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TAJIMA’S D AND SITE-SPECIFIC NUCLEOTIDE FREQUENCY IN
A POPULATION DURING AN INFECTIOUS DISEASE OUTBREAK*

RYOSUKE OMORIT AND JIANHONG WU#

Abstract. Tajima’s D measures the difference between two estimates of genetic diversity in
a given set of nucleic acid sequences. Here we show how Tajima’s D can be calculated/estimated
by developing an inductive algorithm for calculating the site-specific nucleotide frequencies from a
standard multistrain susceptible-infective-removed (SIR) model (both deterministic and stochastic).
We show that these frequencies are fully determined by the mutation rate and the initial condition
of the frequencies. We prove that the sign of Tajima’s D is independent of the disease population
dynamics and that the negative sign does not imply an expansion of the infected population in the
deterministic model. Using individual-based simulations, we also show that dependence of Tajima’s D
on the disease transmission and evolution dynamics is a result of the stochasticity of those dynamics.
The same is true for the dependence related to genetic diversity of a pathogen.
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1. Introduction. The rapid development of nucleic acid sequencing methodolo-
gies and technologies has contributed to the accumulation of enormous amounts of
sequence data. This large quantity of data makes it easier to predict the impact of
each mutation on the fitness of a pathogen via estimation of the selection pressure on
the mutation [14]. For infectious disease epidemiology, the estimation of a mutation
contributing to the fitness of a pathogen can be used to provide insight into mutations,
e.g., discovering mutations determining pathogenicity, virulence, and host specificity.
Rapid sequencing technologies can also capture detailed information about the time
evolution of pathogen sequences. Such time series data are useful not only for the
detection of pathogen evolution but also for capturing the pathogen population dy-
namics. Coalescent theory in neutral evolution, i.e., no natural selection and constant
population size, can be used to estimate population size from the genetic diversity of
sampled sequences [13]. The extension of basic coalescent theory to discrete changes
in population over time allows us to estimate the time series of such changes [16, 17],
which can then be applied to estimate the reproduction number of a pathogen [19].

Several methods have been proposed to measure the natural selection of a mu-
tation at a specific site. Tajima’s test is one of the most popular statistical tests
of evolution neutrality at the sequence level. Tajima’s D measures the difference
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between two estimates of genetic diversity [21]. These estimates are equal when evo-
lution is neutral (i.e., there is no natural selection and a constant population). When
this happens, Tajima’s D = 0. Therefore, a nonzero Tajima’s D implies that at least
one condition for neutral evolution is violated. It is known that when Tajima’s D
is nonzero, the sign of Tajima’s D gives us the interpretation of natural selection:
balancing selection can result in positive Tajima’s D, and positive selection can result
in negative Tajima’s D [1]. Not only natural selection but also population dynam-
ics determines the sign of Tajima’s D, and it is believed that negative Tajima’s D
results from an increase in population size and positive Tajima’s D results from a
decrease in population size [8, 18, 20, 11]. When it comes to the nonendemic situ-
ation of infectious disease transmission, if we assume that the number of pathogens
is proportional to the number of infected hosts, i.e., the population dynamics of the
pathogen is proportional to the disease dynamics, the population of the pathogen is
always changing during an outbreak. Therefore, Tajima’s D can change over time.
To detect the natural selection of an infectious disease in a nonendemic situation, we
need to understand the impact of disease dynamics on Tajima’s D. This is the main
objective of our study.

To focus on the effect of population dynamics alone, we assume that no mutation
contributes to a change in the pathogen phenotypes. In section 2.1, we will introduce
the concept of Tajima’s D and discuss key components (strain-specific nucleotide
frequencies) of Tajima’s D. Then in section 2.2, we link these to the population infec-
tion dynamics of a pathogen through a simple multistrain SIR (susceptible-infected-
removed) model to describe the population dynamics of the pathogen. We show in
section 3.1 how Tajima’s D can be calculated by developing an inductive algorithm
for calculating the site-specific nucleotide frequencies from the multistrain SIR model.
Then in section 3.2, we formulate the stochastic analogue of the multistrain SIR model
and perform Monte Carlo simulations to compare the effects of disease dynamics de-
scribed by both deterministic and stochastic SIR models on Tajima’s D values. We
observed the dependence of Tajima’s D on the stochasticity of transmission dynamics
during an outbreak. In the final section, we discuss the implication and the application
of our results in evolutionary and epidemiological analyses.

