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Abstract The non-null electromagnetic fields have been studied through the compacted spin coefficient formalism due to Gcroch, Held and Penrose (GUP) The propagation equations for the shear, twist and expansion of the congruences have been obtained and the conditions arc given under which the coupling of twist and expansion is possible The behaviour of the modified Lie derivative operator on the electromagnetic bivcetor, Ricci tensor and the metric tensor has also been studiedKeywords Non-null electromagnetic fields, GUP formalism, modified Lie derivativePACS Nos. 04 20 -q, 04.40 -b
1. Introduction
It is k n o w n  th a t th e  sp in -co e ff ic ien t fo rm alism  due  to  

N ew m an  an d  P en ro se  [1] can  su ccessfu lly  b e  u sed  in trea tin g  

m any  p ro b le m s o f  g en era l re la tiv ity . A n ex ten s io n  to  th is 

fo rm alism  is g iven  by G ero ch , H eld  and  P en ro se  [2]. T h is 

fo rm alism  is m ore  co n c ise  and  e ffic ien t than  th e  w idely  

k n o w n  N P  fo rm a lism . H o w e v e r, G e ro c h -H e ld -P e n ro se  

fo rm alism  (a b b re v ia te d  as G H P -fo n n a lism ) has fa iled  to  

d ev e lo p e  to  its full p o ten tia l to  the ex ten t to  w hich  the N P  

fo rm alism  has. A b o u t tw en ty fiv e  y ears  ago , soon  a fte r the 

a p p ea ren ce  o f  G H P -fo rm a lism , H eld  [3 ,4 ] p ro p o sed  a sim ple  

p ro ced u re  fo r in teg ra tio n  w ith in  th is fo rm alism  an d  ap p lied  

it to  P e tro v  ty p e  D  v acuum  m etrics. T he geom etrica l m eanings 

o f  th e  sp in  c o e ff ic ien ts  ap p e a rin g  in th is  fo rm alism  hav e  been  

g iven  by A hsan  an d  M alik  [5]. R ecen tly , G H P -fo rm alism  has 

ag a in  a ttra c te d  th e  a tten tio n  o f  sev era l w o rk ers  and in th is 

co n n ec tio n , L u d w ig  [6] h as g iv en  an ex ten sio n  to this 

fo rm alism  by c o n s id e r in g  on ly  q u an titie s  th a t tran sfo rm  

p ro p e rly  u n d e r a ll d iag o n a l tran sfo rm a tio n s  o f  the underly ing  

sp in -fram e , / e ., n o t o n ly  u n d er b o o st-ro ta tio n  b u t a lso  u n d er 

co n fo rm a l re sca lin g . T h e  ro le  o f  co m m u ta to r re la tio n s in th is 

ex ten d e d  fo rm a lism  h as b een  ex p lo red  by E d g ar [7], O n the 

o th e r h an d , K o la ss is  and  L u d w ig  [8] h av e  stu d ied  the

space-tim es w hich adm it a tw o d im ensional g roup  o f  confo rm al 

m otion  (an d  in p a rticu la r  h o m o th e tic  m o tio n ). T h e  so  ca lled  

po st B ianch i iden tities , w h ich  p lay  a  c ru c ia l ro le  in sea rch  

o f  P etrov  type 1 so lu tio n s o f  E in ste in  fie ld  eq u a tio n s , 

have been  stu d ied  by  L ud w ig  [9] th ro u g h  G H P -fo rm a lism . 

M ore recen tly , a p ro ced u re  fo r  in teg ra tio n  w ith in  th is 

fo rm a lism  h a s  b e e n  g iv e n  b y  E d g a r  a n d  c o w o rk e rs  

[1 0 -1 5 ] .

M o tiv a ted  by  these  ap p lica tio n s  o f  G H P -fo rm a lism , th e  

non-null e lec tro m ag n e tic  fields have been  s tu d ied  in th is  

p ap e r u sin g  th is fo rm alism . In S ec tio n  2 , th e  M ax w ell 

eq u a tio n s  fo r an  e lec tro m ag n e tic  fie ld  o f  a rb itra ry  ty p e  and  

a lso  fo r non-null e lec tro m ag n e tic  fie ld  a re  g iven . A stu d y  o f  

v arious p ro p ertie s  o f  th e  c o n g ru en ces  h as b een  m ad e  and it 

is seen  tha t th e  ex p an sio n  and  tw is t o f  the  co n g ru en ces  can  

be co u p led  to g e th e r fo r a non-null e lec tro m ag n e tic  field . T he  

