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Abstract

In this thesis we consider the Cauchy problem for general higher order con-
stant coefficient strictly hyperbolic PDEs with lower order terms and show
how the behaviour of the characteristic roots determine the rate of decay in
the associated LP — L9 estimates.

In particular, we show under what conditions the solution behaves like
that of the standard wave equation, the wave equation with dissipation or
the Klein—Gordon equation. We explain the various factors involved, such
as the presence of multiple roots, the size of the sets of multiplicity and the
order with which characteristics meet the real axis, yield different rates of
decay. As an example, we show how the results obtained can be applied to
the Fokker—Planck equation.

In the second part, we derive LP — L? estimates for wave equations with
a bounded time dependent coefficient. A classification of the oscillating
behaviour of the coefficient is given and related to the estimate which can

be obtained.
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Chapter O:

Preliminaries

0.1 NOTATION

Throughout this thesis we will use the following notation:

Arbitrary Constant: We will use C, sometimes with suffices, to denote
an arbitrary constant (depending on its suffices); it may differ at each

occurrence, unless explicitly stated otherwise.

Derivatives: Use D, = —i0;; = —i%, where x = (z1,...,2,) € R" and
J

i =+/~1;and D, = (D, ..., Dy,). Similarly, D; = —idy = 2. We

use multi-index notation: if & = (a1,...,a;,) and each oy > 0 is an

integer then D$ = D31 ... Dgr. Also, write |a = > .

Function Spaces: We use the standard notation for LP(U) spaces, that is
the space of functions that are p-times integrable on the set U C R".

We denote Sobolev spaces by
Wy = Wi (R") = {f € L7+ | fllwsuey < o0}

where s € R, p > 1, and ||-\|Wps(Rn) is the standard Sobolev norm.

Fourier Transform For f € S (the space of Schwartz functions) and f €

L'(R™) define the Fourier transform of a function

n

&)= @) = / e f(2) da

and

(F 1)) = (2m) / 5T f(€) de -

n

for more general f, such as f € L*(R") or even f € D'(R") the

corresponding natural definitions are employed.



Symbol Classes For m € R, we write S = S("ll 0) for symbols of order m;
that is, functions f € S such that |[Df(z)| < Ca(1 + |z|)™lel.

Balls We write B, (c) to denote the ball in R™ of radius r with centre c;
also, use Bl.(c) = B;(c) \ {¢} to denote the punctured ball.

0.2 HYPERBOLIC DIFFERENTIAL OPERATORS

We give some standard definitions from the theory of hyperbolic partial
differential equations, as used in, for example, [ES92], [Hor83b], [Nis00]
and [Tre80].

Definition 0.1. Let L = L(D,, D;) be a linear constant coefficient m** order
partial differential operator. We define the principal part of the operator L
to be the homogeneous mt order part and denote this by Ly, = Ly (Dy, Dy).

Definition 0.2. A linear constant coefficient m™ order partial differential
operator L = L(Dy, Dy) is called hyperbolic if, for each £ € R", the auzil-
iary polynomial of the principal part, Ly, (§,7), only has (m) real roots with
respect to T. L is said to be strictly hyperbolic if, at each & € R™\{0}, these
roots are pairwise distinct. We denote the roots of Ly, (&, T) with respect to T
by ©1(&) < -+ < pm(€), and if L is strictly hyperbolic the above inequalities
are strict for & # 0.

Examples of such operators include the well-known wave equation; other
examples such as those arising from the Fokker—Planck equation are dis-

cussed in Chapter 5 and explored more fully in, for example, [VRO04].
Remarks:

1. The condition for hyperbolicity arises naturally in the study of the Cauchy
problem for linear partial differential operators and it can be shown that
it is a necessary condition for C'*° well-posedness of the problem (that
is existence and uniqueness of a solution which depends continuously on
the initial data); this is discussed in [ES92] and [H6r83b], for example.
Strict hyperbolicity is sufficient for C°° well-posedness of the Cauchy
problem for such an operator with any lower order terms; if the operator

is only hyperbolic (sometimes called weakly hyperbolic) the lower order



terms must satisfy additional conditions for C'*° well-posedness, so-called
Levi conditions. For this reason, we only consider strictly hyperbolic op-
erators (with lower order terms), and thus we know that there exists a

unique solution to

m m—1
D'u+ Y Pi(De)D" Pu+ Y Y carDIDfu=0,
j=1 1=0 |a|+r=l

Diu(x,0) = fy(z), 1=0,...,m—1.

2. Sometimes, for example in [Tre80], in the definition of a hyperbolic op-
erator the polynomial L(,77) is used as it is better suited to taking the
partial Fourier transform in z, corresponding as it does to L(D,,d;); in
this case, we require the roots with respect to 7 to be purely imaginary.
However, the definition given above is more standard, and thus adopted

here throughout.

Definition 0.3. Given a linear constant coefficient m* order partial differ-
ential operator L = L(D,, Dy), we denote the roots of the associated auziliary
polynomial L(&, ) with respect to T by T1(), ..., Tm(&). L(&,T) is called the
characteristic polynomial of L and the roots are called the characteristic

roots of the full operator.

Clearly, if L is a homogeneous operator then the characteristic roots
(&), k =1,...,m, coincide, possibly after reordering, with the roots (),
k=1,...,m, of the operator L,, from Definition 0.2. However, in general
there is no natural ordering on the roots 74(£) as they may be complex-

valued.
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Chapter 1:

Introduction

1.1 BACKGROUND

The study of LP — L9 decay estimates, or Strichartz estimates, for linear
evolution equations began in 1970 when Robert Strichartz published two
papers, [Str70a] and [Str70b]. He proved that if u = wu(z,t) satisfies the
Cauchy problem (that is, the initial value problem) for the homogeneous

linear wave equation

Otu(z,t) — Agu(z,t) =0, (x,t) € R" x (0,00),

(1.1)
u(z,0) = ¢(x), Ou(z,0) =(x), zeR",

where the initial data ¢ and # lie in suitable function spaces such as C§°(R"),

then the a prior: estimate

1

1), w0, Ve 1) 20 < O 407 F G0 (Vo) (12)

holds when n>2, p~l+¢ 1 =1,1<p<2and N, >n(p~! — ¢ !). Using
this estimate, Strichartz proved global existence and uniqueness of solutions
to the Cauchy problem for nonlinear wave equations with suitable (“small”)
initial data. This procedure of proving an a priori estimate for a linear
equation and using it, together with local existence of a nonlinear equation,
to prove global existence and uniqueness for a variety of nonlinear evolution
equations is now standard; a systematic overview, with examples including
the equations of elasticity, Schrodinger equations and heat equations, can
be found in [Rac92].

There are two main approaches used in order to prove (1.2); firstly,

one may write the solution to (1.1) using the d’Alembert (n = 1), Poisson

11



(n = 2) or Kirchhoff (n = 3) formulae, and their generalisation to large n,

1

Ty PO (7 ,0)

wot) — (1o, (tn—l ]éBt(w) wdsﬂ (odd n > 3)

IHEZJ@@1ayf&nimwvﬂfﬁlw9@)
—l—(?ﬁflat)%2 (t" ]{?t . W dy)] (even n),

2=y —af

\

(for the derivation of these formulae see, for example, [Eva98]), as is done
in [vW71] and [Rac92]. Alternatively, one may write the solution as a sum
of Fourier integral operators:

eit‘gl _|_ e_itlf‘ ~ eitlﬂ — e_itlgl ~ ))

u(e,t) = 5 (5 () +

5 o] (1.3)

This is done in [Str70al, [Bre75] and [Pec76], for example. Using one of these
representations for the solution and techniques from either the theory of
Fourier integral operators ([Pec76]), Bessel functions ([Str70a]) or standard
analysis ([vWT1]), the estimate (1.2) may be obtained. The representation
(1.3) and the method of Pecher is the one that is perhaps the most useful
since it can be generalised to other hyperbolic equations (see Section 0.2 for
the definition of such operators and other important related concepts that
we shall use throughout) for which the solution may also be written as the
sum of Fourier integral operators.

Another problem of interest where an L — L? decay estimate for the
linear equation is used to prove existence and uniqueness for the related
nonlinear problem is the Cauchy problem for the Klein—-Gordon equation.

Precisely, if u = u(x,t) satisfies the initial value problem

ug(x,t) — Agu(z,t) + mu(z,t) =0, (x,t) € R" x (0,00),
u('T’O) = QZS(:E)a ut(ZE,O) = sz)(x)’ reR",

(1.4)

where ¢,1 € C§°(R"), say, and m is a constant (representing a mass term),

12



then

1

1), e, 0), Vs )s < CO407F G [(Ta6, 0y (15)

where p, ¢, N, are as before. Comparing (1.2) to (1.5), we see that the esti-
mate for the solution to the Klein—-Gordon equation decays more rapidly—
there is an improvement in the exponent of the decay function of —%(% - %)
The estimate is proved in [vW71], [Pec76] and [H6r97] in different ways,

each suggesting reasons for this improvement: in [vW71], the function
v =0T, Tpp1, 1) 1= €Tz, t), apa € R,

is defined; using (1.4), it is simple to show that v satisfies the wave equation
in R"*!1, and thus the Strichartz estimate (1.2) holds for v, yielding the
desired estimate for u. This is elegant, but cannot easily be adapted to other
situations due to the importance of the structures of the Klein—-Gordon and
wave equations for this proof. In [Pec76] and [H6r97], a representation of
the solution via Fourier integral operators is used and the stationary phase
method then applied in order to obtain estimate (1.5).

A third problem of interest is the Cauchy problem for the dissipative

wave equation,

u(x,t) — Agu(z,t) +ue(x,t) =0, (z,t) € R" x (0,00)
u(:v,O) = ¢($)7 ut(x,O) = ¢(~’E)> reR",

where 1, ¢ € C§°(R"), say. In this case,
_n(l_1y_,_ o
1050z u(- Dllze < CO 0720727720, Vo) |y, -

This is proved in [Mat76] with a view to showing well-posedness of related

semilinear equations. Once again, this estimate (for the solution u(z,t)

itself) is better than that for the solution to the wave equation by —%(% - %);

there is an even greater improvement for higher derivatives of the solution.

As before, the proof of this may be done via a representation of the solution

13



using the Fourier transform:

Tﬂe Psinh (5T 4EP) | o (4v/T=EP)]o(e)

1 —4f¢?

2e~t/2 L1 —4f€?) .
e sinh (2 . |£|)1/1§>= €] < 1/2,

u(z,t) = 4’5‘

9—1({ n(% 4‘§|2 1)+e cos(%\/W)}é(f)

i), le>12

Matsumura divides the phase space into the regions where the solution has
different properties and then uses standard techniques from analysis.

It is, therefore, interesting to ask why the addition of lower order terms
improves the rate of decay of the solution to the equation; furthermore, we
would like to understand why the improvement in the decay is the same
for both the addition of a mass term and for the addition of a dissipative
term. In the proof of each of the estimates (see the papers cited above), the
critical role is played by the characteristic roots (see Definition 0.3) of the

equations. Let us list the significant properties in each of the cases:

e Wave equation. The characteristic roots are ¢4 (£) = %[¢|; they are real

and homogeneous of order 1.

e Klein—Gordon equation. Here, the roots, 74 (§) = |€]? + m?, are real,
but not homogeneous. Furthermore, the Hessian of each of the roots is
everywhere non-singular, whereas the Hessian of each of the characteristic

roots of the wave equation is zero at the point of stationary phase, £ = 0.

e Dissipative wave equation. Here 712(¢) = § £ 11/4[¢2 — 1. In this case,
the improvement in the decay rate occurs because the roots lie away from
the imaginary axis when ¢ # 0. The rate of decay is determined by the
behaviour of 71 (&) near £ = 0; this can be seen from the proof of Lemma 1

in [Mat76] and will be studied in more detail later in the thesis.

In conclusion, it is the difference in the behaviour of the characteristic roots
of the Klein—Gordon equation and the dissipative wave equation which yield

improvement over the Strichartz decay rate for the wave equation.

14



The aim of this thesis is to investigate this phenomenon for higher order
hyperbolic equations and see how lower order terms affect the rate of decay
compared to that for the homogeneous m'" order equation and the examples

above.

1.2 STATEMENT OF MAIN PROBLEM

Consider the Cauchy problem for the model m' order constant coefficient

linear strictly hyperbolic equation with solution v = u(zx,t):

m—1
Dmu—i—ZP DD Tut > Y capDIDju=0, t>0,
1=0 |a|+r=l (1.6)

Dhu(z,0) = fi(z) € C(R™), 1=0,...,m—1, z€R",

where P;(£), the polynomial obtained from the operator P;(D,) by replacing
each D,, by &, is a constant coefficient homogeneous polynomial of order 7,

and the ¢, are constants.

Remark 1.2.1: For a hyperbolic equation with real coefficients we note

m—|a|—1

that the constants c, ;. satisfy 7 Car € R; the equation is written in

the form above since our results may be used to study hyperbolic systems,

which can be reduced to an m' order equation with complex coefficients.

We seek a priori estimates for the solution to this problem of the type
m—1

IDg Dy u(-, )| za < K () Y fill,,, Nyt (L.7)
1=0

where 1 < p < 2, ]lg + % =1, N, = Ny(o, ) is a constant depending on p,

and r, and K (t) is a function to be determined.

15



1.3 HOMOGENEOUS OPERATORS

The case where the operator in (1.6) is homogeneous has been studied ex-

tensively:

L(Dant)u =0, (.I‘,t) € R" x (07 OO)

(1.8)
Diu(av,()):fl(x), l=0,....m—1, z € R",

where L is a homogeneous m! order constant coefficient strictly hyperbolic

differential operator; the symbol of L may be written in the form

L(r,8) = (1 = ¢1(8)) - -+ (T = m(§)), with 1(§) > --- > om(§) (£ #0).

In a series of papers, [Sug94|, [Sug96] and [Sug98], Mitsuru Sugimoto showed
how the geometric properties of the characteristic roots ¢1(§),...,pm(§)
affect the LP — L7 estimate. To understand this, let us summarise the method
of approach.

Firstly, the solution can be written as the sum of Fourier multipliers:

[aary

m— m

u(@, ) = Y [Ei(t) fi](x), where Ey(t) =Y F ' Oay (6)F

=0 k=1

and ay (&) is homogeneous of order —[. Now, the problem of finding an
LP — L9 decay estimate for the solution is reduced to showing that operators

of the form
M, (D) := F e O[¢| "y (6)F,

where ¢(£) € C¥(R™ \ {0}) is homogeneous of order 1 and x € C*°(R")
is equal to 1 for large £ and zero near the origin, are LP — L? bounded for

suitably large » > [. In particular, this means that, for such r,

1B fllza < Cl st

Indeed, it may be assumed, without loss of generality, that ¢ = 1 since:

16



Lemma 1.3.1. Fort >0 and f € Cj°(R"),

(B () f)(x) = t'[E (L) ()] (¢ )

Proof. By the homogeneity of (&) and ay(§),

BON)) = Y e [ D)) de

=3 & / etrerediag () f(¢) d

n

= : /ei(mtlw’“("))ak,z(t_ln)f( mt~"dn,

where in the last line the change of coordinates ¢ +— ¢~ has been used.

Now, with y — ty/,
fet = [ ey = [ e dy = i),
where fi(x) := f(tz). Thus,

[Ei(t) f](x) :Z (2;)71 /n i(znt= 4o (n) )tlakl( )ft( )dn

— (B () ). =

Using this identity gives

1B I, = BRI, = 1 [ (B A ) da
= [ B = BRI,

Then, noting that a simple change of variables yields

| Fellfys < CEP Iy

17



we have,
+2 _p(i-1
1O llr < CFF 3 fllyg1 < CE0 70y

hence,
m—1
) r—n(i-1)
lu, O)llze < CET 7Y N fillyr -
1=0
It has long been known that the values of r for which M, (D) is LP — L%
bounded depends on the geometry of the level set

Y ={£ e R"\ {0} : (&) =1} .

In [Lit73], [Bre75] it is shown that if the Gaussian curvature of ¥, is never
zero then M, (D) is LP — L9 bounded when r > 241 (% - é) This is extended
in [Bre77], in which it is proven that M, (D) is L? — L? bounded provided
r> %T_p(% — é), where p = mingo rank Hess ¢(§).

Sugimoto extended this further in [Sug94|, where he showed that if ¥,
is convex then M, (D) is LP — L7 bounded when r > (n— 3(—_21)) (% - %); here,

v(X) :=supsupy(X;0,P), X CR" a hypersurface,
ocex P

where P is a plane containing the normal to ¥ at o and v(X; 0, P) denotes
the order of the contact between the line T, N P, T, is the tangent plane
at o, and the curve XN P. See Section 3.2.3 for more on this maximal order
of contact.

In order to apply this result to the solution of (1.8), it is necessary to
find a condition under which the level sets of the characteristic roots are

convex. The following notion is the one that is sufficient:

Definition 1.1. Let L = L(D,, D;) be a homogeneous m' order constant
coefficient partial differential operator. It is said to satisfy the convexity con-

dition if the Hessian, Hess ¢k (&), corresponding to each of its characteristic
roots p1(&), ..., pm(&) is semi-definite for & # 0.

It can be shown that if an operator L does satisfy this convexity con-

dition, then the above results can be applied to the solution and thus an

18



estimate of the form (1.7) holds with
,n;l(;,;)
K({t)=(1+t) ~» \r 4/ wherey <m.

Finally, the case when this convexity condition does not hold is discussed;
in [Sug96] and [Sug98] it is shown that, in general, M, (D) is LP— L? bounded

when r > (n — 70%21)) (% - %), where

Y (X) := supinfy(X; 0, P) < y(X%).
oex P

For n =2, v (X) = v(X), so, the convexity condition may be lifted in that
case. However, in [Sug96], examples are given when n > 3, p = 1,2 where
this lower bound for r is the best possible and, thus, the convexity condition
is necessary for the above estimate. It turns out that the case n > 3,
1 < p < 2 is more interesting and is studied in greater depth in [Sug98|,
where microlocal geometric properties must be looked at in order to obtain
an optimal result.

Two remarks are worth making; firstly, the convexity condition result
recovers the Strichartz decay estimate for the wave equation, since that
clearly satisfies such a condition, Secondly, the convexity condition is an
important restriction on the geometry of the characteristic roots that af-
fects the LP — L9 decay rate; hence, in the case of an m'™" order operator
with lower order terms we must expect some geometrical conditions on the
characteristic roots to obtain decay.

The discussion here, and that on the second order equations, suggests
that the properties of the characteristics play the key role in determining the
rate of decay; we concentrate on this in Chapters 2—4: in Chapter 2 we state
the main results in this thesis for the case where the operator has lower order
terms and outline the approach used to prove them; in Chapter 3, some key
results needed for the main proof are proved, and Chapter 4 contains the
proof of the main theorem. In Chapter 5, there are some results which give
characterisations in terms of the structure of the lower order, as well as an

application to systems and some examples.
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Chapter 2:
Main Results and Outline of
Approach

2.1 MAIN RESULTS

In this thesis, we shall analyse the conditions under which we can obtain
LP — L9 decay estimates for the general m* order linear, constant coefficient,

strictly hyperbolic Cauchy problem

m m—1
D'u+ Y Pi(De)D]" Pu+ > Y capDiDiu=0, t>0,
J=1 =0 |a|+r=l (21)

Diu(x,0) = fi(x) € C(R™), 1=0,...,m—1, z € R".

The main theorem below states how different behaviours of the character-
istic roots 71(),...,Tm(§) affect the rate of decay that can be obtained.
Ideally, of course, we would like to have conditions on the lower order terms
for different rates of decay; in Chapter 5 we shall give some results in this di-
rection. For now, though, we concentrate on conditions on the characteristic
roots.

It is natural to impose the condition:
Im7,(§) >0 fork=1,...,m; (2.2)

this is equivalent to requiring the characteristic polynomial of the operator
to be stable at all points £ € R™, and thus cannot be expected to be lifted.

Also, we shall show that it is sensible to divide the considerations of how
characteristic roots behave into two parts: their behaviour for large values
of €] and for bounded values of |¢|. These two cases are then subdivided

further; in particular the following are the key properties to consider:

20



e multiplicities of roots (this only occurs in the case of bounded |{|—see
Lemma 3.1.4);

e whether roots lie on the real axis or are separated from it;
e behaviour as |{| — oo (only in the case of large |£]);

e how roots meet the real axis (if they do);

e properties of the Hessian of the root, Hess 13(&);

e a convexity-type condition, as in the case of homogeneous roots (Sec-

tion 1.3).

Here is the main theorem, which in Chapter 4 we shall prove; included in
it are notions such as “convexity condition +”, “no convexity condition, vq”,
“codimension [”; these will be defined and discussed in the relevant places

in Chapters 3 and 4.

Theorem 2.1.1. Suppose u = u(x,t) satisfies the m™ order linear, constant

coefficient, strictly hyperbolic Cauchy problem (2.1). Denote the character-

istic roots of the operator by 11(§),...,Tm(§) and assume that (2.2) holds.
We introduce two functions, K (t) and K (t), which take values as

follows:

I. Consider the behaviour of each characteristic root, (&), in the region
€] > N, where N is a large real number to be chosen later. The
following table gives values for the function K,gl) (t) corresponding to
possible properties of T,(§); if Ti(§) satisfies more than one, then take

K,gl) (t) to be function that decays the slowest as t — oo.
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Location of 74 (&)

Additional Property

away from real axis

on real axis

det Hess 7,(§) # 0
rank Hess 7,(§) =n — 1
convexity condition y

no convexity condition, g

asymptotic to real axis

det Hess 7,(§) # 0
rank Hess 7.(§) =n — 1

no convexity condition, g

Then take KO (1) = maxg—1. n K;f) (t).

II. Consider the behaviour of the characteristic roots in the bounded re-

gion |€| < N; again, take K()(t) to be the mazimum (slowest decay-

ing) function for which there are roots satisfying the conditions in the

following table:

Location of Root(s) Properties K®)(1)
away from axis no multiplicities e % some § > 0
L roots coinciding (1+t)Lte—o
on axis, det Hess 7;.(§) # 0 (1+ t)fg(%fé)
no multiplicities* convexity condition ~y (1+ t)_n%1 v
no convexity condition, vy | (1 + t)f%(%fé)
on axis, L roots coincide
multiplicities* on set of codimension ¢ | (1+ t)L_l_é(f_f)
meeting axis L roots coincide
with finite order s on set of codimension ¢ | (1+ t)Lil*s G=a)

* These two cases of roots lying on the real axis require some additional regularity assumptions; see proof for details.

Then, with K(t) = max (K(b)(t), KO(t)), the following estimate holds:

m—1
1Dz Dyu(s )l[Le < K () > [Lfillyyx0
1=0 !
where 1 < p < 2, %—i—% =1, and N, = Np(a,r) is

on p,a and .
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2.2 SCHEMATIC OF METHOD

Step 1: Representation of the solution.

Using the Fourier transform, this reduces the problem to studying oscillatory

integrals.
Step 2: Division of the integral.

Reduce the problem to several model cases using suitable cut-off func-
tions; in view of interpolation techniques, it then suffices to prove L? — L?
and L' — L™ estimates. The problem is divided into studying the behav-
iour of the characteristic roots in three regions of the phase space—large ||,
bounded |{| away from multiplicities of roots and bounded [|¢| in a neigh-

bourhood of multiplicities.

Step 3: Interpolation reduces problem to finding L' — L™ and L? — L?

estimates.
Step 4: Large [¢|:

e root separated from the real axis;
e root asymptotic to the real axis;

e root lying on the real axis.
Step 5: Bounded |{], away from multiplicities:

e root away from the real axis;
e root meeting the real axis with finite order;

e root lying on the real axis.
Step 6: Bounded ||, around multiplicities of roots:

e all intersecting roots away from the real axis;
e all intersecting roots lie on the real axis around the multiplicity;
e all intersecting roots meet the real axis with finite order;

e one or more of the roots meets the real axis with infinite order.
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Chapter 3:
Auxiliary Results

In this chapter, we collect together various tools that enable us to prove
the main theorem. First, we prove some important properties for the char-
acteristics of strictly hyperbolic operators, which motivate the division into
large and bounded [£|. Then we give several theorems about oscillatory inte-
grals divided into the cases where a convexity condition holds on the phase

function and where no such condition holds.

3.1 StTrRICTLY HYPERBOLIC OPERATORS AND

POLYNOMIALS

In order to study the solution u(z,t) to (1.6), we must first know some
properties of the characteristic roots 71(), ..., 7n(§). Naturally, we do not
have explicit formulae for the roots, unlike in the cases of the dissipative wave
equation and the Klein—Gordon equation, but we do know properties for the
roots of the principal symbol. For general hyperbolic operators, the roots
©1(&), ..., om(&) of the characteristic polynomial of the principal part are
homogeneous functions of order 1 since the principal part is homogeneous.
Furthermore, for strictly hyperbolic polynomials these roots are distinct
when £ # 0. Since these two properties are very useful when studying
homogeneous (strictly) hyperbolic equations, it is useful to know whether
the characteristic roots of the full equation, 71(&),..., 7, (&), have similar
properties. Indeed, if we regard the full equation as a perturbation of the
principal part, we can show that similar properties hold for large |[; these
results are the focus of this section. In particular, we shall show that they are
continuous everywhere, analytic away from multiplicities, are symbols and
have no multiplicities for sufficiently large |£|. In the schematic of the proof
(Section 2.2), we subdivided the phase space into large || and bounded [¢],
and it is these properties that motivate this step.

First, we give some properties of general polynomials which are useful

to us. For constant coefficient polynomials, the following result holds:
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Lemma 3.1.1. Consider the polynomial over C with complex coefficients

m
242 b ez o = H(z — 2k).
k=1

If there exists M > 0 such that |c;| < M7 for each j = 1,...,m, then
|zk| <2M for allk=1,...,m.

Proof. Assume that |z| > 2M. Then

. lea] lem—1] |eml
2" e 4t eme12 4 | > |Z|m< T T e e

> 2" (1 =27 — ... —2=(m=l) _9=my 5 g

That is, no zero of the polynomial lies outside of the ball about the origin
of radius 2M; hence |z;| < 2M for each k =1,...,m. O

Remark 3.1.1: If we replace the hypothesis |c;| < M7 by |¢j| < M for each
j=1,...,m, then by a similar argument we obtain that |z;| < max{2,2M}.
The max{2,2M} term appears because we need M > 1 for the sum on the
right hand side to be positive.

For general polynomials with variable coefficients, we have:

Lemma 3.1.2. Consider the m** order polynomial with coefficients depend-

ing on £ € R™
p(&T) ="+ a1 ()" 4+ am(€).

If each of the coefficient functions a;(§), j = 1,...,m, is continuous in R™
then each of the roots T1(€),...,Tm(&) with respect to T of p(&,T) is also

continuous in R™.

Proof. Define p : C™ — C™ by p(z1,...,2m) = (c1,...,cm) where the ¢;
satisfy

m
e 4 e = H(z — zj).
j=1

Then p is:
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(a) surjective by the Fundamental Theorem of Algebra;

(b) continuous since each of the ¢; may be written as polynomials of the z;

(by the Vieta formulae);

(c) proper (that is, the preimage of each compact set is compact) by Re-
mark 3.1.1;

properties (b) and (c) imply that p is a closed mapping.
Now, fix {x € R". For any given € > 0, consider the set

U= [J ({¢=(1 - 16m) € C™: [Cap — mwl(&0)| <€}

a€Sy k=1

where a = (o, ..., ) € Sy, denotes the set of permutations of {1,...,m}

(see Fig. 3.1 for a diagram of this). Note that U is, by construction, symmet-

o, x =
1o

T2(€0) U1 ¢25

71(£0) Uz ¢25

m1(80) Ir2(80) (04
Figure 3.1: U =U; U U,

ric, i.e. if (21,...,2m,) € U then (244, .-, 2a,,) € U forall (ay,...,an) € Sp.
Let F' denote the complement to U:

F= ()= Gn) €C™: o — h(&0)| =Tk =1,...,m}.

aESy

We need to show that there exists 6 > 0 such that (71(¢),..., 7 () € U

whenever | — &y| < §; note:

e p Y(p(F)) = F by construction—if p(w) = p(w') then both w and w’ give
rise to the same polynomial, and hence their entries are permutations of

each other, and so either both or neither lie in F’;
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e by the surjectivity of p,
p(U) = p(F) = p(lp~ " (p(F))]°) = p(p~  (p(F)%)) = p(F)";

e p(F) is closed since F' a closed set and p is a closed mapping;

therefore, p(U) is open. Thus, there exists an open ball in p(U) of radius ¢’
(for some ¢’ > 0) about a(&y) = (a1(&), - - - am (&) = p(11(&0), - - - » Tm(&0)):

By /(a(&)) = {(c1,...,em) € C" 1 |cj —aj(&o)| <& Vj=1,...,m} C p(U).
By the continuity of the a;(§), there exists 6 > 0 such that

€ =&l <6 = |aj(€) —a;(&)| < forall j=1,...,m;
hence,

€ =&l <6 = (a1(§),--.,am(§)) € By(al(éo)) C p(U).

Finally, since p(11(§),-..,mm(§)) = (a1(§),...,am(€)) and U is symmetric
(this is needed as different root orderings give the same coefficients), we find
(11(8), ..., 7m(§)) € U when | — &| < § as required; this completes the

proof of the lemma. O

Now, let us turn to proving properties of the characteristic roots.

Proposition 3.1.3 (Continuity of Roots). Let L = L(Dg, D;) be a linear

m order constant coefficient partial differential operator. Then each of

the characteristic roots of L, denoted 11(§),...,Tm(§), is continuous in R™;
furthermore, for each k = 1,...,m, the characteristic root 1(§) is analytic
m

{eR" (&) # (VI F K} .

Proof. The characteristic polynomial of L is of the form
LET) ="+ a1 ()™ + - +an(f),
where the a;(£) are polynomials in & of order j. Thus, by Lemma 3.1.2
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each of the roots is continuous. The second statement follows by the Real
Analytic Implicit Function Theorem!, using that the a;(¢) are polynomials

and hence analytic in £. O

Remark 3.1.2: In the case where L(D,, D;) is a differential operator in ¢
with coefficients that are pseudodifferential operators in z, the a;(§) are
classical symbols of order j; so, in this case, the characteristic roots are

continuous in R"™ and smooth away from multiplicities.

Lemma 3.1.4 (Location of Root Multiplicities). Let L = L(D,, D;) be a
linear m' order constant coefficient strictly hyperbolic partial differential
operator. Then there exists a constant N such that, if |§| > N then the

characteristic roots T1(€), ..., Tm(&) of L are pairwise distinct.

Proof. We use the notation and results from Chapter 12 of [GKZ94] con-
cerning the discriminant A, of the polynomial p(z) = ppa™ +- - -+pi1z+po,

m(m—1) _
Ap=Apo,. .. pm) = (-1)" = par [ J(wi — 2;)?,
1<j

where the x; (j = 1,...,m) are the roots of p(x); that is, the irreducible
polynomial in the coefficients of the polynomial which vanishes when the
polynomial has multiple roots. We note that A, is a continuous function of
the coefficients po, ..., pm of p(x) and it is a homogeneous function of degree

2m — 2 in them; in addition, it satisfies the quasi-homogeneity property:

A(pﬂv Apla )‘2p25 ey Ampm) - )‘m(mil)A(p()a o 7pm)

Furthermore, A, = 0 if and only if p(z) has a double root.
We write L(£,7) in the form

L(&,7) = L (&, 7) + a1 ()7 4+ a2()7™ % + -+ + am-1(6)7 + am(),

where

m(&m) ="+ P&
k=1

!see, for example, [KP02]
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is the principal part of L(&,7); note that the P;(§) are homogeneous poly-
nomials of degree j and the a;(§) are polynomials of degree < j. By the

homogeneity and quasi-homogeneity properties of Ay, we have, for A # 0,

AL(AE) = A(Pm(AE) + am(AS), -, Pr(AE) + a1(AE), 1)
= AN [Pu(€) + 32, AIP(E) + 209, 1)
_ )\m(2m—2)A(Pm(£) + a7r:\(ri\§)’ o A_(m_l)[ﬂ(ﬁ) + a1()\)\§)]’ )\—m)
(using that A is homogenous of degree 2m — 2)
= XM DA(P(€) + 388 Pr(g) + 1R 1)
(by quasi-homogeneity).

Now, since L is strictly hyperbolic, the characteristic roots 1 (&), ..., @m(&)

of L,, are pairwise distinct for £ # 0, so

Ar, (&) = A(Bn(§), .-, F1(§),1) # 0 for £ #0.

Since the discriminant is continuous in each argument, there exists § > 0

such that if ‘aﬂ (%) ‘ < d forall j=1,...,m then
|A(P(€) + 208 | Py() + mtQ8 )| >,

and hence the roots of the associated polynomial are pairwise distinct. So,

fix £ € {{ € R™: |{| =1} and let A — oco. Since the a;(§) are polynomials of

degree < j it follows that af()‘é)

N > 0 such that if A > N then ‘aﬂ (36) ‘ <dforallj =1,...,m. Hence when

— 0 for each j = 1,...,m. So, there exists

|€] > N the characteristic roots of L are pairwise distinct. O

Remark 3.1.3: Asin the case above, this statement is true when L(D,, Dy)
is a (strictly hyperbolic) differential operator in ¢ with coefficients that are
pseudodifferential operators in . The only modification to the proof needed
P;i(A8)
bV

is we must use the simple fact that P;(§) — — 0 as A — oo when

¢ € 8™ ! (since the P;(€) are symbols of order j) to ensure

AL(XE) = /\m(mfl)A(Pm(/\O/\-;am(/\ﬁ)’ o P1(>\§):\H11(/\§) : 1)
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is bounded away from zero for large .