2. Site-specific frequency of nucleotide and models.

2.1. Tajima’s D. A nucleic acid sequence is a sequence of nucleotides consisting
of four values. The nucleotides are A, T, G, or C for DNA sequences, and A, U, G,
or C for RNA sequences. For the sake of simplicity, we refer to A, T (U), G, and C
as 1, 2, 3, and 4. Here, we consider a set of sampled sequences with length L. The
possible number of sequences is 4“. We denote by z a sequence of nucleotides, with
x; representing the nucleotide at the [th site, that is,

x={x1,22,...,xr},x; € {1,2,3,4}.

Figure 1 gives the sequence data of 3 sequences of length 6. To define Tajima’s D,
we define m; ; in a pair of sequences (ith sequence and jth sequence) as the number
of unmatched sites. We call a site a segregating site when there are at least two
different nucleotides among the sampled sequences. In Figure 1(a), we see 712 = 2
and ma 3 = 0, whereas in Figure 1(b), there are two segregating sites. For a given
n sampled sequences, Tajima’s D describes the variation in sequences among these
samples. This is a function of the mean pairwise distance @ and the number of
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(a) An example of pairwise disrance T, (b) An example of segregating site

Site 1 Site2 Site3 Site4 Site5 Site6 TSite 1" Site 2 Site 3 'Site 4' Site 5 Site 6

st 0232 4 2 seeet 112 31274 2

I pairwise distance between sequence 1&2 x, ,=2

sow2d 23342 w112 31314 2

I pairwise distance between sequence 2&3 7, =0

s 4 D33 42 swdd12 31314 2

|

F1G. 1. A given set of three sampled sequences. (a) Pairwise distance. The pairwise distance is
defined as the number of unmatched sites. (b) Segregating sites. A segregating site is a site where
there is at least two different nucleotides among the sequence dataset.

segregating sites 0. Namely,

1) D:¢v<—/—/>
where
©) = (2T /()

n—ll
azzg.

In [21], the denominator of Tajima’s D is given by the function of o,

Var (m;; — 0/a) =\/g10 + g20 (0 — 1),

where
14n 1
3(n—1) a
g1 = ;
a
as  24n , 2(3+n+n?)
a2~ Tan In(n—1)
g2 = D) y
a“ + as
n—1 1
ag = E -
42
i=1

To calculate Tajima’s D, we require only (i) the site-specific frequency of each nu-
cleotide among sampled sequences f, and (ii) the number of sampled sequences n. In
the next subsection, we start with the calculation of Tajima’s D for a specific site and
then expand the calculation to include multiple sites.

© 2017 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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2.1.1. Tajima’s D for a specific site. In this subsection, we focus on a specific
site, the [th site, in the sequences to calculate Tajima’s D. Let flk be the relative
frequency of nucleotide k in the [th site among sampled sequences, where

ke {1,273a4}’fl1+fl2+fl3+fl4: 1.

The numerator in the right-hand side of (2) is the sum of pairwise distances with
respect to the [th site among all pairs of existing sequences and can be written as flk.
The sum of pairwise distances is the product of (i) the number of pairs classified by
the nucleotide, e.g., 1 and 1, 1 and 2,..., 4, and 4, and (ii) the pairwise distance for
the pair classified by the nucleotide. The number of pairs classified by the nucleotide
except self-pairing is given by

n2 fll fll —n fl1 n2 fl2 fll n2 fl3 fll n2 fl4 fll
TL2 ll fl2 n2fl2fl2 _ nle n2 fISfl2 n2 fl4fl2
n2f11 l3 n2 fl2fl3 n2fl3fl3 _ nflS n2 fl4fl3
anll l4 n2fl2fl4 n2 fl3fl4 n2fl4fl4 _ nfl4
The pairwise distance for the pair classified by the nucleotide is given by
01 11
1 011
11 0 1
1 1 1 0

Therefore, the total pairwise distance per each pair classified by the nucleotide is
written as

0 TL2 fl2 fll ,n2 fl3 fll n2 fl4 fll
n2 fll fl2 0 n2 fl3 fl2 n2 fl4 fl2
’I’LQ fll fl3 n2 fl2 fl3 0 n2 fl4 fl3
L PR R 0
Note that this matrix is a symmetry matrix, and the sum of all elements of this matrix
counts each nucleotide pair twice. Then

= n2[fH (1= 1)+ £ (1= £2)+ 12 (1= 1)+ 12 (1= 1))
) 2(3)

a2 (= f2) P (=12 1 (1= 1]

- n—1

With respect to the number of segregating sites for the [;th site, oy, we have from its
definition the following:

0 ifff=1lorff=1lorfP=1orf!=1,
ag] =
! 1 otherwise.