b eh av io u r o f  th e  m o d ified  L ie d e riv a tiv e  o p e ra to r  on the 

e lec tro m ag n e tic  field  b iv ec to r, R icci ten so r an d  the  m etric  

ten so r is th e  su b jec t o f  study  o f  S ec tion  3, w h ile  a d iscu ss io n  

o f  the resu lts  has been  m a d e  in S ec tio n  4. S o m e o f  the  

im p o rtan t resu lts  co n ce rn in g  G H P -fo rm a lism  a re  g iv en  in  the  

ap p en d ix . A d e ta iled  a cco u n t o f  su ch  an d  o th e r re la te d  resu lts  

can  be  found  in [16].
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2. T h e  M a x w e ll 's  e q u a t io n s  a n d  th e  n o n -n u ll  e le c t ro 
m a g n e t ic  f ie ld s

Let A/ be a fo u r d im e n s io n a l L o ren lz ian  m an ifo ld  tha t 

ad m its  a L o re n t/ ia n  m etric  o f  s ig n a tu re  (-- - +). Let Z‘̂  -

{ / " , ( / / -  I, 2 , 3, 4 ), be the com p lex  null te trad , 

w h e re  /‘̂  a re  rea l nu ll v ec to rs  an d  are  the co m p lex

nu ll v e c to rs . A ll th e  in n e r p ro d u c ts  be tw een  the te trad  v ec to rs  

v an ish  e x c e p t = \=-m^^hV' W ith these  o rth o g o n a lity  

p ro p e r tie s  an d  the  n u llity  o f  the te trad , can  be w ritten  as

In te rm s  o f  th e  co m p le x  nu ll te trad  the e lec tro m ag n e tic  

b iv c e to r  F,f h as  th e  fo llo w in g  form  [ L I 7 |

F ,i ^  t 2 /3 ( i ,w i |> i^ |

+ (2 )

w h ere

(3 )

are  th e  c o m p le x  sc a la rs , and  3 ^ | ,  re sp ec tiv e ly , d en o te  

th e  rea l an d  im a g in a ry  p a rts  o f  (p\. T h e  q u an tity  <t>\ d esc r ib e s  

the  C o u lo m b  c o m p o n e n t o f  the  fie ld , w h ile  the co m p o n en t 

<t>2 a rise s  from  th e  e le c tr ic  d ip o le  rad ia tio n  o f  an a c ce le ra ted  

ch a rg e . I f  a c c e le ra tio n  is a b se n t then  <t>2 =  0.

D e p e n d in g  u p o n  th e  v a n ish in g  o f  the  M ax w ell 's  sca la rs

(3 ), the  e le c tro m a g n e tic  fie ld  can  be c la s s if ie d  as [1 ,1 7 ]

T ype A : no n  n u ll (n o n -s in g u la r)  : ^  ^ 2  0i ^  0,

T ype B ; nu ll (s in g u la r )  : ^ 0  ^  (^1 “  0, ^ 2  ^  0 . (4 )

T ype  C : nu ll (s in g u la r )  : ^ 1  “  ^ 2  ~ 0 , ^ 0  ^  0.

It m ay  b e  n o ted  th a t in fac t, th e re  a re  ju s t  tw o  ty p e s  (ty p es  

A and  B ). T y p es  B a n d  C  can  b e  tra n sfo rm e d  in to  each  o th e r 

by sw itc h in g  F a n d  n̂  in th e  n u ll b a s is  {/"^, n " , w"", w ' F o r 

the  sak e  o f  c o m p le te n e s s , w e h av e  m e n tio n e d  h e re  all th e  

th ree  types . 7 'he  p ro p a g a tio n  v e c to r  fo r ty p e  B is F w h ile  fo r 

ty p e  C it is

T h e  so u rc e -fre e  M a x w e ll’s e q u a tio n s

= 0 , VjF^'f -  0 , (5 )'The clectronrmgnctic icnsor field F„hUn spinor language) is determined by a .symmciric spinor 0 ah and one can write
ÂH = hPA ^where a  and f l  arc spinors It a  and f i  arc linearly independent, the electromagnetic field is said to be a lg e b r a ic a l ly  g en era l, otherwise it is 

a lg e b r a ic a l ly  s p e c ia l According to this terminology, in fact we arc studying the algebraically general electromagnetic fields in this paper However, in the literature the terms 'non-nulf and ‘null’ arc commonly used for algebraically general and algebraically special electromagnetic fields, respectively*for lypgraphical reasons these derivatives are denoted by P, P \  D  and /)'. P and D  arc pronounced a.s ihrou and edlh

w h ere  F'f is a  real b iv e c to r and  is its d u a l, can  be 
e x p re ssed  as [1 ,17]

VjN'f -  0,

w h ere  N'' ~ {̂F'  ̂ - f /F * '')  ■=

'̂n̂  ̂ - .