Proposition 3.1.5 (Symbolic Properties of Roots). Let L = L(Dy, D;) be

a linear m* order constant coefficient hyperbolic partial differential operator

with characteristic roots 7 (), ..., Tm(§); then
I. for each k =1,...,m, there exists a constant C > 0 such that
[Te(§)] < C(A+ [€])  for all § € R™. (3.1)

Furthermore, if we insist that L is strictly hyperbolic, and denote the roots of

the principal part Ly, (§,7) by ©1(€), ..., om(&), then we have the following:

II.

I11.

IV.

Suppose that the mazimum order of the lower order terms is 0 < K <
m—1. Then, for each 1(§), k = 1,...,m, there exists a corresponding

root of the principal symbol i (§) (possibly after reordering) such that
(€)= r() S CA+ [N ™ forall¢ eR™.  (32)
In particular, for arbitrary lower terms, we have

17(6) — (&) < C forall § € R™. (3.3)

There exists N > 0 such that, for each characteristic root of L and for

each multi-index o, we can find constants C' = Cy o > 0 such that
gm(©)] < Clef™1* for all || = N, (3.4)
In particular, there exists a constant C' > 0 such that

V(&) < C forall |§| > N . (3.5)

There exists N > 0 such that, for each 11:(§) a corresponding root of the
principal symbol o (&) can be found (possibly after reordering) which

satisfies, for each multi-index o« and k =1,...,m,

|087,(€) — 08 n (&) < ClEITI for all |€] > N, (3.6)
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for some constants C' = Cj, o > 0.

If we further assume that the mazimum order of the lower order terms

is 0 < K <m — 1, then we get the estimate
|087(8) — O pr(§)| < CleF T mlel forall g > N (3.7)

for each multi-index o and k=1,...,m.

First, we need the following lemma about perturbation properties of

general smooth functions.

Lemma 3.1.6. Let p : C — C and q : C — C be smooth functions and
suppose zy s a simple zero of p(z) (i.e. p(z0) = 0, p'(20) # 0). Consider,
for each € > 0, the following “perturbation” of p(z):

p=(2) == p(2) +eq(z),

and suppose z is a root of p:(2); then, for all sufficiently small € > 0,

q(20)
2 — 20| < Ce ‘ 3.8
22 =zl P'(20) (38)
Proof. By Taylor’s Theorem, we have, near z,
p=(2) = pe(20) + pL(20) (2 — 20) + O(|z = 20*)
= q(20) + (¢ (20) + ¢ (20)) (2 — 20) + O(|z — 20[*) -
Thus, setting z = z.,
0 = eq(z0) + ('(20) + ¢'(20)) (2 — 20) + O(|z — z0*) (3.9)
Now, consider the function of €, z(¢) := z.; this is clearly smooth since p

and ¢ are smooth and z( is a simple zero of p(z), and thus, near the origin,

z(e) = 2(0) + 2/ (0) + O(e?) . (3.10)
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Combining (3.9) and (3.10), we get
0 = £q(20) + (¢ (20) + £4'(20)) (2 (0) + O(*)) + O(c%) ,

or,

0 = q(20) +p'(20)2'(0) + O(e),

which is equivalent to
lq(20) + 9/ (20)2'(0)| < Ce ase—0.

Therefore, by the triangle inequality, for each € > 0 small enough,

' Ce q(z0)
OV Gl ol
and, thus, ()
/ q\zo

Finally, combining (3.11) with (3.10), we obtain (3.8) as required.

Proof of Proposition 3.1.5.
Part I: We may write L(, 7) in the form

LET) =74 a7+ 4 am-1()T + am(£),

(3.11)

where the a;(§) are polynomials in ¢ of order < j. Now, for each j =

1,...,m, there exists a constant M; such that, for some constant C; >
0, we have |a;(§)] < Cj|€ when |£| > M;; this is because the a;(€) are
polynomials. Then, taking M = max; M;, we have by Lemma 3.1.1 that
there exists C' > 0 such that |7 (§)| < C|¢| when |£| > M; since 7(&) is

continuous in R" (Proposition 3.1.3) and thus bounded on compact sets, we

have (3.1) as desired.
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Part II: In the proof of this part, let us write L(§, 7) in the form

R
L(§> 7-) = Z Lm—ri (67 T) )
=0

where 79 = 0, m —r; = K (the maximum order of the lower order terms),

1<rm<---<rgp<m,

Lin(€7) = 7"+ 3 Py(g)rm
k=1

and Ly, (§,7) = Y cayé™r! for 1<i<R;

|a+j=m—r;

here, as usual, the P;({) are homogeneous polynomials in £ of order j.

Denote the roots of

l
L’l(fvT) ::ZLm—Ti(€77)7 0<I<R,
1=0

with respect to 7 by 71(¢),..., 7L, (€). Note that Lo(&,7) = Ln(&,7), ie.
Lo(&,7) is the principal symbol with no lower order terms.

Here, let us choose constants N; > 1 so that, for each fixed I =0,..., R,
(&), ..., 75, (&) are distinct when |¢| > N;—this can be done by Lemma 3.1.4
since each L;(§,7) is a strictly hyperbolic polynomial. Next, set N =
max; IV;, and from now on, we assume that [{| > Nyax throughout.

We shall show that there exists M > Nyax so that, possibly after re-

ordering the roots, for all k =1,...,m,
It () —Th(©)| < Clg|T T foralll=0,...,R—1and [¢| > M. (3.12)

Assuming this, and noting that 72(¢) = ¢ (&) and 77(€) = 7,(€) for each

k=1,...,m (possibly after reordering), we obtain

(€)= er(E)] < DIt (&) = ()] < ClE[™ T when [¢] > M;
=0

this, together with the continuity of the 74(£) and ¢g(¢)—and thus the
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boundedness of |7 (§) — ¢r(§)] in Bas(0), gives (3.2). Then, (3.3) follows by
setting K =m — 1.

So, with the aim of proving (3.12), we first introduce some notation: set

Liner; :S"XC—=C: Ly, (w,7) =Ly, (w,7), i=0,...,R,
f;l:(Nl,oo)xS”x(D—ND: f;l(p,w,T):p_le(pw,pT), 1=0,...,R;

observe that im,n is just the restriction of Ly, (&, 7) to S" x € — C. De-
note by @1(w), @2(w), . . ., Gm(w) the roots of Ly, (w, ) = Lo(p,w, ) with re-
spect to 7, and by 7 (p,w), 7 (p,w), ..., 7% (p,w) those of ﬁk(p,wﬂ'). Now,
for 1 <1 <R,

m

l
Emeae ) =l (P BOT T Y Y eyt )

j=1 =1 |o¢‘+j:m—7"i

m l
=T LY P(E)F I AT Y o)
j=1 i=1

|ae|+j=m—r;
l
=L (. 7) + Z;I&”Lm—ri (7). (3.13)

T

where 7 = %. Since,

Lon(§.7) = L (§.7) = |67 Lun (&, ) = €] Lo(E,7) = Lo(l€l, §.7)

for ¢ € R", 7 € C, and

+1
Lipalpyw,m) = p ™Liga(pw, pr) = p™ > Ly, (pw, p7)
=0
l .
=0y Lnri(pw, T+ Y cag(pw)(pr)
=0 o] -+j=m—ri41

:Ll(p, w, 7') + p_TH—l Z Ca,jwaT]
loe|+j=m—r;

:ﬁl(pv w, T) + p_rl-"lim—nﬂ (w, 7) (3-14)

for w € 8" p > Npax, 7 € C, 1l = 0,...,R — 1, we have, by repeated
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application of (3.14) in (3.13),

€7 L€, ) =£1(|§!7|§j,%)- (3.15)

As the left-hand side of this is zero when 7 = 7L(¢), k = 1,...,m, and
the right-hand side is zero when 7 = %,lc(|§],é—|), k =1,...,m, we see
that |¢[7 (€], é—‘) = 7.(¢) for each k = 1,...,m (possibly after reordering).
Hence, for all |§| > Npax, k=1,...,mand [ =0,..., R — 1, we have

T €)= 7h(©) = L (6. &) — 7L (el §)llel.
Next, observe that applying Lemma 3.1.6 with € = p"'+! to
ﬁl(p, w,T) + prl“lN}m_rHl (w, )
yields, for all w € S* ' and k= 1,...,m,

f/m—rz-H (w7 7:]19 (p7 w))

7 (pw) = Fp,w)| < Cp~ | =2 -
g aTLl(p7w7T]lg(p7w))

provided we take p > M’ for a sufficiently large constant M’ > Npax.
Therefore, for all |{| > M', k=1,...,mand [ =0,...,R— 1, we have

L,
ITi (&) — Th(§)] < Clg| Tt (3.16)

Thus, it suffices to show the following two inequalities when [{| > M for
some M > M’

e there exists a constant C7 so that, for all 1 <i < R,

(5] =] X ear(§)C

|| +j=m—r;

’ < Ci; (3.17)

and
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e there exists a constant C' > 0 so that, forall 0 <[ < R -1,

[0 L (1€ . HED) | = €17 0-La(€, ()] > Co (3.18)
Then, combining (3.16), (3.17) and (3.18) gives (3.12).

Let us now show (3.17) and (3.18):

The first, (3.17), follows immediately from Part I since the 7. (£) are
roots of strictly hyperbolic equations.

The second, (3.18), in the case [ = 0 is clear: the homogeneity of L., (&, T)

and its roots give

€17 0-Lo(€, T (€))] =

(|£| wk(ﬁ))‘

which is never zero due to the strict hyperbolicity of L,, and hence (using
that the sphere S"~! is compact and L,, (£, 7) is continuous and thus achieves
its minimum) is bounded below by some positive constant as required.

For 1 <1< R—1, we know that T]i(f), k=1,...,m, are simple zeros of
Li(&, 1) for || > Nmax by the earlier choice of Nyax. Observe,

l

(0rL)(ETHE) _ (OrLan)(E,7HO) | <~ (OrLinr ) (&, TH(O))
e *; et

Now,

(0r Lin—r,) (&, T/i (€))

= |E17 (0r Lin—r) (. ) — 0 a5 [€] — o0

|¢|m—1 €]
for i = 1,...,1, because 0y Lyp,—r,(§,7) is homogeneous of order m —r; — 1
and !(&Lm,ri)(é—l, T’lk(lf))’ < C for all £ € R™ for some C' > 0 (here we use

Part I once more). Also, using the Mean Value Theorem,

(0rLin) (6, 74(£)) = (07 Lm) (&, r(€)) + [(0r Lin ) (£, T4(€)) — (07 L) (&, 2 (€))]
=(07Lm) (&, k(&) + (O2Lim) (£, 74(E)) ,

where 71 (£) lies on the path v connecting ¢ (&) and 7}.(€), v(s) = ¢r(&) +
s[rh(€)—pr(€)],0 < s <1foreaché € R*, k=1,...,mandl=1,...,R—1,
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and

[(02Lm) (€, 7L(€))]
R

= |7 |02 L (5, BED| < Cle[t — 0 as [¢] — oo

Therefore, for a sufficiently large constant M > M’, there exists a constant

(5 > 0 such that

|0rLin (&, ()] 107 Lin(&, p1(€))]
g 2O g

> Cy, when [£| > M.

This completes the proof of (3.17) and thus of Part II.

Part III: We take N > 0 as given by Lemma 3.1.4, that is, for |{] > N,
the roots 71(§), ..., 7m(§) are distinct.

To prove the statement, we do induction on |c|.

First, assume |o| = 1. Since L(§,7(€)) = 0 for each k = 1,...,m, we
have, for each i =1,...,n,
oL oL o7y, B
5 (6 7(O) + GHE TN FEE) =o.

The first term is a polynomial of order m — 1 in (&, 7%()), hence, by Part I,
there exists a constant C' such that, when |{| > M; for some suitably large

constant My > N, 5
L -1
i < m .
5 ()] < Ol

The inequality (3.4) for |a] =1 (i.e. (3.5)) then follows immediately from:
Lemma 3.1.7. There exists constants C > 0, My > N such that, for each

k=1,...,m,

0
SEEm(O)] 2 Clemt when €] > M.

Proof. Note that

87L
or

(€7 2| 5 6 @) - |2 (€m0 - 2 (@) (319)

where L,,(&,7) is the principal symbol of L and ¢1(§),...,¢om(§) are the
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corresponding characteristic roots, ordered in the same way as in Part II.

We look at each of the terms on the right-hand side in turn:

e By strict hyperbolicity, 8Lm (&, 0r(€)) is non-zero for & # 0, so there is
some constant C' > 0 such that laLm (w, pr(w))| > C for all w € S* 1

(here we have used the compactness of the sphere). It is also clearly

homogeneous of order m — 1; thus, for all £ # 0,

oo e on(@)] = | 22 (& o) = Clel™t. (320
e Observe,
I & m@) — 2 pu(©)
=8§—Tm(s,m<£>)—% (& (€ +Z D Cad€ (€)'
r=0 |a|+l=r
Now,
Do 6 m€) — 2o E, oul)
(Te(&)™ =pr(O)™ D)+ Y_ (m=) P (&) (m(&)™ 7 —on(&)™ T,
j=1
and

IT1(€)" — wr(§)"] =
171(€) = @r(OT(€) ™" + (&) %0 (&) + -+ + ().

So, by Part I and Part II (specifically inequality (3.3)) and the fact that
the P;(¢) are homogeneous polynomials in & of order j, we have, for some

suitably large Mo > N,

o ¢ () — 22 gule)| < €™ 2 when [¢] > M.
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This, together with
‘ S ca,rzg%k(g)lfl( < Clef™? when |€] > Mo, r=0,...,m—1,
|a|+l=r

which again follows straight from Part I, yields

OL OL

SEO) = FE w(©)| < Cle™? for gl > M. (3.21)

The result now follows by combining (3.19), (3.21) and (3.20). O

For |a| = J > 1, assume inductively that,
|02 (©)] < Cle 1 when [¢] > M, || <J -1,

for some fixed M > max(M;, Mo).
Then, for [af = J, we use O¢'[L(£, 7x(£))] = 0, i.e.

O¢ (€0, L& Th(E))
+ > cap o (TT00 @) T orLie m(©) =o.
j=1

B4 4B7<a,
B940,0) Za
By the inductive hypothesis and the fact that 8? 8ZL(§ , Tk(£)) is a polynomial

of degree m — j — |B|, we have, for all multi-indices 8%,...,3" # 0 or «

satisfying B! +--- + " < a,

r

(1122 n(©)or "~ 0L, 7u(€))| < Cralél™ 1! when [¢] = M.

j=1
Thus, using Lemma 3.1.7 again, we have

CaleI™ ™ _

s I-lal wh
DL, @) = COrelel ™ when |g] 2 M,

|0¢ T (€)] <

which completes the proof of the induction step.
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Part IV: Once again, assume that the roots 74(&), k = 1dots, m corre-
sponds to ¢r(€) k =1,...,m in the manner of Part II.

The proof of this part for general multi-index « is quite complicated, so
we first give the proof in the case |a] = 1 to demonstrate the main ideas
required, and then show how it can be extended when |a| > 1.

From L(&,7(§)) = 0= Ly (&, pr(€)), we have for each i =1,...,n,

o7,

S () + S (En€) 5 (©) =0,
T2 () + Tl G E) 0.
Therefore,
eSO - 5E©) = T2 6 wl©) - TR E )
O(L — Ly,)

_l’_

%0 [9m (€ ml€). (322

%o ¢, 4(6)) ~ T2 (6, 71(©)] -

It suffices to show that the right-hand side is bounded absolutely by C|¢|™~2
when |£| > M for some suitably large My > N; this is because an application
of Lemma 3.1.7 then yields

O
0%

_ 9pp
0§,

<Ol for ¢ > M,

©- e )] < Ol

G2 (& m(9))]

where M = max (M, My).

Since O¢, (L — Ly, )(&, 7) is a polynomial of degree < m — 2 in (§,7) (it is
the derivative of a polynomial of order < m —1), it is immediately clear that
the final term of (3.22) is absolutely bounded by C|¢|™~2; here we have also
used Part I. Also, noting that |0g, ¢k (§)| < C by the homogeneity of ¢ (€),
we have, by (3.21),

Oy
08

©| % e, et — 2 e, mulen)| < clem 2.

Finally, by the Mean Value Theorem,

0L,
23

9%L,,

0L, 9 L
(97’3&

(€ 0n(O) ~ ¢

(6 74())| < C|5pm (€. 7)|len(&) = 7e(E)].
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where T lies on the linear path between ¢ (§) and 74 (§)—which means that
(using Part I once more) |7| < C|¢| for |£] > M. Since 0-0¢, Ly (&, 7) is a
polynomial of degree m — 2 in (&, 7), and |pr(§) — 7(§)| < C by Part II,
this term is bounded by C|¢|™~2, completing the proof in the case |a| = 1.

For |a| = J > 1, we assume inductively that
|08 (€) — O pr(&)] < CleI™ for [¢] > M, [a] < T 1.

As in the proof of Part III, we have

0871 (€), L(E, 7(£)
> o ([T @) oL, m() = 05
j=1

Bl +pT<a,

BI#0,6 £

similarly,

8?g0k (f)aer (57 Pk (5))

Y o (T10F00(©)0 ™ 0rLin(, r(6)) = 0.

Bl 407 <a, J=1
10,6 £
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Thus,

(g h(8) — O'pr(£))0-L(&, T(§)) =
O or(€) (Or Lin (&, 0k (€)) — O-L(&, 1(€)))

> oo ([T 0n©)1087" 7 0 L€, o1(8)-
B4 +B7<a, Jj=1

B97#£0,81 #a
a— 1_..._ar p
O T L (6, 7))

T

+ > caps ([T er© =0 n@)])og " " 0 Lm(€, 7u(€))

By 4B <a, J=1
BI#0,57 #a
r
j Bl
= > caps ([T ()07 0L = L)€ m(8))
Bljl»m«kﬁ'."ﬁa, jil
BI#0,57 #a

We claim the right-hand side is then bounded absolutely by C,|&|™ 1o,
which, together with Lemma 3.1.7, yields the desired estimate.

To see this, let us look at each of the terms in turn:

o [0gpr(§)| < Cy|€|* 1% by the homogeneity of ¢, (€); using this with (3.21)

gives the desired bound.

e Using the Mean Value Theorem as in the case |a| = 1, we get

1087 O L€, 0u(€)) = 07 O L€ (©))|
< O [g[mlal B - +18T| -1,

coupled with |8§g0k(§)| < Cu || 181 this gives the correct bound.

e By the inductive hypothesis,
107 o1(€) — 8 ()] < Cole 1P
together with
027 O L (€, 7€) < Calg B B =
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which follows from Part I and the homogeneity of L,,(§, ), this gives the

correct estimate.

e To show the final term is bounded absolutely by ||~ 1~12l first note that
8?_51_"'_ﬁr8§(L — L) (&, 7:(£)) is a polynomial of degree < m — |a| 4+
|8 +---+|8"| — r — 1; applying Part III to estimate the afj 7 (§) terms,

we have the required result.

This completes the proof of (3.6); (3.7) is proved in a similar way in the
proof using the set-up of the proof of Part II. O

Remark 3.1.4: As with Proposition 3.1.3 and Lemma 3.1.4, this Propo-
sition holds when L(Dy, D) is a (strictly hyperbolic) differential operator
with respect to ¢ with coefficients that are pseudodifferential operators in x
(see Remarks 3.1.2 and 3.1.3).

Indeed, for the proof of Part I, it suffices for the a;(§) to be (classical)
symbols of order j; for the proof of Part II, it suffices to have inequality in
place of the equality in (3.15), and the proofs of (3.17) and (3.18) rely on
the symbolic nature of the coefficients and the strict hyperbolicity of the
operator. The proofs of Part III and Part IV similarly only use symbolic
estimates and Lemma 3.1.7 (which is a consequence of strict hyperbolicity
and the fact that the coefficients are smooth, and hence bounded from below

on the unit sphere).

To complete this section, we give one final property which tells us about

the image of the set of multiplicities of the characteristic roots.

Corollary 3.1.8. Let L = L(D,, D;) be a linear m* order constant coeffi-
cient strictly hyperbolic partial differential operator. Let 71(&),...,Tm(&) be
the characteristic roots of L. Then there exists a constant R > 0 such that,
if (&) = 11(&o) for some & € R™, I # k, it follows that |1(&)| < R. That
is, there exists a disc in C centred at 0 of radius R such that no multiple

roots lie outside it.

Proof. By Part I of Proposition 3.1.5 there exists C' > 0 and M > 0 such
that if |£] > M then |7 (§)| < C|¢| for all k = 1,...,m; by Lemma 3.1.4,
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if 7, (§0) = Tr,(&0) for k1 # ko then |{y| < N. Also, by the continu-
ity of the 7,(¢) (Lemma 3.1.3), there exists B > 0 such that if |{] < M
then |7(§)| < B for all £ = 1,...,m. The claim then holds with R =
max(NC, B). O

3.2 CONVEXITY RESULTS

As discussed in Section 1.3, in the case of homogeneous m'" order strictly
hyperbolic operators, geometric properties of the characteristic roots play
the fundamental role in determining the LP — L9 decay; in particular, if the
characteristic roots satisfy the convexity condition of Definition 1.1, then
the decay is, in general, more rapid than when they do not. We will show
that a similar improvement can be obtained for operators with lower order
terms when a suitable ‘convexity condition’ holds. In section 3.2.3, we shall
extend this notion of the convexity condition to functions 7 : R™ — R and
prove a decay estimate for an oscillatory integral (related to the solution
representation for a strictly hyperbolic operator) with phase function 7.
First, we give a general result for oscillatory integrals and show how the

concept of functions of “convex type” make this a useful result.

3.2.1 A General Theorem for Oscillatory Integrals

The following theorem is central in proving results involving convexity
conditions. In some sense, it bridges the gap between the Van der Corput
Lemma and the Method of Stationary Phase, in that the former is used when
there is no convexity but gives a weaker result, while the former can be used
when a stronger condition than simply convexity holds and gives a better
result. Here, we state and prove a result that has no reference to convexity;
however, in the following section, we show how convexity (in some sense)

enables this result to be used in applications.

Theorem 3.2.1. Consider the oscillatory integral

IO w) = /R P Ay, v)g(y) dy. (3.23)

where N € N, I :[0,00) x N — C, N is any set of parameters v and
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(I1) there exists a bounded open set U C RY such that g € C3°(U);

(I2) ®(y,v) is a complez-valued function such that Im ®(y,v) > 0 for all
yeU,veN;

(I3) for some fized z € RN and some v € N, v > 2, the function
F(p,w,v) = (pw + 2,v)
satisfies
|0,F (p,w, )| = Cp? ™" and |97 F(p,w,v)| < Crup' ™8, F (p,w, V)]

for all (w,v) € SN"Ix N, meN and § > p > \"1/7 > 0;

(I4) for each multi-index o such that |a| < [%] +1, there exists a constant
Co > 0 such that |05 A(y,v)| < Cy for ally e U, v € N.

Then there exists a constant C = Cy > 0 such that
IO )| < CL+N)"7 forall Ae[0,00), veN.  (3.24)

Remark 3.2.1: This Theorem extends to the case where A(y, v) is replaced
by A(y,v’), where v/ is independent of the variable v appearing in the phase
function ®(y,v); these parameters do not have to be related in any way,
provided the estimates in hypotheses (I2) and (I4) hold uniformly in the

appropriate parameters.

Proof. Tt is clear that (3.24) holds for 0 < A < 1 since |I(A,v)| is bounded
for such A.

Now, consider the case where A > 1. Set y = pw + 2, where w € SN—1
(using the convention that S° = {—1,1}), p > 0 and z € R" is some fixed
point; then

I\ v) = /SN—I /0 eNPPt2V) A (p + 2 1) g(pw + 2)pN "V dp dw .

By the compactness of SV 1, it suffices to prove (3.24) for the inner integral.
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Choose a function xy € C§°(R4), 0 < x(s) < 1 for all s, which is iden-
tically 1 on 0 < s < % and is zero when s > 1; then, writing F(p,w,v) =

O (pw + z,v), we split the inner integral into the sum of the two integrals

LA v,w,2) = / AP A puo + 2, v)g(pw + 2)x (AT p)p™ L dp.
0

L\ v,w,2) = / NP0 Ay + 2,0)g(pw + 2)(1 — ) A7 )N L dp.
0

1
Let us first look at Iy = I1(\, v,w, z); since x(A7p) is zero for /\%p >1,
we have, by the change of variables p = )\%p,

0 1 _ X N _N-1 1
=0 [ X =c [ YN A d

1
<ox [@¥as—ent,
0

where we have used [¢ (V)| < 1 since Im F(p,w,v) > 0 for all p,w, v by
hypothesis (I2); this is the desired estimate for |I1].

In order to estimate Iy = Iz(\, v, w, 2), let us first define the operator
L := (i\0,F(p,w, 1/))_18% and observe that

L(eiAF(p7w7V)) — AF(pww)
Denoting the adjoint of L by L*, we have, for each | € N U {0},

I = /OOO AF0) (L) [Apw + 2,0)g(pw + 2)(1— ) (AT p)pN Y dp

Now,
o5 LOPF or
< ) chh SSpD L T T N (8 F)ler (paw)y)aipra
where the sum is over all integers s1,...,sp,p,r > 0 such that sy +--- +

sp + 1 —p=1. By Hypothesis (I3),

OSVF ... 0 F

G EyE (e v)| S O =
P
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Also, we claim that, for r < [%] +1,

r

o [Alpw+2,v)g(po+2) (L) (A7 )V 1| < CnpV TN p), (3.25)

1
where Y(A, p) is a smooth function in p which is zero for A7 p < % Assuming
this is true, we see that, for large enough [—it suffices to take [ = [%] +1,

i,e. N — Iy < 0—we have,

| <Oy~ /0 S Conrsopprat™ P IR p) dp

N—lvy

connl [T N1 g, — o A—l[” ro — Oy
>~UN ﬁ)\_}yp 1Y N N—l")/ %)\,% N,y R

2

together with the estimate for |I;|, this yields the desired estimate (3.24).
Finally, let us check (3.25). It holds because:

(i) 105(pN )] < CrnpN 17" for all 7 € N.
(if) For cach r € N, 35[(1 — X)(A\7 p)] = —A7 (9x) (A7 p); mow, (9sx)(A7 )
1
is supported on the set {()\,p) € (0,00) x (0,00) : 3 < Ap < 1}, 50,
in particular, on its support )\% < p~!; therefore,
G511 =) (VTP £ CpT (@) (A p) forall 7€ N,

and (8;”)()()\%,0) is smooth in p and zero for )\%p <1
(iii) By hypothesis (I4), |9) A(pw+2,v)| < C; for each r < [%]—H (this can

be seen for » = 1 by noting that 0,A(pw+z,v) = w-V, Ay, v) |y:pw+z,
and then for » > 2 by calculating the higher derivatives). Also, g is
smooth in U, so, |0)[A(pw + z,v)g(pw + 2)]| < C; for r < [%] + 1.
Furthermore, by hypothesis (I1), there exists a constant pg > 0 so that
g(pw + z) = 0 for p > po; thus, 9;[A(pw + 2,v)g(pw + 2)] is zero for
p > po; hence, for r < [%] +1,

05[A(pw + 2,v)g(pw + 2)]| < Crppp™" .
This completes the proof of the claim, and thus the theorem. ]

47



3.2.2 Functions of Convex Type

Hypothesis (I3) of Theorem 3.2.1 is sufficient for the result of the The-
orem to hold; however, it is often difficult to check. For this reason, we
now introduce the concept of a function of convex type—a condition that is

far simpler to verify—and show that for such functions, (I3) automatically
holds.

Definition 3.1. Let ' = F(p,v) : [0,00) x T — C be a function that is
smooth in p for each firted v € Y, where Y is some parameter space. Write

its N order Taylor expansion in p about 0 in the form

N

F(p, U) = Z a; (U)pj + RN(pv U) ) (3'26)
j=0

where Ry (p,v) = [} 8/])V+1F(s, v)% ds is the N remainder term.
We say F is a function of convex type v if, for some v € N, v > 2, and
for some 6 > 0,

(CT1) ap(v) = ai1(v) =0 for allv e T;

(CT2) there exists a constant C' > 0 such that 377 la;(v)| > C for all
veT,

(CT3) for each v € T, |0,F(p,v)| is increasing in p for 0 < p < d;

(CT4) for each k € N, 8§F(p,v) is bounded uniformly in 0 < p < d,v € Y.

Remark 3.2.2: Note that, if F' is real-valued, then (CT3) is equivalent
to requiring either 82F(p,v) >0forall 0 < p<d,or 8,3F(p, v) < 0 for
all 0 < p < 0—this is because 0,F(0,r) = 0. This is the connection with

convexity, hence the name of such functions.
Such functions have the following useful property:

Lemma 3.2.2. Let F(p,v) be a function of convex type ~y. Then, for each
sufficiently small 0 < § < 1 there exist constants C,Cy, > 0 such that

0, F (p,v)| > Cp? ™ (3.27)
and |97 F (p,0)| < Coap |0, F (p,0) (3.28)
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forall0 < p<d,veT and m € N.

Remark 3.2.3: A version of this Lemma appeared in [Sug94] for analytic
functions without dependence on v and is based on Lemmas 3, 4 and 5 of
Randol [Ran69] (which also appeared in Beals [Bea82], Lemmas 3.2, 3.3).
This result extends it to functions that are only smooth and which depend

on an additional parameter.

Proof. First, let us note that, for 0 < p <1 we have, by (CT2),
’y .
v) =3 eyt = ot (3.29)
j=2

Thus, in order to prove (3.27), it suffices to show
10,F(p,v)| > Cm(p,v) forall0<p<d,veT; (3.30)

For 1 <m <+, we have, using (3.26),

Y—m
(k
o Fp) =3 @t Bnlp), (33D
k=0

where Ry, y—m(p,v) = [ 8Z+1F(s,v)% ds is the remainder term of

the (y — m)*™ Taylor expansion of O F(p,v). By (CT4) and (3.29), we see
IRy (p, 0)| < Conp? ™ < O m(p,0)p? ™™ for 0< p< 4. (3.32)

Hence, for 0 < p < 9,
~v—1
9,F (p,0)] = > (k + Darsr ()" + Riy-a(p,0)|
k=0

> (ijajw)p“\ = |Ria-1(o,0)] 2 \fjjajw)p“\ —~ Cym(p,v)p.
j=2 j=2

Now, by (CT3), |0,F (p,v)| is increasing in p for each v € T and, by
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(CT1), 0,F(0,v) = 0; therefore,
0,F (p, )| = max |0, F(o, )|

> max

N
_ogagJ

P g1 _
2](1] (v)o oglfgp Cym(o,v)o

j=

g

ZOIgggl‘Zjaj(v)pj‘lﬁj‘ll — Cym(p,v)p,
<1l

since (o, v)o = Z;‘Y:Q jlaj(v)|a? clearly achieves its maximum on 0 < o < p

at 0 = p. Noting that

M

M
max ‘ zjﬁjfl‘ and g |
0<o<1 ;

=1 7j=1

]_
are norms on CM and, hence, are equivalent, we immediately get

v
10,F (p,0)| =C Y jlaj ()~ = Cym(p,v)p

j=2
Z(Cj_>C%5)W(p7U):: C%ﬁﬂ(p7v)a

which completes the proof of (3.30).
To prove (3.28), we consider the cases 1 < m <~ and m >  separately.
For m > ~, we have, by (CT4),

10, F(p,v)] < Cm < Crnsp’™™™ for0<p<d,

since v+ 1 —m < 0, and, thus, p?t1=™ > §7+1=m > 0; so, by (3.27), we

have
077 F(p,v)| < Crnsp® ™|0,F (p,v)| for 0 < p<d,m>~. (3.33)

For 1 < m <+, we have the representation (3.31). It is clear that
Yy—m

k+m)! _m
> (k,)ak+m(U)Pk < Chum(p,0)p" ™,
k=0 )
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which, together with (3.32) and (3.30), yields
10, F(p,v)| < Cnsp' ™0, F (p,v)] for 0<p <4, 1<m<r.

This, together with (3.33), completes the proof of (3.28) and, thus, the

Lemma. O

This Lemma means we have the following alternative version of Theo-
rem 3.2.1.

Corollary 3.2.3. Hypothesis (13) of Theorem 3.2.1 may be replaced by:
(I3") for some fized = € RYN, the function F(p,w,v) = ®(pw + z,v) is a

function of convex type vy, for some v € N, in the sense of Defini-
tion 8.1 with (w,v) € SN "1 x N = 1T.

3.2.3 Convexity Condition for Real-Valued Phase Functions

Using the results of the previous two sections, we can now prove a se-
ries of results for which a so-called convexity condition holds; here we give
important definitions and prove the basic result for real-valued functions.

Given a smooth function 7 : R™ — R and A € R, set
Sa=EN1)={{eR": 7(§) = A} .
In the case where 7(&) is homogeneous of order 1, write ¥, := ¥ (7)—for

such 7, we then have Xy (7) = A\X,.

