−β(2

√
2t

τ
). (52)

This establishes that a measure leading to (51) exists and
can indeed be found explicitly.

2. Nonclassical properties

In order to study the behavior of the NLCS (37), we first
evaluate the expectation values of the nonlinear quadrature

operators Y,Z and their squares Y 2, Z2, so that we obtain
[28]

∆Y 2 = R+ τ

(
1

4
+
|α|2

2

)
, ∆Z2 = R− τ

(
1

4
+
|α|2

2

)
.

(53)
The right hand side of the generalized uncertainty relation
(GUR)

∆Y∆Z ≥ 1

2

∣∣∣〈α, f,Φ|[Y,Z]|α, f,Φ〉η
∣∣∣, (54)

is computed to

R =
1

2

[
1 + τ〈α, f,Φ|Z2|α, f,Φ〉η

]
=

1

4

[
2 + τ − τ(α−α∗)2

]
.

(55)
It is, thus, easy to check that the GUR (54) is saturated
in this case; i.e. ∆Y∆Z = R and, therefore, the coher-
ent states in NC space can be referred as intelligent states.
However, unlike the coherent states of the ordinary har-
monic oscillator, uncertainties in two quadratures in this
case are not equal to each other. Rather, the quadrature Z
is squeezed below the right hand side of the uncertainty
relation R (55), whereas the quadrature Y is expanded
correspondingly, such that the uncertainty relation satu-
rates. Therefore, the state belongs to the family of ideal
squeezed states. On the other hand, while we study the
photon number squeezing properties the Mandel parame-
ter (8) turns out to be negative, Q = −τ |α|2/2, suggesting a
sub-Poissonian statistics and the state is number squeezed.

a. Beam splitter entanglement: The nonclassical na-
ture of NC coherent states is quite obvious from the above
analysis. Here, we would like to verify our results by using
the quantum beam splitter, which was described in Sec.
II C 5. We consider the NC coherent states (43) as one of
the inputs, while a vacuum state |0〉 at the other. The
output states in this case are computed to

|out〉 = B
(
|α, f, φ〉 ⊗ |0〉

)
(56)

=
1

N (α, f)

∞∑
n=0

C(α, n)√
n!f(n)!

B
(
|n〉 ⊗ |0〉

)
.

Substituting (14) in (56) and following the similar steps
as in [25], we compute the reduced density matrix of the
output states, such that the linear entropy becomes

S = 1− (57)

1

N 4(α, f)

∞∑
q=0

∞∑
s=0

∞−max(q,s)∑
m=0

∞−max(q,s)∑
n=0

|t|2(q+s)|r|2(m+n)

×C(α,m+ q)C∗(α,m+ s)C(α, n+ s)C∗(α, n+ q)

q!s!m!n!f(m+ q)!f(m+ s)!f(n+ s)!f(n+ q)!
.

Assuming the input states of the beam splitter to be non-
classical, we expect the output states to be entangled and,
hence, a finite amount of linear entropy must be created.
The results demonstrated in Fig. 1 confirm our expec-
tations and establishes the nonclassical nature of the NC
coherent states. In contrast, when f(n) = 1, which cor-
responds to the case of ordinary harmonic oscillator, the
output states are not entangled and naturally we do obtain
a null entropy. The most interesting fact is that when we
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Figure 1. Linear entropy of NC NLCS (a) for different values of τ , (b) in the complex plane of α, with α = γ + iδ and τ = 2 [25].

enhance the noncommutativity by increasing the value of
the parameter τ , the entanglement rises accordingly and,
therefore, becomes more and more nonclassical as shown in
the left panel of Fig. 1.