(6)

(7)

It is kn o w n  [2] th a t G H P -fo rm a lism  d e a ls  w ith  sca lars  

a sso c ia te d  w ith  a te tra d  { / " , / 7" , m " , 7T7 "} w h e re  th e  sca lars  
u n d e rg o  tran sfo rm a tio n

(8 )

w h e n e v e r th e  te tra d  is ch a n g e d  a c c o rd in g  to

F ^  AAF, 7̂" ^  r U  -► (9)

S u ch  a  sca la r  is c a lled  a  sp in  and  b o o s t w e ig h te d  sc a la r  o f  

{p,c/} . T h e  sp in  w e ig h t is ^ { p - g )  an d  th e  b o o s t w e ig h t 

is ^(p^g).

O u t o f  the tw e lv e  sp in  c o e ff ic ie n ts  a p p e a rin g  in G H P - 

fo rm alism , o n ly  e ig h t a re  fo u n d  to  b e  o f  g o o d  sp in  an d  boost; 

th e  rem a in in g  fo u r a p p e a r  in th e  d e fin it io n  o f  th e  d e riv a tiv e s  

so  that the  d e riv a tiv e s  m ay  n o t b e h a v e  b a d ly  u n d e r sp in  and 

b o o s t tra n sfo rm a tio n s . F o r a sc a la r  A o f  ty p e  {p,g}, these  

d e riv a tiv e s  a re  d e fin e d  as ([2 ],[16 ])*

= (D -  p e -  g~e)g,

'Fg -  ( D ' + p  6f' + g~G')g, (1 0 a)

•Dq = { S -  p P -  qP')JJ,

•Dq = {S '+ pP ' -  q~P)q. (1 0 b )

F ro m  eqs. (2 ), (3 ) , (6 ) , (7 )  an d  (1 0 ), th e  G H P  v e rs io n  o f  the 

so u rc e -fre e  M ax w ell e q u a tio n s  fo r an  e le c tro m a g n e tic  field  
o f  a rb itra ry  ty p e  are  e q u iv a le n t to

- =  2 p ^ i -  r V o  - k4>2> ( l l a )

- =  2 r,* , -  P'<*o - cr 2̂. (11b)

"Ph - =  P<t>i -- 2 r V i  + (1 1 c)

- =  -- 2 p V i  + ( l i d )

w h e re  = -f*2 : { 2 .0 ) ,

-<t>\ ■■ \[ 0 ,0 ) , (1 2 )

( - 2 .  0}

a re  th e  M ax w e ll ‘scalars d e f in e d  by eq . (3 ) ; an d (P .
d e n o te s  th e  sp in  an d  b o o s t w e ig h t o f  th e se  sca la rs .

F ro m  equs. (4 ) an d  (11 ), th e  so u rce -free  M a x w e ll equations 

fo r a  n o n -n u ll e le c tro m a g n e tic  f ie ld  a re  e q u iv a le n t to

=  2p(t>, =  2 t^, =  2r'd>, =  2p'^, (13 )

w h e re  ^  w h ile  fo r  a  n u ll e le c tro m a g n e tic  f ie ld  o f  type 

B, th e  so u rc e -fre e  M a x w e ll e q u a tio n s  a re  e q u iv a le n t to

^  = p^, <0^ =  T̂ , K = a  = 0, (14)
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w h e re  ^  “ (pi a n d  /"  is th e  p rin c ip a l nu ll d irec tio n ; fo r a null 
e le c tro m a g n e tic  fie ld  o f  ty p e  th e  so u rce -free  M ax w ell 
e q u a tio n s  a rc  e q u iv a le n t to

9'(p ^  p% l̂f<p ~  f(p, k' -  &  ̂ 0 , (1 5 )

w h ere  (p= (po a n d  is th e  p rin c ip a l null d irec tio n .

F o r  th e  e x is te n c e  o f  a so lu tio n  o f  a n o n -n u ll 

e le c tro m a g n e tic  fie ld , th e  n ec e ssa ry  an d  su ffic ien t co n d itio n  

is th a t th e  c o m m u ta to rs  [iT, 'D], [iP, CD], [‘1\ iP]

an d  [CD, CDl as  c o m p u te d  fro m  G H P -c o m m u ta to rs  ( A l l -  

A 1 3 ) a g re e  w ith  th e  c o m m u ta to rs  o b ta in ed  from  G H P -fie ld  

eq u a tio n s  ( A 5 - A 10). T h e  ag reem en t b e tw een  the com m uta to rs 

ex is ts  i f  an d  o n ly  i f  th e  fo llo w in g  eq u a tio n s  a re  sa tisfied .