Assuming that the sequence sampling process is random and the sampling process
of the nucleotide in the [th site follows a multinomial process, the maximum likelihood
estimate of the frequency of nucleotide & in the Ith site among the population is equal
to fF. Therefore, the sampling probability of o; among n sampled sequences is given

"+ G + )"+ ()"
(" "+ " )
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The expected value of oy is

) Blo) =1 (/)" + ()" + (5" + (")
Meanwhile, Tajima’s D at the lth site D; is given by

™ —oi/a
V9101 + gooy (01 — 1)

Assuming o; = E(0;), from (3), (4), and (5) we notice that D; is determined only by
flla fl2, flSa fl43 and n.

2.1.2. Tajima’s D for L sites. Assuming no linkage between sites, the mean
pairwise distance among L sites of n sampled sequences is simply given by the sum
of T,

(5) D, =

“ ZL:n =)+ 0=+ RO+ = f]

n—1
=1
o is given by
L
=) o
=1
where
0 iffl=1orff=1orfP=1orf!=1,
(7) o = fl . fl fl fl
1 otherwise.

If the site-specific frequency of nucleotides is assumed to be independent, i.e., the
sampling process of site-specific nucleotides follows a multinomial process (E(ff) =
flk)7 then the expected number of segregating sites o among n sampled sequences is

(8) E(0) = il ()" D"+ U+ (")

Substituting (6) and (7) or (8) into (1) yields immediately that Tajima’s D is deter-
mined only by fF and n.

2.2. Disease dynamics model. To explore the relationship between Tajima’s
D and disease dynamics, we construct a multistrain SIR model [3, 7, 15]. Here, the
classification of strain is such that two sequences are considered the same strain if and
only if they have identical sequences. We also assume that the number of sequences in
the host population is proportional to the number of infected individuals correspond-
ing to the strain. To focus only on the impact of disease dynamics, we assume that
the evolution of the pathogen is neutral and has no effect on the phenotype. Then
the transmission rate and recovery rate are identical among all sequences, and the
established immunity against a strain carrying one sequence protects hosts against
infections, with all strains carrying any other sequences. The population dynamics of
the hosts infected with the strain carrying sequences z, I, can be described by

S'(t) = =BS(6) X2, 1, 1),
) L) = BSOL VL) + (3, ey (1)) = (5, Hamsy) L (D),
Ry (t) = v1.(b),

© 2017 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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where 3 denotes the transmission rate, v denotes the recovery rate, and fi,_,, denotes
the mutation rate from sequence x to sequence y. Here we assume that every mutation
in a given host replaces the dominant genotype of the pathogen. Suppose the epidemic
duration is short compared to the life span of the host; in this case the host population
size is constant:

St + Y L(t)+ > Ru(t) = N.

2.2.1. 1-site model. We start from the simplest 1-site model. We assume that
only one site (the th site) in the genetic sequences can mutate and that the nucleotides
in other sites are the same among all sequences. Therefore, only four sequences can
exist. Hereafter we refer to them as z1, x2, 3, and z4. The nucleotides in the lth
site of sequences x1, 22, 23, and x4 are 1, 2, 3, and 4. Mutation can occur (I, can be
I, by mutation, where I, denotes the number of infected individuals with strain z).
In population genetics, many models for mutation have been proposed. For example,
Jukes and Cantor assumed that all site-specific mutation rates between nucleotides
are the same [10], and Kimura assumed two mutation rates: a constant rate for the
mutation between A and G and between C and T (U), and a different rate for all other
mutations [12]. If we follow the simplest mutation model and use the Jukes—Cantor
assumption, (9) can be written as

S'(t) = ~AS) X, 1y (1),
(10) I4(t) = BS(L() = AL(0) + (X, w1y (1)) — 4L (1),
RL(t) = 1L.(1),

where p denotes the mutation rate among sequences x1, 22, 3, and x4 (i.e., a constant
mutation rate among sequences x1, £2, 23, and x4 by the Jukes—Cantor assumption).
Suppose that only one sequence, 1, exists at the beginning of an outbreak, the
number of infected individuals is small, and all other individuals are susceptible; then
we have (for sure ¢ <« 1)

S(0) = N —¢,
(11) I.1(0) =€,
I2(0) = I;5(0) = I;4(0) = Ry41(0) = Ry2(0) = Ry3(0) = Rya(0) = 0.

2.2.2. L-site model. We now expand the 1-site model into an L-site model,
assuming that the number of mutable sites is L. In this model, 4% sequences can
exist. We denote the infected hosts and recovered hosts with the strain carrying
sequence = {x1,%2,..., 2L} by Igy 2,2, a0d Ry, 4, . .. The maximum number
of mutations for each time step is assumed to be one for each sequence. Therefore, the
number of unmatched sites between parent sequence and child sequence is always one.
For the sake of simplicity, we use the Jukes—Cantor assumption for mutation, which
is a constant rate for the mutations in a site; however, the mutation rates among
different sites can vary, so u; denotes the mutation rate among nucleotides at the Ith

© 2017 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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site. Following these assumptions, (9) can be written as

CUORSECEIODYHD SHRTED DU S (O}
Lo (0 = (BSW) =D oy (6 + (s Ty (8

.....

