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Abstract Static metrics dilterent from Schwarzschild could not exist. It confirms the unicjueness of Schwarzschild solution, 'fhe geodesicsfor photoas are discussedKeywords Uniqueness, Schwarzschild solution, geodesics.PACS No. 04.20 -q
S c h w a rz sc h ild  [1] h a s  so lv ed  e x ac tly  E in s te in ’s |2 ]  v a c u u m  

fie ld  e q u a tio n s  ;

u s in g  th e  sp h e r ic a l ly  sy m m e tr ic  m e ln c

ds  ̂ -  - e x p ( / l ( r ) ) ^ / r "  -r^dO^ -r~  s in^  Odijr 

+  cxp{v(r))dt^.

T h e  so lil lio n  g iv e n  by T o lm a n  [3] is 

e x p ( - A ( r ) )  =  ex p (v (> -)) =  1 -

(1 )

(2 )

(3)

w h e re  G = g ra v i ta t io n a l  c o n s ta n t =  1 a n d  c = v e lo c ity  o f  

l ig h t  =  1. T h e  c o n s ta n t  m in  eq . (3 ) c a n  b e  d e te rm in e d  b y  

a n  a p p e a l to  c o rre sp o n d in g  to  N e w to n ’s th e o ry  o f  g ra v ita tio n  

It is  s e e n  th a t  a  g e o m e tr ic  th e o ry  w ill re d u c e  in  th e  c la s s ica l 

l im it  o f  w e a k  f ie ld s  a n d  s lo w ly  m o v in g  b o d ie s  to  N e w to n ’s 

th e o ry  i f  a n d  o ijly  i f

( 1 + 2 /2 ) .  (4 )

w h e re  f 2 is th e  c la s s ic a l p o te n tia l fo r  th e  g ra v ita t io n a l fie ld . 

T h e  q u a n tity  m h a s  u n its  o f  d is ta n c e  a n d  is  re fe rre d  to  as  th e  

g e o m e tric  m ass o f  th e  c e n tra l body.

T h e re  a rc  m a n y  a p p lica tio n s  o f  th e  S c h w a rz sc h ild  so lu tio n  

g iv en  in  th e  l i te r a tu re  |4 - 6 ] ,  In  th e  p re s e n t  w o rk , th e  a u th o rs  

htive sh o w n  th a t th e  m e tr ic s  d iffe re n t fro m  S c h w a rz sc h ild  f 1] 

a rc  n o t sp h e ric a lly  sy m m e tric  a n d  co u ld  n o t ex is t. U ltim a te ly , 

it  c o n firm s tlic u n iq u e n e s s  o f  S c h w a rz sc h ild  11J s ta tic  e x te r io r  

so lu tio n . T h e  g e o d es ic s  fo r  p h o to n s  a rc  d isc u sse d . T h e  

s ig n if ic a n c e  o f  th e  so lu tio n  is  g iv e n  in  th e  c o n c lu s io n .

W e c o n s id e r  m e tr ic s  d if fe re n t fro m  S c h w a rz sc h ild  [1] 

a s

ds  ̂ =  -  Q\p[A(r))dr" -cxp{^(r))r^dd^

"  sin ^  0d(tr + e x p ( v ( r ) ) ^ / /^

an d  ds  ̂ =  - c x p ^ > l( r ) ) r f r “ -r^dO^ - e x p ( / / ( r ) )

X sin^ Od^^ ^cxp{v(r))dt^.

W e n o te  th a t  th e se  m e tric s  a re  n o t sp h e r ic a lly  sy m m etric . T h e  

fie ld  eq . (1 ) fo r  th e s e  m e tr ic s  c a n  b e  o b ta in e d  b y  u s in g

(5)

(6 )
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s ta n d a rd  fo rm u la e  g iv en  by  T o lm an  [3]. We sec tha t any 

e x te r io r  so lu tio n  o f  s ta tic  fluid u n d er g rav ity  can be de term ined  

on  th e  b as is  o f  tw o  b o u n d a ry  c o n d itio n s  . (i) at the  b o u n d ary  

o f  flu id  su rfa c e  an d  (ii)  at in fin ity

fh e n  It can  be e a s ily  sho w n  that bo th  m etric s  (5 ) and (6 ) 

co u ld  no t e x is t d u e  to  th e  b o u n d a ry  co n d itio n s  (i) and (ii). 

U ltim a te ly , th e se  m e tric s  m ust red u ce  to  th e  S ch w arzsch ild  

m e tr ic . T h is  g iv e s  th e  v e r i f ic a t io n  o f  u n iq u e n e s s  o f  

S c h w a rz sc h ild  s ta tic  e x te r io r  so lu tio n .

A c c o rd in g  to  th e  sp ec ia l re la tiv ity , the  d is tan ce  be tw een  

tw o  e v e n ts  a lo n g  a w o rld  line  is p ro p o rtio n a l to  the p ro p e r 

tim e  e la p se d  fo r an y  o b se rv e r  m o v in g  on the w o rld  line. 