-  CD'cr= ( 2 r '  -  t )(t -  p 'k -  2 !^ ,,  (1 6 a)

Tr' -  CD'p = ~pT'  ̂ OT -  r ' p  -  K p \  (1 6 b )

e P 'r -  CD/?' =  p r  “K (TT* -  r'p' ~ Kp, (1 6 c )

!P/c" +  cDo-' -  ~p{T' k!) 4 ^ ' ( r  -  rO

4 r r ( 2 r - T ' )  ^ /)(x^  -  X) -  p ' r ' - 2 !^ !, (1 6 d )

D r '  C D 'r^  p p '  - p " p ,  (1 6 e )

c/’p '  -  'P'/? ^  r r  -  r'^r'. ( 1 6 0

T h e  se t o f  eq s . (1 6 )  has b e e n  o b ta in e d  by u s in g  G H P - 

c o m m u ta lo rs  ( A l l - A l S )  an d  G H P -f ie ld  e q u a tio n s  ( A 5 -  

A 10), e cq  (1 6 a ) can  be o b ta in e d  by  u sin g  th e  d e fin itio n  

o f  [P , D̂\<p, eq . (A  12) an d  G H P -f ic ld  eq s. (A 7 ) an d  (A 8). 

A lth o u g h  th e  se t o f  eq s . (1 6 )  a p p e a rs  to  b e  a c o m p lic a te d  one  

b u t im p o rta n t c o n c lu s io n s  can  be m a d e  u n d e r so m e sp ec ia l 

c h o ice s  o f  th e  sp in  c o e ff ic ie n ts  an d  w e h av e

Theorem 1 L e t a n o n -n u ll e le c tro m a g n e tic  fie ld  sa tis f ie s  th e  

so u rc e -fre e  M a x w e ll e q u a tio n s . S u p p o se  it is p o ss ib le  to  

p ro p a g a te  th e  c o m p le x  n u ll te trad  p a ra lle lly  a lo n g  th e  nu ll 

g e o d e s ic  c o n g ru e n c e s  C{N) an d  C{rf) th en  th e  se t o f e q .  (1 6 ) 

re d u c e s  to

Theorem 2 L et a n o n -n u ll e le c tro m a g n e tic  f ie ld  sa tis f ie s  th e  

so u rce -free  M ax w ell e q u a tio n  an d  su p p o se  th a t th e  te tra d  

can  be ch o sen  su ch  th a t r  an d  r '  a re  c o n s ta n t th en  the  se t 

o f  eq. (1 6 ) re d u c e s  to

- r 'o -+ ( ? ' - r)p  + p 'v  + y", -<Poi, (21) 
T)'p = - p r '  -  (7 T r'p Kp\  (2 2 )

)̂p'  ̂ -pT  -  (7t' -  r'p' + Kp, (2 3 )

CDcr' ~ p (r '  ~ k ' ) +  r '(p ' -  p ') + p(x-' -x ' )

-p 'r '  + o r  -  + 0 2 1 , (2 4 )

p p ' - p ' p  = 0 ,  (2 5 )

P p ' - P ' p =  r r - r 7 ' .  (2 6 )

H ere , eqs. (2 1 )  an d  (2 4 ) re p re se n t th e  p ro p a g a tio n  o f  

sh e a r o f  th e  c o n g ru e n c e  C\N) an d  CX«"), eq s . (2 2 )  an d  (2 3 ) 

d e sc r ib e  the  p ro p a g a tio n  o f  e x p a n s io n  an d  tw is t w h ile  th e  

c o u p lin g  o f  the e x p a n s io n  an d  tw is t, a s  i l lu s tra te d  in 

T h e o re m  1, is d e sc r ib e d  by  eq . (2 5 ). E q. (2 6 )  is id en tica lly  

sa tis f ied  in v iew  o f  the  G H P -fie ld  e q u a tio n s  (A  10) and  

(A  10'). T he  p ro o f  o f  th is th eo rem  fo llo w s w h en  th e  h y p o th e s is  

o f  T h eo rem  2 and  G H P -fic ld  e q u a tio n s  (A 5 -A 1 0 )  a re  a p p lied  

to  eq. (16 ).