4
(12) + Zyg M2y sy (B) + 00+ ZyLzl Brdys o,y (t))
(Zl 1 Ml) T1,22,0,T L, (t),
R;:hxz,...,acl, (t) = 7196179027---73% (t)

Suppose that only one sequence, {1,1,...,1}, exists at the beginning of an outbreak,
the number of infected individuals is small, and all other individuals are initially
susceptible. Then

S

( N —
(13) Il,l ..... 12
(

b

€
0 for {zy1,x9,...,2r} #{1,1,...,1},
0 for all {z1,29,...,21}.

301 T2, TL

)
)
)
whwz, HTL O)

3. Main results.

3.1. Deterministic model. We start the analysis of the genetic variation of
pathogens from the above deterministic SIR model. For a given site I; € {1,...,L}
and a given nucleotide k1 € {1,2, 3,4}, we define

GZl :{(Ila"wIL); T € {1723334} for 1 §i§L7Il1 :kl}

to be the set of all sequences with the nucleotide k; in the I; site. Let I lkll (t) be the

number of infectives whose sequences belong to Gfll, and let fl]il (t) = Ilkl1 (t)/I(t) be
the frequency of nucleotide k1 in the Iy site. Here I(t) denotes the total number of
infected individuals among all sequences:

4
=2 I'®

ki1=1

We start with the 1-site model as shown in (10). In the 1-site model, four different
sequences can exist: z1, 2, x3, and x4. At only one site can a nucleotide mutate, and
nucleotides in other sites are identical among sequences. For the purpose of induction,
we introduce an inductive notation,

I = IllllaI:EQ = I12117-[13 = -[13117Iz4 = Iil
From (10), we get
! /
(1)) = (1) = (8S =y —4w) (I} = I})
and
t
(14) I () = I () = (1)} (0) — I7(0)) (exp [ / . BS —y — 4MdTD :

It follows immediately that

(15) 1M (1) — 12 (1) = 1(0) (eXp { / t_o BS — - 4udTD .

© 2017 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Substituting (11) and (15) into (14), we have
LMt) = 17 () = 1(t) exp [~4pit]

Recalling flljl t) =1 lkl '(t)/1(t), we obtain the site-specific nucleotide frequency, fl’jl (t)
as follows:

1 L) 143 expl—dpnt
w ) =T = i :]7 \ )
L) LN L) 1_exp[—4
[ =20 = £ ) = o = Tto =ty = 104[ =3

(16)

Therefore, fﬁl (t) is completely determined by the mutation rate .
For a more general L-site model, from (12) the dynamics of I lkll can be written as

I8 (1) = BSWI (1) = VI () + (S, A ) 1 1)
a7 it 1) = ( 411) I ()
= (B5(t) — v — 4pu,) I (8) + pu, I(2)

Here the term (3, 4pm) 1, lkl 1(t) describes the new strains from sequences € Gfll,
including the mutations from G;"ll to Gil. The term (3,4, 4/1,,1).7;611 (t) describes the
new strain from Gfll to Gil, which should result from the mutation at sites other than
the [y site. The term py, I(t) describes the new strains, which become elements of Gfll
by the mutation at the [;th site, including the mutation from Gil to Gﬁl. Therefore,

L) = 10072 [{85(0) = 7 = 4 I () + p, (0 } (1)
(18) —{8S(1) — IO (1))
= _4:U’l1 fllj1 (t) + Hiys
from which we conclude that fl’jl (t) is completely determined by the initial condi-

tion flkl1 (0) and the mutation rate p;,. Assuming that the sequence existing at the
beginning of an outbreak has nucleotide 1 at the lth site as shown in (13), we obtain

143 exp[félp,l1 t]

fllll(t) =g

(19) ot
f2(t) = £ (1) = i r) = el

Recalling that Tajima’s D is determined only by fl’jl and n, we have the following.

LEMMA (INDUCTION LEMMA ON TAJIMA’S D). Tajima’s D is completely deter-
maned by the sample size n and site-specific mutation rate p, .