H en ce , w e h av e

ds" = - £ ■ '[  I -
2 m dP (7 )

w h e re  c is th e  v e lo c ity  o f  th e  lig h t in v acu u m  and  r  is the  

p ro p e r  tim e  m e a su re d  by th e  w o rld  line tr a v e lle r  T h e  m inus 

s ign  in (7 )  is d u e  to  tim e -lik e  dŝ .
W e c o n s id e r  m o tio n  o f  free ly  fa llin g  m ate ria l p a n ic le  o r 

p h o to n  in s ta tic  iso tro p ic  g rav ita tio n a l fie ld . T h e  e q u a tio n s  

o f  free  fa ll g iv en  by  W ein b e rg  [7] are

dp  ̂  ̂ dp dp 0, (8 )

w h e re  is a  p a ra m e te r  d e sc r ib in g  a tra je c to ry  o f  th e  p a rtic le . 

F o r a m a te ria l p a rtic le , w e  c o u ld  n o rm a liz e  p so  th a t p  =  r  

H o w ev er, fo r a p h o to n , {dr!dp) v an ish es .

T h e  m e tric  c o n c e rn e d  to  th e  m o tio n  o f  p h o to n  is

ds  ̂ ^ , 2d^2

H ere , th e  c a lc u la tio n s  d ea l e x c lu s iv e ly  w ith  th e  m o tio n  in 

^  n i l  p la n e  w ith o u t a n y  lo ss  o f  g en era lity . T h e  eqs. ( 8 ) 

fo r th e  m e tric  (9 )  a re  o b ta in e d  in th e  fo rm  :

£ l m 2 m 
r

c^m

riil-
m -

d'<t>
dp '̂ dp

d~t 2 m
~TT ’ dp r

1.. ?J!L'
-1

r - 0 .

..1 1 2 m ' d(p 2 Tc~m ■ d rr\ 1 r dr r dr

d r

jCl
dr^

^ 0 ,

- 0 .

( l i b )

( H e )

T h ese  eqs. ( l i b )  and  (1 1 c) ev o lv e  s im p le  so lu tio n s

<j)^h\T-^b2 an d  t = h^r^b4, ( 1 2 )

w h ere  ( 6 i, 6 2 , b-\, b]) a re  a rb itra ry  co n stan ts . T h e  eq. (11a) 

g iv es fo r a > Rs (S c h w a rz sc h ild  ra d iu s)

7 ] (1 3 )

W h en  / =  r, the  g ra v ita tio n a l fie ld  is w eak  a n d  (1 3 )  is 

e q u iv a le n t to  N ew to n ian  resu lt. T h e re fo re , th e  c irc u la r  tim e- 

like  g eo d esic s  e x is t in S ch w arzsch ild  g eo m e try  g iv en  by

r  =  ^  =  6 ] r  +  /?2 an d  t = (1 4 )

ex c e p t (/> |//?3 ) =

O n e  can  o b ta in  fo r c irc u la r  g e o d e s ic  tra v e lle rs , p ro p e r  tim e 

e lap sed  versus co o rd in a te  tim e  e la p se d  as

U sin g  (1 3 ) an d  th e  ch a in  ru le  fo r  dt, w e o b ta in

We sh o u ld  n o te  th a t <5/ = 0 fo r a  =  3 m , w h ich  is a n u ll c irc u la r  

g eo d esic , l ie n e e , p h o to n s  h av e  a c irc u la r  o rb it a ro u n d  the 

b lack  h o le  a t a  =  3 m , ca lle d  ‘P h o to n  S p h e re ’.

O n  in teg ra tio n , (1 0 b ) b eco m e s

(1 5 )

(1 6 )

= L (c o n s ta n t) (1 7 )

so  th a t a lo n g  null g e o d es ic s , L c o rre sp o n d s  to  th e  a n g u la r 

m o m en tu m  o f  p h o to n . A n o th e r  c o n se rv e d  q u a n tity  o b ta in ed  

from  ( 1 0 c) is the  to ta l en e rg y  o f  p h o to n  g iv e n  by

( 1 0 a)

(I  Ob)

( 1 0 c)

he eq . (9 )  re d u c e s  fo r  n u ll g

(1 8 )

H en ce , th e  eq . (9 )  re d u c e s  fo r  n u ll g e o d e s ic s , to  th e  form

# “ I 7 WWt I
(1 9 )

It m ay  h av e  a un it m ass  p a rtic le  o f  to ta l en e rg y  (c^E^fl) 
m o v in g  in o n e  d im en s io n a l ‘e ffe c tiv e  p o te n t ia l’ .