3 . M o d if ie d  L ie  d e r iv a t iv e  o p e r a t o r

In G H P -fo rm a lism  |2 ] , th e  o p e ra to r

= V „  - ! ( / >  + <7)«*V„/* (27)

p lay s a c ru c ia l ro le  an d  tak es  th e  p lace  o f  c o v a ria n t d e riv a tiv e  

V ^. H ere  ( p ,p )  a re  th e  G H P -w e ig h ts  o f  a q u a n tity  ac te d  u p o n  

by  Sa- T h e  G H P -d iffe re n tia l o p e ra to rs  (1 0 ) a re  re la te d  to  

by the  eq u a tio n

= 1,,<T' -f n„9 -  /w,/D' -- m,/D. (2 8 )

F ro m  th e  p ro p e r tie s  o f  th e  te tra d  v e c to rs  an d  th e  u se  o f  eq. 

(2 8 ) , it is n o t h a rd  to  find

<D'cr = 2 r j ,  'D(t ' = - 2 ^ j, (1 7 ) =  ( - n fa  ~ ^ g +  7rm„ + pm^)m'’
D 'p  = 0 = (Dp', (1 8 )

+  ( - r f „ -KTig + pmg + ,
pp'  = p'p. (1 9 )

Qgrf' -  {-K'lg -  r'ria +  (r'mg + p'm„)m'’
Tp' = V'p. (2 0 )

+ (-ifVo - f 'n„  + p'mg +a'm„)m^
Remark : E q . ( 17 )  d e sc r ib e  th e  p ro p a g a tio n  o f  th e  sh ea r o f  

the c o n g ru e n c e s  C (/“) an d  C(n‘’). T h e  p ro p ag a tio n  o f  ex p an sio n =  {-K'lg -Trig +'p'mg + ct'oto)/*

(2 9 )

and tw is t is g iv e n  b y  eq . (1 8 ) , w h ile  eqs. (1 9 )  an d  (2 0 ) 

d e sc r ib e  th e  c o u p lin g  o f  th e  e x p a n s io n  an d  tw is t.

T h is  th e o re m  c a n  e a s ily  b e  p ro v e d  b y  u s in g  eq . ( 16 ) u n d e r 

the h y p o th e s is  o f  th e  th e o re m .

T h e  a b o v e  c o u p lin g  o f  e x p a n s io n  an d  tw is t d o  e x is t ev en  

u n d e r w e a k e r  c o n d it io n s  a s  d e sc r ib e d  by  th e  fo llo w in g  

th eo rem .

so  th a t

+ -Kn„-\-pma+crma)n\

0 j ‘' = - { p + p ) ,

© x = - ( p ' + ^ ' )

- ( r  +  r ' ) .

(30)
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T h e  use  o f  0 ,;  is p la c e  o f  e n ab le  us to  e lim in a te  the sp in  

c o e ff ic ie n ts  or, /3, £ an d  w h ich  b eh av e  b ad ly  u n d e r b o o st- 

ro ta tio n s . F o r th e  sam e  reaso n  the m o d ified  Lie d iffe ren tia tio n  

o p e ra to r  is d e fin e d  in w h ich  V,, is rep laced  by  0 a and  thus 

th e  m o d ifie d  L ie  d e riv a tiv e  o f  a v e c to r w" is g iven  by

(3 1 )

fo r a p u re ly  e le c tro m a g n e tic  d is tr ib u tio n  tak es  th e  fo llo w in g  
fo rm  f l9 ]  fo r  d if fe re n t ty p es

T ype A : R,j = (3 8 a )

TVpe B : R,j = j ’ (3 8 b )

L,u" = ehu“ .

S in c e  6>„ m ay  be  w ritten  as

=  (3 2 )

w h e re  =  y /„ +  en„ -  am„ -  fim„ (3 3 )

th e  m o d if ie d  L ie  d e r iv a tiv e  and  th e  L ie d e riv a tiv e  L( are 

re la te d  by

L r  (3 4 )

T h e  a c tio n  o f  th is  o p e ra to r  on  th e  te tra d  v ec to rs  m ay  be 

fo u n d  in [1 8 ].

In  th is  se c tio n , w e sh a ll fin d  th e  ac tio n  o f  th is  m o d ified  

L ie  d e r iv a tiv e  o p e ra to r  o f  th e  e le c tro m a g n e tic  fie ld  te n so r F,p 
th e  R icc i te n s o r  R,, an d  th e  m e tric  ten so r g,, fo r th e  no n -n u ll 

e le c tro m a g n e tic  fie ld s .