Definition 3.2. A smooth function 7 : R™ — R is said to satisfy the
convexity condition if Xy is convex for each A € R. Note that the empty set

1s considered to be convex.

Another important notion is that of the maximal order of contact of a

hypersurface:

Definition 3.3. Let ¥ be a hypersurface in R™ (i.e. a manifold of codimen-
sionn—1); let o € ¥, and denote the tangent plane at o by T,. Now let P be

o1



a plane containing the normal to ¥ at o and denote the order of the contact

between the line Ty N P and the curve XN P by v(3;0, P). Then set

v(X) := supsupy(X; 0, P).
ceYX P

Examples 3.2.1:

(a) v(S™) =2,asvy(S™;0,P) =2forallc € S™ and all planes P containing

o and the origin.

(b) If ¢;(€) is a characteristic root of an m! order homogeneous strictly
hyperbolic constant coefficient operator, then y(X,,) < m—see [Sug96]

for a proof of this.

Also, let us introduce some useful notation for a family of cut-off func-
tions gr € C§°(R™), R € [0,00): suppose g € C5°(R™) such that, for some

constants cg, ¢y > 0, it is supported in the set

{0 <] <},

and let go € C3°(R™ \ {0}) be another (arbitrary) compactly supported
function. Then, for R > 0, set

gr(§) = g/ it =1 (3.34)
0  f0<R<1.

Now we can prove the main convexity theorem:

Theorem 3.2.4. Suppose 7 : R®™ — R satisfies the convexity condition;

furthermore, assume:

(i) for all multi-indices « there exists a constant Co > 0 such that

087(&)] < Ca(L+ €))7 for all € € R™;

(ii) there exist constants M,C > 0 such that for all || > M we have
IT(&) > CI¢];
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(iii) there exists a constant Cy > 0 such that |0,7(Aw)| > Cy for all w €
S"1 X > 0; in particular, |V7(£)| > Co for all ¢ € R™\ {0};

(iv) there exists a constant Ry > 0 such that, for all X > 0,

1

Also, set v 1= supysoY(2A(T)) and assume this is finite and let a(€) be a
symbol of order "Tfl —n of type (1,0) on R™. Then, the following estimate
holds for all R >0, x € R™, t > 1:

\/ SO0 (e)gr(e) de| < Ct T (3.35)

where gr(&) is as given in (3.34) and C > 0 is independent of R.

Remark 3.2.4: For an integral of this type with some specific compactly
supported function, x € C§°(R") say, in place of gr, then use the results
for R = 0.

Proof. We may assume throughout, without loss of generality, that either
7(§) > 0 for all £ € R™ or 7(§) < 0 for all £ € R"™. Indeed, hypothesis (ii)
and the continuity of 7 ensure that either 7(&) is positive for all |{| > M or
negative for all [£| > M. In the case where 7(§) is positive for all |{| > M,
set

7+(€) == 7(§) + min(0, inf 7(£)) >0 for all £ € R".
lel<M

Now, 7(£) — 74(§) is a constant (in particular, it is independent of &) and

el @)=+t = 1, s0 it suffices to show

—1

’/ @ TN g (&) gR(€) dE| < Ct 7 .

In the case where 7(&) is negative for || > M, set 7(§) := —7(§) and by

similar reasoning to above, it is sufficient to show

—1

’/ ! Ma(E)gr(€)de| < 01T
where —74(£) <0 for all £ € R™.
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We begin by dividing the integral into two parts: near to the wave-front
set, i.e. points where V¢[i(z - £ +7(£)t)] = 0, and away from such points. To
this end, we introduce a cut-off function x € C§°(R"), 0 < k(y) < 1, which
is identically 1 in the ball of radius r > 0 (which will be fixed below) centred
at the origin, B,(0), and identically 0 outside the ball of radius 2r, Ba,.(0).

Then we estimate the following two integrals separately:

L(x,t) = / T a(@gr(©r(t e + V() de
B(et) = [ SO0 g(6) (1 — (¢ e+ T7(6)) de.

For I5(x,t) we have the following result:

Lemma 3.2.5. Suppose a(&) is a symbol of order j € R. Then, for each
l € N withl > n+ j, we have, for all t > 1,

I (2, )| < Crat ™, (3.36)

where the constants Cr.; > 0 are independent of R.

Proof. In the support of (1 — x)(t~tx + V7(€)), |z + tV7(€)| > rt > 0, so

we can write

M i@ ET(O) _ i(m-E+T(E)) .
ilx + tVT()|? Ve(e )=e ’

therefore, denoting the adjoint to P = % - V¢ by P*,

Iy(x,t) = / TP [a(€gr(§) (1 = m) (1 e + Vr(€))] d

for each | € N. We claim that for each [ there exists some constant C,.; > 0

independent of R so that, when ¢ > 1,

(P a(©)gr(€)(1 — k) (t 'z + V7(€))] < Crpt ' A+ €]~ (3.37)
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assuming this, we obtain,

Lo(z,0)] < Cpt™ / L e

re (14 (€))7
Noting that f]Rn W d¢ converges for [ — j > n yields the desired esti-
mate (3.36).

It remains to prove (3.37). Let f = f(&; z,t) be a function that is zero
for |z 4+ tV7(£)| < rt and is continuously differentiable with respect to &;
then,

cr_ o [(@+tVT() 1 tAT(E) (z+tV7(§))
P = [i\x—}—tVT({)P ]_z‘\x+tVr(€)\2f+’i!w+tVT(§)!2 Vel
2tz +tV7(6)) - [VP7(E) - (x +tVT(E))] £ (339)

iz +tVT ()[4
Hence, using |z 4+ tV7(§)| > rt (hypothesis on f) and |0%7(§)| < C(1 +
[€1) 1ol (hypothesis (1)),

[P*f < Gt A+ DT+ [Vef1). (3.39)

Now, for all multi-indices « and for all £ € R"™,
o [0%a(€)| < Ca(1+1¢])771o! for all € € R as a € S 4(R™);

. ]8?[(1 — &) (t7te 4+ V7(9)]] < Cu(l + [€))710, for all ¢ € R™—here we
have used hypothesis (i) once more. Also, it is zero for each a when

|z +tVT(£)| < rt by the definition of k.

Furthermore, [0%gr(€)| = |0%go(€)| < Cu(1 + €)1l for 0 < R < 1, since
C°(R™\ {0}) C 57 o(IR™). For R > 1, we have:

0“gr(€) = 0°[g(¢/R)] = R71/(0%g)(¢/R) and g € S7((R")
= [0°gr(€)| < CaR71I(1+ /R < Ca(1 +|g]) 710

Therefore,

10%gRr(&)] < Ca(1 + €)1l for all € € R™ and multi-indices o,  (3.40)
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where the C, > 0 are independent of R.
Hence, by (3.39),

|P*[a(€)gr()(1 — k) (t™ 2 + VT(€))]] < Crt 7M1+ €]}
To prove (3.37) for | > 2 we do induction on . Note that
(P < Crt 7 A+ D TP THF I+ Ve (P U]

The first term satisfies the desired estimate by the inductive hypothesis.
For the second term, repeated application of the properties of a(§), g(¢) and
(1 — k)t~ tz + V7(€)) noted above to inductively estimate derivatives of
(P*)!'f,1 <1 <1—2 yields the desired estimate. This completes the proof

of the lemma. O

This lemma, with j = ”7*1

I(z,t), where |t~ 1z + V7(&)| < 2r.
Let {Ty(€)}i, be a partition of unity in R™ where W,(£) € C®°(R")

is supported in a narrow (the breadth is fixed below) open cone K, ¢ =

—n, means that it suffices to prove (3.35) for

1,...,L—we may take the partition to be finite due to the compactness
of S"~1: let us assume that K; contains the point e, = (0,...,0,1) (if
necessary, relabel the cones to ensure this) and also that each K, ¢ =

1,..., L, can be mapped onto K; by rotation. Then, it suffices to estimate
Li(z,t) = / TN a()gr() W1kt e + VT(€)) dg, (3.41)

since the properties of 7(£), a(€), gr(€) and k(¢ ~'z+V7(€)) used throughout
are invariant under rotation.

By hypothesis (iii), the level sets 3y = {{ € R" : 7(§) = A} are all non-
degenerate (or empty). Furthermore, the Implicit Function Theorem allows

us to parameterise the intersection of the surface ¥\ = %Z » and the cone K7:

KinX\ ={(y,hx(y)) :y €U} ;

here U C R™ ! is the bounded open set for which p(U) = S" ! n K;
where p(y) = (y,v/1 — |y|?), and hy : U — R is a smooth function for each
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A > 0; in particular, each h) is concave due to 7(&) satisfying the convexity
condition, i.e. ¥} is convex for each A\ € R. Then, in the case that 7(£) > 0

all £ € R", the cone K is parameterised by

K1 ={(\y, Ma(y)) : A >0,y €U},
and when 7(£) <0 for all £ € R”,

K1 ={(Ay, Aha(y)) : A <0,y €U} .

Now, let n: K1 Ny — S"! be the Gauss map,

n(¢) =
By the definition of x(t~!z + V7(€)), we have
[t — (= Vr(&)] < 2r

for each £\ € K; NX) that is also in the support of the integrand of (3.41).
Hence, provided r > 0 is taken sufficiently small, the convexity of ¥/, ensures
that the points ¢t 'x/|t~'z| and —n(&)) are close enough so that there exists
z(A) € U (for each &) € Ky NX)) satisfying

n(z(A), ha(2(N)) = —t /|t 2| = —x/|x| € ST,

Also, (=Vyhy(y), 1) is normal to X at (y, hi(y)), so, writing « = (2, z,,),

Lo TG an i
2| [(=Vyha(z(N)), 1)] 2]~ [(=Vyha(z(\), 1)]

nd _F V) mVyha(0)

2| [(=Vyha(z(N)),1)] | ,

therefore, —2/ = 2,V ha(2())). We claim that z, is away from 0 provided

the breadth of the cone K7 is chosen to be sufficiently narrow, so

xl

L eV, ha(2(\). (3.42)

n
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To prove this claim, first recall that 3} C Bg,(0) for all A > 0 (hypoth-
esis (iv)) and note that O, 7(§) is absolutely continuous on Bpg, (0) (it is
continuous in R™): taking Cy > 0 as in hypothesis (iii),

there exists 6 > 0 so that | —n?| <6, where n',n* € Bg,(0),

(3.43)
implies |0, 7(n') — O¢, 7(n%)] < Co/4.

Then, fix the breadth of K so that the maximal shortest distance from a
point £ € K1 N (Uyso X)) to the ray {ue, : p > 0} is less than this 4, i.e.

sup{lnﬂ{ pen| €€ K1 N UZ' }<5.

A>0

Now, observe that for any & € R™, > 0,

Choose & € K1NX\Nsupp[k(t~lz+V7(£))] and p > 0 so that [o—pen| < &

and, hence,

|0c,,7(§0) — Og, T(pen)| < Co/4;

also, by hypothesis (iii), |0¢, 7(1en)| > Co, so
t ™1z, > 3Co/4 — 2r.

Taking r sufficiently small, less than C(/8 say, (ensuring r > 0 satisfies the

earlier condition also) we get
|zp| > ct >0 (3.44)

proving the claim.
Before estimating (3.41), we introduce some useful notation: by the
definition of gr(§), (3.34), when R > 1

£ €esuppgr = Reo <[] < Req;

also, if 0 < R < 1, then there exist constants ¢y, ¢; > 0 so that ¢y < [£| < &1
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for ¢ € suppgr. Thus, by hypotheses (i) and (ii), there exist constants
¢y, ¢4 > 0 such that

Rey < |T(§)| < Ry if R>1 and & € supp gr,

ch < T < ¢ if 0 < R <1 and £ € supp gg.

Let G € C§°(R) which is identically one on the set {s € R : ¢{, < s < ¢} } and
identically zero in a neighbourhood of the origin; writing R = max(R, 1),

this then satisfies
gr(&) = gr(§)G(T(§)/R).

Also, for simplicity, write

a(§) = ar(§) = a(§)gr(§)¥1(§); (3.45)

this is a type (1,0) symbol of order "Tfl —n supported in the cone K7, and the
constants in the symbolic estimates are all independent of R as each ggr(§),
R >0, is a symbol of order 0 with constants independent of R (see (3.40)).

We now turn to estimating (3.41). Using the change of variables £ +—

(Ay, Ahy(y)) and equality (3.42), it becomes

I () :/ /ei[Aml'y-i-)\xnhA(y)+7(>\y7>\h>\(y))t]a()\y’)\hA(y))
0o Ju
dg

gr(AY, M (1)W1 (Ay, Ma ()6 (1 2 + V7 (Ay, Aha(y))) 0 dy d
_ / - / M-y GO T+ D+ 15 g M (1))
0 JU " (3.46)
GON/R)E(t 2+ VT ( Ay, A (y))) ang) dy dX,

where we have used 7(Ay, Ahx(y)) = A (definition of X)) in the last line.
Here, note that

A Y
AVyha(y)  Ox[Aha(y)]

= AL oA (Y)] — ¥ - Viyha(y))

d(A,y)

where I is the identity matrix. Differentiating 7(Ay, Ahy(y)) = A with re-
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spect to A in the first case and with respect to y in the second, gives

Y- Ver( Ay, A\ha(y)) + Oa[MNoa(y)] 0, 7(Ay, Aha(y)) = 1,
AVeaT(Ay, Aha(y)) + AVyha(y)Og, T(Ay, Aha(y)) = 0;

Substituting the second of these equalities into the first yields

(Oa[MA(W)] — ¥ - Vyha(y)) De, T(Ay, Aha(y)) = 1.

We claim that
|06, 7(A\y, Al (y))| = C > 0. (3.47)

To see this, first note that

10, (A, A1) = 0, 7(Asen)| — |06, T(Apen) — e, m(Ay, Aha(y))]

where 1 > 0 is chosen as above so that |ue, — (y,hr(y))| < J; now,
|0, T(Apen)| > Co by hypothesis (iii). Also, by the Mean Value Theorem,
there exists ¢ lying on the segment between (Ay, Ahy(y)) and Ape, such that

|0c, T(Apen) — Oe, T(Ay, Nha(y))| < C|Vede, 7(€)|A6 < CIE[TIAS < C6;

choosing § > 0 small enough (also ensuring it satisfies condition (3.43)

above) completes the proof of the claim. Hence,

de | APl
‘d(%y)’ a ’%T(Ay, Aha(y))

<CcaL (3.48)

Also, note that this Jacobian is bounded below away from zero because
|0¢, (&) < C for all £ € R™ (hypothesis (i)), which this means that the
transformation above is valid in Kj.

Next, using the change of variables A = Az, = A\Z,t in (3.46), writing
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h(\,y) = ha(y) and setting Z := t~'x (so &, = t~'x,), we obtain

/ / oz () rnlaien) a6 ( Ay, An( ;)
G (7 + 97 (2w xith(fxnt’y)))d(fy)t_lﬁldydx

Therefore, using |d ‘ < Oz, |~ (= D=(=1) (by (3.48)) and recalling
that |k(n)| <1, we have,

(2, 8)] < Ct 5 |35 /ﬂ[(& 22())6 ()N T ! |ar,
’ (3.49)

where,
z(x %-z(ﬁ )) :/ A (79) -1 (25.2) ~ -2 b (55.2)]
U
(B A (20)) () v

With Theorem 3.2.1 in mind, let us rewrite this in the form of (3.23):

I\ p;2) = /]R » ei)‘@(y’“;z)ao(ﬂ%Mhu(y))b(?/) dy,

with arbitrary A > 0, > 0 and z € R"~!, where
o Oy, p52) = hu(y) — hu(2) = (y — 2) - Vyhu(2);
o ag(€) == &)l

e b e C§(R™ 1) with support contained in U.

We shall show that the following conditions (numbered as in Theorem 3.2.1
and Corollary 3.2.3) are satisfied by I (A, y; 2):

(I1) there exists a bounded set U C R™~! such that b € C§°(U);

(12) Im®(y,p;2) > 0 for all y € U, pu > 0;

(I3") F(p,w, u;2) = ®(pw+ 2z, 1;2), w € "2, p > 0, is a function of convex
type 7 (see Definition 3.1);
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(I4) there exist constants C, such that [0 [ao(py, phu(y))]] < Cq for all
ye U, p>0and |a|§[”7_1]+1.

Assuming for now that these hold, Theorem 3.2.1 (or, more precisely, Corol-

lary 3.2.3) states that, for all A > 0, u > 0,

_n—1

IO 2)| < CA+X)5F <oxF .

This, together with (3.49), gives

n—1

|1;(x,t)|§0t"?1|gzn|‘~/0 A—%G(Rént)XT dX;

then, setting v = we have

A
REnt’

n—1

()] < CF 5 a5 / (Rint) " G0 Ryt dv
0

—1 n—1

= C't_n7|in|_7/ v IG(v)dv < Ot "5 forallt>1.
0

Here we have used that G is identically zero in a neighbourhood of the origin
and that it is compactly supported and also (3.44) (|Z,,| > C > 0); also, note
the constant here is independent of R. Since this inequality holds for I7(z, ),
it also holds for I(x,t); thus, together with Lemma 3.2.5, this proves the
desired estimate (3.35), provided we show that the four properties (I11)—(14)
above hold.

Now, clearly (I1) holds automatically and (I2) is true since h,(y) is real-
valued, so Im®(y, pu;2) =0 for all y € U, > 0.

For (I3’) and (I4), we need an auxiliary result about the boundedness of

the derivatives of hy(y):

Lemma 3.2.6. All derivatives of hy(y) with respect to y are bounded uni-
formly in y. That is, for each multi-index o there exists a constant Cy > 0
such that

10y hA(y)| < Co for ally € U, A > 0.
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Proof. By definition, 7(Ay, Aha(y)) = A. So,

(Verm)(Ay, A () + (O, 7) (Ay, A (y)) Vyhia(y)
= A1V, [r(Ay, Mha(y))] = 0,

or, equivalently,
(Ver)(Ay, A (y))

(Og, 7)(Ay, Aha(y)) -
Hypothesis (i) (|0¢7(¢)] < Ca(l + [¢)'71°] for all ¢ € R") and (3.47)

Vyh/\ (y) ==

(3.50)

(|10, T(Ay, Aha(y))| = C > 0) then ensure that |V hy(y)| < C for all y € U,
A>0.

For higher derivatives, note that |(y,hx(y))| < Ri by hypothesis (iv);
so, using hypothesis (i) once more, for all multi-indices «, there exists a

constant C, > 0 such that

|(927) Ay, Aha ()] < Cad' 1o,
Then, differentiating (3.50), this ensures, by an inductive argument, that the
desired result for higher derivatives of hy(y) holds, proving the Lemma. [J

Returning to the proof of (I4), note that,
08ao(€)] < Ca(1 + €)1 for all ¢ € R,

since, a(§) is a symbol of order ”7_1—1 (see (3.45) for its definition). Together
with Lemma 3.2.6, this ensures that 0;'[ao(uy, phy(y)) is absolutely bounded
forally € U, p > 0 and |af < [”T_l] + 1 as required.

Finally, we show (I3'): observe that for |p| < ¢, some suitably small
>0,

F(p,w, p;2) = hyu(pw + 2) — hyu(z) — pw - Vyhy(z)
y+1

:Z [ Z i(ajhu)(z)wa] PF 4 Royy1(pyw, i 2)p7 2.
k=2 |a|=k

So, F(p,w, u;z) is a function of convex type v if (using the numbering of
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Definition 3.1)

(CT2) Zié Z|a|:k$(8g‘hu)(z)w°‘ >C >0forallwe S"2 u>0,
ze RV L

(CT3) |9,F(p,w, w; )| is increasing in p for 0 < p < 4, for each w € S"72,
p > 0;

(CT4) for each k € N, 8§F(p,w,,u; z) is bounded uniformly in 0 < p < ¢,
we S u>0.

Condition (CT4), follows straight from Lemma 3.2.6.
The concavity of h,(y) means that

OFQ,F(p,w, W z) = ﬁg[hu(pw + 2)] = w' Hess hy, (pw + 2)w < 0

for all 0 < p < ¢ and for each w € S, u > 0, z € R"!; coupled with the
fact that 0,F(0,w, u; z) = 0, this ensures Condition (CT3) holds.

Lastly, recall that, by definition, v > v(X,) for all A > 0, which is the
maximal order of contact between X and its tangent plane; furthermore,

is assumed to be finite; thus, for some k < v+ 1 < oo,

a,lg[hﬂ(z + pw)szo 7& 0.

Now, 8’;[h#(z + pw)]’pzo = 2 jal=k %a‘y’hu(z)wo‘, so for some k < v + 1,
12" o=k %6g‘h#(z)wa| > C > 0 for all w € S"! (the function achieves its
minimum, which is non-zero, by compactness of the sphere). Thus, condi-
tion (CT2) holds.

This completes the proof of conditions (I1)—(I4), and, hence, the Theo-

rem. O]

3.3 RESULTS WITHOUT CONVEXITY

Theorem 3.2.4 requires the phase function to satisfy the convexity condition
of Definition 3.2; however, we will also investigate solutions to hyperbolic
equations for which the characteristic roots do not necessarily satisfy such a

condition. In this section we state and prove a theorem for this case. First,
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we give the key results that replaces Theorem 3.2.1 in the proof, the well-
known Van der Corput Lemma; in addition, we study the case where the

phase function is complex-valued with the imaginary part non-negative.

3.3.1 Van der Corput Lemma

The standard Van der Corput Lemma is given in, for example, [Sog93,
Lemma 1.1.2]:

Lemma 3.3.1. Let ® € C*(R), a € C§°(R) and m > 2 be an integer such
that ®9)(0) =0 for 0 < j <m —1 and ®™)(0) # 0; then

‘/ @ q(z) dz| < XY™
0

provided the support of a is sufficiently small. The constant on the left-hand
side is independent of A and ®.

Remark 3.3.1: If m = 1, then the same result holds provided ®'(zx) is

monotonic on the support of a.

We extend this to the case where the phase function is complex-valued:

Lemma 3.3.2. Let ¢ € C*°(R), ¢(z,v) € C°(RXR) be real-valued smooth
functions and a € C§°(Ry) that satisfy the following conditions for some

integer m > 2:
(i) ¢U)(0) =0 for0<j <m-—1;
(ii) |p(™)(x)| > 1 for all x € suppa;
(i) Y (xz,v) >0 for all x € suppa, v € R;
(iv) [0%(z,v)| < Cy, for all k > 2, x € suppa and all v € R.

Set ®(x,v) = ¢(x) + ip(z,v); then,
‘/ eP@V) g () dx| < CATY™  for allv € R; (3.51)
0

the constant C' is independent of ¢, and .
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Proof. The proof given here is an extension of the method used in [Ste93,

VIII, 1.2, Proposition 2] where the phase function ®(z) is real-valued.
First, assume m = 2. Let p(y) € C*°(R) that is identically 1 on y < 1

and identically 0 on y > 2; then, for some § > 0 (to be chosen later), split

the integral into two parts:

L+ 1= / @) () p(x/6) da + / @) g (2)[1 — p(z/0)] dx .
0 0

The integral I is straightforward to estimate since ¥ (z,v) > 0 for all z, v:

25
| < / @) la(y)p(y/6)| dy < 25 suplal .

For I, integrating by parts, after noting that
(iIAD,® (1)) "1 0,e?P@V) = AP(@)

yields

1 e 4 [a(@)(d = p(x/6))
L _i)\/(; € ax[ 8, (x, ) }dx
1

_L / ) (0,8 (2, ) [0, (. v) (a (2)(1 — p(a/5))—

i\ )
a(@)5~0/(2/8)) — a(e) (1 — p(/5)) P2 (x,v)] do

there are no boundary terms since (i) a € C§°(R) and (ii) p(1) = 1. Now,
by hypothesis ¢/(z) = ¢"(0)x + O(x?) as * — 0, and ¢"(0) # 0; so, on
[0, 00) N'supp a,

|0:®(x,v)| > |Re 0, ®(x,v)| = |¢'(x)] > Cx >0

and

020 (2, v)| < |¢" ()] + [0F0(z,v)| < C.
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Therefore, because the integrand is compactly supported,

|I5] < f/ P+ et e ?dy < Ce o 62 <Ol
0

(we are implicitly assuming that 6 <1 in the last inequality). Thus,
o0 .
‘/ @) g (x) de| < C(AT6TH40),
0

which achieves its minimum when the two expressions on the right-hand
side are equal, i.e. when A6~ = §, or § = \"Y/2. Hence, for m = 2,
we have shown (3.51) when A > 1 (we needed § < 1); furthermore, the
estimate clearly holds when A < 1 since the integral is bounded above by
C’ = |supp al[sup al, so also by C'X\~1/2.

For m > 3 this integration by parts cannot be carried out since we
have no control over 9,9’(x,v) away from the origin; instead, we do induc-
tion on m: assume the theorem holds for m = K and that the hypothesis
holds for m = K + 1. As in the case for m = 2, split the integral into Iy
and Iy and estimate I; as before. For Iy, let z € [4,00) Nsuppa be the
point such that |¢%)(z)| achieves its minimum—this point is unique since
|pE+D) (2)] > 1, so ¢ (x) is either increasing or decreasing everywhere.

Now, introduce another cut-off function around z, p2(y) € C5°(R), which
is identically 1 in (z — 1,z + 1) and identically zero outside (z — 2,z + 2),
and split I into two parts: (set a(z) := [1 — p(x/d)]a(z))

o0 [e.e]

/ M@0 5(2) oo (1/6) da + / M@ ()L — po(a)6)] do = I} + 12
é é

Integral I can be estimated in the same way as I, namely |I1| < C6.

For I22 , we use the inductive hypothesis. On the support of its integrand,

) ()| > 4. Indeed,

(i) if ) (2) = 0, then ¢F)(z) = (x — 2)pEFTV(2) + O(|z — 2|?), as
=z, |z — 2z >6and [¢EH)(2)] > 1, so [ (z)] > 6;

(ii) on the other hand, if ¢(!)(2) # 0 (in which case, either z = § or z
is a boundary point of supp a) then ¢ (z) = 2K+ (0) + O(z?) as
z— 0, |z| > 6 and |¢KFD(0)| > 1, so, again, | (z)| > 0.
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Therefore,
B =] [ OV ()1~ paaf6)] d| < COO) VK
1)
Hence, -
‘ / eV g () dz| < C(ANTHESTE 4 5).
0

This achieves its minimum when the two expressions on the right-hand side
are equal, i.e. when \"VE§1/K = § or § = \"VE+D  thus proving (3.51)
for m = K + 1, completing the induction step. O

3.3.2 Real-Valued Phase Function

In the case when the convexity condition holds the estimate of Theo-
rem 3.2.4 is given in terms of the constant ; as in the case of the homoge-
neous operators (see the Introduction, Section 1.3) we introduce an analog

to this in the case where the convexity condition does not hold.

Definition 3.4. Let X be a hypersurface in R"; set

Y0(2) = sup infy(X; 0, P) < v(2)
cex P

where v(X; o, P) is as in Definition 3.3.
Remark 3.3.2:
(a) When n =2, v(X) =~v(2);

(b) If p(§) is a polynomial of order m and ¥ = {{ € R": p(§) =0} is
compact then vo(X) < v(X) < m; this is useful when applying the result
below to hyperbolic differential equations and is proved in [Sug96].

An important result for calculating this value is the following:

Lemma 3.3.3 ([Sug96]). Suppose ¥ = {(y,h(y)) :y €U}, h € C*(U),
U C R ! is an open set, and let

F(p) = h(n+ pw) — h(n) — pVh(n) -w
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where n € U, w € S"~2. Taking o = (n,h(n)) € X, w € S"2 and
P ={o+s(w,Vh(n)-w) +t(~Vh(n),1) ER" : 5,t € R},

then
(S50, P) = min {k € N : FO(0) # 0} = y(hi7,)

Therefore,

v(X) = supsupy(h;n,w),
n  w

Y0(X) = supinfy(h;n,w).
n w

Now we are in a position to state and prove the result for oscillatory
integrals with a real-valued phase function that does not satisfy the earlier

convexity condition:

Theorem 3.3.4. Suppose 7 : R™ — R satisfies the following conditions:

(i) for all multi-indices « there exists a constant Co, > 0 such that

087(&)] < Ca(L+ €))7 for all € € R™;

(ii) there exist constants M,C > 0 such that for all || > M we have
I7(§) > CI¢];

(iii) there exists a constant Cy > 0 such that |0,7(Aw)| > Cp for all w €
SN > 0;

(iv) there exists a constant Ry > 0 such that, for all A > 0,

1

Set o := supyso70 (XA (7)) and assume it is finite; also, let a(§) be a symbol
of order 7% —n of type (1,0) on R™. Then, the following estimate holds for
al R>0,z € R", t>1:

[ e @ae)gn(e)de] < ce
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where gr(&) is as given in (3.34) and C > 0 is independent of R.

Proof. We follow the proof of Theorem 3.2.4 as far as possible, and shall
show how the absence of the convexity condition affects the estimate. Thus,
as in that proof, we may first assume, without loss of generality, that either
7(§) > 0 forall £ € R" or 7(£) <0 for all £ € R™.

Divide the integral into two parts:

Il(SL‘,t) — /nel(x5+T(§)t)a(€)gR(£)/€(t_1$+VT(g)) df,

Iz, t) = / ST Oa()gp(€)(1 - ) (12 + V(©)) de

where k € CP(R"), 0 < k(y) < 1, which is identically 1 in the ball of
radius 7 > 0 centred at the origin, B, (0), and identically 0 outside the ball
of radius 2r, Bs,(0). By Lemma 3.2.5 (which does not require the phase

function to satisfy the convexity condition),
\Iy(z,t)| < Cpt= Y for all ¢ > 1.

To estimate |I1(z,t)| we introduce, as before, a partition of unity {\Dg(ﬁ)}le

and restrict attention to
Ij(z,t) = / TN () gr(&) W1 k(o + VT(8)) dé

where Wq(€) is supported in a cone, K, that contains e, = (0,...,0,1).

Parameterise this cone in the same way as above: with U ¢ R"!,

{Ay, Aha(y)) : A>0,ye U} if7(€) >0 for all £ € R”
{Ay, Aha(y)) : A< 0,ye U} if7(€) <0 forall £ € R™.

K =

Here the Implicit Function Theorem ensures the existence of a smooth func-
tion hy : U — R for each A > 0, but there is one major difference: the
functions h) are not necessarily concave, in contrast to the earlier proof.

Using the change of variables £ — (A\y, Ay (y))—note that
d€ _
0<C<|- ] <oxn
(A, y)
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by the same argument as in the proof of Theorem 3.2.4, providing the width

of K is taken to be sufficiently small—gives

I (z,t) —/ / AT YA WIAT YA WD 4 (A, ARy (1))

gr(AY, A (1)W1 (Ay, Ao ()6 (E 2 + VT (Ay, Aha(y))) &

—S> _dyd.
d(\,y)

Once again, let G € C§°(R) so that gr(§) = gr(§)G(7(£)/R) (where R =
max(R, 1)) and a(§) = a(§)gr(§)¥1(§), which is a symbol of order 'y% -
n supported in K; and with all the constants in the symbolic estimates

independent of R. So, recalling that 7(Ay, Ak (y)) = A and writing h(A,y) =
h/\ (y)a

I{(:z:,t):/ /eiA[Z’/'y‘FxnhA(y)'i't]&()\y’)\h/\(y))
o Ju

G(A/R)m(t_lx + VT(Ay, Aha(y))) %

,Y)

dy dA
d( Y

A
= [ a G, o)
G(R:w;) (x—l—VT(ﬁy,&h(&,y)))d(iz):&nlt1dyd5\,

where A = Az,, = A t. Thus, using |s(n)| < 1,

dA
(3.52)

I} (z,1)] < C’in]_l/%t_l/% /OOO‘I<5\7 xit’xn1x>G<Rxnt>>‘ 1+(1/70)

where

X
_ 1
_ [ idEt i ytrh(2) | A (A, A )
_/Ue [ ( 5 )]a(;zntyvmh<w t;Q))(g |t> O dy.

At this point, we diverge from the proof of the earlier theorem since we

cannot apply Theorem 3.2.1; instead, note that, for some b € C’go(]R"_l)
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with support contained in U,

</ /6i5\[:inli’-y+h(i;\m,y)]
-~ Jrr2lUR

) . 3 C un—L
d(ﬁty, %ﬂh(%wy»(@i‘t) " b(y) dyi| dy' -

We wish to apply the Van der Corput Lemma, Lemma 3.3.2, to the inner
integral. Set ®(y,u;2) := z -y + hyu(y), which is real-valued, and consider
the integral

/ AP a (y, 1)b(y) dyr

R

where ag(y, p) == p"~/0)a(uy, ph,(y)). Recall that
S =AW, hu(y)) :y €U},

so by Lemma 3.3.3,
min {k: eN: 8§1®(y,u;z)|ylzo % O} = v(hu;0,(1,0,...,0)) =:m.