T h e se  eqs. (1 Oa I Oc) a d m it c irc u la r  tim e-lik e  g e o d es ic  o rb its  

a ro u n d  th e  b lack  h o le . H en ce , th e y  can  be e x p re s se d  as tim e- 

like  c u rv e s  for p =- r w ith  r a c o n s ta n t, as :

= 0 , ( l l a )

O n e  h a s  to  so lv e  th e  e q u a tio n  

d y  -L ^ (,  2m )
■ 3 F - — 1 ' - — J -

mL̂ = 0,

(20)

(2 1 )

to  g e t th e  m ax im u m  p o te n tia l K(r).
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It is se e n  th a t th e  so lu tio n  r^ax “  3 m  is in d e p e n d e n t o f  

L. T h is  g iv e s  th e  u n s ta b le  c irc u la r  o rb it fo r  p h o to n s  as g iv en  

a b o v e . I t m e a n s  th a t a  s lig h t o rb ita l d e v ia tio n  sen d s  the 

p h o to n  in to  th e  b la c k  h o le  o r to  in fin ity . (F o r  d e ta ils , see 

S tu ck ey  [6 ]).

W e s ta r t w ith  m e tr ic s  d iffe re n t from  S c h w arzsch ild  [1]. 

T h e se  m e tr ic s  a re  n o t sp h e r ic a lly  sy m m etric . A ny  ex te r io r  

so lu tio n  o f  s ta tic  flu id  u n d e r  its ow n  g rav ity , can  be o b ta in ed  

by  a p p ly in g  th e  b o u n d a ry  c o n d i t io n s : a t th e  b o u n d a ry  o f  flu id  

su rfa c e  an d  a t in fin ity . O n  th is  b as is , w e h av e  sh o w n  th a t such  

m e tric s  c o u ld  n o t e x is t at a ll. U ltim a te ly , th ey  b eco m e 

S c h w a rz sc h ild  fo rm  to  k eep  th e  sp h e rica l sy m m etry  and 

co n firm  th e  u n iq u e n e s s  o f  th e  so lu tio n . It d e sc r ib e s  the 

e x te r io r  f ie ld  o f  an y  s ta tic  bo d y . O u r sun  is a  g o o d  

a p p ro x im a tio n  b e c a u se  th e  g en e ra l re la tiv ity  te s ts  are p ro v id ed  

q u a n tita tiv e ly  b y  the  g ra v ita tio n a l fie ld s  w h ich  o c c u r in the 

so la r  sy s tem . T h is  so lu tio n  w as f irs t fo u n d  ex ac tly  by 

S c h w a rz sc h ild  [1]. It is o f  g re a t s ig n ific a n c e s  since  (i)  it is 

an  ex ac t u n iq u e  v a c u u m  so lu tio n  o f  K in ste in ’s [2] eq u a tio n s , 

( ii)  it is s ta tic  an d  sp h e r ic a lly  sy m m etric , (iii)  it p red ic ts  tiny 

d e p a rtu re s  fro m  N e w to n 's  th eo ry  fo r p la n e ta ry  m o tio n s ,

( iv )  it a lso  p re d ic ts  th e  b e n d in g  o f l ig h t ,  th e  red sh ifts  and  tim e 

d e la y  e f fe c ts  etc, an d  th e se  p re d ic tio n s  a re  ac c u ra te ly  

c o n firm e d  b y  p re c ise  m e a su re m e n ts , (v ) it d e sc r ib e s  sp ace  

tim e  g eo m e try  a fte r  co m p le te  g rav ita tio n a l co llap se  o f  m assive  

s ta rs  an d  (v i)  it c le a r ly  g iv es  n o n -E u c lid e a n  g eo m e try  w ith 

s tro n g  g ra v i ta t io n a l  f ie ld s . It is m o s t v a lu a b le  m  the  

a p p ro x im a te ly  tru n c a te d  reg io n , as it re p re se n ts  th e  g eo m etry

o f  co lla p s in g  sta rs, b la c k  h o le s  and  a lso  w o rm  h o le s . T h e  

u n iq u en ess  o f  th e  S c h w arzsch ild  [1] so lu tio n  i s th e B ir c h o fT s  

th eo rem  [7 9 ]. It is an a lo g o u s  to  th e  re su lt p ro v e d  b y  N ew to n  

in the th eo ry  o f  lu n ar m o tio n . H en ce , it a p p lie s  in g en e ra l 

re la tiv ity  th eo ry  as w ell as N e w to n 's  theo ry . It is a lso  

an a lo g o u s  to  th e  w ell k n o w n  resu lt o f  a to m ic  theo ry . It can  

be a p p lie d  to  the  fie ld s  bo th  o u ts id e  and  in s id e  th e  em p ty  

cen tra l sp h e rica l c av ity  o f  a  body, bu t n o t n e c e ssa rily  a s ta tic  

body. F inally , w e say th a t S ch w arzsch ild  f 1] e x te r io r  so lu tio n  

is very  s ig n ifican t b ecau se  it is m ost s im p le  and  a p p lic a b le  

in w eak  as w ell as s tro n g  g rav ita tio n a l fie ld s  an d  a lso  in th e  

study  o l en tire  u n iv erse .
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