F ro m  eq s . (3 2 )  an d  (3 4 ) , th e  m o d ified  L ie  d e riv a tiv e  o f  

F,j w ith  re s p e c t to  th e  p rin c ip a l nu ll d ire c tio n  /"  is

L,F, =  0 a F ,jr ^ F ,,0 j l^ + F ,j0 J \  (3 5 )

w h e re  F,j is th e  e le c tro m a g n e tic  b iv e c to r  g iv en  b y  eq . (2 ) 

p ro v id e d  th a t ~  ^ 2  =  0 . ^  0-

N o w  u s in g  eq s . (2 8 ) , (A 1 -A 4 ) ,  (2 9 )  an d  (1 3 ) , a fte r  a  

len g th y  c a lc u la tio n , eq . (3 5 )  tak es  th e  fo rm

LiFij = 2 { 5 R ( p + p ) - 2 5 W ( p ) / [ ,W j | + 2 /3 ( /3 )OT[,ot^ ,} ^

+  T^ t̂mJ -̂2 {p  + p)m ,̂mJ] + o W (,m ^ j + o W (,m ^ ]}

+ 2 (9 1 (^ + i3 (* ) r7 [ ,m ^ , + 2 (5 R (|)+ ;3 < ^ )?7 (,m ^ ,, (3 6 )

w h ic h  is n o n -z e ro  fo r  n o n -n u ll e le c tro m a g n e tic  fie ld s . 

H o w e v e r, a  c o n s id e ra b le  a m o u n t o f  s im p lif ic a tio n  re su lts  in 

eq . (3 6 )  u n d e r  th e  h y p o th e s is  o f  th e o re m  1, i f  w e  tak e  th e  

c o n g ru e n c e  C(l^) to  b e  e x p a n s io n -fre e , an d  w e h av e

Theorem 3:  L e t th e  n u ll g e o d e s ic  c o n g ru e n c e  C (/‘*) an d  C{n*̂ ) 
sa tis fy  th e  M a x w e ll e q u a tio n s  fo r  a  n o n -n u ll e le c tro m a g n e tic  

f ie ld  a n d  th e  te tra d  is p a ra l le l ly  p ro p a g a te d  a lo n g  th em . I f  

C (/^ ) is e x p a n s io n -fre e , th en

LiF̂ j +  (3 7 )

In  th e  sp in  c o e ff ic ie n t fo rm a lism  [1 ], th e  f ie ld  e q u a tio n s

1
T ype C : R̂ j =  y  (3 8 c )

It m ay  be n o ted  th a t eqs. (3 8 b )  an d  (3 8 c )  a re  th e  w ell 

k n o w n  L ic h n e ro w ic z  c o n d itio n s  [2 0 ] fo r  to ta l g ra v ita tio n a l 

rad ia tio n  h av in g  /, an d  /i„ re sp ec tiv e ly , as  p ro p a g a tio n  

v ec to rs .

N o w  u sin g  eqs. (2 8 ) , (A 1 -A 4 ) , (2 9 ) , (3 8 a )  an d  (1 3 ) , w e  

h av e  fo r th e  n o n -n u ll e le c tro m a g n e tic  f ie ld s

LfP,, = ; r [ 2 ( p + p K , W / ) + ( r - 2 r ' ) / ( , m j )

+ ( r - 2 r ' ) / ( , m , )

(3 9 )

U n d e r  so m e sp ec ia l c irc u m sta n c e s , eq . (3 9 )  d o  ad m it a 

s im p le r fo rm  an d  w e h av e

Theorem 4:  L e t th e  n u ll g e o d e s ic  c o n g ru e n c e  C (/" ) a n d  C{n°) 
sa tisfy  th e  M ax w ell eq u a tio n s  fo r n o n -n u ll e le c tro m a g n e tic  

fie ld s . I f  th e  te tra d  is p a ra lle lly  p ro p a g a te d  a lo n g  C(l°) and  

C{n°\ an d  C (/" ) is e x p a n s io n -fre e , th en

=  -x\^m(,mj)  + O T O ( ,W j) ]^  (4 0 )

w h ich  is n o n -z e ro  as ( 7 ^ 0 .