In population genetics, the sign of Tajima’s D is believed to be affected by the
population dynamics [5]. However, we have observed here that from the determinis-
tic disease dynamics, Tajima’s D is independent of the disease dynamics (precisely,
independent of the parameters characterizing the disease dynamics, i.e., 5 and 7).
This is true even if the assumption of mutation follows Kimura’s assumption [12]; see
subsection 5.1. Figure 2 illustrates the dependence of the sign of Tajima’s D with
mutation rate p and sample size n. Tajima’s D tends to be negative at the beginning
of an outbreak and becomes positive as time passes, except when n is small. Tajima’s

© 2017 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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(a) (b)

0.0005 f e 200 F

0.0004 | ] I
150
0.0003
100

0.0002 [

Mutation rate u
Sample size n

50
0.0001

0.0000

n n n 0 L . I 1
0 200 400 600 800 1000 0 200 400 600 800 1000

Time Time

Fi1G. 2. The dependence of the sign of Tajima’s D with mutation rate p (a) and sample size n
(b) when the number of mutable sites L = 500 and the mutation rate is constant among sites. The
black area denotes negative Tajima’s D and the gray area denotes positive Tajima’s D.

D can be positive from the beginning to the end of an outbreak when n is small. The
time point at which Tajima’s D = 0 becomes earlier with increasing p. Tajima’s D
becomes 0 at the latest time point when the sample size n is intermediate.

We continue to define G, I, and f by fixing two nucleotides k1 and ko and the
two different sites I; and ly. That is,

Gk — {(z1,...,21); x; €{1,2,3,4} for 1 <i < L,a;, = k1,2, = ka},

l1,l2

1 lkllifz( ) = the number of infectives at time ¢ with the sequence belonging to Gfll ’l’:Q,
1,k 1111122 (t)
le,12 (t) = I

Then we have

ll l2 l1 12 ll l2

4 [Ikl,kz} — (ﬁS _'7) Ik17k2 _ S,U/lllkljk? — 3 Il/?/:z

4 k1,5
F D otk Ill 1, M ZJ Lk Ty

= (S ") 1;31/;2 — A, TN — A, IE o, 2 4 g, I

l1,l2

where the term p, E?:I, ks describes holding ko at the 5 site with a mutation

ll l2
in the [; site, and the term gy, 2?21 otk Il1 ig describes holding k1 at the [y site with
mutation in the I, site, and

ki k '
(20) [lel,l;} = —4 (1, + u,) flll 22 + f12 + NZQf
Therefore, since we have proved in the induction lemma that flki( ) (i=1,2) are

determined from flk (0) (1=1,2) and py, (i=1,2), we conclude that fkl’kz (t) is
determined by py,, pu,, and the initial frequencies fl’j (0), f12 (0), and fl]jll’?( ).

© 2017 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Inductively, for a fixed m € {1,...,L—1,L}, for fixed ly,...,L, € {1,..., L —1}
withl; #1; (1 <4,j < m), and for fixed nucleotide, k1,. ..,k € {1,2,3,4}, we define

Zl” f{xl,.. ;x1€{1234}1<z<Lajlfkj,1<]<m}
kl, om

ki,..
it sl

Jrinm (6 = S

arn

™ (t) = the number of infectives with the sequence € G}, ,

Then
d Ikl,.~~7k7n,7k7n+l
dt 117 lm»l'm+1
kl, K s k41 ks km Kimot 1
(ﬁS '7) colmo g1 _(3/1‘11 +3,ul +3/1«lm+1)-[ clmslmg

4 j7k2y~~~7km7km+1 klyu:knuj
+ ijl gtk L T ijl,#kmﬂ LIRS

k yeeskom km k1yeoskm km
(65 fY) ! ,l - 4 (/’Lll + te +er,n+1) I ! +

117 ll,-»- lm,lm+1

molm+1
ka,... km7km+1 k1,k3ka,...;km kmt1 1,-
S L 1 N A o PP A O A S o I
from which we conclude that
k17 kwukm,+1 _ 1,- k7nvk7n+1
(21) dt |: Lyl lmtn ( ) =4 (Mll +'u'lm+1)fll Ly lmt1
ka,... kiyeoskm

m+1
+Ml1f12’ S +- +:ulm+1 11yl

Thus, £ k’"’k”’“( t) is determined by gy, - -y, +1 and the initial condition of

llnw moy 7n+1

FEO) (=1, m+ 1), £E5500) (=1, om0, R 0), 7 0).,
The induction ends when we are able to calculate f; "’ k1, karl( t). In summary, we have

1n+ 1

proved the following.

THEOREM. The frequencies fl b L with ki,....kr €{1,2,3,4} and ly,...,l1 €
{1,2,..., L} can be calculated mductwely from (18), (20), and (21), and these frequen-
cies are mdependent of the disease population dynamics ({5,~}) and are completely
determined by the site-specific mutation rates and initial frequency values.