B. q-deformed coherent states

In order to construct the q-deformed coherent states we
can simply use the eigenvalue definition (2) with the usual
annihilation operator a being replaced by that of the q-
deformed system Aq (17), so that we end up with [24]

∣∣α〉
q

=
1

Nq(α)

∞∑
n=0

αn√
[n]q!
|n〉q α ∈ C, (58)

with the normalization constant being represented in terms
of the q-deformed exponential Eq(|α|2) as follows

N 2
q (α) =

∞∑
n=0

|α|2n

[n]q!
= Eq

(
|α|2

)
. (59)

However, the interesting fact is that the coherent states
emerging from the q-deformed structure (58) coincides with
that of the nonlinear system (37) for

f(n) =
√

[n]q/n. (60)

Let us now analyze the state and find out whether the state
is classical-like or whether it possesses nonclassical proper-
ties. Straightforward computations of the expectation val-
ues of the deformed quadratures Yq and Zq, yields [24]

(∆Yq)
2
∣∣∣
|α〉q

= (∆Zq)
2
∣∣∣
|α,f〉q

=
1

2

∣∣∣q〈α∣∣[Yq, Zq]∣∣α〉q∣∣∣
=

1

4

{
1 +

(
q2 − 1

)
|α|2

}
, (61)

so that the GUR

∆Yq ∆Zq

∣∣∣
|α〉q
≥ 1

2

∣∣∣q〈α∣∣[Yq, Zq]∣∣α〉q∣∣∣, (62)

is saturated in this case with uncertainties of the two
quadratures Yq and Zq being identical to each other. The
coherent states |α〉q are, therefore, intelligent states and
carry the information of a well-behaved coherent states [24],
like the Glauber coherent states (3). Next we compute the
average of the number operator and its dispersion to obtain
the Mandel parameter as follows [24]

Qq = (q2 − 1) |α|2 q ≤ 1. (63)

Note that in the case when q = 1, which corresponds to the
Glauber coherent states, the Mandel parameter becomes
zero. Which means, for ordinary coherent states the photon
distribution is always Poissonian and, therefore, the num-
ber squeezing is absent in that case [16]. However, if one
considers the q-deformed case (63) and restricts −1 < q < 1
further, the photon distribution remains sub-Poissonian.

C. Gazeau-Klauder coherent states

The Gazeau-Klauder (GK) coherent states [8, 37] for a
Hermitian Hamiltonian h with discrete bounded below and
nondegenerate eigenspectrum are defined as a two param-
eter set

|J, γ, φ〉 =
1

N (J)

∞∑
n=0

Jn/2 exp(−iγen)
√
ρn

|φn〉 , (64)

with J ∈ R+
0 , γ ∈ R. In order to test the quality of the co-

herent states, i.e. to see how closely they resemble classical
mechanics, we test Ehrenfest’s theorem for an operator A

i~
d

dt
〈J, γ + tω,Φ| A |J, γ + tω,Φ〉η (65)

= 〈J, γ + tω,Φ| [A, H] |J, γ + tω,Φ〉η .

We used in (65) the fact that the time evolu-
tion for the states |J, γ,Φ〉 is simply implemented as
exp(−iHt/~) |J, γ,Φ〉 = |J, γ + tω,Φ〉; see, [8, 37]. By
computing the expectation values of the position and mo-
mentum observables and their squares for the NC non-
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Figure 2. (a) Autocorrelation function as a function of time for J = 1.5, τ = 0.1, ω = 0.5, ~ = 1, γ = 0, Tcl = 10.05 and
Trev = 251.32; (b) Autocorrelation function as a function of time for J = 6, τ = 0.01, ω = 0.5, ~ = 1, γ = 0, Tcl = 11.74 and
Trev = 2513.27 [22].

Hermitian system, we obtain [22]

∆X∆P =
~
2

[
1 +

τ

2

(
1 + 4J sin2 γ

)]
(66)

=
~
2

(
1 + τ̂ 〈J, γ,Φ|P 2 |J, γ,Φ〉

)
,

where τ̂ = τ
√
~/mω. This means that in the non-

Hermitian setting the minimal uncertainty product for the
observables X and P is saturated and, the GK-coherent
states |J, γ,Φ〉 are intelligent states. Remarkably this holds
irrespective of the values for J and γ. Next we verify Ehren-
fest’s theorem (65) for the operators X and P as well as
the Newton’s equation of motion; see, [22] for more de-
tails. The revival structure can be studied for the system
by computing the autocorrelation function [22]