F ina lly , from  th e  d e fin it io n  o f  th e  m o d if ie d  L ie  d e riv a tiv e , 

w e h av e

w h ich  on  u s in g  eq . (2 8 )  an d  (A 1 -A 4 )  re d u c e s  to  

Ug,j =  -Kri(,mj)

+ am(,mj)+dm^,mj) + pm̂ ,mj'  ̂+pm^,mJ^} (4 1 ) 

so  th a t w e  h av e

Theorem 5 : L e t th e  n u ll g e o d e s ic  c o n g ru e n c e  C (/^) and  

C (n ^ )  s a t i s f y  th e  M a x w e l l  e q u a t i o n s  f o r  n o n - n u l l  

e le c tro m a g n e tic  fie ld s  an d  th e  te tra d  is p a ra lle lly  p ro p a g a te d  

a lo n g  th em , th en

=2[am^,mJ^+am^,mJ)+pm^,mJ•,+pm^,mJ)}. (42)

Remark : It is in te re s tin g  to  n o te  th a t fo r  th e  R e issn e r 

N o rd s tro m  b la c k  h o le  [2 1 ] , eq s. (3 6 ) , (3 9 )  a n d  (4 1 )  ta k e  the 

fo llo w in g  fo rm s

L,F,j =2{M(p + p )-291(/j)/(,m̂ , + 2 » 3 (P )m ((W > i} ^  

-4i3^{p+p)OT(jm;j, (43a)

=2T(p +P)(2/(,«;)+»>(, (43b)

Lig,j=2 {p+p)m^,mjy  (43c)
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T h e se  e q u a tio n s  su g g e s t th a t fo r  R e issn e r N o rd s tro m  b lack  Appendix
h o le  th e  m o d if ie d  L ie  d e riv a tiv e  o f  th e  e lec tro m ag n e tic  field  

ten so r, th e  R icc i te n s o r  a n d  th e  m e tric  d e p e n d  on  the  rad ia l 

c o o rd in a te  (a s  p  =  -  1 /r) a n d  th u s  fo r  large r , LiF,j =  0, L/ R,,
= 0 , an d  Lig,j =  0.

4. C o n c lu s io n

T h e  n o n -n u ll e le c tro m a g n e tic  fie ld s  h av e  b een  s tu d ied  u sing  

th e  c o m p a c te d  sp in  c o e ff ic ie n t fo rm alism  d u e  to  G ero ch , 

H eld  an d  P enrose . T h e  M ax w ell eq u a tio n s have been  transla ted  

in th e  la n g u ag e  o f  G H P -fo rm a lism  {cf  eqs. (1 1 H *  5)). T he  

e q u a tio n s  d e sc r ib in g  th e  p ro p a g a tio n  o f  sh e a r (e q s . (1 7 ), (2 1 ) 

an d  (2 4 ) ) , e x p a n s io n  an d  tw is t (eq s . (1 8 ) , (2 2 )  an d  (2 3 ))  o f  

th e  n u ll c o n g ru e n c e s  C(/®) an d  C{n^ a sso c ia te d  w ith  the  n o n 

n u ll e le c tro m a g n e tic  f ie ld  h a v e  b e e n  o b ta in e d  and  the  

c o n d itio n s  (e q s . (1 9 ) , (2 0 )  an d  (2 5 ) )  u n d e r  w h ich  the  

e x p a n s io n  a n d  tw is t o f  th e  c o n g ru e n c e  can  b e  co u p led  

to g e th e r  h a v e  a lso  b een  g iv en . M o reo v e r, th e  p ro p ag a tio n  o f  

th e  sh e a r  (eq . (1 7 ) )  is seen  to  b e  re la te d  w ith  th e  lo n g itu d in a l 

w av e  c o m p o n e n t o f  th e  g ra v ita tio n a l fie ld  in  n° an d  F 
d ire c tio n s . T h e  ro le  o f  th e  m o d ified  L ie  d e riv a tiv e  o p e ra to r 

on  th e  e le c tro m a g n e tic  f ie ld  ten so r, R icc i te n so r  an d  m etric  

te n so r  h a s  b een  e x p lo re d . F o r  R e issn e r N o rd s tro m  b lack  

h o le , th e se  d e r iv a tiv e s  a re  seen  to  d e p e n d  o n ly  on  o n e  sp in  

c o e ff ic ie n t p  {cf  eq . (4 3 ) ) .
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A fam ilia rity  w ith  G H P -fo rm n a lism  is a ssu m ed . H ere , w e 

shall m en tio n  o n ly  th o se  re su lts  w h ich  a re  u se d  in th e  p re sen t 

paper. W h en  G H P -d e riv a tiv e s  (1 0 ) ac t on  te tra d  v e c to rs , th ey  
g ive  rise  to  [5]

(a) = - x w "  - x w " ,

(b ) T ' l “  =  -

(c) = - p m "  ~<jTn ŷ

(d ) •Dr = -  a m "  -  p7fi \̂ (Al)

(a) fh*' = - -Tm — T m  ,

(b) ‘P'n“ - —tc m —Km. ,

(c ) ‘Dn“ =--p m  —a m  ,

(d ) <D'n“ = -  ' p ’ n i ‘ ‘  -  c r ' m " . (A2)

(a) =

(b ) <P’m“ = - K ' r - r n “ ,

(c ) Dm“ = - g '1“ - C T n \

(d ) D'm“ = - p T - p n " . (A3)

(a) ‘M "  = - T ' l “ - K n “ ,

(b ) 'P'm'* = - k ' I ^  - r n \

(c ) 'm"  = - a ' r - a n " .