Fixing the size of U so that lﬁgn)@(y,,u; z)] > e >0 for all y € U ensures
that the hypotheses of Lemma 3.3.2 are satisfied. Thus, since the support

of b is compact in R"! and ag is smooth,
| [ ey )bty din| < OX7.
R

Carry out a suitable change of coordinates so that m = inf,, y(h,;0,w) (this
is possible due to the rotational invariance of all properties used); then, since

m < 7y by definition,

< O~/ 7

‘1(5\ A .@71£/>

) Fnt In

for all A such that R%nt € supp G (this is to ensure \ is away from the
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origin). Combining this with (3.52) then gives the required estimate:

1 1 <, N -
i, )] < Clanl 0% [~ [3716 (k)| a3
0

—Cl|| ot 0 / (VR Viint) G Rintdv < Ct 0. O
0

3.3.3 Complex-Valued Phase Function

Having studied the case where the phase function 7(&) is real-valued
(which will correspond to the case where the characteristic roots of the
strictly hyperbolic operator are real), we now turn to the situation where it is
complex-valued—of particular interest in the situation where characteristic
roots tend asymptotically to the real axis (see Chapter 4), and for this
reason, we only need consider the case where the imaginary part is non-
negative.

We shall show that under suitable conditions on the imaginary part, a

similar result to Theorem 3.3.4 holds:

Theorem 3.3.5. Suppose 7 : R™ — C is a smooth function with Im7(£) > 0
that satisfies:

(i) for all multi-indices « there exist constants Cy, Cl, > 0 such that
|08 Re7(€)] < Ca(1 + €))7
and
|08 Tm 7 (€)| < CL(1+ ¢~
for all € € R™;

(ii) there ewxist constants M,C > 0 such that for all |{| > M we have
[Re7(§)] = CIE];

(iii) there exists a constant Cop > 0 such that |0, ReT(Aw)| > Cy for all
we S and X > 0;

(iv) there exists a constant Ry > 0 such that, for all A > 0,
1 n
X{ﬁE]R :Ret(§) = A} C Bg,(0).
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Set v0 1= supy~ Y0 (Zr(Re 7)) and assume it is finite and let a(§) be a symbol
of order n — v% of type (1,0) on R™. Then, the following estimate holds for
al R>0,z € R", t>1:

[ eteem@ae)gn(e) de| < co e,

where gr(§) is as given in (3.34) and C > 0 is independent of R.

Remark 3.3.3: Note that here the level sets under consideration are those

of the real part; we use the same notation as before:
Ex=X)(Rer)={£€R":Re7(§) = A} .

Proof. For the most part, we once again follow the proof of Theorem 3.2.4;
however, there are a few significant differences—some of which we deal with
similarly to those resolved in the proof of Theorem 3.3.4, and others that
must be considered separately since they arise due to the imaginary part of
the phase function being non-zero.

First, we may assume without loss of generality that either Re7(£) > 0
for all £ € R™ or Re7(§) < 0 for all £ € R™ in the same way as in the earlier

proofs. Then, split the integral into the usual two parts:
Blayt) = [ ST Oae)gn(©n(t e+ Vr(e)) e
Iy(x,1) == / T a(€)gr(€) (1 — k) (t71a + VT(€)) dé,

where k € C°(R"), 0 < k(y) < 1, which is identically 1 in the ball of
radius r > 0 centred at the origin, B, (0), and identically 0 outside the ball
of radius 2r, Ba,(0).

Now, the result of Lemma 3.2.5 continues to hold, so
|Io(z, )| < Cpt= 0
indeed, hypothesis (i) ensures that

087(6)] < Ca(1+1€))71 for all € € R,
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and the assumption Im7(§) > 0 for all £ € R™ implies that

leiT(é)t| — ‘ei ImT({)t| <1

—_— )

which is sufficient to prove Lemma 3.2.5 when 7(§) is complex-valued.
For I;(&,t), we again introduce the conic partition of unity {\I'g}le and

focus on the integral supported in cone K that contains e, = (0,...,0,1):
I (a,t) = / TN a(€)gr(E) W1 (E)r(tw + VT (€)) dE .

In order to parameterise K1, first note that hypothesis (iii) ensures that the

level sets of the real part of the phase function,
Ya={{eR":Re7(§) = A}, A>0,
are all non-degenerate or empty; then, K; may be written as

{Ow, A\ha(y)) : A >0,y €U} if Rer(€) >0 for all £ € R?
{\y, AMha(y)) : A< 0,y € U} if Re7(£) <0 for all £ € R";

K =

here the functions hy : U — R, A > 0, are smoothly parameterise the
surfaces X.
Again, take G € C§°(R) and R = max(R, 1) so that

9r(§) = gr(§)G(Re7(§)/R),

and write a(§) = a(§)gr(§)¥1(); this is valid by the earlier reasoning as

hypotheses (ii) and (i) ensure that, with the earlier notation,

Rcy < |Re7(§)| < Ry when R >1 and £ € supp gr,

¢y < |ReT(§)| < when 0 < R < 1 and £ € supp gg.
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Then, changing variables £ — (Ay, Ahy(y)) gives

nwo = [ /UB“M"W"“(y)“““h*‘y”ﬂa(Ay, (1)) g O Mo (9)
0

d§
d(N\,y)

_ /oo / eik[zv/'y—&—:vnh)\(y)—i-t—i-it)\_l ImT(Ay,AhA(y))}a()\y’ )\h)\(y))

d§
d(\,y)

U1 (Ay, Mux ()6 (t 'z + VT (Ay, Aha(y))) dy d\

G\ /R)K(t™ 'z + VT ( Ay, Aha(y))) dy dX,
where we have used Re 7(Ay, Ahy(y)) = A by the definition of ¥; note the
difference in the phase function. Once again, it is straightforward to show
that the Jacobian is absolutely bounded above by CA"~! and is bounded
from below away from zero using hypotheses (i) and (iii) (replace occur-
rences of 7(Ay, Aha(y)) = A by Re7m(Ay, Ahy(y)) = A and the argument in
Theorem 3.2.4 carries straight through).

Next, setting Z = ¢!z and h()\,y) = h(y) and changing variables with
A= 2N = (E,t) 71, yields

I(z,1) / / M2 yth (25 w) +aa +ith e (2 ty,zith(%nt,y))}G< A )

Rant
i( 2o 2o (20) a4+ 7 (2w, 2h(2400)))
y (‘fy) 7zt dydX.
Hence,
T} (2,8)] < C|&, |/ 0t=1/0 /OOO‘I<:\’ gzit”t"rflj)G(R;nt)/\ 1+(1/%) | g3
(3.53)

(recall |k(n)| < 1), where
(3 A1) = [ S it )
U

71-157
A, A (A AT
~ 0
“(myvmh<m’9)>(mu> dy.

As in the proof of Theorem 3.3.4, we will use Lemma 3.3.2 to estimate this

final integral, so we observe that there exists b € C§°(R"™1) with support

76



contained in U such that

Y A s a1l
‘I()\, =7 Tnly x)

</ /ei;\[inli’-erh(;m,y)JritS\_lIm-r(iity,g;th(iit,y))}
-~ Jrn—2l/R

- ~ ~ ~ n—L
d(iity, %Mh(iit, y>) (\520 " b(y) dyl‘ dy' .

1

Set ¢(y, p;2) = 2 -y + hyu(y) and Yy, p, 7,) = p~ ', ImT(py, phy(y));
we shall show that these, as functions of (y1,v), satisfy the hypotheses of
Lemma 3.3.2:

e By Lemma 3.3.3 and the definition of X,

min {kz eN: 8§1¢(y,u;z)‘y1:0 #* 0} =v(hu;0,(1,0,...,0)) =m,

so the first two hypotheses are satisfied providing U is chosen sufficiently

small;

e Y(y,u,Ty) >0 for all y, p and Z,, by our initial assumption on the posi-
tivity of Im 7(§);

e to show \(953/}(3],/;, Zn)| < Cf for all k > 2, 4 € R and y € supp a, we note
that

Of (Y, by Bn) = Z (O, I 7) (1, phy(y))
+ Oy, Py (y) (O, T 7) (py, phy(y))] 5

then, an analog of Lemma 3.2.6 for this hy(y) (possible due to hypothe-
ses (i) and (iv)) and the assumption that Im7(§) is a symbol of order 0
(hypothesis (i)) ensure that

1

k—
k ~ K ]
10y, (Y, 11, T | §Cm§0k forall y € U, u > 0;

we have |Z,| > C > 0 by a similar argument to that in the proof of
Theorem 3.2.4.
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So, with ag(y, p) := "~ 1/0)a(uy, ph,(y)), Lemma 3.3.2 implies that
‘/ AP w2 H Wm0 (4 10)b(y) dy1‘ < OoNYm
R

Thus,

‘1(5\, Lot az—lfcf)

nt? yn

< CX—1/ 7

K

for all A such that R%nt € supp G (this is to ensure A is away from the

origin). Combining this with (3.53) completes the proof:

1 1 <, < -
Ti(a,)] < Clanl 0t [~ [3716 (k)| a3
0

o0 1
—Cla| ot % / (R i) LG Rt dy < Ct 50 . O
0
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Chapter 4:

Proof of Main Theorem

4.1 STEP 1: REPRESENTATION OF THE SOLUTION

Recall that we begin with the Cauchy problem with solution u = u(x,t) as

stated in Section 1.2:

m m—
D'u+ Y Pi(De)D]" Pu+ Y Y capDyDiu=0, t>0,
; 1=0 |of+r=1 (4.1)

Diu(w,O) = fi(x) e Cg°(R"), 1=0,....m—1, x € R",

where P;(£), the polynomial obtained from the operator Pj(D,) by replacing
each D, by &, is a constant coefficient homogeneous polynomial of order j,
and the ¢, are constants.

Applying the partial Fourier transform with respect to x yields an ordi-

nary differential equation for @ = @(¢,t) == [, e”"Su(w,t) da:

Di*i+ Y Pi(&)Dy"~ JA+Z > carl®Dii =0, (4.2a)
Jj=1 1=0 |a|+r=l
Dja(¢,0) = fi(¢), 1=0,...,m—1, (4.2b)

where (£,t) € R" x [0,00). Let E; = E;({,t), j = 0,...,m — 1, be the

solutions to (4.2a) with initial data

l 1 ifl =,
E;(£,0) = (4.2¢)
0 ifl#].

Then the solution u of (4.1) can be written in the form

m—1

= (F'E;Ff)(x,1), (4.3)

j=0
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where F and F~! represent the partial Fourier transform with respect to x
and its inverse respectively.

Now, as (4.2a), (4.2¢) is the Cauchy problem for a linear ordinary differ-
ential equation, we can write, denoting the characteristic roots of (4.1) by
T1(§), .., Tm(§) (see Definition 0.3),

m
Ej(&,1) =y Ab(&, t)em O
k=1
where A;? (&,t) are polynomials in ¢ whose coefficients depend on £. Moreover,
foreach k=1,...,mand j=0...,m—1, the A?(f,t) are independent of ¢
at points of the (open) set {£ € R"™ : 74,(§) # (&) VI # k}; when this is the
case, we write A?({, t) = A?({). In particular, by Lemma 3.1.4, there exists
N > 0 such that if [§] > N, the roots are pairwise distinct. For A?(&), we

have the following properties:

Lemma 4.1.1. Suppose & € S, :={{ € R™ : 7,(§) # m(§) VI # k}; then we

have the following formula:

m—j—1

I I 7.©

Af(f) _ 1§81<n~1~-<sm,j,1§m q=1 ’ (44)
H (11(§) — 7x(8))
1=1,l#k

where Zk means sum over the range indicated excluding k. Furthermore,

we have, for each 7 =0,....m—1and k=1,...,m,
(7) A?(ﬁ) is smooth in Sk;

(i) AR(E) = O(I¢] ) as || = .

Proof. The representation (4.4) follows from Cramer’s rule (and is done

€ k m .
explicitly in [KIi67]): A§(§) = %, where V := (Tl-l_l(f))i j—; is the Van-
dermonde matrix and V]k is the matrix obtained by taking V' and replacing

the k™ column by (0 ... 01 0 ... 0)T.
H‘/_/

j
Smoothness of A;?(‘f ) then follows by Proposition 3.1.3 and the asymp-

totic behaviour is a consequence of Part I of Proposition 3.1.5 since (4.4)
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holds for all |{| > N. O

4.2 STEP 2: DIVISION OF THE INTEGRAL

In view of Lemmas 3.1.4 and 4.1.1, choose N7 > 0 so that the 74(§), k =
1,...,n, are distinct for [{] > N;. Also, choose Ny > 0 so that all points
at which any of the roots, 74(£), meet the real axis—i.e. points £ € R"
such that, for all € > 0, there exist &1,& € B.(§) with Im7%(£) = 0 and
Im 74(&2) # 0—lie in B, (0). Set N = max(Ny, Na).

Let x(§) = xn(§) € C3°(R™), 0 < x(§) < 1, be a cut-off function that is
identically 1 for |£| < N and identically zero for |{| > 2N. Then, using the

linearity of the (inverse) Fourier transform, (4.3) can be rewritten as:

m—1 m—1
FHEXTS) (@, )+ Y FHE(1=X)Tf))(,t).  (4.5)
§=0 j=0

Large |£]: The second term of (4.5) is the most straightforward to study:
by the choice of N,

Ej(,t) ZA‘f X) (€)™

therefore, since each summand is smooth in R”,

m—1
T (B (1 )T f) 1)
§=0
1 & e s+ (€)t) gk _ ;
=TSP DY | AFO X)) f;(€) de.
§=0 k=1

Each of these integrals may be studied separately. Note that, unlike in
the cases of the wave equation, Brenner [Bre75], and the general m!" order
homogeneous strictly hyperbolic equations, Sugimoto [Sug94]|, we may not
assume that ¢ = 1 (see Lemma 1.3.1 for the homogeneous case). The LP —
LY estimates obtained under different conditions on the phase function for

operators of this type are calculated in Section 4.4 below.
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Bounded |£|: We turn our attention to the terms of the first sum in (4.5),

the case of low frequencies,

s

FUENT P t) = 5 [ @S (3O ) O f©) de. (10)
k=1

Unlike in the case above, here the characteristic roots 71(), ..., 7, (§) are
not necessarily distinct at all points in the support of the integrand (which
is contained in the ball of radius 2N about the origin); in particular, this
means that the A? (&, t) genuinely depend on ¢ and we have no simple formula
valid for them in the whole region.

For this reason, we begin by systematically separating neighbourhoods
of points where roots meet—referred to henceforth as multiplicities—from
the rest of the region, and then considering the two cases separately. In
Section 4.5 we find LP — L9 estimates in the region away from multiplicities
under various conditions; in Section 4.6 we show how these differ in the
neighbourhoods of singularities, to give us the final results in Theorem 2.1.1.

First, we need to understand in what type of sets the roots 7,(£) can

intersect:

Lemma 4.2.1. The complement of the set of multiplicities of a linear

strictly hyperbolic constant coefficient partial differential operator L(D,, Dy),

S :={§ € R" : 7;(§) # Tk(§) for all j # Kk},

1s dense in R".

Proof. First note
S={¢cR": AL(§) #0},

where Ay, is the discriminant of L(&,7) (see the proof of Lemma 3.1.4 for
definition and some properties). Now, by Sylvester’s Formula (see, for ex-
ample, [GKZ94]), Ay, is a polynomial in the coefficients of L(¢, 7), which are
themselves polynomials in £&. Hence, Ay is a polynomial in &; as it is not
identically zero (for large ||, the characteristic roots are distinct, and hence
it is non-zero at such points), it cannot be zero on an open set, and hence

its complement is dense in R". ]
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Corollary 4.2.2. Let L(&,7) be a linear strictly hyperbolic constant coeffi-
cient partial differential operator with characteristic roots 11(§), ..., Tm(§)-
Suppose My C R™ is a set such that 7,(§) = 1(§), for some k # 1, for all
&€ Myy. Fore >0, define

My = {§ € R" : dist(§, M) < e} ;

denote the minimal v € N such that meas(M3,;) < Ce” for all sufficiently
small € > 0 by codim My;. Then codim My, > 1.

Proof. Follows straight from Lemma 4.2.1: the fact that My; has non-empty
interior ensures that its e-neighbourhood is bounded by Ce¢ in at least one

dimension for all small € > 0. O

With this in mind, we shall subdivide the integral (4.6): suppose L roots
meet on a set M with codim M = ¢; without loss of generality, assume the
coinciding roots are 71(§),...,7.(§). By continuity, there exists an ¢ > 0
such that only characteristic roots coinciding with 7 (§), k € {1,...,L}, in
ME are 11(€),...,70(€). Furthermore, we may assume that OM® € C*: for
each € > 0 there exists a set S, with C! boundary such that M® C S, and

meas(M?®) — meas(S;) as € — 0. Then:
1. Let xme € C®(R™) be a smooth function identically 1 on M*® and

identically zero outside M?; now consider the subdivision of (4.6):

/B 130 F(€) de = ST (E, ) xane (6)F(€) de

Ban(0)

+/ ETEE(6,)(1 — xame)(€) () de;
Bon (0)

for the second integral, simply repeat the above procedure around any

root multiplicities in Boy(0) \ M.

2. For the first integral, the case where the integrand is supported on M¢®,
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split off the coinciding roots from the others:

/ ETEB(E, ) xme () F(€) de
By (0)

L

-/ o (et )16 de

k=1

/BQN 6115( i eTHENAT (e, t))XMa(i)f(f)df. (4.7)

k=L+1

3. For the first integral, we use techniques discussed in Section 4.6 below to

estimate it.

4. For the second there are two possibilities: firstly, two or more of the roots
T111(8), ..., Tm (&) coincide in M?*—in this case, repeat the procedure
above for this integral. Alternatively, these roots are all distinct in M?2—
in this case, it suffices to study each integral separately as the Ai(f , 1)

are independent of ¢, and thus the expression (4.4) is valid and we can

write
/ 6@'1-5( Z eirk(ﬁ)tA?(fyt))XM,S(g)f(g) e
Ban(0) Pyt
kZL;q /BQN(O) ‘ J (g)XM» (g)f(f) '3

estimates for integrals of the type on the right-hand side are found in
Section 4.5—note that in this case we may use that the region is bounded

to ensure the continuous functions are also bounded.

Continue this procedure until all multiplicities are accounted for in this way.

4.3 STEP 3: INTERPOLATION

The following result can be found in [BL76, Theorem 6.4.5]:

Theorem 4.3.1. Suppose T is a linear map such that it maps

T:L® - W, T:L% — W,
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where sy # s1, 1 < po,p1 < 00; then T also maps:

T:L% — W2

Po

where

1 1-6 0 1 1-06 0
-~ +—, == +—, spg=(1-0)so+0s1.
Peo Po D1 de qo q1

That is, || T f||zee < CHfHW;g and C' is independent of f € W,e.

In particular, this means that if we have estimates
T e < CEO fll o TSz < CEY Ty
then
ITfllze < CQA+ %] fIl,,, 5
P

where p™t + ¢ =1, Ny = No(3 — £) + 2Ny and d), = do (5 — 1) + 2ds.

This reduces our task to finding L' — L™ and L? — L? estimates in each

case.

4.4 STEP 4: ESTIMATES FOR LARGE [¢|

Via the division of the integral above, it suffices to find LP — L? estimates

for integrals of the form
[ deer@na g fe) de.

where a;(£) = O(|¢|77) as £ — oo is smooth and is zero in a neighbourhood
of 0, and 7(§) is a complex-valued, inhomogeneous smooth function which
is O([¢]) as £ — oo and Im (&) > 0 for all £ € R".

By further judicious use of cut-off functions, it is clear that we can split

the considerations into three main cases:

1. 7(€) is separated from the real axis, i.e. there exists § > 0 such that
Im7(§) > ¢ for all || > N;

2. 7(&) lies on the real axis;
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3. 7(§) tends asymptotically to the real axis as || — oo.

Let us look at each of these in turn.

4.4.1 Phase function separated from the real axis

In this section, we consider the case where characteristic root 7(§) is
separated from the real axis for large |£]; let us define 6 > 0 to be a constant
such that Im (&) > § for all || > N.

We claim that, for all ¢ > 0,

[pie ([ e @0y @f(@)ar) |, < eIl prers
HD:D?;</” i(z-E+T(E)t) (g)f( )dx>HL2 < CeidtHfHWgaHrfj?

where N1 > n, r > 0, o multi-index. Indeed, these follow immediately from:

Proposition 4.4.1. Let 7 : U — © be a smooth function, U C R"™ open,
and a;(§) € 5(1 0)(U). Assume:

(i) there exists § > 0 such that Im7(§) > 9 for all § € U,
(i) |7(6)] < C(1 +[€]) for all€ € U.

Then,

| [ e eeonter ferag]|, < O ot

Loo(Rn)

and

H / et g (e)er (e fe) e,

S Ce*‘StHfHWQMW,j

for allt > 0, Ng > n, multi-indices o, r € R and f € C§°(U).
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Proof. By the hypotheses on 7(§) and a;(§),

| /U T O0a; (€)¢7()" (€) de| < / €7 a;(©)ll€] ()11 (€)Ide
=/ e T gy ©ligl I (©)I'1F (¢ )|d£<06“”/|£|“'” If(©)lde
U

< Ce™ /U\erOd& = FON] o < Ce™ N Fllymisratsrs -

This proves the first inequality. For the second, note the Plancherel Theorem

implies

H/ €€ 0, (€) e () (€) de|

then,

/U |7t (e)er(€) F(6)| de

/U6‘2ImT(5)t!aj(§)l2|€I2“'\T(é)l”!f(f)lzdé

<ce® [ jgRerr I flg)R g < I s

= [l @ a; ()€€ F O] 2oy

L2 ]Rn

IN

Taking square roots on both sides completes the proof. ]

So, by the interpolation Theorem 4.3.1,

[prs([ ewerm@nay@fe o), < el mmerses

where p™ ' +¢ 1 =1,1<p<2, N, > n(% — %), r > 0, a a multi-index and
f € C°(R"™). Thus, in this case we have exponential decay of the solution.
This proves Part I of the main Theorem 2.1.1 for roots away from the

real axis.

4.4.2 Phase function lies on the real axis

This case subdivides into the following subcases, each of which yields a

different decay rate:

(i) det Hess7(&) # 0; in this case we use the method of stationary phase;
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(ii) det Hess7(§) = 0 and 7(&) satisfies the convexity condition of Defini-

tion 3.2; in this case we use Theorem 3.2.4;

(iii) the general case when det Hess 7(£) = 0 (i. e. 7(£) does not satisfy the

convexity condition); in this case, we use Theorem 3.3.4.

We assume throughout that 7(§) > 0 for all £ € R™ or 7(£§) < 0 for all
& € R™. This is valid because for the characteristic roots lying on the real
axis, there exists 7(§) such that 7, (&) := 7 (§) — 7(§) is either everywhere
non-negative or everywhere non-positive, and, if 74 (&) satisfies the convexity
condition, so does 7, (&). A proof for this in the homogeneous case is given
in [Sug94]; the generalisation to the nonhomogeneous case follows using the

perturbation results in Chapter 3.

4.4.2.1 detHess7(§) #0

In this section, we consider the case where we have

[ a6 f6) de.

and Hess 7(§) # 0 for all £ € supp a;, To estimate this, we first consider the
oscillatory integral

ei(fﬁf-i-f(f))ta(g) de¢,
RTL

where a(§) € Sa’fo), some p € R, Im7(§) > 0 for all £ € R", and, for
some { € R", &+ Ve7(&) = 0 and Hess7(&y) # 0; we refer to & as
a (non-degenerate) critical point. Let us assume that £y is the only such
critical point—if there are more than one, we use suitable cut-off functions
to localise around each separately (we assume the set of critical point has
no accumulation points). Indeed, let x € C5°(IR™) which is supported in a
neighbourhood U of & so that there are no other critical points in U. Then

consider separately

| eeran@dg and [ Ot 1 - (e) de.

n

The second integral, which we may assume contains no critical points in its

support (otherwise introduce further cut-off functions around those), can be
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shown to decay exponentially: note that away from the critical points,

iEerr@nt _ _CHVTE) o ierr©)
¢ e T VP Ve |

?

so, integrating by parts repeatedly shows that for any N € N sufficiently
large,

‘ / e @EHTEO)g(6)(1 — x)(€) de| < OtV .

Let us return to the case when there is a critical point.

We claim

[ e @rage)(e) | < o2 det Hesslgo)| M a(o)x(@)

<Ct™"?|det Hess(&)| "2 (1 + |&o)) ™. (4.8)

This is a consequence of the following theorem, found in [H6r83a, Theorem
7.7.12, p. 228]:

Theorem 4.4.2. Suppose ®(x,y) € R™ x RP is a complez-valued smooth
function in a neighbourhood of the origin (0,0) € R™ x RP such that:

(1) Im® > 0; (4) Im ®(0,0) = 0; (444) P..(0,0) = 0; (iv) det @7 _(0,0) # 0.
Also, suppose u € C§°(K) where K is a small neighbourhood of (0,0). Then

‘/ @)y (2, y) do—

N—-1
((det(w®?, /2mi))?) /2" 37 (Lg ju)’w ™| < Cyw N2,
=0

where the notation G°(y) (where G(x,y) is the function) means the function
of y only which is in the same residue class modulo the ideal generated by
8(1)/8a:j, j = 1,...,n.

The proof of this result uses the method of stationary phase; similar
results (with slightly differing conditions and conclusions) can be found
in [Sog93, (1.1.20), p. 49], [Ste93, Ch. VIII, 2.3, Proposition 6, p. 344],
[Dui96, Proposition 1.2.4, p. 14] and [Tre80, p. 432, Ch. VIII, (2.15)-(2.16)],

for example.

89



So, we have (4.8) as a simple consequence of this theorem; now, in order

to show that
[ e @rage)e ag| < ormr,

we must choose p1 € R suitably. Assume that |det Hess 7(¢)| > C(1+|¢|)~M
for some M € R; then taking p = M /2, we have this estimate. Compare this
to the case of Klein—Gordon equation (which is done in [H6r97] pp.146-155)
where det Hess 7(€) = (1 + [£]) ™72, s0 M =n + 2.

Let us now apply this result to our situation. We have

[ g fe) de.

where a;(£) = O(|¢|77) as € — oo; we assume |det Hess 7(¢)| > C(1+]¢])~M

Now, for each v € R, we have

a;(€) = (1+ €)™ (1 + [€))*a;(€)
Z (L+le) 2% (€)™ = Y aja(€)E”,

lof<v

where a;, € S~ Flel,

of any of these symbols is —M /2. Then,
| et = Y [ HEDEr O, 6 Drp(E) de
" la|<v

_ Z /eit((fﬂ)'5+7(§))aj7a(f) d¢ « D f (),

laf<v

Taking v = M /2 — j, ensure that the worst order

since €2 f(¢) = @(5) Then

|30 [ e ner©n o de s 0 pia),

|| <v

< Y| e @aue) g, 1D s < €Sy

la|<v

Thus, we have an L' — L™ estimate in this case. To find an L? — L? estimate

90



is simpler: by the Plancherel Theorem,

| [ eterm@nae) e g

sy = CllE™ OOl oy
< Ol 7l < Cllf s -

Using the interpolation Theorem 4.3.1, this gives us Theorem 2.1.1, Part I,
for roots on the real axis with det Hess 73,(£) # 0.

Behaviour of Critical Points: Above, we assumed that £ was the only
critical point of the phase function; this is not such an unreasonable assump-

tion as the following result shows:

Lemma 4.4.3. If Hess7(§) is positive definite for all &, then the integral

/ (TG (¢ de

has only one critical point.

Proof. Suppose ¢,£2 € R™ are two such critical points. So & + V7 (£1) =
T+ Ver(£2), or Ve,7(€') = Vg, 7(€?) for each j = 1,...,n. Thus, by the
fundamental theorem of calculus, for all j =1,...,n,
1
0= 0g,7(¢") — 9g;7(€%) = /0 (€% —€") - Ve(Og,)7(¢" +5(6% — €1 ds.
But this means that (¢2 — &) Hess 7(€1 + s(€2 — €1))(€2 — ¢1) = 0 for all s

since the Hessian is positive definite; and since it is never zero, we have that

€2 — ¢! =0, which shows that there is at most one critical point. O
An example of such an operator is the Klein—Gordon equation.

Remark 4.4.1: Another consequence of Hess7(§) being positive definite
is that the level sets {£ € R":7(§) = A}, A € R are all strictly convex;
indeed, if we parameterise the set by £(s), s € [0, 00), where £(0) = &y and,
by assumption, £(s) # 0, then V7(£(s))-£(s) = 0 (differentiate 7(£(s)) = A),

and (differentiating again)

£(s)" - Hess7(£(s)) - £(s) + VT(£(5)) - €(5) = 0.

91



Then, since Hess 7(§) is positive definite, the first term in this sum is positive,
hence the second is negative—which means that the angle between V7(£(s)),
that is, the normal to the level set, and & (s) is strictly greater than 7/2, so
the level set is strictly convex. In particular, this shows that imposing the
condition Hess 7(&) positive definite is stronger than imposing the convexity
condition of Definition 3.2, and making it clear why we get a faster rate of

decay in this case (see the next section for that case).

Finally, we remark on the differences in the general case, det Hess 7(§) #
0. In this case, there may be many critical points; let us assume that
they are all isolated, so there is a small neighbourhood around each critical
point &, Ug,, such that q is the only critical point in it and chosen so that
|24+ V7(§)] < r for some r > 0 (outside of this set we use the integration by
parts argument above). We estimate the volume of Ug: suppose § 1 g2 ¢ Ucys

then, by the mean value theorem,
e, 7(E1) — 0g;m(6%) = 02 ¢, 7(E) (& — &),
for some £ . Now, by assumption,
02,6, 7€) = CL+ 1)) and |9, 7(£") — 9, 7(€)] < 2r.

Therefore, |1 — &2] < Cr(1 + [¢PM, and |¢/| < max(|¢!],[€2]). Thus,
choosing r sufficiently small, we see that the volume of Ug, is bounded
by C(1 + |€[)M". So, using this in the above argument, we see that the
regularity of f must be made greater—take [Mn] + 1 more derivatives—to

compensate that the amplitude is a symbol of order —M /2 — Mn.

Remark 4.4.2: If rankHess7({) = n — 1, then a similar argument can
be used to prove the corresponding part of Theorem 2.1.1, i.e. that there
n—1

is decay of order —"5=. This is a consequence of an extension to Theo-

rem 4.4.2—see

4.4.2.2 detHess7(§) =0 and 7(§) satisfies the convezity condition

Assume that 7(§) satisfies the convexity condition of Definition 3.2. Set
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v = 9(7) :=supysqY(Xa(7)), where, as before,
Ya(r)={£eR": 7(§) = A} .

and

Y(EA(T)) := sup supy(Xr(7);0, P)
ceXN(r) P

where the second supremum is over planes P containing the normal to X (7)
at o and v(Xx(7); 0, P) denotes the order of the contact between the line
T, N P—T, is the tangent plane at c—and the curve Xy (7) N P.

We have the following results which ensures that this is finite:

Lemma 4.4.4. Suppose 7 : R™ — R is a characteristic root of a linear
m* order constant coefficient strictly hyperbolic partial differential operator;
then, there exists a homogeneous function of order 1, ¢(£), a characteristic

root of the principal symbol, such that
Y(EA(T)) = £ < y(Z1(p)) as A — 0.

In particular, y(1) < oo.
Proof. This is true because:

(a) by Proposition 3.1.5, Part II, ¥5(7) is near to X)(¢) for large X in a

suitable metric;

(b) by the homogeneity of ¢, if |\ — N'| is sufficiently small, then 3, () is

near to Xy (¢) for large A in the same metric;

(c) Proposition 3.1.5, Part IV, ensures that T,,(7) is near to T, (¢) (because

derivatives of 7 tend to those of ¢) for large A;

(d) so, with ¥ (7) and T, (7) near to (in a suitable sense) the corresponding
data of ¢ for large A, it is clear that the (X (7);0, P) is near to
V(Ex(¢); 0, P), and hence (Xx(7)) is near to v(Xx(¢));

(e) finally, y(31(¢)) = 7(3x(¢)) by homogeneity.
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‘We shall show

| [ eteermonaeie

forall t >0, where p~ ! +¢1=1,1<p<2 N,; >n(pt—q ') —jand
f e Cge(RM).

e e TN TX

Besov Space Reduction: We begin by following Brenner [Bre75] and
Sugimoto [Sug94| in using the theory of Besov spaces to reduce this to
showing, for all £ > 0,

|5 @@ as @@ f€) @0, < s T Gyl s, ¢ @10)

here {®;(£)};2, is a Hardy-Littlewood partition: let ® € C5°(R"™) such that

§|€|§2}, B(e) > 0 for | < ¢ <2,

N =

supp ® = {SER":

and Z 27ke) =1 for £ £ 0,

k=—o00

and set
Do) =1-) @27, @& =227, 1eN.
=1

Now, recall the definition of a Besov space, as given in, for example, Bergh
and Lofstrom [BL76]:

Definition 4.1. For suitable p,q,s € R define the Besov norm by

o0

171155, = 15 (@ F €N I + (S IF @) €Ny "

=1

the Besov space By, is the space of functions in S(R™) for which this norm

1s finite.

This result is the main one we shall need:
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Theorem 4.4.5 ([BL76], Theorem 6.4.4). The following inclusions hold:
By, CW, C Bpy and By, C W, C By,

forallse R, 1<p<2,2<qg< 0.