A(t) := |〈J, γ, φ |J, γ + tω, φ〉|2 =
∣∣∣〈J, γ,Φ |J, γ + tω,Φ〉η

∣∣∣2 .
(67)

which is analyzed in Fig. 2. In panel (a) of Fig. 2 we
clearly observe local maxima at multiples of the classical
period Tcl. As explained in [70] the first full reconstruction
of the original wave packet is obtained at Trev/2 which is
clearly visible in panel (a). The fractional revivals are bet-
ter observed for smaller values of τ as depicted in panel (b).
In that scenario the classical periods are so small as com-
pared to the revival time that they are no longer resolved.
We clearly observe a number of fractional revivals [22].

We also studied the q-deformed GK-coherent states for
our system [23]. The predominant features of such states
are that unlike the case discussed above, we do not obtain
an intelligent states for all values of time, but for t = 0,
which is already an indication that the state is nonclas-
sical in nature. This is more obvious while we study the
revival properties of such states. We obtain a fractional su-
perrevival structure and, thus, the q-deformed GK-coherent
states are more nonclassical than the ordinary GK-coherent
states.

V. NONCLASSICAL STATES FOR
NON-HERMITIAN SYSTEMS

A. Squeezed states

Squeezed states are one of the most important nonclas-
sical states. Squeezed states are obtained by applying
the Glauber’s unitary displacement operator D(α) on the
squeezed vacuum [170]

|α, ζ〉 = D(α)S(ζ)|0〉, S(ζ) = e
1
2 (ζa†a†−ζ∗aa),

D(α) = eαa
†−α∗a, α, ζ ∈ C, (68)

with α, ζ being displacement and squeezing parameters, re-
spectively, and S(ζ) being the unitary squeezing operator.
The ordering of D(α)S(ζ) and S(ζ)D(α) in (68) are equiv-
alent, amounting to a change of parameter [170]. An alter-
native ladder operator definition of the squeezed states can
be obtained by performing the Holstein-Primakoff / Bogoli-
ubov transformation on the squeezing operator [170]. The
squeezed states |α, ζ〉 can be constructed from the solution
of the equivalent ladder operator definition as follows [171]

(a+ ζa†)|α, ζ〉 = α|α, ζ〉, α, ζ ∈ C . (69)

The coherent states are the special solutions when ζ = 0. A
direct generalization [172] of the above definition is carried
out by replacing the bosonic creation and annihilation op-
erators a, a† by the nonlinear ladder operators A,A† (33).
In order to solve the eigenvalue equation (69) for the gen-
eralized case, let us expand the squeezed states |α, ζ〉 in
terms of Fock states

|α, ζ〉 =
1

N (α, ζ)

∞∑
n=0

I(α, ζ, n)√
n!f(n)!

|n〉 . (70)

Inserting (70) into the eigenvalue equation (69) replaced
with the generalized ladder operators (33), we end up with
a three terms recurrence relation

I(α, ζ, n+ 1) = α I(α, ζ, n)− ζnf2(n)I(α, ζ, n− 1), (71)
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Figure 3. (a) Linear entropy for the NC squeezed state (solid, purple) versus squeezed state of ordinary harmonic oscillator (dashed,
orange) as function of α for τ = 0.5, ζ = 0.25. Number of energy levels considered = 40 in each case. (b) Linear entropy for the NC
squeezed state input as functions of α and τ for ζ = 0.5. Number of energy levels considered = 10 [25].

with I(α, ζ, 0) = 1 and I(α, ζ, 1) = α, which when solved,
leads to the explicit form of the squeezed states for the
models corresponding to the particular values of f(n) [172].
Note that, the recurrence relation (71) may not be easy to
solve, when one deals with the complicated choices of f(n)
as in (31). In our case, the solution is obtained in terms of
the Gauss hypergeometric function 2F1 as follows [25]

I(α,ζ, n) = in (ζB)
n/2

(
1 +

A

B

)(n)

(72)

×2F1

[
− n, 1

2
+

A

2B
+

iα

2
√
ζB

; 1 +
A

B
; 2

]
,

so that by following the similar logic as given for NLCS in
(42)-(47), we obtain the explicit form of the squeezed states
for our system [25]

|α, ζ〉 =
1

N (α, ζ)