The frequencies f; iRl deseribe the genetic diversity of the pathogen. Thus, we

observe from the determmistic model that the genetic diversity of the pathogen under
neutral evolution (where mutation has no effect on the pathogens’ phenotypes, i.e., 5
and 7) is independent of the disease dynamics.

3.2. Stochastic model. What happens if we expand the deterministic 1-site
model into a stochastic 1-site model following a continuous time Markov process?
From (21), the time differentiation of the expected number of infected hosts with the
strain carrying the sequence whose nucleotide k; at the specific site {1, E(/, lkll), and
the expected number of the total number of infected hosts, E (I), can be written as

B(180) = (BESW) 7~ 4 E (1 (1)) + 4B (1(1))
(22) + BCov (S(t), jr (t)) ,
E(I(1)) = (BE(S() =) E(I(}) + BCov (S(1), I(1))..
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With manipulations similar to those for the deterministic 1-site model, we obtain

E (£, (t) E( I(t()t)> (1+eXP[ 4pt] > gﬁl(t)>7

(fi,' ()
(f1211 (1) =1 (1 +exp [—4ut] >0k glkll (t) — dexp [—~4pt] 91211 (t)) ’
(fi,' ()
(fi,' ()

(23)
= 3 (1 exp [—4put] oy, 0 082 (6) — dexp [~4pt] g7 (1))

= 4 (1 exp [ 4] X2y 98 (1) = dexp [~ 4ut] g (1))

where Cov (z,y) denotes covariance of x and y and

ov T T Cov S(T)’Ill(T) —Cov (S(7), (T)
gl (1) = exp (—Mf_oc - E(lﬂmg 30 Zglm) )dT)
1
_ B(s(r(r) _ BSO (L0~ @) )
_exp< ﬁfr 0 B(I(M) E(Illll(T)) B (1 kll(T)) dr | .

Unlike the deterministic model, the expected value of the site-specific nucleotide fre-
quency in the stochastic model can be affected by disease dynamics. This is also
true when we expand the stochastic 1-site model into a stochastic L-site model with
varying mutation rates among sites as follows:

B (1 (0) = (BB(S(1) — — 4, B (I8 (1)) + 1B (1))

(24) +BCov (S(t), g (t)) :
E(I(t))" = (BE(S(t)) —7) E(I(t)) + BCov (S(t), I(t)),

from which it follows that

E(fl(t) =F (Il(ff)) (1 +exp [~y ) g, 21 98 ( ))
oz BUTO) =% (1ol T i ®) - dexp (-4, 1) 7 )
B(f(0) = § (14 exp =4t Sy 017 (1) — dexp [=4u, ] g7 (1))
B (f(8)) = % (1 + exp [~4p0,t] X, 20 987 (1) — dexp [~y 1) g2 ()
where

i CEE@IE) B0 (@ - 1m))
g1 (t) = exp _5/T:O E(I(r) E(Illll(T))—E(Ilkll(T)> "

3.2.1. Monte Carlo simulations. We now show that the impact of disease
dynamics on Tajima’s D is hidden in the stochasticity of the disease dynamics. The
term in Tajima’s D that includes the effect of stochasticity of disease dynamics, as
shown in (24), cannot be expressed in a closed form [9]. To explore the behavior
of Tajima’s D in a stochastic model, we employ an individual-based Monte Carlo
(IBM) simulation. The infection state of each host is recorded as 0, 1, or 2 in the
IBM simulation. The infection states 0, 1, and 2 indicate that the host is susceptible
(S), currently infected (I), or recovered (R), respectively, assuming each infected
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() R,=2 (b)R,=5 (©)R,=10

Tajima’s D
Tajima’s D

40 60 80 100
Time

Fic. 3. The impact of disease dynamics on the temporal evolution of Tajima’s D with varied
basic reproduction number Ry = (B/v. The solid lines show the 1000-iteration average of the time
evolution of Tajima’s D when Ry = 2.0 (a), 5.0 (b), and 10.0 (c), respectively. At each time step of
the IBM simulation, Tajima’s D was calculated when I(t) > 200. The dashed lines show Tajima’s
D in the deterministic model.

() R,=2 (©R,=10

1.000 p. 1.000

0.999 0.999

0.998 0.998

0.997 = 0997

0.996 0.996

0.995 0.995

F1G. 4. The impact of disease dynamics on the time evolution of f1 with varied basic reproduc-
tion number Rg. The solid lines show the 1000-iteration average of the time evolution of f1 when
Ro = 2.0 (a), 5.0 (b), and 10.0 (c), respectively. At each time step of the IBM simulation, fi was
calculated when I(t) > 200. The dashed lines show f1 in the deterministic model, which is given by
(19).

individual has only one nucleic acid sequence of the pathogen, and each infected
individual and nucleic acid sequence is recorded. Secondary cases have the same
sequence as the primary case when transmission occurs. During infection the mutation
replaces the dominant sequence of the pathogen by a constant rate pu.