Using this theorem, we have

| e @na e i) ae potgy = 2" IFHE O i © €)@ D)
< ClIFH e 0y (O €)@, ) o,

_C(ZH? @@y FO)0,)

I+1 9

- (ZH? @ ay©ne) Y w@iE) @] )"

r=Il—1

in the final line we have used that Ziﬂl 1 ®-(€) =1 on supp ®;(§) by the
structure of the partition of unity. Now, assuming that (4.10) holds, this

can be further estimated:

9] ' I+1 . 2 \1/2
(X7 @@ Y en@fEn@ 0] )
=0 r=l—1
L—l(l l) 00 +1 ~ 1/2
cca+n TG (S (S 15 @@, ) )
=0 r=Il-1
oo I+1
<o+ 5 (2 Y I @@y,
1=0 r=I—1 P
< e+ 6D (D @©fOI )
1=0 i
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Finally, using Theorem 4.4.5 once again,

(Zns’ O y,) <o X i @@f,)’

=0 |a|<Np ;
/
—o Y (Slstwienren,)
la|<Np ;=0

=C Y D%, <CIfI

‘0‘|<ij

WPJ'

Combining these estimates produces (4.9) as desired. So, it suffices to
prove (4.10); indeed, as shown above, this requires us to show two estimates

and then interpolate—Theorem 4.3.1 yields:

|51 0y (€)@u(€) F(E) (@, )| oo < CA+D™T [ fllymamss  (411)
1571 (7O a; ()2 (E)FE) (@ )| 12 < CllF (4.12)

where N1 > n.
L? — L? estimate: By Plancherel’s Theorem,

|57 (™ Oa;(©)@1(€) £ () (x,1)]] 1o = C||€™ @ a; () D1(€) F(O)]] - -

Then, since 7(€) is real-valued and a;(£) = O(|¢| ™) as [¢] — oo,

|eiT(£)taj(§)(I)l(§)f(f)’2 ¢ < C/|£>N|§‘2j‘f(§)’2 d§ < CHf”w;j .

]:RTL

Note that C is independent of I because a;(£)[¢]? is uniformly bounded
in R™. This proves the required estimate (4.12).

96



L' — L™ estimate: First, suppose 0 < ¢ < 1; then

[ e nemeioan], <o [ e
<C —Nig Ni—j ¢ -
<o e ievsel,

< CIDM | = Cllifllyym-i, (4.13)

where N1 > n.

For t > 1, we show
| / Do) f(de]| < oI s (410
1

we claim it suffices to prove that there exists a constant C' > 0 which is

independent of [ such that, for all ¢ > 1,

<ot~ N/ (4.15)
LOO

H/ ei(z-§+7'(f)t)aj(£)|f‘nT_1_n+j(I)l(f) d§

Indeed,

/ ) @ TN o ()Dy(€) f(€) dE = (2m)"F L (™ Ola (€) B, (€) f(£))
= 2m)"F [T ay () By(€)) (x, 1) * f(x)
_ ( / n @O o (£),(€) dg) « f(2),

where we have used 3"*1[@?1] =g*h, and

( / SO0, ()i () dg )  f(a)
= ([ IDa T e O €T de) « fla)
DT ([ et a6l T de) (o)
= ([ eterm@na, @)l T dg) + a0

also,

lg * Al < ligllzellPllLr
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for all g € L>(R"), h € L*(R™). Combining all these proves the claim.
In order to show (4.15), we can Theorem 3.2.4 as 7 : R” — R is assumed

to satisfy the convexity condition; let us check each hypothesis holds:

e Hypothesis (i): by Proposition 3.1.5, Part III,
076 < Ca\§|1_‘a| for all |¢| > NV,

for all multi-indices «a; this suffices for the hypothesis to hold since a;(§)

is supported away from the origin.

e Hypothesis (ii) and hypothesis (iii): these follow by using perturbation
methods. By Proposition 3.1.5, Part IV, there exists a homogeneous

function (&) of order 1 such that, for all |(| > N and k =1,...,n,

I7(§) — (&)l < Co and [0, 7(€) — e, p(€)] < Cile| ™,

for some constants Cp, C, > 0. Now, the homogeneity of ¢(£) implies that

= &) and e,V = h =(0,...,0,1,0,...,1
90(&-) ‘£|¢(|£‘)an ek @(ek) QD(@k),W ere ek ( ) sy Yy Ly Yy 9 )7

k
SO

lp(€)] > C'|¢| for all € € R™ and |0, p(Aw)| > C' for allw € S" 1, A >0,

for some constant C’ > 0. Thus,

7] = () = 17() = (&) = C'¢] = Co = C¢] for €] = M, (4.16)

some constants M,C > 0, and
10,T(A\w)| > 0,0 (Mw)| — |0up(M\w) — BuT(Mw)| > C' = CpA™ > C >0

for all w € S~ and suitably large A; for small A > 0, 9,,7(\w) is separated
from 0 by the convexity condition, so |0, 7(A\w)| > C > 0 for all w € S" 1,
A > 0, as required.

e Hypothesis (iv)—there exists a constant R; > 0 such that, for all A > 0,
+¥2(7) C Bg,(0)—holds by Proposition 3.1.5, Part II, and the fact that
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$+3a(¢) = Ti(p) for the characteristic root of the principal symbol ¢

corresponding to 7. Also, v < oo by Lemma 4.4.4 above.

) aj(§)|§|n7_1_n+j is a symbol of order ”Tfl — n since a(¢) = O(|¢]77) as

|¢| — oo and because it is zero in a neighbourhood of the origin.

e the partition of unity {®;(§)};2, is in the form of gr(§) as required by
Theorem 3.2.4.

Therefore, for ¢t > 1,
. n—1_ . (n—
| / O a; ()¢ T T @y(€) de| < Cr I

Hence, we have (4.14), which, together with (4.13), proves (4.11); this com-
pletes the proof of Theorem 2.1.1, Part I, for roots on the real axis with

convexity condition ~.

4.4.2.3 General case when det Hess 7(£) = 0

The general case depends upon Theorem 3.3.4, just as the case where
the convexity condition holds depends upon Theorem 3.2.4; for this reason

we introduce gag = Yo(7) := supyso70(Xx(7)), where,

Y0 (XA(7)) := sup infy(2x(7);0,P)
ceXN(T) P
(all notation as before). For this quantity we have the analogous result to

Lemma 4.4.4, which can be proved in the same way:

Lemma 4.4.6. If 7 : R" — R is a characteristic root of a linear m™ or-

der constant coefficient strictly hyperbolic partial differential operator, then,
there exists a homogeneous function of order 1, ¢(§), a characteristic root

of the principal symbol, such that

(A7) = £ < 70(X1(p)) as A — oo

In particular, vo(7T) < 0.
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‘We shall show

|| cesrona@f@a, <ca+n 0D,

forall t >0, where p~ ! +¢1=1,1<p<2 N,; >n(pt—q ') —jand
f e Cge(RM).
As in the case of above, this can be reduced, via a Besov space reduction

the interpolation Theorem 4.3.1, to showing

517" a,()@(€) €)@, O] oo < L0 fllyi
177" (7" a; ()1 (&) F(©)) (@ )| 2 < Cllfllyy s+

where the partition of unity {®;(£)};2, is as above and Ny > 1.

The L? estimate follows by the Plancherel Theorem in the same way as
before.

For the L' — L estimate, the case 0 < ¢ < 1is as in (4.13); for t > 1 it

suffices to show (see the earlier argument),

< otV
LOO

H/ ez‘(z-£+7(£)t)aj(§)|g\%_n+jq’l(f) dg

This follows by Theorem 3.3.4: the hypotheses of this hold by the same argu-
ments as above—the convexity condition is not required for the perturbation
methods employed—and Lemma 4.4.6.

This completes the proof of Theorem 2.1.1 for roots on the real axis.

4.4.3 Phase function asymptotic to real axis

Here we consider the case where the phase function 7(&) satisfies
Im7(€) — 0 as [¢] — o0

we remark that the results here are consistent with those when Im 7(§) = 0.
As in the case of the phase function lying on the real axis, we split into

subcases; we consider the following two:

(i) det Hess7(&) # 0; in this case we use the method of stationary phase;
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(ii) det Hess7(&) = 0; in this case, we use Theorem 3.3.5.

Remark 4.4.3: Unlike in the case of the phase function 7(£) lying on
the real axis, we do not consider a case where the phase function satisfies
a “convexity condition”. The reason for this is twofold: firstly, there is
no straightforward analog of the convexity condition for real-valued phase
functions as the presence of the non-zero imaginary part causes problems;
secondly, there are no common examples of this situation, and hence it does
not seem worthwhile developing a complicated theory for a situation which

may not arise.

4.4.3.1 detHess7(§) #0

This can be done in exactly the same way as that in Section 4.4.2.1,

since Theorem 4.4.2 holds for integrals with complex phase functions.

4.4.3.2 detHess7(§) =0

The result for this case is similar to that for the general case when the
imaginary part is zero; instead, though, we shall use Theorem 3.3.5; this

time, set 79 = vo(ReT) = supy~70(Xxr(ReT)), and note that

Lemma 4.4.7. If 7 : R" — C is a characteristic root of a linear m*™ order
constant coefficient strictly hyperbolic partial differential operator such that
Im7(§) — 0 as |§| — oo, then, there exists a homogeneous function of

order 1, (&), a characteristic root of the principal symbol, such that
Y (ZA(ReT)) = £ <v(Z1(p)) as A — 0.

In particular, yo(ReT) < oo.

Proof. The hypothesis that the imaginary part goes to zero as || — oo im-
plies that [7(§) —Re7(§)| — 0 as €| — oo. With this additional observation,

the proof of Lemma 4.4.4 can then be used once more. O

We claim that, as in the general case when 7 is real-valued,

H/ ) e TN (£)F(€) df‘ . <C(1+ t)_%(%_%) [F2

101



forallt >0, wherep™t +¢1=1,1<p<2 N,; >n(pt—q¢ 1) —jand
f e Ce(RY).
Again, a Besov space reduction and Theorem 4.3.1 mean that it suffices

to show

57 (€)@ F ), ) oo < L0 F i
|57 (™ a; () 21(&) F(E) (@, )| 2 < Cll gy -

AsTm7(€) > 0 for all £ € R™, the L? estimate, and the L' — L°° estimate in
the case 0 <t < 1, hold just as in the case for a real-valued phase function.

To prove the L' — L™ estimate for ¢t > 1, for which it suffices to show

<ot Vo, (4.17)
LO(}

H/ O g, (6) ¢ 0 By (€) de

we use Theorem 3.3.5; we must check that the phase function satisfies the

hypotheses of this theorem:

e Hypothesis (i) follows by Proposition 3.1.5: Part III implies that for all
|¢| > N and multi-indices a,

08 Re7(€)| < [97(€)| < Clg|*~ll

which suffices for the first part of the hypothesis to hold. Furthermore,
Part IV tells us that for all |£] > N and multi-indices «,

|02 [Rem(€) — @(€)] + 08 Imr(€)| = |9 7(€) — ()] < Clé| 1o,

where () is a characteristic root of the principal part (and is thus real-
valued by definition of hyperbolicity); this implies that, for all |{| > N

and multi-indices «,
0¢[Re7(€) — @(9)]] < Cl¢) 71 and |og Tm7(¢)| < Cl¢[T1. (4.18)

The second of these gives us the second part of the hypothesis.

e For hypothesis (ii), note that there exist constants C,C’,C"”, M > 0 such
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that, for all || > M,
Re7(§)] = |7(§)| = Mm7(&)] = C'¢] - C" = Clg].

Here we have used (4.16), which did not require 7 to be real-valued (nor
to satisfy the convexity condition), simply to be a characteristic root of a
linear constant coefficient strictly hyperbolic partial differential equation,

and the second part of (4.18).

e Hypothesis (iii) is shown to hold in a similar way: using the corresponding
hypothesis for the real-valued case above (which does not use that 7 is
real-valued) and (4.18), we have, for A > M, some M > 0,

10, ReT(A\w)| > |0,7(Mw)| — |0, ImT7(Mw)| > C' = C"\71 > C.

For small A > 0, we simply extend Re7(§) so that this holds—this is
possible as the integrand is supported for large |£| only.

e Hypothesis (iv) follows from [Re7(&) — ¢(&)| < C for all £ € R™ (see
earlier—this holds in all R™ by Part II of Proposition 3.1.5. We have
Y0 < oo by Lemma 4.4.7. Finally, a;(§) and ®;(§) satisfy the required

conditions in the same way as for the real-valued case.

So, all the hypotheses of Theorem 3.3.5 hold, and hence we have (4.17).
This completes the proof of Theorem 2.1.1, Part I.

4.5 STEP 5: ESTIMATES FOR BOUNDED [{| AWAY

FROM MULTIPLICITIES

In this section we find L? — LY estimates for integrals of the kind
[ eterm@nae e de.
Q

where  C R” is open and bounded, f € C§°(R"), a € C§°(R), T € C¥(Q)
(by Proposition 3.1.3) and Im7(&) > 0 for all £ € Q.
As in the case of large |£|, we can further split this into three main cases

by using suitable cut-off functions:
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1. 7(&) is separated from the real axis for all £ € ;
2. 7(§) meets the real axis with order s < oo at a point &y € ;
3. 7(&) lies on the real axis for all £ € Q.

We look at each in turn.

4.5.1 Phase function separated from the real axis

Similarly to the case for large ||, we show that when the phase func-

tion 7(&) is separated from the real axis (here, for £ € ),

[pipz( [ deer@aefa)|, <o ifln, @)

1

where p~ 1 +¢ 1 =1,1<p <2, N, > n(% - 5)’ r > 0, a a multi-index,

f e Cg°(R™), 6 > 0 is a constant such that Im7(§) > ¢ for all £ €  and
C = Cqrap > 0. So, in this case we have also have exponential decay of
the solution.

By interpolating (Theorem 4.3.1), it suffices to show for such 7(&)

[pipe ([ eerr@aefeydo)|, . < ce il
HD{D;‘(/Qei(x.{fw(&)t)a(f)f(g) &), < Ce Ml

for t > 0, where N1 > n, r > 0 and « is a multi-index.

These are proved in a similar way to Proposition 4.4.1, but noting that
the boundedness of Q and the continuity in Q of 7(£)"a(€) ensure there exists
a constant Cq .o = C > 0 such that |[7(€)["[a(€)]|¢]1Y < C for all £ € Q.

Then, for all £ > 0 and r, « as above,

Dpz ([ e @ae fe do)| = | [ e Oaeerer i) da
<c / e~ O a(6) ] ()17 |F(€) | e
Q

< C/ e MO F(&) de < Cem| fllpoe() < Ce | fllpr s
0
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and

A~

iz ( [ eteem@na fie) ar)

A /
= ( /Qe‘“‘”“”ra@)Qrfams)rwrﬂf)r?dx)l ?

< Ce™| flla@) < Ce™ (I f |2 -

= [ (@& (€)" )] 20y

We have proved Theorem 2.1.1, Part II for roots away from the axis with

no multiplicities.

4.5.2 Phase function meeting the real axis with finite order

In the case of bounded [£|, we must also consider the situation where the
phase function 7(£) meets the real axis. Suppose & € 2 is such a point, i.e.
Im7(&§) = 0, while in each punctured ball around &, B.(§) C 2, € > 0,
there exists £ € BL(&p) so that Im 7(§) > 0. Then, we claim that & is a root
of Im7(&) of finite order s: indeed, if & were a zero of Im7(§) of infinite
order, then, by the analyticity of Im 7(&) at £ (which follows straight from
the analyticity of 7(£) at &p) it would be identically zero in a neighbourhood
of &y, contradicting the assumption.

Furthermore, we claim s > 2, s is even, and that there exist constants

co, c1 > 0 such that, for all £ sufficiently close to &p,
col€ = &ol* < Im7(§)[ < e1]€ — Lol
The Taylor expansion of Im 7(&) around &,
Im7(§) = zn:% Im7(&)(& — (0)i) + O(1€ — &%),
i=1

is valid for £ € B.(&) C Q for some small ¢ > 0. Now, if £ € B.(&), then
=&+ 2¢) € B:(&) also. However,

T 7(—¢ +260) = = > 9, Tm7(0) (& — (£0)i) + O(I€ — &) ;

i=1

thus, for & > 0 chosen small enough, this means that either Im7(§) < 0
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or Im7(—¢ + 2§y) < 0—contradicting the hypothesis that Im7(£) > 0 for
all £ € ; hence, J¢, Im7(§y) = 0 for each ¢ = 1,...,n. In conclusion,
Im7(&) = O(J¢ — &)?) for all £ € B.(&), which means that the zero is
of order s > 2, and a similar argument shows that s must be even; also,
this means that there exist ¢, c; > 0 so that the above inequality holds for
¢ € B:(&), proving the claim.

Now, we need the following result, which is based in the calculation of
the LP — L7 decay estimate for the dissipative wave equation in [Mat76],
but is here extended to a more general situation so that it can be used on a

wider class of equations:

Proposition 4.5.1. Let ¢ : U — R, U C R"™ open, be a continuous function
and suppose § € U such that ¢(&) = 0 and that ¢(§) > 0 in a punctured
open neighbourhood of &y, denoted by V' \ {&o}. Furthermore, assume that,
for some s > 0, there exists a constant cy > 0 such that, for all £ €'V,

(&) > colé — &ol® -

Then, for any function a(§) that is bounded and compactly supported in U,
and for allt >0, f € C(R"), and r € R,

/Ve—«%f)t\g —&ol"|a(QII (€)1 dg < COA+ )~ fllpe,  (4.20)

and

le=*®le — &l a(©) F(©) ] 12y < CA+ 1)1 2. (421)

Proof. First, we give a straightforward result that is useful in proving each

of the estimates:

Lemma 4.5.2. For each p, M > 0 and ¢,c > 0 there exists C = C, ¢ pre > 0
such that, for allt > 0,

M
/ 2Pe” ™ dy < C(A+ 1)~/ and  sup aPe "t < C(1+1t)7P/S,
0 0<z<M

and the

Proof. For 0 <t < 1, each is clearly bounded: the first by Ag_p:ll
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second by MP?. Fort > 1, set y = 2t'/S; with this substitution, the first

becomes

Mitt/s 0o
/ yPt=Plse= Y s gy < 75(p+1)/</ yPe Y dy,
0 0

while the second becomes

_ — S _ S
sup  yPt Plse=cy® < ¢=P/s supyPe V" ;
0<y<M¢l/s y>0

that the right-hand side of each is then bounded follows from standard

results. O

Returning to the proof of (4.20), as a(&) is bounded in U by assumption,

we have

/ e~ —&ol"al@)lIf ()l dé < © / e ?Oe — &["[f(€)] dg,
v v

where V' = V N suppa; this, in turn, can be estimated in the following

manner using the hypothesis on ¢(¢) and Hélder’s inequality:

Jue e =il <€ e iorie-ariies
%4 v
< C/V/ 6_00‘£_§0|8t|£ _ £0|r df”f”LOO(V/) ‘

Then, transforming to polar coordinates and using the Hausdorff—Young
inequality, we find that, for some ¢ > 0 (chosen so that V' C B.(&), possible

since a(§) is compactly supported),

/v, e 0l 8l & — &o|" d || f Lo vy
19
SC/ / In|" e | dwl| £l 11 ey
sn=1.Jo

Finally, by the first part of Lemma 4.5.2, we find

/ e @1 —&"la(9)|1f ()| ds < © / y e dy | f o ey
Vv 0

< O+ )" £l

107



This completes the proof of the first part.
Now let us look at the second part. By the second part of Lemma 4.5.2,

le™ €7l — ol a(€) () 2 (r) < /V e Paleal g — ol f(€)? d
Sc(l_i_t)—%/s/ e—co|€—fo\st|f(£)|2d£‘
Vl

The Holder inequality implies that

/ 6700\£*£o|5t|f(§)|2 de < Sup‘e*COK*éo\st
1% %

1117200y < CIFIZ: -

Together these give the required estimate (4.21). O

So, using this proposition, we have, for all ¢ > 0, and sufficiently small

e >0,

oz [ g e
e\S0

Lo (Rg)

< / (5)e*lmf@tra(s)H7<§>|”|§\a|f<£>|dfsc<1+t>*”/sufHL1,

and, using the Plancherel Theorem,

L2(R%)

| [ cteermonage ey ag]
Be (o)
= O||e™ ()€ a(€) FO| 2(p. ey < CllSNl2 s

here we have used that |£[1%/|7(€)|" < C for € € V' for r € N, o a multi-index.
Thus, by Theorem 4.3.1, for all ¢ > 0,

oz [ s d

_g(;_;)
)§0(1+t) sveal| flize

(4.22)
where 1 < p <2, p~'4+¢~! = 1. This completes the proof of Theorem 2.1.1,

La(Rg

Part II for roots meeting the axis with finite order and no multiplicities.
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Remark 4.5.1: If £y = 0, then Proposition 4.5.1 further tells us that

+lol (1 1

—ntlel(1_1)
Lo(Rg) <C(1+1) | fllze

pipz [ et emae) fie)ag

while, if Re7(&) = 0, and so |7(§)| < [Im7(§)| < 1]€ — &l|® for & near &,

then we get

1

|prpe [ eesronagf@ |, < caro GG,
BE(&O) )

La(Ry

4.5.3 Phase function lies on the real axis
As in the case of large |£|, we can subdivide into several subcases:
(i) det HessT(&) # 0;
(ii) det Hess7(§) = 0 and 7(§) satisfies the convexity condition;
(iii) the general case when det Hess7(§) = 0.

For the first case, the approach used in Section 4.4.2.1 can be used here also,
since there we do not use that || is large other than to ensure that 7(£) was
smooth; here, we are away from multiplicities, so that still holds. Therefore,
the conclusion is the same, giving Theorem 2.1.1, Part II for roots on the
axis, with no multiplicities satisfying det Hess 74 (&) # 0

The other two cases are considered in the next section alongside the case
where there are multiplicities since it is important precisely how the integral

is split up for such cases.

4.6 STEP 6: ESTIMATES FOR BOUNDED || AROUND

MULTIPLICITIES

Finally, let us turn to finding estimates for the first term of (4.7), which we

may write in the form

L
/Q € (3 OB 1)) (€ F(©) de
k=1
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where the characteristic roots 71(§),...,77(£) coincide on a set M C Q of
codimension ¢ (in the sense of Corollary 4.2.2), Q C R" is a bounded open
set and x € C§°(Q).

As in Section 4.6, we must consider the cases where the image of the
phase function(s) either lie on the real axis, are separated from the real axis
or meet the real axis. One additional thing to note in this case is that the
order of contact at points of multiplicity may be infinite as the roots are not
necessarily analytic at such points; we have no examples of such a situation
occurring, so it is not worth studying too deeply unless such an example can
be found—for now, we can use the same technique as if the point(s) were
points where the roots lie entirely on the real axis, and the results in these
two situations are given together in Theorem 2.1.1.

Unlike in the case away from multiplicities of characteristic roots, we
have no explicit representation for the coefficients A;? (&,t), which in turn
means we cannot split this into L separate integrals. To overcome this, we
first show, in Section 4.6.1, that a useful representation for the above integral
exists that allows us to use techniques from earlier. Using this alternative
representation, it is a simple matter to find estimates in the case where the
image of the set M is separated from the real axis and when it arises on the
real axis as a result of all the roots meeting the axis with finite order, and
these are done in Sections 4.6.2 and 4.6.3 respectively.

The situations where the roots meet on the real axis and at least one
has a zero of infinite order there (either because it fully lies on the axis, or
because it meets the axis with infinite order) is slightly more complicated;

this is discussed in Section 4.6.4.
4.6.1 Resolution of multiple roots

In this section, we find estimates for

L
Z eiTk ({)tA;C (ga t) )
k=1

where 71(§), ..., 7(€) coincide on a set M of codimension ¢. For simplicity,

first consider the simplest case, L = 2 and M = {{y}; the general case works
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in a similar way, and we shall show how it differs below. So, assume

71(&) = 72(&0) and 71(&o) # T1(&o) for k= 3,...,m;

by continuity, there exists a ball of radius € > 0 about &y, B:(&p), in which
the only root which coincides with 71(§) is 72(§). Then:

Lemma 4.6.1. For allt >0 and &£ € B:(&),

2
‘Z e O AR )| < O(1 +t)em minimmi (O Imm2(E)t (4.23)
k=1

Proof. First, note that in the set

S={ecR": 1) #m) Vk=2,... . mandm(§) #n(§)VI=3,...,m}

the formula (4.4) is valid for A}(¢) and A%(€). Now, recall that Ej(¢,t) =
Oy e”’@(f)tAf(g,t) is the solution to the Cauchy problem (4.2a), (4.2c),
and thus is continuous; therefore, for all n € R™ such that 71 (n) # 7x(n) and
To(n) # (n) for k =3,...,m (but allow 71(n) = 12(n)),

2
Z e”’“(”)tAé?(t,n) _ %13717 (ezn(ﬁ)tAjl_(f) + esz(ﬁ)tA?(g)) ’
k=1

provided ¢ varies in the set S (thus, ensuring e'™ (5)"/14; &)+ eiTQ(f)tAjz (&) is
well-defined). Hence, to obtain (4.23) for all £ € B.(&), it suffices to show

‘eiTI(E)tA}(f) + ei‘rg(&)tAjQ(g)‘ < Cte~ min(Im 71 (£),Im 2 (§))¢

for all t > 0, £ € BL(&) = B:(&) \ {&0}-
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Now, note the following trivial equality:

K1 4 KoV = KpeW2e!W2) 4 [ et g iui—y2)

etW1—v2) _ o—i(y1—y2) ‘
— Keiv2
2 e 2
—i(y1—y2) _ pi(y1—y2) A —i(y1—y2) i(y1—y2)
n e . e Kye + e 2—i—e

= sinh(y1 — y2)[K1€™? — Kpe™] + cosh(yr — y2)[K1e™2 + Kae'].

ei1—v2) | o=i(y1—y2) Ko

K, ey

Using this, we have, for all £ € B.(&), t > 0,

ein({)tAjl (f) + eiTQ(&)tAJZ(f)
= sinh|(71(&) — 72(€))t] (€™ Aj(€) — MO AT(€))
+ cosh(71(€) = 72(€))t)(e AT (€) + MO AT()) . (4.24)

We estimate each of these terms:

(a) “sinh” term: The first term is simple to estimate: since

sinh[(71(§) — m2())t]
(T1(§) - 7'2(5))

—t as (11(£) —72(£) =0,

or, equivalently, as & — &y through S, and A?(f)(Tl (&) — 12(&)) is con-
tinuous in B (&) for k = 1,2, it follows that, for all £ € B.L(&), t > 0,

|sinh([(71(£) — 72(€))t](A] (£)em©F Ajz(g)em(ﬁ)t)‘
< Ct[‘eim({)t| + ‘ein(g)tu < Cte™ min(Im 71 (£),Im 72 (§))t ) (4_25)

(b) “cosh” term: Estimating the second term is slightly more complicated.
First, recall the explicit representation (4.4) for the Af({) at points

away from multiplicities of 7 (§):

m—j—1

I IT =

Ab(g) = — =S SmomEn
[T (€ — (&)
1=1,1#k
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So, we can write

cosh[(11(€) — m2(€))](A] (£)e™ O 4+ A3(¢)em O

__cosh[(m(@ —m(e)] €O - MO (O
[T (7€) = () (&) — (&) @)~ 72(E) 7

where

FPo(&) = ( Zp 1:[ qu(f)) T -7
1

<s1<<sm—i<m =1 k=1,k#p,0

Now, (cosh[(r1(§) — m2(E)H]) / (TTxs(7(§) — T1())(7k(§) — 2(€))) is

continuous in S, hence it is bounded there, and, thus, absolutely con-

verges to a constant, C' > 0 say, as £ — &y through S. This leaves the
[ O F 5 (€) — M OETL )/ (1(€) — m2(8)) term.

For this, write
m—1

F7 () =Y QrI©)m(9)",

k=0
where the Q7’7 (£) are polynomials in the 74(¢) for k # p,o (which
depend on i); also, note QZ’;(f) = Qm (£). Then,

627—2 (f) z'rl tF]2+11 (5)
m1(§) — 72(§)
Yy (@i 11 (€)(a(€)re™ O — 7 (€)eim ()]

R (3 g - (4.26)

Let us show that this is continuous in B.(§p) and is bounded absolutely
by Cte~™in{ArA2}: for i £ 4y, and for all r,s € N, t > 0,

Y5yt — yiypett
Y1 — Y2
sy (ev2!t — evit) N yse (y] — yb) N eVys (s — v3)
Y1 — Y2 Y1 — Y2 Y1 — Y2
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Furthermore, for all y;,y2 € C, t € [0,00), s € N,

ezygt _ ezylt yf _ yg

Yr — Y2

< Cyte” min(Im y1,Imys)t and <y,

Y1 — Y2

for some constants Cy,Cs. Using these with y; = 71(§), y2 = 72(§),
1,2
Kyj+1

upper bound follow immediately. Thus, for all £ € BL(&), t > 0,

r = k, and s chosen appropriately for Q (£), the continuity and

[cosh[(71(€) — 72(6))8)(A] (€)e ™" + AF(€)em "))
< Cte™ min(Im 71 (£),Im 72 (§))t ] (427)

Combining (4.24), (4.25) and (4.27) we have (4.23), which completes the

proof of the lemma. O

Now we show that a similar result holds in the general case: sup-
pose the characteristic roots 71(§),...,7.(€), 2 < L < m, coincide on
a set M of codimension ¢, and that 71(§) # 7¢(§) for all £ € M when
k=L+1,...,m. By continuity, we may take ¢ > 0 so that the set M*® =
{& e R™: dist(§, M) < e} contains no points n at which 7 (n),...,7.(n) =
Tr(n) for k = L+ 1,...,m. With this notation, we have:

Lemma 4.6.2. For allt > 0 and £ € ME,
L . .
’Z e”k(g)tA?(f,t) < C(l + t)Lfle*tmlnkzl ,,,,, L Im7g(§) ) (4_28)
k=1

Remark 4.6.1: Note that this estimate does not depend on the codimen-
sion of M.

Proof. First note that, just as in the previous proof, for all n € R" such
that 71(n)...,7.(n) # Tk(n) when k = L+ 1,...,m (but allowing any or all
of 71(n),...,70(n) to be equal),

L
3 e A 1) = fim (7O AYE) 4 -+ A (G)),
k=1
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provided & to varies the set S := UZL: 1 S1, where

Sp:={¢ e R" : m(&) # (&) VE # 1},

to ensure that each term of the sum on the right-hand side is well-defined.
Note that Lemma 4.2.1 ensures every point in M is the limit of a sequence of
points in S. Thus, we must simply show, for all ¢t > 0, £ € (M) = M\ M,

|6“'1 )tAjl, (5) NI eiTL(E)tA]L(f)’ < Ctl—le—tming=1 .1 Im 7, (€)

Now, we claim that we can write S5, e”k(g)tAé? (&,t), for & € (M®)" and
(L-1)L
2

t > 0, as a sum of terms involving products of sinh and cosh terms of
differences of coinciding roots; to clarify, (4.24) is this kind of representation

for L = 2, while for L = 3, we want sums of terms such as

sinh[ay (71(€) — 72(€))t] cosh[az(71(§) — 73(§))t] sinh[as(T2(§) — 73(£))1]

where the «; are appropriately chosen constants; incidentally, a comparison

to the L = 2 case suggests that the term above is multiplied by
(A} (£)em Ot A?(g)eiﬁ (E)t)

in the full representation.

To show this, we do induction on L; the previous Lemma gives us the case
L = 2 (note that the proof holds with & and B.({p) replaced throughout
by M and M°® respectively). Assume there is such a representation for
L =K <m—1. Observe,

K+1 K+1

Z ek f)tAk Z e’LTk tAk Il{ Z em-k(g)tA;c(f)
k=1 k4K
K+1

1 T,
+...+?Ze k(@tA;?(g);

k=2

by the induction hypothesis, there is a representation for each of these terms
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(K—1)K
by means of products of “——-—

sinh[ag, i (7(§) — 71(€))t] and cosh[By 1 (7 (&) — 7(£))t] terms,

where 1 < k,1 < K + 1 and the oy, Bx,; are some non-zero constants. Next,

note that we can write (71(§) — 72(€)) (or, indeed, the difference of any

pair of roots from 71(€), ..., 7k +1(£)) as a linear combination of the K(KTH)

differences 7, (§) — 7(§) such that 1 <k <1 < K + 1; that is

sinhfor o(r(€) = (€)1 =sinh [ 7 af, (&) — n(©)1]

1<k<I<K+1

for some non-zero constants oz;’l; similarly, there is such a representation for
cosh[B1 2(71(§) — 12(§))t]. Lastly, repeated application of the double angle

formulae

sinh(a £+ b) = sinhacosh b + coshasinh b,
cosh(a + b) = coshacoshb + sinh asinh b,

yields products of m terms, which completes the induction step.
Now, as in the previous proof, each of these terms must be estimated.

The key fact to observe is that
L
A€ T @@ =)
I1=1,14k

is continuous in M€ for all kK = 1,..., L. Then, using the same arguments as
for each of the terms in the earlier proof, and observing that the exponent

of t is determined by the products involving either

(a) (sinhfog(7(&) = n(E)D)])/(k(§) — (&) terms, or
(b) (e — &) /(my(€) — 7i(€)) terms (see (4.26)),

the estimate (4.28) is immediately obtained. O

4.6.2 Phase function separated from the real axis
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We now turn back to finding LP — L7 estimates for

/Q ew-f(fjem@)tA;?(at))x(s)f(a e,
k=1

when 71(§), ..., 70(£) coincide on a set M of codimension ¢; choose € > 0 so
that these roots do not intersect with any of the roots 77,41(§), ..., 7, (£) in
ME.