∞∑
n=0

S(α, ζ, n)√
n!f(n)!

|n〉 , (73)

with

S(α, ζ, n) = (74)
I(α, ζ, n)− τ

16
f(n)!
f(n+4)!I(α, ζ, n+ 4), 0 ≤ n ≤ 3

I(α, ζ, n)− τ
16

f(n)!
f(n+4)!I(α, ζ, n+ 4)

+ τ
16

n!
(n−4)!

f(n)!
f(n−4)!I(α, ζ, n− 4), n ≥ 4.

In the harmonic oscillator limit τ = 0, i.e. f(n) = 1, our ex-
pression for squeezed states reduces to that of the ordinary
harmonic oscillator precisely

|α, ζ〉ho =
1

N (α, ζ)

∞∑
n=0

1√
n!

(
ζ

2

)n/2
Hn(

α√
2ζ

)|n〉 , (75)

where Hn(α) denote the Hermite polynomials. What we
are left with is to quantify the nonclassicality that our
states possess. For this, we consider the description given
in Sec. II C 5 and, thereafter, follow similar steps as Sec.
IV A 2 a to compute the beam splitter quantum entangle-
ment. Here, we consider the squeezed state (73) at one of

the inputs, while a vacuum state at the other. We study a
mutual comparison of the entanglement of the NC squeezed
states (73) input with that of the squeezed state of the ordi-
nary harmonic oscillators (75). The outcomes for different
values of the squeezing parameters have been demonstrated
in panel (a) of Fig. 3. The linear entropies of the NC os-
cillators are much higher than the usual ones for all values
of α, which indicate that the output states resulting from
the squeezed states of the NCHO are more entangled than
that of the squeezed states of ordinary harmonic oscillators.
The most exciting effect is that the key role on the behav-
ior of the linear entropy is played by the NC parameter τ ,
which is quite obvious in panel (b) of Fig. 3. The value
of the entropy for the NC case coincides with the entropy
of the ordinary harmonic oscillator, when τ = 0, which is
expected. However, the entropy increases rapidly with the
increase of the value of τ and saturates at sufficiently high
value, irrespective of all values of α [25].

B. Schrödinger cat states

Cat states are another interesting type of nonclassical
states that result from the superposition of two coherent
states. The q-deformed version of cat states corresponding
to our system reads as [24]∣∣α〉

q,± =
1

Nq,±(α)

(
|α〉q ± | − α〉q

)
, (76)

with the normalization constant

N 2
q,±(α) = 2± 2

N 2
q,±(α)

∞∑
n=0

(−1)n|α|2n

[n]q!

= 2
{

1± Eq(−2|α|2)
}
, (77)

which are, sometimes, also familiar as even and odd co-
herent states [60]. A detailed analysis of the nonclassical
properties of the given system can be found in [24], where
we not only obtain the higher degree of nonclassicality of
our system in comparison to the cat states of the harmonic



13

oscillator, but also we notice that a suitable choice of pa-
rameter leads our system to the ideal squeezed states. A
similar type of conclusion also emerges in the case of the
cat states for the perturbative NCHO, which we studied in
[28].

C. Photon-added coherent states

The PACS [59] are yet another interesting class of non-
classical states, which are obtained by m successive actions
of the canonical creation operator a† on the standard co-
herent state |α〉, as given by

|α,m〉 =
1

N (α,m)
a†m|α〉, (78)

with the normalization constant being N 2(α,m) =
〈α|ama†m|α〉. The PACS (78) have been studied by many
authors in different contexts both theoretically [173, 174]
and experimentally [175]. Nevertheless, for our systems the
explicit expression of the PACS turns out to be [26]

|α,m〉q =
1

Nq(α,m)
A†mq |α〉q (79)

=
1

Nq(α,m)Nq(α)

∞∑
n=0

αn

[n]q!