We set the parameters to their baseline values as follows: N = 200,000, L = 500,
v = 0.3, At = 1, n = 200. We assume initially that one host is infected with a
strain carrying a sequence whose nucleotides at all sites are 1, and all other hosts
are susceptible for all possible strains. The IBM simulations run until there are no
infected individuals. Figure 3 shows the impact of disease dynamics on the temporal
evolution of Tajima’s D with varied basic reproduction number Ry = (3/v. The
difference between the deterministic model and the stochastic model increases as Ry
decreases. The duration of epidemics in the IBM simulation also increases when R
decreases.

As discussed in the previous sections, Tajima’s D is a function of the site-specific
nucleotide frequency flkl’l. The frequency of nucleotide 1, which is identical in all
sequences at the beginning of an outbreak, fllll, is calculated. As we assume the
site-specific mutation rate is identical among different sites, the expected value of
fl]jl is also identical among different nucleotides and different sites. We can then
calculate the average of flll1 among all sites, fi. Figure 4 shows the impact of disease
dynamics on the time evolution of f; with varied basic reproduction number Ry. The
deterministic model predicts f; in the corresponding stochastic model, and the impact
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FiG. 5. The time evolution of ™ with varied basic reproduction number Rg. The solid lines show
the 1000-iteration average of the time evolution of ™. At each time step of the IBM simulation, T
was calculated when I(t) > 200. The dotted lines show the theoretical T, which is given by (6) using
deterministic f1, f2, f3, and fa given by (19). The dashed lines show the theoretical 7, which is
given by (6) using the 1000 iteration average of the time series of fi, f2, fs, and fa with IBM.
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Fi1G. 6. The time evolution of o/a with varied basic reproduction number Ro. o denotes the
number of segregating site, and a denotes Z?;ll 1/i. The solid lines show the 1000-iteration average
of the time evolution of o when Ro = 2.0 (a), 5.0 (b), and 10.0 (c). At each time step of the IBM
stmulation, o/a was calculated when I1(t) > 200. The dotted lines show the theoretical o, which is
given by (8) using the deterministic f1, f2, f3, and fa given by (19). The dashed lines show the
theoretical o, which is given by (8) using the 1000 iteration average of the time series of f1, f2, f3,
and fq with IBM.

on Ry is small for f;.

As shown in (1), Tajima’s D can be decomposed into two functions of fi, the
mean pairwise distance between sampled sequences 7 and the number of segregating
sites among sampled sequences o. Specifically, the relationship between 7 and o/a
determines the sign of Tajima’s D. Therefore, we explore the difference between 7
and o/a for the deterministic model and the stochastic model. Figure 5 shows the
difference in the time evolution of 7 with varied basic reproduction number Ry. T is
the function of fi, fs, f3, and fy, and there is a gap between theoretical and simulated
7 even if f1, fo, f3, and f4 are all fixed. This gap also depends on Ry: the smaller
Ry, the larger the gap.

Figure 6 shows the difference in the time evolution of o with the varied basic
reproduction number Ry. This gap also depends on Ry: again, the smaller Ry, the
larger the gap. The gap between theoretical and simulated Tajima’s D is large at the
early stage of an epidemic. Comparing 7 and o/a, o/a shows a large gap between
the deterministic and stochastic models.

4. Discussion. In this paper we investigated the time evolution of Tajima’s D
in a nonendemic disease outbreak situation, and we conclude that (i) Tajima’s D in a
deterministic SIR model is completely determined by the mutation rate and sample
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size, and (ii) the time evolution of genetic diversity of an infectious disease pathogen
in a deterministic SIR model is completely determined by the mutation rate. We
observed that Tajima’s D is independent of disease dynamics, and we found that the
sign interpretation of Tajima’s D (i.e., negative (positive) Tajima’s D shows popula-
tion expansion (contraction)) is not always true for disease transmission dynamics.
Employing a stochastic model, we demonstrated that the dependence of Tajima’s D
on the disease transmission and evolution dynamics is a result of the stochasticity
of those dynamics. The same is true for the dependence related to genetic diversity.
Interestingly, the period when Tajima’s D remains negative is longer than the period
when the infected population increases, as shown in Figure 3.