In this section, we assume that there exists § > 0 such that Im 7(£) > ¢
for all £ € M®—so, ming Im7(§) > §. For this, we use the same approach
as in Section 4.5.1, but using Lemma 4.6.2 to estimate the sum. Firstly, the

L' — L estimate:
| i ( /Q ere( i SR HOD)NGHGED | .
k=1 z
_ H/Qeixf(ZL:eifk(£)tA§(€7t)Tk(§)r)§ ©)f(€) deLw .
k=1

L
< mpcsupin (@)1 | ]Ze”k@)tA?(s,t)Ma'a*rf<f>\ dz
< OO+ 81| fllpeay < CO+HE e 1.

Similarly, the L? — L? estimate:

H ; g(/e“f(
Q
H<k 1

<O+ )" fllzi) < O+ e fll 2

eif,c(g)tA?(& t))x(&)f(f) da:)‘

L*(Rz)

M- 1M

O (€ () )N F(©)]

L*(Q)

Then, Theorem 4.3.1 yields

o[ e=<( e sicn)orion)

k=1

La(R7)

<O+ e £l
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1' = 1,1 < p £ 2. Once again, we have exponential decay.

where p~! + ¢~
This, together with (4.19) gives the statement when there are multiplicities

away from the axis in Theorem 2.1.1, Part II.

4.6.3 Phase function meeting the real axis with finite order

We next look at the case where the characteristic roots 71(£),...,70(§)
that coincide on the set M of codimension ¢ meet the real axis in M with fi-
nite orders. Suppose §y € M satisfies Im 71(&p) = 0; then by the assumption
that it is a finite zero for each root, there exists € > 0 such that Im 74 (£) > 0
for all € € B-(&), k =1,..., L. If there are more points in M at which the
above roots meet the axis with finite order (or even with infinite order/lying
on the axis), they may be considered separately in the same way (or using
the method below where necessary), while away from such points, the roots
are separated from the axis, and the previous argument may be used.

Since the characteristic roots are not necessarily analytic (or even differ-
entiable) on M, we must look at each branch of the roots as they approach
the real axis; set s to be the maximal order of the contact with the real
axis for 71(¢), that is, the maximal value for which there exist constants

€o,ks €1,k > 0 such that

cokl€ — &l < [Im 7 (§)] < erplé — &l

for all ¢ sufficiently near . Set s = max(si,...,sr). Then, by Proposi-
tion 4.5.1, using Lemma 4.6.2 to estimate the sum in the amplitude, for all

t>0,

L

| piog ( /B o ”f(ze”k O n)@f@dr)|
=(&o k=1 &
-| / o ”5( ST AN (€ () )@ @) |
= (8o k=1 &

< / th-temtmine= L @)y ()| £(€)) de
Ba(f())

< O+ )0 £
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and, also using the Plancherel Theorem,

iz (],

L
-|/ o (e e )en(OF O do

k=1

L2(R%)

€

o ; A€ 1)) x(©)F(©) dr )|

L2(Rz)

= (i O ANE DT )EXOTO| Ly )
k=1 e\S0

<O+ flLe-

Therefore, interpolation Theorem 4.3.1 says, for all £ > 0,

iz ([ Il S e Al H)x(©)F(€) da)|

La(R)

<o+ G gL

where p~! + ¢! = 1, 1 < p < 2; this, together with (4.22) proves Theo-

rem 2.1.1, Part II for roots meeting the axis with finite order.

4.6.4 Phase function lies on the real axis for bounded [¢]

Recall that in the division of the integral in Section 4.2, we have

ix-€ m — k N
/BQN(O)Q (;e Abe.n) fle)de,

which we then subdivide around and away from multiplicities. The cases
where the root or roots are either separated from the real axis or meet it
with finite order have already been discussed; here we shall complete the
analysis by proving estimates for the situation where a root or roots lie on
the real axis, or, in the case of multiple roots, meet it with a zero of infinite
order.

To have any possibility of obtaining estimates, we must impose additional

conditions on the characteristic roots at low frequencies—for large |£|, these
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properties were obtained by using perturbation results, but naturally such
results are no longer valid for || < N. Also, we can impose the convexity
condition on the roots to obtain a better result than the general case.
Again, throughout we assume that either 7(§) > 0 for all £ € Q or
7(§) < 0 for all £ € Q. The key point is to use a carefully chosen cut off
function to isolate the multiplicities and then use Theorem 3.2.4 or Theo-
rem 3.3.4 to estimate the integrals where there are no multiplicities (and
hence the coeflicients A?({ ,t) are independent of ) and use suitable adjust-
ments around the singularities. For these purposes, let us assume that the
only multiplicity is at a point &y € Ban(0) and 71(&n) = 12(&o) are the only
coinciding roots. Then, we must consider the sum of the first two roots,

where we have a multiplicity at &g,

2
ix-€ ’iTk(g)tAk ~
/BQN(O)e <kZ=16 ﬂf,t))x({)f({’) d€,

and terms involving the remaining roots, which are all distinct,

m

Z/BQN(O) eix-§+‘rk(€)t14§(§’t)X(é‘)f(f) de .

k=3

Case of no multiplicities: For the second of these, we apply wish to
apply Theorem 3.2.4 if 74(&) satisfies the convexity condition, and 3.3.4
otherwise.

In order to ensure the hypotheses of these theorems are satisfied, how-
ever, we need to impose an additional regularity condition on the behaviour
of the characteristic roots for small frequencies (i.e. £ € By(0)) to avoid

pathological situations:
Assume |0,7,(Aw)| > Cp for all w € S"71, A > 0. (4.29)

Since this is satisfied for large |¢| and for roots of homogeneous operators,
it is quite a natural extra assumption.

The other hypotheses of these theorems hold: hypothesis (i) is satisfied
because |0¢7(£)| < Co for all € since the characteristic roots are smooth

in R"; hypothesis (ii) only requires information about high frequencies; and
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hypotheses (iv) holds by the same argument as for large |£|, where only
Part II of Proposition 3.1.5 is needed, and that holds for all £ € R™. Also,
the coefficients Ai(ﬁ ) are smooth away from multiplicities, so the symbolic
behaviour (i.e. bounded for small frequencies) holds.

Now L' — L™ and L? — L? estimates can be found as in the case for
large ||, and the interpolation theorem used to give the desired results.

Thus, with condition 4.29, we have proved the on axis, no multiplicities
case of Theorem 2.1.1, Part II.

Case of multiplicities: Now we can turn to the other integral. First,
introduce a cut off function ¢ € C§°([0,00)), 0 < ¢(s) < 1, which is identi-
cally 0 for s > 1 and 1 for s < %; then it can be rewritten as the sum of two

integrals:
n=en [ et - ql)x ZA’“U e () de

b= (n)" [ 61w - )y ZAkst )™ f(e) de

To study I, we use the resolution of multiplicities technique above: by
Lemma 4.6.1,

> ate o <

in [£ — &| < t7'. Now, we may estimate the integral using the compactness

of the support of ¥(s): for 0 <t <1, I; is clearly bounded; for ¢ > 1,

ni<ce | ot - ablife)las

— Ot | / w(lnl) dn < CL+ 5| £ 1.
Rn

Similarly, ||I2]|2 < C(141)||f]|z2 (using the Plancherel Theorem as usual).
We remark that such a calculation generalises to the case when L roots
meet on a set of codimension /—clearly the cut off function must be adjusted,

but using Lemma 4.6.2, we can show that the corresponding integral is
bounded above by CtF—¢,
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For I, we are away from the singularity, so
2 . | |
ZA?(& t)em—k(ﬁ)t — A}(f)elﬂ@)t + A?(é)ezm(g)t;
k=1

Now, we would like to apply Theorem 3.2.4 (for the case where the root
satisfies the convexity condition) and 3.3.4 (for the general case), as in the
case of simple roots; however, the proximity of the multiplicity brings the
additional cut-off function, (1—1)(t|{—&p|), into play, and this depends on t.
Therefore, the aforementioned results cannot be used directly. However, a

similar result does hold, provided we impose some additional conditions:

Proposition 4.6.3. Suppose 11(§), k = 1,2, satisfy the following assump-

tions:

(i) for each multi-index o there exists a constant Co > 0 such that, for

some § > 0,

105 [(Vem) (S0 + sn)]| < CalL+ |n)) ™11, for small s, n| > &

(ii) there exists a constant Co > 0 such that |0,m(& +t A w)| > C >0

for all w € S™1: in particular, each of the level sets
A= ={neR" :n(&+t'n)=A}

is non-degenerate;

(iii) there ezists a constant Ry > 0 such that, for all X >0,

1

Furthermore, assume that Aé?(ﬁ) satisfies the following condition: for each

multi-index o there exists a constant C, > 0 such that
(iv)

08 [AR (&0 + sn)]| < Cas™ (1 + In)) 71, for small s, [n] > 6.
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Then, the following estimate holds for all R > 0, x € R™, t > 1:

2
> / 0 A8 () (1—) (He— €)X () (¢ o+ V(&) de| < P,
k=1

(4.30)
forj>n— "Tfl, where v 1= supysoY(Ex (7)), if TZ (&) satisfies the convexity

condition, and for j > n— %0, where o := supysoY0(Xx(7x)), if it does not.

Remark 4.6.2: Conditions (i), (ii) and (iv) arise naturally when 73 (¢) is

a homogeneous function of order 1—for example, the wave equation.

Remark 4.6.3: Assumption (iv) is needed because, A;?(é’ ) has a singularity
at £y, so we must ensure we are away from that—this is the role of the cut-off

function (1 — %)(|n|) in this proposition; similarly,

Proof. As before, cut-off near the wave front: let x € C§°(R") be a cut-off

function supported in B(0,7). Then, consider

2
Blat) = Y [ mOn k(61 - )t - G)x(©)
k=1

k(e + VTi(€)) dé,

2
B(e.t)i= 3 [ SO AK€ (1 - o)tk — €ax(©
(1 —&)(tr + Vi (€)) dE.

Away from the wave front set: First, we estimate I3(z,t); we claim
that
|Io(x,t)| < Cpt? ™™ forall t >0,z € R". (4.31)

In order to show this, we consider each term of the sum separately,
Bat) = [ SO L= )l - DO~ ) (3 + Vnl€)) de.

and imitate the proof of Lemma 3.2.5 (in which the corresponding term was

estimated in Theorem 3.2.4), but noting that in place of gr(§) € C§°(R")

123



we have (1—1)(t(§ —&o)), which depends also on ¢; in particular, this means
that care must be taken when carrying out the integration by parts when
derivatives fall on (1—1)(¢|{—&p|). To take this into account, use the change

of variables & = & 4+t~ n:

I§(x,t) = e / it et G 7I0 AR (g ) (1 — ) (|n])

n

X(&o+ 1t ) (1 — k)t 2+ (Veri) (So + )t " dn,

Integrating by parts, with respect to n gives

Lo, t) = eivtopn / U T+ P AR (6 + ¢ 1n) (1 — ) (n])

n

X(&+t'n) A —r)(t e+ (Vem) o+t 'n))] dn,

t~ et (Ver) (S0t~ ') ] .
ilt=Tz+(Vek) (Co+t—1n)]? : v”]’ this

integration by parts is valid as |t 71z + (Verg) (€0 +t71n)| > r > 0, in the
support of (1 — k)(t7 ' + V(& + ¢t7'n)). For suitable functions f =

f(&a,t),

where P* is the adjoint operator to P =

. tlx + (Ver) (§)
Py =V [z\t ot (Vern) (€ )yzf}
_ Yy (Vem)(§) e+ (Vem)€) o ;
it 1$+ Vng)(g)\Q itz + (Ver) ()2
2(t~ " + (Vemw) (6)) - [Val(Ven) ()] - (o + (Vem) (6))]

_ . . f.

Comparing this to (3.38), observe that the first and third terms have one
power of ¢ fewer in the denominator due to the transformation; this is critical
in this case where we are approaching a singularity in A?(fo +t~1n) when

t — oo. By hypothesis (i), for 7 in the support of the integrand of I%(z,t),

Vi (Vi) (o +¢ ')
[Tt (Vern) (@ 1 0 )2 =

Cr(1+n)) ™"

thus,
[P < Col(L+ D) M+ [V f1]-
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In Lemma 3.2.5, we carried out this integration by parts repeatedly
in order to estimate the integral. Here, however, note that differentiating
(1 —)(|n|) once is sufficient: by definition of v (s),

D, 1(1 = ) (In])] = —%‘@swmm)

is supported in % <|nl <1, so

10, [(1 =) (D]l < Clpyi=3/4(n)

where 1},>3/4(17) denotes the characteristic function of {n € R™ : || > 3/4};
hence, by hypothesis (iv),

J.

g T -1
T e LA + 1 [0 = D))

(& + 7 )| = &) (t 2 + Vi (&o + ¢ 7)) [t dn

<c, / Ak + )l d
3<pI<1

A 1 .
<C t]/ L Tdp < O, (4.32)
" scppi<1 (L+[nl)? "

which is the desired estimate (4.31).

On the other hand, if, when integrating by parts, the derivative does not
fall on ¥(|n|), we use a similar argument to that in the earlier proof; let us
look at the effect of differentiating each of the other terms: in the support
of ¥(|n|), for each multi-index o and ¢ > 0,

o ]83[14?(50 +t71)]| < Cat? (1 + |n|)~7~1ol by hypothesis (iv);

o [09[x (&0 +t7 ']l < Ca(l + InD)~lel: for a = 0, take C, = 1; for |af > 1,
note that
02 x(&o + 7 )] =t (@gx) (&G +t '),

and that (9¢x) (& + t~1n) is supported in N < [§ + t1n| < 2N, so
™! < Cnglnl ™

o 09[(1 — K)(t e + (Vemo)(&o + t70))]| < Call + |n)~12l: obvious for
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a = 0; for || > 1, note

Op(L = R)(t e + (Vemp) (G0 + 1))
= —(08w)(t ™z + Verp(€))0p[(Vern) (o + 7 n)],
which yields the desired estimate by hypothesis (i).
Summarising, this means

|(L=)(In)) 05 AT (Go+t " m)x(So+t ) (1—k) (™ 2+ (Vem) (So+t ™ n))]|
<G (1+ ’U‘)_Ia|_jtj]1|n\>g(77) :

So, repeatedly integrating by parts we find that either a derivative falls on
(1—=%)(|n|) (in which case a similar argument to that in (4.32) above works)
or we eventually get the integrable function C(1+ |n|)~"'1},>5/4(n) as an

upper bound; in either case, we have (4.31).

On the wave front set: Next, we look at the term supported in the wave
front set, I1(x,t). Asin the case away from the wave front, set & = &+t~ 1n:

consider, for k =1, 2,

If(x,t) = eixfo/ ei(rlx.n-s-rk(€0+t71’7)t)x4§:(‘50 + ') (1= 4)(Inl)
X+t st e + (Ver) (b +t 1))t " dn.

As in the proof of Theorems 3.2.4 and 3.3.4, let {W¥y(n)}i_, be a conic
partition of unity, where the support of Wy(n) is a cone Ky, and each cone
can be mapped by rotation onto K7, which contains e,, = (0,...,0,1). Then,

it suffices to estimate
tn/n ei(t_lx'nJer(§0+t_177)t)A§(§0 _i_tfln)(l . ¢)(|77|)
Ui (n)x(&o +t ' nr(t e + (Vem) S0+t ') dn,

for k=1,2.
Let us parameterise the cone Kj: by hypothesis (ii), each of the level
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sets
AZY =3y = {neR": (& +t 7y = A}

is non-degenerate; so, for some U C R™"!, and smooth function hg(},-) :
U — R,
Ky = {(\y, M (N, ) : A >0,y € U} .

If 71 (&) satisfies the convexity condition, then hy is also a concave function

in y. Now, change variables 1 — (Ay, Mg (A, y)), to obtain:

= /0°° /U ei)\(t_lx’-y+t_1xnhk()\,y)th)A;?(é‘o Ay, b\ )
(1 - 1/})()‘|(y7 hk()‘v y))|)‘1’1()\(y, hk()\, y)))x(fo + t_l)\(y7 hk()\, y)))

k(172 + (Veri) (o + 1 Ay, he(N, )

Ui
(4.33)
d(A,y)
where we have used 74 (€0 +t~1(Ay, A (X, 9))) = A. As in the earlier proofs,
we ensure I, is away from zero in the cone—this requires hypotheses (i)
and (iii)). So, in the general case, we can write this as, with & = ¢!z,
A= Aip = M1z,

_ -1
/ / ity (8 Yen b oyt hy (M) +En )A§(50+t_1)\(y,hk()\,y)))

D)y, (X y)) DAy, h (X 9))x (€0 + 7 Ay, hi (A, )

/@(t_lx + (Vng)(fo + t_lk(y; hi (X, y)))) B

—1_dxdy.
d(\,y)

If the convexity condition holds, then, as in the proof of Theorem 3.2.4,

we have the Gauss map

Vo +t7'01  (Vem) (& +71¢)
Ve[l + 71011~ 1(Vemk) (€0 + 710

n,: KiNZ) — 8" Q) =
and, as before, can define z(\) € U so that

0y (zk(A), he (A, 2(N)) = =2 /||
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Then,
x
— = =Vyh(X,2(N)-

Tn

So, in this case, (4.33) becomes:

(IbY = ¢ /OO/ N [TV (A 2()) g+ i (A )+ )
o Ju

A5 (&0 + 7 My, hie (X ) (1 = )N (s P (N ) W1 Ay, hie(N, )

x(&y+t—1A(y,hk(A,yD)H(f'%<V%Tkxgo'%t_lA(y’hk(A’y»))d(iny)

d\dy,

Let us estimate the second (i.e. the case where the convexity condition
holds):

e The same argument as in the earlier proof (which uses hypothesis (ii)),

shows

Fos

<ot
d(A,y) ’ -

o Now, with A7 (v) = ALW)x()& (& + (Vers) (@) T1(A(y, ki (N, y))), where
v==E& +t Ay, hi(\y)),

(kY| < ¢ / °°’ / N[~ (= 2(N) Ty i (2 (N) y+hic )i (A2 (V)]
0 U

tIM AR (& + Ay, (O ) (1= ) (A (s B (A, ) |) dy [ A7 dA

e Now, applying Theorem 3.2.1—this may be used due to the properties of
A?(ﬁ) and 75 (€) stated in hypotheses (iv) and (i)—we find that

‘/"ng[@AMWQMQJQ»ymamw+muzum
U
TN AF o+ My, hie (N 1)) (1=9) (A (g, (X, 9)]) dy| < CNT"%(A),

where () is a compactly smooth function that is zero in a neighbourhood

of the origin.

e Hence, N
(I} < tj—"/ TN Tdr <o
0
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Finally, the general case can be estimated in exactly the same way, with
the necessary changes used in the proof of Theorem 3.3.4 to account for the
change in the phase function—in particular, the use of the Van der Corput
Lemma, Lemma 3.3.2, in place of Theorem 3.2.1. This completes the proof
of (4.30). O

Using this, it is clear that

| s - wte - shnio S Ak, 0O (6) de ...
k=1

T_n_j
1

<COU+8)"Ffll am
%%

if the roots satisfy the convexity condition, and

H/ (L= ) — Solx(€) 22: (e e O () de|
k=1

39 "I

<c+t) w|fll
Wl
otherwise. The L? — L? estimates are simple via the Plancherel Theorem as
in other cases.

Finally, we must consider the case where L roots meet on a set of codi-
mension #; the above proof can easily be adapted for such a case, leaving the
same results. Due to the earlier bound near the multiplicity, we can combine
the results and the interpolation Theorem 4.3.1 to complete the proof of the
final part of Theorem 2.1.1. O
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Chapter 5:

Examples and Extensions

5.1 INTRODUCTION

Theorem 2.1.1 give estimates for operators provided the characteristic roots
satisfy certain hypotheses. However, in order to test the validity of such
an estimate for an arbitrary linear, constant coefficient m™ order strictly
hyperbolic operator with lower order terms, it is desirable to find conditions
on the structure of the lower order terms under which certain conditions
for the characteristic roots hold. For the case m = 2 a characterisation for
wave-type equations with (possibly negative) mass and dissipation terms
can be given, and this is done in Section 5.2. However, for large m, it is
difficult to do such an analysis; nevertheless, certain conditions can be found
that do make the task of checking the conditions of the characteristic roots,
and these are discussed in Section 5.3, where a method is also given that
can be used to find many examples. Finally, in Section 5.4, we give a few

applications of our results.

5.2 COMPLETE ANALYSIS OF WAVE EQUATION WITH

MASS AND DISSIPATION

Consider the general Cauchy problem for the wave equation with lower order

terms
afu — AU+ 60u + pu =0,

u(0,2) =0, u(0,z) = g(x).

Then the associated characteristic polynomial is

= PlEP —ibt —p=0,
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which has roots

ra(€) = 5 & AR a4,

Now, we have the following cases and apply Theorem 2.1.1 in each:

6 = p = 0. This is the wave equation.

e 0 =0, u > 0. This is the Klein—-Gordon equation.

=0, > 0. This is the dissipative wave equation.

e 0 < 0. In this case, Im7_(§) < g < 0 for all &, hence we cannot expect

any decay in general.

O, > 0. In this case the discriminant is always strictly greater than
—62/4, and thus the roots always lie in the half plane Imz > 0 and are

separated from the real axis. So we have exponential decay.

0 >0, p < 0. In this case we note that Im7_(§) > 0 if and only if
AlE)? + p > 0, ie. the critical value is [£] = \/TIII We must, therefore,
look at the space in which the initial condition g (or, more precisely, its
Fourier transform) lies. If no function under consideration has Fourier
transform with support in c?|¢|? + p < 0, then we may get decay of some

type. That is:

— if we have initial data g such that supp g N B(0, \/—F) #+ &, then we

cannot expect decay;

— if, for some ¢ > 0, suppg C R"™\ B(0, \/—Cm + ¢), then the roots are
either separated from the real axis (if 6 > 0), and we get exponential
decay, or lie on the real axis (if § = 0), and we get Klein-Gordon type

behaviour since the Hessian of 7 is

Hess 71 (§) = ( al - CLi )

20112 3/2
PP ful (PPl )

— if, for all g, suppg € R™\ B(0, \/m) , then again we must consider

C

0 =0 and 6 > 0 separately.
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If 5 > 0, then the root 7_ comes to the real axis at |£| = #, in which

case we get decay (1 -+ t)_(%_%): the order with which it meets the axis
is s = 2 and the codimension of the set {f eER™: || = \/f} isl=1.

If § = 0, then the roots lie completely on the real axis, and they meet
on the sphere || = ¥ lul thus we get decay 1 — (]lj — l).

c q

5.3 HIGHER ORDER EQUATIONS

5.3.1 Coefficient of D{”flu

Let us now derive a simple consequence of the condition that Im 7 (§) >
0, for all k = 1,...,m and £ € R", for the coefficient of the D;”_lu term
in (1.6) .

Let L = L(D,, D;) be an m' order constant coefficient, linear strictly
hyperbolic operator such that Im7(§) > 0 for all K = 1,...,m and for
all £ € R™. Recall that the characteristic polynomial corresponding to the
principal part of L is of the form

L =Lpn(§,7) =77+ Pu()m"* =0,
k=1

where the Py (&) are homogeneous polynomials of order k. Then, by the strict
hyperbolicity of L, L, has real roots ¢1(£) < @a(§) < -+ < (&) (where

the inequalities are strict when £ # 0). By the Vieta formulae, observe that

P& == ol €R. (5.1)

k=1

m
On the other hand, the characteristic polynomial of the full operator is

m m—1
LET) ="+ PO+ > > cqugrt=0. (52
k=1

J=0 |al+i=j

In particular, the coefficient of the 7! term is

Pi(&) + com—1 = — Zﬂc(f)a (5.3)
k=1
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where the 7(¢), k = 1,...,m are the roots of (5.2). Comparing (5.1)
and (5.3), we see that Im (7", 7,(€)) = —Imcom—1. Therefore, since
Im7,(§) >0forall k=1,...,m and £ € R", it follows that Im ¢y m—1 <0,
or, equivalently, ico ,,—1 > 0 (note that we are looking at an operator which
has real coefficients in the form L(0,d;)). Furthermore, if Imcg,m—1 = 0
then it must be the case that Im7,({) =0 for all{ e R" and k= 1,...,m
since the characteristic roots are continuous. Hence we have shown the

following;:

Proposition 5.3.1. Let L = L(D,, D;) be an m* order linear constant coef-
ficient strictly hyperbolic operator such that all the characteristic roots i (&),
k=1,...,m, satisfy Im (&) > 0 for all £ € R™. Then the imaginary part
of the coefficient of D;”flu is non-positive. Furthermore, if in addition the
(imaginary part of the) coefficient of Dl”_lu is zero then each of the char-

acteristic roots lie completely on the real axis. ]

Remark 5.3.1: If we transform our operator back to the form L(9,, ),
this result tells us that in order for the characteristic polynomial to be stable,
that is Im7(§) > 0 for all k = 1,...,m, £ € R"™, it is necessary for the
coeflicient of 8{”_1u to be non-negative; this is the case for the dissipative
wave equation. This gives a notion of higher order dissipation, since it is
necessary for the characteristic roots to behave geometrically like those of
the wave equation with a dissipative term, i.e they lie in the half-plane

Imz > 0 and lie away from Im z = 0 for large [{].

In the next section, we look at the case where cy,,—1 = 0, in which case
the characteristic roots must lie completely on the real axis. First, though,
let us consider the case where a root lies completely on the real axis but the
coefficient ¢ m—1 # 0;

Consider a constant coefficient strictly hyperbolic operator of the form
Lm(am 615) + Lm—l(al'a at) + Lm—Q(aiﬂa 8t) == 07 (54)

where L, = L,.(0,,0;) denotes a homogeneous operator of degree r with real
coefficients. Furthermore, assume that L,,_1 is not identically zero. Let

7(§) be a characteristic root of (5.4) which lies completely on the real axis.
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So, noting Dy, = —i0y;, Dy = —i0;, we have that 7(£) is a root of

Ly (&,7) —iLy—1(&,7) — Lip—a(&,7) = 0.

This means that L,,_1(¢,7(£)) = 0, and so 7(§) is homogeneous of order 1,
and thus the Hessian of 7(§) is nonsingular, and by Theorem 2.1.1, we obtain

decay of order —n/2.

5.3.2 Hyperbolic triples

We now turn to the case cp,,—1 = 0 where, by Proposition 5.3.1, all
the characteristic roots lie completely on the real axis. In order to study
this case we cite some results of Volevich-Radkevich [VRO3] on the theory
of hyperbolic pairs and triples. Throughout this section, L, (&, 7) denotes
a homogeneous polynomial in 7 and £ = (&1,...,&,) of order r such that

L, (i€, 7,) has real coefficients.

Definition 5.1. Suppose L, = L, (&, 7) and Ly,—1 = Ly—1(&,7) are (ho-
mogeneous) polynomials as above. Furthermore, assume that the roots of
L, 11(8),...,mm (&), and those of Ly,—1, 01(§), ..., 0m—1(§), are real-valued
(in which case we say Ly, and Ly,—1 are hyperbolic polynomials). Then,

(L, Lin—1) is called a hyperbolic pair if (possibly after reordering)

71(§) < 01(§) < 72(8) < -+ < T (§) < om-1(§) < Tn(6)- (5.5)

If, in addition, the roots of Ly,, Ly,—1 are pairwise distinct for § # 0 (in which
case they are called strictly hyperbolic polynomials) and the inequalities in

(5.5) are all strict, then we say (Ly,, Lm—1) is a strictly hyperbolic pair.

Definition 5.2. Let

Lm = Lm(&vT) 5 Lm—l - Lm—l(éu T) 5 Lm—? = Lm—Q(f, T)

be (homogeneous) hyperbolic polynomials. If (Ly,, Lym—1) and (Ly,—1, Ly,—2)
are both hyperbolic pairs then we say that (Ly,, Lym—1, Lm—2) is a hyperbolic
triple. If, in addition, all the polynomials and all the pairs are strictly hy-
perbolic (in the sense of Definition 5.1) then (L, Lm—1, Lm—2) is called a
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strictly hyperbolic triple.

Theorem 5.3.2 ([VRO3]). Suppose that (Ly,, Lyn—1, Lim—2) is a strictly hy-
perbolic triple. Then Ly, (&, 7)+ Ly—1(&, 7))+ Ly—2(&,7) # 0 for allTm 7 < 0.
Furthermore, Ly, Lyy—1, Lin—o pairwise have no common purely imaginary

zeros.
We also cite a theorem of Hermite (see, for example, [Nis00]):

Theorem 5.3.3. Suppose py,(z), pm—1(2) are real polynomials of degree
m, m— 1 respectively and that all the zeros of p(z) = pm(2) — ipm—1(z) lie in
the upper half-plane (that is, if p(z) = 0 then Im z > 0). Then all the zeros

of pm(2) and ppm—1(2) are real and distinct.

Assume that L is of the form Ly, (Dy, D¢) + Ly—2(Dy, Dy), where the L,
are as in Definition 5.2 and neither is identically zero. Suppose that there
exists a homogeneous operator of order m — 1, L,,—1(D,, D), such that
the characteristic polynomials Ly, (§,7), Ly—1(§,7) and Ly,—2(&,7) form a
strictly hyperbolic triple. Then, by Theorem 5.3.2,

Lm(gaT) + Lm—1(§77-) + Lm—Q(f,T) 7é 0 for Im7 <0.

Thus, by Theorem 5.3.3, all the zeros of L,,(§,7) + Li,—2(&,7) are real,
but clearly non-homogeneous. So, using this construction, we can obtain
examples of operators for which all the characteristic roots lie completely on
the imaginary axis, but for which we cannot expect the standard Sugimoto

decay rate to hold, where homogeneity is relied upon.

5.4 FURTHER EXTENSIONS AND APPLICATIONS

5.4.1 Inhomogeneous Equations and Application to Semi-linear Equations

So far we have looked at the homogeneous Cauchy problem. In [Sug94]

the result is then used to find estimates for the inhomogeneous Cauchy
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problem:

m m—1
Di'u+Y Py(Do)D" Pu+ Y Y carDiDju=f, t>0,
j=1 =0 |a|+r=l

Dlu(x,0)=0, 1=0,...,m—1, z€R",

where the right-hand side function f € C§°(R").
With the results for the linear Cauchy problem, it is then a matter of
routine to show existence and uniqueness for semilinear equations with small

data,

m m—1
DMu+ Y Pi(D)D]" Pu+ > Y capDyDju=H(u), t>0,
j=1 =0 |a|4+r=l

Dlu(z,0) = fi(z) € CX(R"), 1=0,...,m—1, z € R".

This was first done for nonlinear wave equations by Strichartz in [Str70b],
and has been since made a standard procedure—see, for example, [Rac92],
[Mat76] and [Sug94]. For full results, see [Sug94]—there is no change in our

situation.
5.4.2 Strictly Hyperbolic Systems

Our results can now be used to find LP — LY estimates for strictly hyper-
bolic systems:
Let
iUy =A(D)U, U(0)="U,

be an m x m first order strictly hyperbolic system of PDEs. That is, the
associated system of polynomials may be written as A(§) = A1(§) + Ao(&)
and the roots ¢1(€), ..., pm(&) of det(pl — Ap(§)) = 0 are all real and dis-
tinct away from the origin. Also, Ag(§) € S%O(IR"). Denote the roots of the
equation det(7] — A(£)) = 0 (an m'" order polynomial in 7 with smooth co-
efficients) by 71(€), ..., 7m(&). Now, by analogy to the case of the m™ order
equation, we can, via perturbation methods, show that for large || the 75 (&)
behave similarly to the (), in that they are distinct, analytic and belong

to 5’1170 (R™). For bounded |£| we will need similar regularity assumptions on
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the characteristic roots 74(§) as for the equations. Furthermore, we must
assume that there exists Q € SRO(]R”) such that |det Q(&)| > C > 0 so

Q™M AQ = diag(r1 (), ..., Tm(§)) = T
Then, we use the transformation U = QV’; so
Up = QVi = iQV; = AD)QV = iV; = TV; U(0) = QV(0).
This is now m independent equations:
Vi, = T(D)Vi, k=1,...,m, Vi(0) = (Q 'U(0))x
each of which is solved by
Vie(,t) = / OOV (0, ¢) de .

Now, @ € S°(R™), so it is a bounded map LY — L9, and we can get our

estimates for Vj, as in the case of m'" order equations; thus

[Ullze = |QV e < Cl|V|pe < CK(#)||V|1e =
CEKWIQ'Ullr < CK(#)|U|| 1w,

where K(t) is as in Theorem 2.1.1.

5.4.3 Fokker—Planck Equation

In [VRO4], there are examples from that arise from the Fokker—Planck
equation, V¢ - (c + V) f = S(f), where S(f) = V.- (c + V) f, which give
systems where Im 7;(§) > 0 for all £ # 0.