(d ) •Dlin° =- . - p ' l ° - p n “ . (A4)

^22-

G H P -fie ld  e q u a tio n s  [2 ] , [16 ]

Tp-DK -  p^ - F c r a - A ^ r - T V  + <Poo,

^ ’p' -D ' k ' -  -Fcr'o^' - i r V '  -  tk ' +d>2 

9ct-T>k  - ( /7 - F p ) c T - x * ( r  +  r ' )  +  !Po. 

ip 'a '-C D  V ' =  (p '-F  - / c ' ( r ' - F ? )  +  ?P4. 

cp r-  T'k  =  ( r  -  r ' ) / 7 +  c r ( r  -  r ' )  -f +  (P q i.

CPV' -  cP/c' =  ( r '  -  r ) p '  +  -  r )  -f ! ^ 3  -f <^2 1 .

CDp-CD'(T =  ( p - p ) r - F ( p ' - p ' ) x ' -  !Pi +</>oi,

CD>' -  CD(t ' =  ( p '  - p Y  +  ( p - p ) ^ '  -  V'b +  <^21 ■ (A 8 ’)

*Dr-*P'(j--p'(T’-a*p-^T^ +  <^02* (A 9 )

CDV' -  ePa' =  - p e r '  -ap*  +  <^2 0 - (A 9 ')

cP'p-CDV = pp' •¥ <jct' -  rr - kk ' - ^ 2  “ 2/1, (AlO) 

cPp'-CDr' = p'p-Fcr'cr-t ' t ' - ifV  - *̂ 2 “ 2/1. (AlO')

(A5)

(A5-)

(A6)

(A6-)

(A7)

(A7')

(A8)
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T h e  a b o v e  list d o e s  n o t c o m p le te ly  ex h au st all N P  field  

e q u a tio n s . T h e  re m a in in g  e q u a tio n s  re fe r  to  d e riv a tiv es  o f  

sp in  c o e ff ic ie n ts  w h ich  a rc  sp in  an d  b o o st w eig h ted  qu an tities  

an d  c a n n o t th e re fo re , be  w ritten  like a b o v e  eq u a tio n s, in 

G H P -fo rm a lism . In s te a d , th ey  p lay  th e ir  ro le as p art o f  

th e  c o m m u ta to r  e q u a tio n s  fo r  th e  d iffe ren tia l o p e ra to rs  

d e fin ed  by  eq . (1 0 ) . T h e  c o m m u ta to rs  w hen  ap p lied  to  a spin 

an d  b o o s t w e ig h te d  q u a n tity  77 o f  ty p e  are  g iven  as

fo llo w s  :

G H P -c o m m u ta to r  re la tio n  [2 ,16 ]{ (f -  I ' y n  +  { t  -  p (>ck  ' -  t t ' +  ¥̂ 2
+ <P,, -A)-q{KK'-TT'  + ¥2+^u  (All)

['T, ^ ^ 7  =  <j^ “  -  p (p 'k - t*(T-̂  ip , )

-q {c f 'K -'^ '  + 0oi)]rj,  (A 1 2 )

[‘D,‘D']tj = [{p ’ - p')T + ( p - p ) V  + p{pp '-era ' + V'2 

- C P i , ( A 1 3 )

to g e th e r w ith  the rem a in in g  c o m m u ta to r re la tio n s  o b ta in ed  

by  ap p ly in g  prim e, co m p le x  c o n ju g a tio n  and  b o th  to  re la tio n  

(A  12), C a re  m u s t b e  tak en  w h en  ap p ly in g  p rim e s  an d  bars 

to  th ese  eq u a tio n s , as 77' ,  7  and  7 ' h av e  ty p e s  d iffe re n t to  

th a t o f  7 . U n d er th e  p rim e , p b e c o m e s  - p  an d  q b eco m e s 

“  7 ; u n d e r b a r p b eco m e s  q an d  q b eco m e s p ; u n d e r b o th  bar 

an d  p rim e  p b eco m e s - q  an d  q b e c o m e s  -p.