Our observation that Tajima’s D is dependent on stochasticity in disease transmis-
sion during an outbreak can be useful for the estimation of insightful epidemiological
and evolutional parameters. If the sequence data reflect stochastic transmission and
evolution dynamics, e.g., sequences of pathogens sampled from a small outbreak in
a limited host population, then Tajima’s D depends on both the mutation rate and
Ry. Therefore, a joint estimation of the mutation rate and Ry from Tajima’s D is
possible. If the disease dynamics can be approximated by a deterministic SIR model,
then Tajima’s D is not biased by disease dynamics and can be determined by the
mutation rate alone.

Tajima’s D depends largely on the sample size, as shown in Figure 2. In particular,
with a small sample size, small changes in the sample size causes significant bias in
Tajima’s D. At a practical level, the sampling probability during an outbreak changes
over time due to reporting bias, so careful study is required.

If we can assume that the sampling probability, p, is constant over time, and
that the sample size is proportional to the number of infected individuals, n = pI(t),
then Tajima’s D depends on the disease dynamics even in the deterministic model.
Even in such a case, the sign of Tajima’s D is not directly related to the sign of the
time-derivative of the pathogen population I’(t), as seen in the study with monotonic
population growth [18, 20]. Tajima’s D is determined not only by Ry, but also by
the mutation rate and sampling probability. In this case we can estimate Ry from
deterministic Tajima’s D. However, this estimate of Ry is equivalent to the estimate
of Ry fitting an SIR model, with the time series of the sample size as the time series
of the number of infective individuals.

Previous studies show that a sudden change in the sign of Tajima’s D implies the
replacement of the dominant strain under strong natural selection [6]. If Ry and the
mutation rate are given, the confidence interval of the site-specific Tajima’s D, Dy,
can be obtained from our stochastic model. This confidence interval gives the confi-
dence interval for neutral mutation. Using this confidence interval, we can discover
the significant mutations in terms of their impact on phenotypes. The estimation of
Ry using epidemiological data, e.g., the time series of the number of infected hosts [2]
and the estimation of the mutation rate using sequence data [4] have already been de-
veloped, and the estimation of significant mutations is possible if both epidemiological
and sequence data are available.

Sampling time series of sequences of pathogens during an outbreak has become
a common practice for infectious disease surveillance. Methodologies analyzing evo-
lution and disease dynamics from such sequence data are in great demand. Many
sequence datasets of infectious disease are sampled from nonendemic situations, as
described by the SIR model. In the SIR model, the fitness of a pathogen and effective
reproduction number are changing over time, even if there is no mutation. In such
nonequilibrium population dynamics, the interpretation of the existing methods for
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evolutionary analysis may be different from that in simple population dynamics, e.g.,
neutral evolution or exponential growth. Theoretical analysis of the impact of popu-
lation dynamics on common evolutionary analysis can help interpret results of such
analysis.

5. Appendix.

5.1. The disease dynamics with Kimura’s assumption. If we follow the
mutation model of Kimura’s assumption [12], (10) can be written as

§'==502, L),

(I1) = (BS — v — (2u1 + p2)) Ln + pnLoo + paIus + pioloa,
(26) (In2) = (8BS =~ — (2p1 + p2)) Lo + pn Lon + pro Lo + pia Lua,
(In3) = (BS — v — (21 + p2)) Lo + pinlor + ooz + oo,
(Ia) = (BS — v — (21 + p2)) Tpa + piolor + paluo + pin Los.

The initial condition of the system shown in (26) is the same as that of (11). From
(26),

(I1) = (Ipa) = (BS — v = 2 (1 + p2)) (To1 — Tpa) -

By a computation similar to that used in the 1-site model with the Jukes—Cantor
assumption, we obtain

Ipn — Tpa = I(t) exp (=2 (p1 + p2) t) -
We also compute the time derivative of I1(t) — I;2(¢) using Io(t) = L3(t),
(1) = (Iu2) = (BS =7 =4 (1 — p2)) (Ier = Lu2) — (1 — pi2) (Tox — Lpa) -
Therefore, we obtain the site-specific nucleotide frequency, fl’jl (t), as follows;
2(1) = § (1+ exp (—4punt) + 2exp (=2 (s + pa) 1))

1 p
ﬁjl ()= 3 (t) = L (1 - exp (1),
Fir(#) = 1 (14 exp (—4pt) — 2exp (=2 (1 + p2) 1)) -

Regarding the L-site model, we can derive flljl (t) similarly to the L-site model with
the Jukes—Cantor assumption as follows;

L) (1 + exp (—4p, 1t) + 2exp (=2 (w1 + 1, 2) 1)),
2H(t) = f (t) = § (1 — exp (—4pu, 1)),
fir (@) (1 +exp (=4, 1t) — 2exp (=2 (p, 1 + puy 2) 1))

where g, 1 (1, ,2) denotes the mutation rate pq (u2) in the 1-site model at the i1th
site.
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