Indeed, using standard techniques they reduce the problem to studying

the system
P(r,¢) =det(rI+ ) Aj¢; —iB) =0
J
N

P(7,0) = det(r] —iB) = [ [ (= - ji)",
j=1

137



and give conditions and examples for which each of the roots Im 7;(§) > 0 for
all £ # 0; when the polynomial is stable, i.e. Im7;(§) > 0 and Im7;(§) =0
implies & = 0, then we simply must calculate the order with which the root
(there is only one such root) meets the axis. This is the multi-index a with
smallest || such that 9¢P(0,0) # 0. So, by Theorem 2.1.1,

where 1 < p < 2, %Jr% = 1, and N, is some constant which can be calculated.
In certain cases—see the paper cited above—we can ensure || = 2, in which

case we have the same decay as for dissipative wave equation.
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Part 11

Second Order Equations with
Time Dependent Coefficients
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Chapter 6:
Introduction and Main

Results

6.1 INTRODUCTION

In this part, we give a result for second order strictly hyperbolic linear
operators with time-dependent coefficients; this work formed a joint paper,
[RS05], between the author and Professor Reissig, of TU Bergakademie,
Freiberg.

The influence of a time-dependent coefficient on decay estimates for such
operators was studied in a series of papers [RY99], [RY00a], [RYOOb]. A

classification for decay estimates of solutions to the Cauchy problem

OPu(t,x) — b(t)2A(t)*Agu(t,z) =0, (t,z) € [0,00) x R",
U(O,l') = (P(x)a 8tu(07x) = Tﬂ(x)? HAES Rn? ()071/} € Cgoj

(6.1)

is given, where b(t) is a bounded function and A(¢) is a strictly increas-
ing function which satisfy, for some positive constants Cp, C1,C, ¢, ¢ (k =
0,1,2,...),

0<Cy<bt)? <Oy, forlarge t; A(t) ::/ A(s)ds — o0 as t — 00;
0

!/
c(log A(t)) ¢ < ¢ j){(t) < M) < j;(t) < C(log A(t))Y, for large t;

) = A®) (t)
k
IDEA(#)| < cr (1) <1);((?)> , for k=2,3,... and ¢ large.

This classification is based on the interplay between b(t) and A(t), that is

the so-called speed of oscillations; more precisely, the condition

k
IDyb(t)| < Chp (j;((?) (log A(t))6> , for all K € N and large t,  (6.2)
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plays the fundamental role: if (6.2) holds for 5 € [0, 1] then estimates of the

form

[[e(t, )| o + A Vault, )| Lo

<c@+a0)" T G (ol + 6lwy) (63)

hold for the solution u = u(t, x) to (6.1) for some constant 3y which depends
on (3; here L = n(% — %) +1,1 <p< 2 and % +$ = 1. Furthermore,
if (6.2) does not hold for # = 1 then no such estimate can be found: a
counterexample is constructed in [RY99].

In [RY00c| the Cauchy problem for general second order strictly hyper-
bolic operators with increasing time-dependent coefficients is studied. That

is, the problem

PRult,x)+ S b ult,x) = 3 a2, ult,x) =0,
i=1 ij=1

u(0,2) = ¢(x), us(0,x) = p(x),

where the quadratic form >

i i1 ij (t)&:€; satisfies

v(t)?IE? < D (&8 < div(t)?[¢)?,

1,j=1

for some positive function v € C*°(0, 00) and positive constants dp, d;. Also,
the following conditions, which are analogous to those above for the operator

n (6.1), are assumed to hold:

v(t) _ V(1) v(t)
< <
ONG = v S NG
v(t) \*
and | DFy( (N(t ) v(t) for k=2,3,... and t large,
where N(t) := / v(s)ds — 0o as t — 0o.

For this problem, only the case which corresponds to that of § =

in (6.2) is studied; that is, if the following conditions are assumed for the

141



coefficients for £ € R"™, large ¢, and each k =0,1,2,...:

< Cuv(t) < ]VV((tt))>k €l
DS astse] < c? (K0 g,

ij=1

‘Df PRAGLS
i=1

stabilization conditions: lim bi(t), li a5 ()
e (D) e (D)2

exist ,

then an estimate of the form (6.3) with a, in general, nonnegative 3y holds.
However, in contrast to the problem (6.1), no classification involving the
“log-effect” (i.e. an analogue to the condition (6.2) for 5 € (0,1)) is currently
known. A detailed discussion of all these results with proofs can be found
in [RY].

In this part, we study the limiting case of (6.1) where A(t) = 1, which
is not covered by the above results. For this limiting case we will give
a more precise classification of oscillations and describe the corresponding
more precise classification of decay estimates. Indeed, we consider the fol-

lowing Cauchy problem for u = u(t, x):

O*u—a(t)Au =0, (t,z)ec[0,00)x R",
u(0,2) = p(x), du(0,z) =v(x), ¢ P e G (R"),z €R",

(6.4)

where a = a(t) is a bounded, smooth function which satisfies a(t) > C > 0

for all t > 0, so the equation from (6.4) is strictly hyperbolic.

Definition 6.1. Classification of Oscillations: Let a = a(t) be a smooth

function satisfying

DFa(t)] < Ci( (1og(t+e3))7)k, keN. (6.5)

1
t+e3
The parameter v controls the oscillations of a. We say that the oscillations

of a are very slow, slow or fast if vy =0, 0 <y <1 ory =1 respectively.

If (6.5) is not satisfied for v = 1, then we say a has very fast oscillations.

We show that if we have very slow, slow or fast oscillations, then LP — L4

142



decay estimates can be proved for the solutions of (6.4):

Theorem 6.1.1. Consider the strictly hyperbolic Cauchy problem (6.4)
where the coefficient a = a(t) satisfies (6.5) with v € [0,1]. Then there
exists a constant C such that the following LP — LY estimate holds for the

solution u = u(t, ):

1

(et ), Faut, llzo < C+6)7 % G40 (9,0, 0) v,

1,1 _ 11

where;—l—a—l,1<p§2, szn(ﬁ—a) and

e 50 =0 if v =0; in this case C only depends on p,n;

e so=c ify€ (0,1) for all e > 0; in this case C depends on p,n and &;

e 50 is a fixed constant (which can be determined) if v = 1; in this case C

1s independent of v, 1.

Example 6.1.1: Let us consider the Cauchy problem

O*u — (2 + sin(2r(log(t + €)*)Au =0,

(6.6)
u(0,z) = p(x), Ou(0,z) = (x) .

The coefficient is smooth and bounded. The oscillations are very slow, slow,
fast if « = 1, a € (1,2), a = 2, respectively. Consequently, Theorem 6.1.1
can be applied to (6.6).

If & > 2, then the oscillations in (6.6) are very fast. We show that, from
the point of view of LP — L9 decay estimates, the behaviour of solutions for

(6.6) changes in a rigorous way from o = 2 to a > 2:

Theorem 6.1.2. Let us consider the Cauchy problem

O*u — (2 + sin(2r(log(t + €*)))*Au =0,

(6.7)
u(to, z) = p(z), dpu(to, =) = Y(z) ,

with o« > 2. There do not exist constants p,q, M,C1,Cs such that, for all
initial times to and for all initial data ¢, € C§°(R™), the following LP — L4
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estimate holds for all t > tg:
E(u)(t)‘Lq < C1 exp(Ca(log(t + eg‘))r)E(u)(to)|WFgw , (6.8)

where r < o — 1. Here the (non-standard) energy E(u)(t)‘wM is defined by

E@)(t)] 30 = lo(®)Vault, Yy + H<r(17f)28t(“(t’ ')”(t))HwM

with o(t) := %ﬁ))w .

Remark 6.1.1: The heart of the proof of Theorem 6.1.2 is the use of
Floquet’s theory which is applied to, amongst other things, Hill’s equation
wyy + Ab(t)?w = 0 (see [MWG66]). The function b = b(t) is periodic; \ is a
constant. In the proof we show that there is a relation between the equation
from (6.7) and Hill’s equation. For this reason we use the square in the

coefficient of (6.7).
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Chapter 7:
Proof of Theorem 6.1.1

In order to prove this, we first derive a WKB representation for the

solution to the auxiliary problem

O%v + a(t)|€Pv = 0, v(0,€) = B(€), dv(0,€) = P(E), (7.1)

which is obtained from (6.4) by partial Fourier transformation with respect
to z. Then we use standard techniques from the theory of Fourier multipliers

to obtain LP — L4 estimates.

7.1 WKB REPRESENTATION OF SOLUTION

7.1.1 Division of phase space into zones

To find a WKB representation for the solution of (7.1) we divide the
phase space [0, c0) XR? into two zones, the hyperbolic zone and the pseudodif-
ferential zone, denoted Zyy,(N), Zpa(IV) respectively. These enable us to use
the hyperbolicity of our starting problem (6.4) and tools from hyperbolic
theory only in the hyperbolic zone.

Definition 7.1. Several Zones: For a given N > 0, define the zones
Znyp(N) and Zpq(N) of the phase space [0,00) x R™ by

Ziyp(N) = {(t,€) € [0,00) x R™ : [€|(t + €”) = N(log(t + €))7},
Zpa(N) := {(t,€) € [0,00) x R" : [¢](t + €) < N(log(t + €))7}

Here v is the parameter from (6.5).

We shall denote the line that separates these zones by t¢ = t(|¢|) which
is defined for {¢ : |¢] < po}, po := Ne 337, implicitly by the formula

€](te + €®) = N(log(te + €*))7.
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Lemma 7.1.1. Fort¢ as defined above we have, for all multi-indices o with

|| > 1, the inequality
|08 te] < Canl€] ™ 71 (log(te + €*))7.

We also subdivide Zyy, (V) into two smaller zones, the oscillations sub-

zone Zosc(IN) and the regular subzone Zyeg(N).

Definition 7.2. Several Subzones: For a given N > 0 define the subzones
Zosc(N) and Zieg(N) of Znyp(IN) by

Zoso(N) := {(t,€) : N(log(t + ¢°))7 < [¢|(t + ¢*) < 2N (log(t + ¢*))"}
Zreg(N) = {(t,€) : [€](t + €%) = 2N (log(t + ¢*))*7} .

We denote the separating line by £z = #(|¢]) which is defined for {¢ :
€] < p1}, p1:= 2Ne 33%7, implicitly by the formula

€] (te + €®) = 2N (log(T¢ + €°))*".

Lemma 7.1.2. For fg as defined above we have, for all multi-indices o with

|a| > 1, the inequalities

08| < Ca v €] 710 (log (e + €))7

7.1.2 Representation in the pseudodifferential zone

In Z,q(N) it is straightforward to get a representation for the solution;

observe that (7.1) can be written as the first order system

0 il EG
DU = U, U0,€) = Up(¢) = [ ] ,
(wom o) (0. = (@) (w@>>

where D; = ﬁat and

U:UWO:<HW£v.

Dtv(ta 5)
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Hence, we can write U(¢, &) = E(t,0,£)Uy(€) where E = E(t,s,£), 0 < s <{,

solves
0 €] 10
t (a(t)|£| O) ) (5,5,5) (0 1>

Naturally, this can be written as an infinite sum via the matrizant represen-

tation:

oo et t1 ti—1
E(t,s,6) =1 + At €) | Alte, ). .. At €)dt; ... di
> [ A [ a9 [T ety

(7.2)

where A(t,§) = \/_1(a(t0)|§\ %‘). Observing that ||A(¢,€)| < Cal(t)[¢], we

see

t
”E(t737§)“ < exp (/ HA(T’, g)H dT’) < eCaN(log(t-i-e3))w7

with C, := Csup,a(t), for 0 < s <t < te. Later we need, for special
representations of solutions to (7.1) in subzones of the phase space, the
behaviour of [|0g E(te, 0, ).

Lemma 7.1.3. The following estimates hold for all multi-indices :
108 Ete, 0,6)]| < Canl€] ™1 (log(te + €))lelreCoNorltete?))”,

Proof. The proof follows from the representation (7.2) and from the state-

ment of Lemma 7.1.1. OJ

Summarising all the above information we have

Proposition 7.1.4. For 0 <t < t¢ the following representation holds:

[€lo(t,€) = En1(t,0,6)[€|5(E) + Era(t, 0,€)3(€),
Dy(t,€) = Ea(t,0,6)[€]3(€) + Eaa(t,0,6)0(€),

and

|0¢ B (te,0,8)| < Ca,N\§|_|a|(log(t§ + 63))|a|VeCaN(10g(ts+63))”’

for each multi-index «, for all 0 <t < t¢ and for all k,l =1,2.
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7.1.3 Symbol classes in the hyperbolic zone

The hyperbolic zone Zy,,(N) consists of two parts Z}(li,)p(N) ={(t,¢) €
[te.00) x {& + |€] < po}} and ZZ(N) = {(1.) € [0.00) x {€ : [¢] =

po}}. In what follows, we shall restrict our considerations to Z}(l;)p(N ). In
order to give a representation for the solution to (7.1) in Zyy,(INV), we carry
out a diagonalisation procedure with suitable remainder at each step. The
following definition of symbol classes exactly characterises the necessary

properties of the remainders.

Definition 7.3. For each m; € R and ma, N > 0 we define Sy{mi, ma}
to be the set of functions o = o(t,§) € C®(Z, Z\! )(N)) such that, for all

hyp
(t,¢) € Z}(l;p(N), multi-indices o and k € N

mo+k
IDEDg0(1,)] < Cralel™ ! (s (lom(e-+ %))

with nonnegative constants Cy, o depending only on k and a.

Lemma 7.1.5. The classes Sy{m1,ma} have the following properties:
(i) if o € Sy{mi,ma} then

Dgo € Sy{mi — |a|,ma},

and Dfo € Sy{my,ma +k};

(ii) if o1 € Sn{m1,ma}, 00 € Sn{p1,p2} then o102 € Sy{mi + p1,m2 +
P2}

(iii) for all r > 0 we have Sy{mi,ma2} C Sy{m1 +r,ma —r}.

Proof. Properties (i) and (ii) are clear by the definition of Sy{mi,ma}. To
show (iii), simply observe that, by the definition of Zyy,(V),

(log(t + €))7 _ 1
fe+e) SN
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Hence, if o € Sy{mi, ma} then

|DEDEa(t,€)]

mo—r+k 3\\r
mi+r—|o L 3 M
< Chale™ 7 (goster )

. ol 1 5 mo—r+k
< Cual e (ot )

so o € Sy{mi+r,mg —r}. O

7.1.4 Diagonalisation modulo Sx{0,1}

The equation from (7.1) is equivalent to the first order system

_ 0 Va(t)€] Dia(t) (10
bV = (,/a(t)m 0 >V+ 2a(t) (o o)’ (7:3)

where

V =V(t¢) = (V a<t>‘§lv(t’§)> for ¢ > t¢.

Dtv(tv f)

Note that the leading matrix is in Sy{1,0}, and the remainder lies in
Sn{0,1}. In order to have a useful representation for the solution to (7.1)

: (1)
in Zhyp

first matrix are 71 = 71(§) = —\/a(t)[¢] and 2 = ™(§) = (a(t)[], it is

simple to show that

o0\ 0 Va(t)[¢]
M M — 9
(0 7’2) (x/a(t)lﬂ 0 )

1 1 o, 11 -1
M = and M~ = — .
-1 1 2\1 1

Setting Vo = Vo(t, &) := M1V (t,£), we obtain the following system for Vj:

(N), we must diagonalise this system. Since the eigenvalues of the

where

DiVo =

71(€) + Dl 0 Da(t) (0 1
1ol Dqa(t) Vo + 4t ( ) Vo. (74)
0 2(6) + T a(t) \1 0
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We shall use the notation:

ra(t)
p. (O et 0 Ry i 2eall) (O 1) . (75)

0 m(8) + Gud | 4a(t) \1 0

The system (7.4) has diagonal leading part D € Sy{1,0} with remainder
Ro € Sn{0,1}. Thus, we have obtained in Z}(l;)p(N) the diagonalisation of
the system (7.3) modulo remainder Ry € Sy{0,1}.

7.1.5 Further considerations in the oscillations subzone: Diagonalisation
modulo Sy{-1,2}

The oscillations subzone Zys.(N) consists of two parts,

ZEUN) = {(t,€) € [te. te] x {€: 1] < po}}

and Z@(N) = {(t,€) € [0, ] x {€:po < €] < p1}}-

In what follows, we restrict our considerations to Z(();g(N ) if we have in

mind the oscillations subzone. In Z (1)

hyp(V) we carry out one more step of

the diagonalisation procedure. Let

1
N = N0 (1, ¢) ::—Zig)( ? 0) =ik

T2—T1
Now set N1 = Ny (t,&) := I + N'D); this is invertible since

(log(t + €3))”

_/\/‘(1) <C
VI < O e

< C/N by definition of Zyy,(V),

and we choose N in the definition of Zyy,(N), Zpq(IN) large enough so that
C/N < 1/2 here. Let Vi = Vi(t,€) := N;'M~'V; then we obtain the
following equivalent problem to (7.3) for Vi for t > tg:

(De=D=R)Vi =0, Vilte, &) = Vio(&) == Ny ' (te, )M 'V (1, €), (7.6)
where R; € Sy{—1,2}. This is a consequence of

Lemma 7.1.6. Let Ry := —N; (DN — RN W), Then in Z}(l;)p(N) the
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following identity holds:
(D — D —TRp)N1 = Ni(Dy — D — Ry),

where D, Ry are as in (7.5).
Proof. Follows immediately from the observation that [N(), D] = Ry. O

Thus, we have obtained in Z}(I;L

(7.3) modulo remainder Ry € Sn{—1,2}.

(N) the diagonalisation of the system

7.1.6 Further considerations in regular subzone: Diagonalisation

modulo Sy{—m, m + 1}

In Z(g;c(N ) there is no point in carrying out any more steps of diagonali-
sation since there is no useful improvement of regularity between amplitudes
from the classes Sn{—(l —1),{} and Sy{—I,!l + 1} when [ > 2. However,
we get such an improvement of regularity in the regular subzone Z;z(N).
There we carry out m steps of the diagonalisation procedure. The number
m is chosen and motivated in Section 7.2. The step depends on the next

result, which generalises Lemma 7.1.6.

Proposition 7.1.7. For each m € N there exist matriz-valued functions

Ny = N (t,€) € Sy{0,0},  Fyy = Fo(t,€) € Sy{~1,2},
and Ry = Rm(t,€) € Sn{—m,m + 1}

such that F,, is diagonal and the following identity holds in Zlg;;

(N):
(Dt -D - RO)Nm = Nm(Dt — D+ Fp — Rm)y

where D, Ro are as in (7.5). Also, for N (in the definition of Zny,(N))

chosen large enough, N, is invertible and its inverse also lies in Sy{0,0}.

Proof. We seek representations for N,,, I, in the form

m m—1
Np=> N Fn=3Y 7.
r=0 r=
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(r) p(r)
To do this, define inductively the matrix-valued functions B (r) = (B“ B ) ,

B(T‘) B(T)
21 22
N and F) in the manner below:
B("")
0 12
NO .= I, BO . Ro, F) .— diag B(’”), N+ 20 -z |
i 0
r—+1 r+1 r
B+ . (D, — D — R0)<ZN(”)> _ <ZN(p>> <Dt D4 Z}—(p))
p=0 p=0 p=0

We claim that N € Sy{—r,r} and B") € Sy{—r,7 +1}. For r = 1 this
is clear from Lemma 7.1.6. Assume it holds for » = k; then, observing that
9 —11 = 2y/a(t)|€] € Sn{1,0} and noting by the induction hypothesis that
Bg), Bgf) € Sy{—k,k+1}, we see that N*+1) € Sy {—(k+1),k+1}. Also,

k
B*+H) =B 4 (D, — D — RN+ — Z/\/’(ﬂ)]:(k)
p=0

k
v (Dt Dy Zf<p>> _ B _ £ _p )] 4 s,
p=0
where S = DN — RoN(kHD — A/(k+1) Z];=0 Fle) — Zﬁ:l N Fk)
which lies in Sy{—(k+ 1),k + 2} by the induction hypothesis and the rules

of the symbolic calculus of Lemma 7.1.5. Furthermore, by definition of F®*)
and N1,

B®) — k) _p N =0,

Therefore, B¢+ = 8 proving the induction step. So the claim is proved.

Now we claim that N, := >°7 N is invertible; this is true because

3\\Y\ T
\WWK&(WW+”)><&

(t+€?)[¢] TN

by the definition of Zy,y,(/N). Choose N in the definition of Zy,y,(/N) so that
i —— forr=1,...,m.

Nr = or+l

The value of m shall be chosen later, but since it is fixed, this fixes N.
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Hence,

[Ny = I <> INT <Y 57T < 5
r=1 r=1

thus proving the invertibility of N,,. Finally, noting that F(©) = 0, so F(™ ¢
Sn{—1,2}, and setting R,, := —N,,'B(™) € Sy{—m,m + 1} completes the
proof of the proposition. O

The regular subzone Z,¢,(N) consists of three parts Zr(elg); (N) :={(t,¢) €
[fe, 00) x {€ 1 1€] < po}}, ZEG(N) = {(£,€) € [fe,00) x {€ : po < [¢] < p1}}
and Zr(g’é(N) ={(t,€) € [0,00) x {£: |¢] > p1}}. In what follows we restrict
our considerations to Zgg (N) if we have in mind the regular subzone. Now
we set Vi, = Vi (,€) := N1V for t > t¢ and see that the system (7.4) for

Vb is equivalent in Zlgelg)(N ) to

(Dy = D+ Fypy — Ryn) Vi = 0,

~ R ~ _ (7.7)
Vin(le, €) = Vino(£) := N, (te, ) Ni(te, ) Vi (te, ).

Thus, we have obtained in Zr(gg)(N) the diagonalisation of the system
(7.3) modulo remainder Ry, € Sy{—m,m + 1}, while in Z(();g(N) it is suffi-
cient to carry out the diagonalisation of the system (7.3) modulo remainder
Ri € Snv{—1,2}.

7.1.7 Fundamental solutions and their properties

Now let us construct representations for the fundamental solutions to
the matrix-valued operators appearing in (7.6) and (7.7). First, let Ey =
Es(t, s,€) solve

DiEy —DE; =0, FEa(s,s,§) =1,

where ¢, s > t¢ and the matrix D is as in (7.5). We see that

Ea(ts,6) = (4L 14 (i [im(re)dr .
5 a(s) 0 Gl ey |

Hence, by the strict hyperbolicity of our starting Cauchy problem (6.4) we
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get

1/4
1Ea(t, 5,6)| < (@) MOy forall t,s > . (7.8)

a(s)
Later we need, for special representations of solutions to (7.1) in Z (N)
and in Zﬁég(N), the behaviour of [|0g Ex(t¢, 0, &) and of ]\8?E2(t~5,t5,§)\|.

Lemma 7.1.8. The following estimates hold for all multi-indices c:

198 EBa(te, 0,€)| < Ca,nl€] ™™ (log(te + €)1,
10 Ea(te. te, )] < Co N [€| 71 (log(Te + €)1

Proof. Follows immediately from Lemmas 7.1.1 and 7.1.2 together with as-

sumption (6.5) and estimate (7.8). O

Now we define Eosc = Fosc(t,s,8),te < s <t < fg to be the fun-
damental solution to (7.6) in Zg;();(N ). This can be written in the form

Eose = Ea(t, 5,8)Q1(t, s,&) where Q1 = Q1(t, s,&) solves
Dth = EZ(Sa t, g)Rl (ta g)Ez(t? S, 5)@13 Ql(‘S? S, 5) =1

Letting Pi = Pi(t,s,€) = V—1Es(s,t,£)R1(t,€)Ea(t, s,£), we have the

matrizant representation for @Q;:
0 t ti—1
Ql(t, 8,5) =71+ Z/ Pl(tl, 8,5) .. / Pl(tj, 8,5) dtj Loudty .
]:1 S S

Now R; € Sy{—1,2}; therefore, using (7.8), we see that

(log(t + e3))" ) 2

1P, 9 < clel (LS

Hence,

t
1Q1(t, 5, 9)]| < exp ( ALl dr) < (Onallosttc+e"))T

for all t¢ < s, < fg.

We need, for a special representation of solution to (7.1) in Zéig(N ) and
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in Zieg(N), the behaviour of [|9¢Q1(t, te, €)]| for ¢ € [te, ).
Lemma 7.1.9. The following estimate holds for all multi-indices o and for
all t € [t&, 55]2

192 Q1 (¢, te, )| < Can[&] 71! (log(t + €)1 eCraloaltereD),

Proof. Follows immediately from the above representation and estimate for
Q1 = Q1(t,s,&), and from Lemma 7.1.1 together with assumption (6.5) and
estimate (7.8). O

Similarly, in Zgg)(N) we define Eieg = Freg(t, s,§), fg < s,t, to be the
fundamental solution to (7.7). We write this in the form Fie(t,s,&) =
Es(t,5,6)Qml(t, s, &), where Q= Quu(t, s, ) solves

DiQum = Ea(s,t,&)Ron(t, &) Ea(t, 5,6)Qm, Qm(s,s,&) = 1.

Here we define for fg < s,t,

E2 (tv S, g)
- @ 14 [ i fLr(rg) dr—f! £ (rg) dr 0
~ \a(s) 0 i Jimarg) dr— [l fDreyar |

w0 - )
where F), := ( e ) Using Fy, € Sy{—1,2} we have | [ fn’(r,§) dr| <

Cyy, for all t} < s,tand for [ = 1,2. Then, observing that R,,, € Sxy{—m, m+

1}, we see that the following estimate holds:

Qm(t,s,8)| < Cpy for all e < s,t.

We also need, for a special representation of solution to (7.1) in Zr(ég); (N),
the behaviour of ||0f Q. (t, te, &)l for t > te.
Lemma 7.1.10. The following estimate holds for all multi-indices o with

la| < =L and for all te < t:

||6ng(t,££,£)” < Ca,m|£|_‘a| fOT all ff <t.
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Proof. 1t is sufficient to discuss the derivatives with respect to & of the term

o i [ /atrydriel~ [ 1D () dr
g(t,&) =altg) 1 e’ € m(t,€)

with r,, € Sy{—m, m + 1}. Such terms appear in the matrizant represen-

tation for @,,. We have

m+1
\g(t,§>\scm|§r-m( (log(t+63))7> |

t+ed

Derivatives of r,,, with respect to & generate ||~

sumption (6.5) and the definition of Z,es (V) we conclude that

By Lemma 7.1.2, as-

(log(fg + €3))3
€12 (T + €?)

10c,ae) "V < C < Cy(log(fe + €))7l

In the same way one can show
|08 a(te) ™| < Cav(log(le + €))7l

Differentiating fé f}(nl )(r, &) dr with respect to & gives

t N7
| o6 100 dr - 100 5
e 061
The integral can be estimated by C,,|¢|~!. Using fr(r}) € Sny{-1,2} gives

the estimate

N} log(te + e3))4
I ©) 5| < Cnm (’Zifé :63))2 < Cnlel L.

Higher derivatives of fg give rise to log terms. Thus, we get

[ ar
e s | < Canllog(e + )P 1ol

The main problem arises from ftfg va(r)drl§|. Differentiation J¢, allows
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only an estimate like
t
)3»:1(/{ Va(r)dr !E\)‘ < Colt+€%).
3

But now we can use that r, € Sy{—m,m + 1}. If we differentiate « times,

then for all ¢ > t} we have

(log(t + €))7+
m |€|m (t + e3)m+1-lal
Cro  (log(t + €3))7(m+1)
= Tl Jem el ey
< Cr (log(t + €3))7m=D (log(t 4 €))7
=gl (lEl(t 4 e3))mLtlellg| (t + e3)?
)

[t + &%) (8, €)|

IN

Crm,N (log(t + e3))2v
= fgllel || (t + e3)?

if o] < ==L, Consequently we earn |¢|1%l and a term which is integrable

over [t¢,t] for all t. It remains to explain how we proceed with the terms

(log(fe + €®))?l°1 arising in the above estimates. These terms we couple

with r,, also and get, for |a| < LQ_l?

(log(t + %)) tmH+11y
€™ (t + e3)mtt
(log(t + €3)2m=D7 (log(t + €3))>"

- (et et 4 e3)?

|(log(Fe + €))% M, (£,€)] < Cp|(log(t + €2)) =17

Using the definition of Zyes(N), the first factor is uniformly bounded. The
second one is integrable over [t}, t]. This completes the proof of our lemma.
O

7.1.8 Representation of solutions in subzones

Now we are in position to give representations for the solution to (7.1)
in Zg;(); and Zr(elg). The vector-function V- =V (¢, ) is a solution of (7.3).
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In Z(();g(N) For te <t < fg we have

V(t,f) = MNl(tvf)EQ(tvoa§)E2(07t&’g)Ql(t7t&’&)Nl(t@g)_lM_l
: (V “0“5) (1)) Ete,0,6)Un(€), (7.9)

where we recall E(t¢,0,&) is obtained in the representation of the solution
in the pseudodifferential zone.
In Zyeg(N): For t > t¢ we have

V(t,&) = MNp(t, ) Ea(t,0,8) E2(0, Te, ) Fon(t, Te, €)
- Qum(t e, ) Nin(Te, &) Ni(te, §) Ea(fe, te, ) Qu (e, te, N (te, §) "

.M—1< "O(tf) 2) B(te, 0,)Un(©).

with

i I e dr 0

F t? f ) = )
m(t,te: &) ol g o dr

0

where we have used the representation (7.9) at t = ;.
Before we discuss the representation of the solution to (7.1) we collect

together some useful estimates.

Lemma 7.1.11. The following estimates hold for all multi-indices a:

108 N1(te, Il < Calé71™ (log (te + %))l
108 Non (Fe, )| < Calé] ™ (log (e + €))7,
108 Fin(t. ¢, )| < Calé] ™1 (log(F + €)1, for all t > 1.

Proof. Follows from the above representation for F,, = Fm(t,fg,g) imme-
diately, by Lemmas 7.1.1 and 7.1.2 together with assumption (6.5) and the

definition of zones. O

Summarising all the above results we have
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Proposition 7.1.12. The following WKB representations hold for the so-
lution to (7.1):

(6.6 = 8060V 0+ oD 0V g
00 YT 1o + 4006 00T VT e,
Dot 8) = 8296 P g1500) + 806, 0V e
10,00 Y 0 + 120V e

Here the amplitudes bl(g) (t,€), p, k,l = 1,2, satisfy the following estimates:
e In Zpd(N) U Z(();g(N) : |b](£) (tv §)| S CN’a’,yeCN,a,'y(IOg(t'i‘eS))’y;

o in ZEd(N): [9g0) (1,€)] < Onapyalél 1l (log(t+e?)) Aol eCns Goaltre))”
for all |a] < mT_l, where m is the number of steps of diagonalisation in
Z& (V).

We obtain similar representations in the other parts of the phase space.

The amplitudes satisfy at worst the estimates above.

7.2 I[P — L7 ESTIMATES FOR FOURIER MULTIPLIERS!

Using Proposition 7.1.12 we can write down the following Fourier multiplier

representation for the solution u = u(t, x) to (6.4):

| Defu(t, x)

—i|£\j\/a(5)d8 —i\§|ft\/a(s) ds
e 0 0 ¥(€)

E1B(E) + by (1, €)e

ie] [ v/a(s)ds
9), (7.10)

!The results in this section were obtained by the co-author of the joint paper.

= (o9

|| Oft vVa(s)ds

+ o (¢, €)e E1B(E) + by (¢, £)e
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Dyu(t, x)

71\5|ft a(s)ds . 7i|£|fw/a(s) ds
=F (e e 0T IER© + 03 0 h(e)
i|§|f'\/a(s) ds i|§|f'w/a(s) ds
U Ge 0RO+ b (e 0T B(9), (7.11)

where F~! denotes the inverse to the partial Fourier transform with re-
spect to x. Here the amplitudes b,(g)(t, &), p,k,l = 1,2, satisfy the following

estimates:
o in Zpa(N) U Zose(N) : [BP)(1,€)] < Oy gyeCNalo8(treM)7

o in Zig(N): 0267 (£,6)] < Oy al€] 71l (l0g (2 +€3))2lel1eCnan lonltret)

for all |a| < ™-1, where m is the number of steps of diagonalisation in
Z (V).

Our next goal is to estimate these Fourier multipliers. We use the approach
from [RY] and from [RYO0O0D].

7.2.1 LP — L9 estimates for Fourier multipliers with amplitudes vanishing in

regular subzone

Let us choose a function ¢ € C*°(R"™) satisfying (§) = 0 for [¢]
1, (&) = 1for [{] > 2 and 0 < 9(§) < 1. Further, denote K(t) :=
N(log(t +€%))*7/(t + €°).

IN

Theorem 7.2.1. Let us consider Fourier multipliers which are defined by

F (Y e m@) I a 07(0)(©)

Suppose that a = a(t,§) satisfies the following assumption:
o in Zpa(N) U Zose(N) : |a(t, €)| < On,ay exp(Cha(log(t + €3))7).
Then we have the LP — LY estimate
t
7 il€] [ y/a(s)ds o
7 (e = w(e/KW)) et OF @) | o

< C]\LMK(t)—errn(%—5)eCN,a,w(1og(t+e3))7 ol e s
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provided that0§27“§n(l%—%), 1<p<2, ]l?-|- = 1.