√
[n+m]q! |n+m〉q,

with the normalization constant

N 2
q (α,m) = q〈α,m|Amq A†mq |α,m〉q (80)

=
1

N 2
q (α)

∞∑
n=0

|α|2n

[n]q!2
[n+m]q!,

where |α〉q is a standard q-deformed coherent state (58) and
N 2
q (α) is the corresponding normalization constant (59). In

order to analyze the nonclassical properties of the deformed
PACS (79), we studied two types of higher-order squeezing
properties of the quadratures; namely, Hillery-type [176]
and Hong–Mandel-type [177]. Both of the studies lead to
the overall conclusion that irrespective of the the order of
squeezing N and number of photons added m, deformed
PACS are always more nonclassical than those of the or-
dinary harmonic oscillator. In addition, by increasing the
deformation of the system, it is possible to increase the
nonclassicality of the system accordingly. The phenomena
is also supported by the analysis of the higher-order pho-
ton number squeezing in terms of the study of the Mandel
parameter and second order correlation function both in
higher orders [174]. For detailed mathematical analysis on
these; see, [26], where we encountered many difficulties to
handle such problems for the given mathematical structure.
It should also be mentioned that all of our analysis is non-
trivial and it has been carried out in a complete generic way
so that the method can be applied to any other deformed
systems.

VI. APPLICATIONS

Some crucial applications of the coherent states for non-
Hermitian system have been studied in various different

contexts. They have been applied to the study of mean-
field dynamics of Bose-Einstein condensation [178], in the
construction of coherent states for time-dependent systems
[85], in the study of quantum tomogram [179], in quan-
tum evolution [180], in the study of Fermionic coherent
states [181], λ coherent states [182], bicoherent states [184],
path integral coherent states [183], complex oscillator sys-
tems [185], systems with position dependent mass [186] etc.
Moreover, as already discussed that our systems being well-
connected with the nonlinear coherent states, they can be
applied to anywhere where the usual nonlinear coherent
states are applied. Nevertheless, throughout the article it
is obvious that the theoretical part of the study of coher-
ent and nonclassical states for non-Hermitian system has
been impressive, since it provides significant advancements
in the subjects of quantum optics and information theory.
However, what is more important is to understand the pro-
cess of creating such systems in the laboratory. For this,
we do not have a clear picture yet, however, the good news
is that our systems have a good connection with nonlinear
coherent states. So, if the nonlinear coherent states can
be found to exist in real life experiment, the study of our
system in the laboratory will not be far. Experimental at-
tempts for nonlinear coherent states have been enormous
[187–189], for more references; see, [19].

VII. CONCLUDING REMARKS

We have studied several different type of coherent and
nonclassical states for non-Hermitian models emerging from
an interesting NC framework. Specifically, we observe that
the NLCS discussed in Sec. IV A possess nonclassical prop-
erties, in fact, they behave as ideal squeezed states. There-
fore, although the states emerged from a coherent state
definition, they do not have any classical analogue. In
turn, the q-deformed coherent states investigated in Sec.
IV B characteristically can be attributed to good coherent
states. Indeed, they are intelligent states, thus, qualita-
tively they are equivalent to the famous Glauber coherent
states. However, by looking at the sub-Poissonian distribu-
tion, we notice that the state possesses a slight nonclassi-
cality. A similar behavior is observed for the GK-coherent
states also that has been analyzed in Sec. IV C. They are
intelligent, however, they exhibit fractional revival struc-
ture. The q-deformed version of GK-coherent states are
even more nonclassical, since they show fractional super-
revival structure.

We also have several interesting observations in Sec. V
during the study of various nonclassical states; such as,
squeezed states, cat states, photon-added coherent states.
All of the studies support that a larger deformation pa-
rameter leads to higher degree of nonclassicality. The de-
formation parameter being the characteristics of the models
itself, the higher degree of nonclassciality for any noncalss-
cical states is inherited by the models. Moreover, we have
developed some concepts that help to quantify the amount
of nonclassicality that a state possess and, thus, exploring
new opportunities towards the quantum information the-
ory. Thus, our work connects a bigger mathematical struc-
ture with the quantum optical systems leading to interest-
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ing possibilities of several new directions of advancements
of the theory.
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