1
q

Proof. Let us consider

q

Iy = || (eiélof a(s)ds

(1= e/ K@)l alt, ) F()(©))|

La’

Using the transformations £ = K (t)n and z = K (t)z we conclude

IO — K(t)nq72rq7n

= (ei K(olal [ V/aG)as q

(1= )l > a(t, K () F (o) (K (tyn) )|

La

The point (¢, K (t)n) with || < 2 (support of 1 — ) belongs to Z,q(N) U
Zose(IN). Therefore |a(t, K(t)n)| < Cn ayexp(Cn a~(log(t + €3))7). For Iy

we obtain

Iol/q S

t
n i K(t)|n| [ v/a(s)ds
K(t)" 2 a||F (e i

(1= () Il alt, K ()
« FUF(Q) K ()|

La

Now let us denote

PR Ol] ] /aGds
e

7= 7 (L= v(m)In~> alt, K (t)n))

eXp(_CN,a,'y(IOg(t + 63))7)‘
We have, together with the estimate for a(¢, K(¢)n),
meas{n : |F(Ty)| > 1} < meas{n: |n| < Cl*%} <Cl 3.

Due to Theorem 1.11 from [H6r60] we have F(T}) € M,! for all 2r < n(%—%).
Here M)} denotes the set of Fourier transforms F(T) of distributions 7' € L,

where L} denotes the space of tempered distributions such that || T *u|/fa <
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C||ul/zr with a constant C' independent of u. Hence T; € L} and
172+ FHFQE @) 0 < Cp KO 7 gl
Thus, we have proved
I/ < O K(1) G eOnan st g,
and

7 (Y - e 7 00)

< C K ()26 0) Cnan (08t o),

respectively. Thus, we have derived the statement of our theorem. O

7.2.2 LP — LY estimates for Fourier multipliers with amplitudes supported in

regular subzone

Theorem 7.2.2. Let us consider Fourier multipliers which are defined by

F (Y e er@) e 07 ()

Suppose that a = a(t,§) satisfies the following assumption:
® in Zyeg(N):
’826 a(t,§)] < CN,a,%a|£’_|a‘ (log(t + 63))2‘047 eXP(CN,a,v(IOg(t + 63))7)

m—1
for all |af < 75— .

Then we have the LP — L9 estimate

|5 <;"5' IV ok )it 017 ©)1©)],,

<C K(t)ﬁ”"(%*%)(log(t + 63))2M760N,a,7(log(t+e3))” |l e
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provided that 1 <p <2, %—f—%zl, ol —l)§2r§n(%—%) and with

1
P

s}

a suitable positive constant M.

Proof. We generalise the proof of [Pec76] to Fourier multipliers depending on
a parameter. If (t,€) € supp(§/(2K(t))), then (t,€) € Zreg(N). We choose
a nonnegative function ¢ = ¢(§) having compact support in {{ € R" : 1/2 <
€] < 2. We set 64(€) = ¢(275¢) for k € N while 6o(€) i= 1 — > 64(6).
The function ¢y has its support in {£ € R" : || < 2}. The Lq—nor];rzllof

F (Y e r ) ool RN ot 9 F)E)

can be estimated as in Theorem 7.2.1. Thus we can restrict ourselves to

considering the integral

|1 (Y s onanteser o)t o F©)

La
with k£ € N. First we study this integral for ¢ > tg, tg large.
a) L' — L™ continuity: To estimate
t
B 1|€] [ v/a(s)ds
L= #7170 e/ K M)
o/ REW)IE P alt. OF()©)] |

we set £/(2K(t)) = 2¥n. We are going to use Lemma 3 from [Bre75].

For this reason we use the inequality

[ (Y g eronante ero)I a9

< C 2k(nf2r) (2 K(t))nf2r

LOO

Hf_l <ei2k2K(t)|n Oft Mdsw

@ el a. 2 K@m))|| -

Let us denote vi(t,1) := ¢(n)v(2Fn)a(t, 2" K (t)n). These functions
have their supports in {n € R" : 1/2 < |n| < 2}. According to [Lit63]
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(see also [Bre75] or [Pec76]) we have (here we need t( large)

H]: ( 2k+1K(t)|n|£\/@ e —ar,, )H

2'““1((75)/0 \/a(S)dS = > 1Dy (= vt m) e -

|| <M

According to the assumption for a = a(t, ) we have
105 (11~ 0k (£ )| 50 < Oy (log(t + €))7 N (o8 (D))

for all |a| < L. If we use m = 2M + 1 steps in our diagonalisation
procedure in Zeg(N), then the last inequality holds for all |a| < M.

Hence,

ot )

n—1

t —
< O a2 300 (K@) [ Vaas)
0

(log(t + 63))2M’Y€CN,a,'y(10g(t+63))7 )

All together we have shown

Lo

|- ("” “‘Sdsw(i)) on (g et OF O |
< Oy 2P 2K (1) 27“ /Fds

- (log(t + €3))2M7eCnanlost+e)T | )

b) L? — L? continuity: To estimate L% norms we apply Lemma 3 from

[Bre75]. To this end we take into consideration

( )|§r*27"a<t,§>HLw
<

Cyn an 02~ riK( ) 2r€CN,a7A,(10g(t+e3))“/

<
ket Sllg\p k+1 ‘5|2T
2 SQK(t <2
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Hence,

| (“" " o(omm) #Gam) e 0F@©)|,

< COna 02 K ()7 eONan (s g .

c) Interpolation argument: An interpolation argument between L! — L

and L? — L? estimates from a) and b) yields

7 (Y () (a9
G0 i ()"0 7 (log (4 €)M

CN a,(log( t+e )Y

La

< CNa,’y,Mz (7 P g

el e
for t > tg, to large, provided 1 < p < 2, l—I-l—l %H(%—l)<2r<
n(% - 7) Applying Lemma 2 from [Bre7 5] proves the statement of the
theorem for ¢t > ty, ty large.

d) Estimates for small t: It remains to estimate the LI—norms of

(w " b€/ R W)l KON 0t O F()(©)

for t € [0,1p]. Here we will not use the stationary phase method, the key
tool to get the above estimates for ¢t > ty. Instead we apply the Hardy—
Littlewood inequality as we did to get the estimates in Theorem 7.2.1.
Let us sketch the differences in the proof. Using the transformations
€ = 21K (t)n and z = 2" K (t)x we conclude for k € N

(O [ /s
F- (6 ' D (2*n)d(n)ln| =

q

Ik — (2k+lK(t))nq—2rq—n

alt, LK () F ()2 K (0) )|

La

The point (t,28T1K(¢)n) with |n| € [1/2,2] (support of ¢) belongs
t0 Zreg(N). Therefore |a(t, 2" K (t)n)| < Cnaq.0exp(Cn o~ (log(t +
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e3))7). For I}, we obtain

1M < (2P K ()" (2" () In| >

alt, 2 K (0n)) = FHF(@) @K ()|

o i K (Dl [ /a(s)ds
e 0

La

Now let us denote

t
f’*l <ez K(t)|n|({w/a(s)ds

Ty = B n)o(m)lnl~a(t, 2 K () )

x exp(—Cn,q~(log(t + 63))7).

Then T;j has the same properties as described for T} in the proof to

Theorem 7.2.1. Thus we can derive

ile] [ \/a(s)ds .
= (‘El (d¢(2f§()> & (3 ()>|5| (. OF @),

< C(2kK(t))—2r+n(p ) C’Naw(log (t+e3) H‘PHLF )

Lemma 2 from [Bre75| proves with 2r > n(% — %) the statement of the
theorem for ¢ € [0,¢p]. This completes the proof. ]

7.3 END OF THE PROOF

Proof. The statements of Theorems 7.2.1 and 7.2.2 applied to the repre-
sentations (7.10) and (7.11) enable us to derive the estimates from Theo-
rem 6.1.1. If t € (0, o], then we choose in the estimates from Theorems 7.2.1
and 7.2.2 the parameter 2r = n(% — %) This fixes the necessary regularity
N, = n(% - f) If t € [tg,00), then we choose in Theorem 7.2.2 the para-
meter 2r = LH(E — %) Now let us distinguish the different cases for 7.
If v = 0, then we directly obtain the classical Strichartz’ LP — L? decay
estimate from Theorem 6.1.1 with sy = 0. If v € (0,1), then the main influ-
ence on changes to the classical Strichartz’ decay rate comes from the term
exp(Ch,q(log(t + €%))7 in Theorems 7.2.1 and 7.2.2. For each ¢ this term
can be estimated by C.(1 + t)¢. Thus sp = € for all € > 0. Finally, if v = 1,
then this term produces, together with the log terms, a factor like (1 4¢)°,
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where sy eventually becomes a large positive constant. O

Let us formulate a corollary of Theorem 6.1.1. At first sight, the state-
ment of this corollary does not seem to be very surprising, but its meaning

lies in a comparison of the cases v € [0,1] and v > 1 in (6.5).

Corollary 7.3.1. Consider the strictly hyperbolic Cauchy problem

O*u—a(t)Au=0, (t,z)€[0,00) x R",
U(to,.%') - 90(x>7 atu(t07x) - w(‘r)’ to > T7
where T is large and the coefficient a = a(t) satisfies (6.5) with v € [0, 1].

Then there exists a constant C' which is independent of to > T and t > tg
such that the following LP — L7 estimate holds for the solution u = u(t, ):

(st ), Vault, Dlea < CAA+HN(Vap, )y m,

1,1 _ 1
where§+a—1,1<P§27NpZ”( ;) and

1
P q
e 50 =0 if v=0; in this case C only depends on p,n;

e so=c ify€(0,1) for all € > 0; in this case C depends on p,n and €;

e 50 is a fized constant (which can be determined) if v = 1; in this case C

1s independent of v, 1.

Proof. The transformation t := tg + 7 transfers the above Cauchy problem
to
O*u — agy (1) Au =0, u(0,z) = p(z), du(0,z) = ¥(z),

where a, (7) := a(tg + 7). The coefficients a, (7) satisfy, for all ¢t > T', the
estimates (6.5) with the same constants Cy. Thus we can follow the proof

of Theorem 6.1.1 and obtain the LP — L9 estimate

1_1

[ (ur (7, ), Vaul(r, )|l pe < C(1+ T)*”T*I(57)“OII(VW,¢)HW;VP-

Setting 7 = t — tp in the last inequality gives the statement of the corollary.
O
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Chapter 8:
Proof of Theorem 6.1.2

The proof is based on an application of Floquet’s theory, an idea used in
[Tar95] to show that the Cauchy problem for 92 — exp(—2t~%)b(t~1)92 is
not C* well-posed when 0 < o < 1/2, where b = b(¢) is a positive, smooth,
1-periodic function. A similar idea is used in [RY99] to study LP — L4

estimates for hyperbolic equations with increasing coefficients.

Proof. In order to apply Floquet’s theory, it is necessary to first transform
(6.7) so that the coefficient is periodic. This idea is used in [Hir03] when
studying the C'*° well-posedness of strictly hyperbolic equations with non-
Lipschitz coefficients. Then, a lower bound is found for a suitable energy
of the solution of the transformed problem via estimates for an auxiliary
problem. Finally, we derive a contradiction to (6.6) by obtaining a lower

bound for the non-standard energy of Theorem 6.1.2 of the solution to (6.7).

8.1 TRANSFORMATION OF THE CAUCHY PROBLEM
(6.7)

Let

1/

s = s(t) := (log(t + €))%, (with inverse t(s) :=e* " — %),

w=w(s,z):=/7(s)u(t(s),x),

where 7(s) 1= %(t(s)) = as!=(/@e=s"" "and, instead of (6.7), consider the

Cauchy problem obtained after this transformation. By simple calculations,
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we have

Wss(S, )
1 277(s)7(s) — 7'(s)? 1
- (e v+

1 1 o
= las (s —a? + Dw + —26251/ s2/)=2(2 4 sin(27s))? Aw,
a?s a

(2 + sin(27s) )2 Aw(s, )

since t'(s) = 1/7(s). Transforming the initial data, we obtain the following

conditions for w(s,x) at s = sq:

w(S(),.’IJ) = T(So)gO(.’IJ) = @(l’),

w (s _ 1 7'(s0) . 1 ~ (8.1)
oo )_2\/7(50)¢ ) 7(s0) ‘

The problem is now in the form

wes — v(5)%b(s)2Aw + pu(s)w = 0,

w(SO"/L‘) = @(:L‘), ws(50a$) = ¢(x)a

where

v(s) = esl/as(l/a)_l, b(s) := (2 4 sin(27s))/a,
1

= 150 = 157" = 0(s%/7?) as s — oc,

Note that b(s) is a non-constant, smooth, positive, periodic function with
period 1. This is now in a form where the application of Floquet’s theory is

possible.

8.2 APPLICATION OF FLOQUET’S THEORY

Consider the second order ordinary differential equation for v = v(s),

vss + Ab(s)%v = 0.
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Let X be the fundamental matrix corresponding to this problem. That is,

X = X(s,50) solves the first order system of ordinary differential equations

{0 =Xb(s)? (10
ds X = (1 0 )X, X (s0,80) = <0 1) ) (8.3)

We recall the following lemma from Floquet’s theory (see, for example,
[MW66] and [Tar95]):

Lemma 8.2.1. Suppose b(s) is a I1-periodic, non-constant, positive and
smooth function on R and sp € N U {0}. Then there exists \g > 0 such
that the fundamental matriz X (s, sg) corresponding to vss + Aob(s)*v = 0
evaluated at s = sop + 1 (i.e. X(so + 1,50)) has eigenvalues uo,,u,al and
ol > 1.

We use this to approximate the solution to the ordinary differential equa-
tion

vss + A(s,€)b(s)%v = 0, (8.4)
with suitable Cauchy data, where A(s, &) = A1(s,£) + A2(s) and

2 _ 1 _ 2/«
11202 [£]2(2/a)—2 251/ ORI
)\1(375) : |€‘ V(S) |§’ § € ) )‘2(3) : b(8)2 4(128217(8)2

Observe that dsA1(s, &) = ‘§|26231/a (((2/a) —2)s(2/@)=3 1 (2/04)3(3/&)*3) >0
for s > Tp for large enough Ty. Henceforth, we shall always assume s > Tp.
So, for each £ € R"™, A\(s,&) is a monotonically increasing function in s on
its domain [sg, 00). Also, it is clear that A2(s) — 0 as s — co.

We also define s¢ € N implicitly by the formula A(s¢, &) = Ao, where Ag
is from Lemma 8.2.1. In addition, we require that s¢ > T" where T' is large

enough to ensure that s¢ — oo as |{| — 0:

Lemma 8.2.2. There exists T' > 0 such that for s¢ as defined
s¢ — 00 as |§] — 0.

Proof. Since A\a(s) — 0 as s — 0o, we can choose 71 > 0 such that s > T
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implies that |A2(s)| < Ao/2. Then, by definition, as we insist s¢ > T7,

M6, 6) _ Ao dalse) o Ao

€2 lER 1R T 20

— 00 as [ — 0.

Now, since Ai(s,&)/|€]? is monotonically increasing for s > Tp, by setting

T := max{Tp, T1} it follows that lim|¢_q s¢ = oo. O

We remark that this result allows us to take s¢ € N for any (large)

integer—simply choose |£| appropriately small enough.

8.3 PROPERTIES OF A(s,{) AND X(s¢ + 1, s¢)

For the function A(s, &) we have the following result.

Lemma 8.3.1. There exist constants 0 < p < 1 and K > 0 such that if
0<6<ps— K then

Ai(5,) = Ai(s = 6,6)] < Coi(s, )5/~
and |\a(s) — Aa(s — )| < Cs(1/@)=1

for some positive constant C.

Proof. For the first part we apply the mean value theorem; this implies that

there exists a constant § € (s — 0, s) such that

o) = ulo = 8,01 = 6P s/ — (5 — g) /)220

’€| 5 231/04,,3( 1/Oc ‘1+ 1 _a)'*—l/()é‘

1/

< casﬂ/a) (s, €) €235 (5/3)30-0/0) < O/ =1y (5, ¢),

since ¢25"/* s~3(1-(1/a)) g monotonically increasing for large s (we define K

so that this is for s > K) and s — ¢ > K by hypothesis.
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For the second part, simply observe that, with by := ming b(s),

[A2(s)—A2(s — d))]
(@ =1)[s72 = (5 — 6) 2| + [sH/D72 — (5 — §)@/)72))

1= (sid>2‘ + ‘1 - (si5>2(2/a)

< -
~ 4a2b?

< Cs(2/a)—2 ((012 - 1)5—2/a

)

< 0s(1/-1

)

when 0 < § < ps — K for some 0 < p < 1.
O

Now consider the fundamental matrix X (s, sg), which was defined as the
solution of the system of ordinary differential equations (8.3), evaluated at

the point s = s¢ + 1,50 = s¢. We write this matrix as

X(Sg +1, 85) = (3311 $12> .

€21 X22

By Lemma 8.2.1 this matrix has eigenvalues 1, 1, ! where |pg| > 1. Observe
that
o + ,ual =tr X(s¢ + 1, 8¢) = w11 + 222,

and so,

g = pol < |11 — o] + w22 — pol.

Hence,

1 _
max{|z11 — pio|, |w22 — pol} > §|#o ' — pol > 0.

The last inequality follows from |ug| > 1. We can assume, without loss of

generality, that
1, _
|11 — po| > 5\,“0 Y= ol (8.5)

and then we also have

_ 1, _
|$22 - N01| > §|M01 - M0|' (8‘6)
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8.4 AUXILIARY FAMILY OF ODESs
Consider the family of ODEs
Vss + A(se — k + 5,€)b(s¢ +5)?v =0, k € NU{0},

where s¢ € N is as in Section 8.2 and )¢ is as given in Lemma 8.2.1. Here
we are using the 1-periodicity of b(s).

To each problem associate the fundamental matrix X(s, s1) which sat-

isfies
0 —A(sg — k+ s)b(s¢ + 5)? 10
dst - ( ¢ ) ( ¢ ) ka Xk(S]_,Sl) = .
1 0 01
We study these matrices evaluated at (s, s1) = (1,0); write
k k
xp(1,0) = [Tk @2k (8.7)
:L'21(k‘) SL‘QQ(k‘)

Denote the eigenvalues of this matrix by uy, ,u,;l where |ug| > 1 (in fact,
later we see that |u| > 1 for all suitable k). That this matrix has determi-
nant 1 is an immediate consequence of the formula for the derivative of the

determinant of a matrix and the fact that tr(Ax(s,§)) = 0 where

0 —A(se —k+5,&)b(se + 5)?
Ai(s, &) = < (5¢ Jblse ) > (8.8)
1 0
The matrices Xj(1,0) are uniformly bounded for suitably large k:
Lemma 8.4.1. Let F(s) be a function satisfying
lim s(Y/*71F(s) = 0. (8.9)

§—00

Then we have

max || X (s, s1)|| < e“0
s,81€[0,1]

for 1 <k < cF(s¢) and some positive constants C,c.

Remark 8.4.1: Note that F(s) := s where 3 < 1 — (1/a), satisfies
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requirement (8.9).

Proof. We have the following representation for Xx(s, s1):

Xi(s,81) =

o s r1 i1
I—FZ/ Ak(rl,f)/ Ak(’rg,f)/ Ak(T’j,g)de...d’l"gd’l“l,
=151 s1

S1

where Ag(s,€) is as in (8.8). Now, by Lemma 8.3.1,
IMM&8H§1+@SgHM%*k+&QI
se|0,

§1+@Pﬂ%fk+lfy#wp&$)

$>80

= 1+ B8 (s¢ = b+ 1,€) = Mg, €) = a(se) + do + sup Aafs)|

>80
< 1+ B (Ck = Dhi(se, st/ 7+ Ao +2 sup Ao (5)])

5$>80

provided 0 < k—1 < ps¢—K; here by = max, b(s). So, by (8.9), [|Ax(s, &) <
1+ Clb%)\o for large s¢ when 1 < k < cF(35); here ¢ is chosen to ensure that
k—1 < pse — K is satisfied when k& < cF'(s¢). Therefore,

S
max_[|Xp(s, 1)|| < exp (/ | Ak(r, ) dr ) < CoeCr¥o = e,
s,51€[0,1] s1

provided 1 < k < c¢F(s¢). The lemma is proved.

The next lemma shows that in some sense X (s¢ + 1, s¢) is “near” to the
Xk(1,0) for suitable k.

Lemma 8.4.2. Under the assumptions of Lemma 8.4.1 we have

-1

1Xk(1,0) = X (s¢ + 1, 5¢)|| < Chost/™ " F(se)

for 1 <k < cF(s¢) and some positive constants C, c.

Proof. First, note that X(s¢ + s,s¢) = X(s,0), since s¢ € N and b(s) is
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1-periodic. Now, X (s, 0) satisfies

~s 5)?
ds Xy(s5,0) = (? X f’og)b( ) )Xk<s,0>
. (8 (A(se,€) —A(s»go—k+s7f))b(s)2> Xi(5,0)

with X (0,0) = I. Thus,

0 —/\(55,§)b(8)2

dg (Xk(s,O) - X(S,O)) = (1 0

) (Xk(s,0) — X(s,0))

. <0 (A(s¢,€) — A(se — k + 5,6))b(s)>

0 0 ) Xk(370>7

with initial data Xj(0,0) — X(0,0) = 0; here 0 denotes the zero matrix.
Now, by Lemma 8.3.1,

IA1(se,€) — M(se — k +5,6)] < Ck — s))\l(s§,§)s§1/")‘1
and |Aa(s¢) — Aa(se —k+s)| < C'sél/o‘)_l < C)\alksg/a)_l)\(s§,£)

for 0 <k — s < ps¢g — K. Therefore,
1/a)—1
IA(s¢.€) = A(se — k + 5,6)| < Chost /)
for 0 <k — s < psg — K. Hence,

[ Xk(s,0) = X(s,0)]|

< /O Coll Xi(r,0) — X (r,0)]] dr + /0 ChAos | X, (r,0) dir
So, by Lemma 8.4.1, Gronwall’s inequality and the hypotheses on k,
1Xk(1,0) = X(1,0)]| < ChAost/ ™ e < Cost /™ F(se),

where 1 < k < cF'(s¢); ¢ here is chosen as in the proof of Lemma 8.4.1 This

completes the proof of the lemma. O
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Also, the X% (1,0) are, in a similar sense, “near” to each other.
Lemma 8.4.3. The following inequality holds for all 1 < k < cF(s¢), with
c as in Lemma 8.4.1,

[ Xk41(1,0) = Xp(1,0)]| < 0)\0321/@)—1’

where C' is a positive constant and F(s) satisfies (8.9).

Proof. Observe

ds (Xk(sv 0) - XkJrl(sa 0))

_ (0 —A(se — (k+1) +5,€)b(s)?

X 0 > (X5(s,0) — Xp41(s,0))

. (0 (M(se — (k+1) + 5,6) — A(s¢ — k + 5,€))b(s)?
0 0

> Xk($7 0) ’
By Lemma 8.3.1,

[A(se = (K +1) +5,8) — M(se =k +s,9)
< CM(se —k+5,8)(se —k+ s)(1/e)—1

and
Na(se — (k+1) +5) — Aa(se — k + )| < O(se — k + 5)1/0)~1

for 1 < p(s¢ — k + s) — K. This latter condition is satisfied when 1 < k <
cF(s¢), where c is as in Lemma 8.4.1, for s¢ chosen large enough. Now,
A1 (t,6)t(/)=1 is increasing for large t (see the proof of Lemma 8.3.1); in
particular, it is increasing for ¢ > s¢ — k + s when s¢ is chosen large enough
since

1 - 1
56_]{7“‘325{_6}7(5)255—5% (I/Q)Z§SE

by the hypotheses on k and F'(s). Also, using the argument above and the
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hypothesis on F(s),

1—(1/«
(s¢e =k + s)(l/o‘)*1 < (3> (/e < C’)\osél/a)fl

3

when k < cF'(s¢). Thus,
A(se — (k+1) +5,6) = M(se =k +5,6)| < Chgsg /¥

for 1 <k < cF(s¢). So, by a similar argument to that used in the proof of
Lemma 8.4.2,

| X5k+1(1,0) — Xi(1,0)]| < C’)\osél/a)_leC)‘O < C)\Osél/a)—l

for 1 <k < cF(s¢), as required. O

These “nearness” lemmas give information about the relations of the
eigenvalues of these matrices.
Corollary 8.4.4. For 1 <k < cF(s¢), where F(s) satisfies (8.9) and ¢ >0

is as in Lemma 8.4.1, the following relations hold for suitably large s¢:

1. for each € > 0, we can choose s¢ large enough so that

e — po| <&, (8.10)

hence, for suitably chosen ¢,
k| > |po| —e > 1; (8.11)

2. there exists C' > 0 such that
e — pie—1| < CAOSél/a)fl; (8.12)

3. there exists C' > 0 such that
| — | = C (8.13)
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4. there exist constants Cq,Cy > 0 such that

|/Lk — .’L’H(k‘)’ 2 Cl, (8.14)
! — a2 (k)| > Cs. (8.15)

Proof. 1. By Lemma 8.4.2,

bk + 1 — o — pg | = |z11(k) + 222(k) — 211 — 22|
< Jz11 () — @11| + |222(k) — 222] < Chost/ ™ T F(s¢) — 0 as s¢ — 0.

On the other hand

e+ it — w0 — gt = (ke — 10) (1 — (papo) )| > Cluk — pol,

where C' > 0, since |ug| > 1. Combining these two observations proves
(8.10).
2. By Lemma 8.4.3

bk — p—1 + gt — |
= |z (k) =z (k — 1) + z22(k) — z22(k — 1)| < CAosél/a)’l,

Choosing s¢ large enough so that (8.11) holds, we see, by a similar argument
to 1., that (8.12) also holds.

3. This is clear since (8.11) holds for large enough s¢.

4. By (8.5), Lemma 8.4.2 and part 1. of this corollary we have the

following for large enough s¢:

lpie — x11(k)| = e — po + po — x11 + 11 — x11(k)]|

> |po — 11| — |k — pol — |11 — 211 (k)|

\%

1 o o | _
_ifuo—ﬂolf—g\ﬂo—ﬂol\—é\ﬂo—uol|:Z|M0—/~tolf>0-

This proves (8.14). The proof of (8.15) is similar, but we use (8.6) in place
of (8.5). O
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Henceforth, we assume that s¢ is chosen large enough so that all of the

inequalities in Corollary 8.4.4 hold.

8.5 LOWER BOUND FOR SOLUTION TO AUXILIARY

CAuUCHY PROBLEM

We are now in a position to give a lower bound for the solution to a Cauchy
problem for (8.4).

Proposition 8.5.1. Consider the Cauchy problem

Vss + A(s,€)b(s)%v = 0,

212(no) (8.16)

v \S¢ — o, :171} S¢ — no, -\
( ¢ 2 of : 2 fing — T11(10)

where cs? —1<ng < cs? for1/Ja < < 1—1/a and c is some positive
constant. Then the following estimate holds for the solution v = v(s,§) at
5 = s¢:

[0(se, €)] + vy (56, )| = Cexp (allog]L])7),

where v = af € (1,a — 1) and C,a are positive constants.

Proof. Throughout this proof we assume that k£ < ng at each occurrence
of k.
Observe that

Us(56: € _ v (1. 0)X(1.0)... X, (1.0 (US(SE_”°’§)> 8.17
<v<sg,§>> O A A

where Xj(1,0) is as in (8.7). Now,

z12(k) 1
— k
B,=|" 90111( ) sar() :
M;1—$22(/€)

is a diagonaliser for Xj(1,0). This is a consequence of the facts that
det X;(1,0) = 1 and tr X5(1,0) = 211 (k) + w22(k) = pu + g, -
Observe that
1Bell < €, (8.18)

179



for some constant C independent of k; this follows from Lemma 8.4.1 and

inequalities (8.14) and (8.15). Furthermore, By, is invertible for each k since

p — 1y,

det Bk; = f
py, - — w22(k)

9

and (8.13) ensures that this is non-zero, together with Lemma 8.4.1 and
lupt| < 1. From this and (8.18), it follows that, in addition, || B;!| < C for
some constant independent of k.

Also, by (8.14), (8.15), Lemma 8.4.1 and (8.12),

[ Br+1 — Bl
< _ -1 _ =1 < (1/a)-1
< mmax [ XL 0)[(Crlpe — prsa] + Calp™ — i |) < Chosg

(8.19)

Hence, (8.17) can be rewritten as
(Us($$>£)>
v(se, §)
0 0 n 0 1
— B (’” 1) BB, (”2 1) By'... B (“ 0 _1) ( )
0 i 0 py 0 ppt/) \O
1
— B, Y11 Y12 .
ya1 y2e/) \O
Set B; ' By11 = I + Gy. So,
Y11 Y12
Y21 Y22
0 0 " 0
= (“l _1> (I+Gy) (“2 _1> (I + Gpy—1) (“ ’ _1> (8.20)
0 m 0 po 0 fing

_ (Hzozl 1225 0

o +M1+"'+MTL0717
0 | J Nkl)

where M is the matrix which is the sum of all the products of matrices from
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(8.20) containing exactly ! of the Gj matrices; observe

M| < (ﬁl%l) > ﬁIIGijII

1<ip < -<ij<ng—1 j=1

By (8.18) and (8.19)

IGell = 1B Bysr = 1 = 1B (Bysr — Byl
< HBl;l”HBk-H — Bl < C)xosg/a)*l

Therefore,
e (Hm)( >(C)\08(1/a) )
Thus,

5
lynl > (Hmkr) (2— (1+ Crgs/ e 5)-

Taking account of # < 1 — 1/« gives immediately

i > 2 (Hmkr)

On the other hand, |y21]| is very small—it is less than v ]2, |ux|, where we

can take v as small as we like. Hence, using

x12(1
(US(SE>§)> o u1j;§1)(1) 1 (yll)
- x21(1
U(S§7 5) 1 uflila;z(l) Y21

and (8.11), it follows that
as’8
|05 (s, )| + [v(sg, )| = Cluol — €)™ = Ce™,

for some positive constants a, C'. Finally, for large s¢,

(log §|)a (8.21)

and so we have the desired inequality. The proposition is proved. O
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8.6 LOWER BOUND FOR THE ENERGY OF w(s¢, )

We return to the transformed Cauchy problem (8.2) with initial time chosen
as s9p = s¢ — ng and seek a representation for the solution at time s = s¢
in the unit ball B1(0). By the existence of a cone of dependence, this
only depends on the initial data in the ball Br(0) at s = s¢ — ng, where
R = R(np,b) < Cngpming b(s). Set

x12(no)

— 2V el (z/ R? .
T — 211(m0) x(z/R7) (8.22)

Blz) = € x(2/R?), dlx) =

to be the data at s = sg, where x(z) is a smooth cut-off function which is
identically 1 on |z| < 1. By the uniqueness of solutions to strictly hyperbolic
equations, the solution can be represented in the cone of dependence, and

therefore in B;(0) at s = s¢, by
w=w(s, ) = e®u(s,§);

here v(s, z) is the solution to (8.16) at time s. Use w(s¢,x,&) = e Sv(s¢, €)

to denote this solution. Then the following lower bound holds for w:

[Vaew(se, )lLa+lws(se, MLa = [Vaw(se, ) pacs, o)) +1ws(se, )l acs 0))
= (|€][v(se, &)| + vs(s¢, €)|) meas(B1(0)) /7 > C|¢] exp (a(log w)), (8:23)

where L7 = LI(R™).

8.7 LOWER BOUND FOR THE ENERGY OF u(7¢, x)

Finally, we return to the original problem (6.7).

Set tg = t(s0) = t(se —no) = e(se=m0)"/* _ 63 and choose the following
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initial data:

T :71 ey (x/R?) =
o(z) o) x(z/R%) (o)

= (J0s z1a(n0)  T'(8(0)) v, (. p2
¥(a) ( a2 T<s(t0)>> A/ )

ety (z/R?), (8.24)

o z12(no)  o'(to) () 2
a < (tO)MnO - 1'11(710) o’(to)2> X( /R )7 (825)

where o(t) is as in Theorem 6.1.2. Here we have taken into account (8.1) and

(8.22). Now, by (8.23), the energy defined in Theorem 6.1.2 for u = u(t, x)

3

1/«
at t = 7¢ :=t(s¢) = e’ —e° can be estimated as follows:

B0, = et )|, + | smgatelutt dow) ],
= [Vow(se, Mips + ws(se,)lza = Cl€] exp (allog 1))
> Cexp [ — ersy/™ + acasy]
= Cexp [ — c1log(7e + €?) + acy(log(re + €%)) 7], (8.26)

and 1 < v < a — 1; here we have used (8.21) in the final equality. If
we now assume (6.8) holds with the initial data (8.24), (8.25), then, for
l<r<y<a-—1,

E(u)(Tg)‘Lq < Ciexp (Cg(log(’fg + 63))T)E(U)(to)‘wéu

— (O C20og(rme+e®)" [ z12(n0) iz R2
e o g e X @ Ry,

which contradicts (8.26) since r < . The proof of Theorem 6.1.2 is com-
plete. O

Remark 8.7.1: We observe that the LP — L? estimate from Corollary 7.3.1

derived for the cases very slow, slow, fast oscillations is of the form
B)(®)] < € (1+ ) B(w)(to)| 0 (8.27)

with a positive constant C independent of tg > T and t > tg. However,

Theorem 6.1.2 states that in the case of very fast oscillations we cannot
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have an estimate of the form
E(u)(t)],, < C1 exp(Ca(log(t + 63))’")E(U)(to)\wgp (8.28)

for 1 < r < a — 1 with positive constants C; and Cy independent of ty > T
and t > to. Comparing (8.27) with (8.28) we have indeed an essential change

in the behaviour of solutions to (6.4) from fast to very fast oscillations.
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