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Charged AdS black holes and test particles
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Abitract : We have presented a detailed analysis of the motion of the test particle around Rcissncr NordstrOm-AdS black holes in five 
dimensional space time. The study of the trajectories of the particles have been done using Hamilton Jacobi (H-J) formalism We have considered 
test particles with various masses and electric charges and examine its behaviour both in static and non-static cases
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1. Introduction
R e c e n t ly ,  a  n e w  f a m i l y  o f  e x a c t  b l a c k  h o le  s o lu t io n s  h a s  
b e e n  d i s c o v e r e d  b o t h  in  f o u r  a n d  h ig h e r  d i m e n s io n a l  
s p a c e  t im e s  [ 1 ] .  It  i s  in t e r e s t in g  to  s t u d y  b l a c k  h o le s  in  
a n t i-d e  S i t t e r  ( A d S )  s p a c e  b e c a u s e  th e  A d S  c o n f o r m a l  
f i e ld  t h e o r y  ( C F T )  d u a l i t y  r e la t e s  th e  p r o p e r t ie s  o f  th e s e  
b la c k  h o le s  to  th e r m a l p r o p e r t ie s  o f  a  d u a l  c o n fo r m a l  
f i e ld  t h e o r y  r e s id i n g  o n  th e  b o u n d a r y  o f  A d S  s p a c e  [ 2 ] .  
A  f i v e  d i m e n s io n a l  A d S  a n a lo g u e  o f  R e i s s n e r - N o r d s t r d m  
A d S  ( R N A d S )  s o lu t io n  o f  t y p e  I I B  s u p e r  g r a v i t y  w a s  
d e r iv e d  b y  C h a m b l in  et al [ 2 ] .  T h e  a c t io n  f o r  th is  m o d e l

is [2]

/  = -
I

1 6 ; r G

] (1)

S o lu t io n s  o f  t y p e  I I B  s u p e r  g r a v i t y  d e s c r i b i n g  R e i s s n e r  
N o r d s t r o m  A d S  b l a c k  h o le s  w it h  a n  in t e r n a l ^  is  [ 2 ]

ds'^ =  - ^ r )  +  - ^ d r ^  + r ^ d n ]  (2)

w ith  g (r) = ] - ^ + ^  + r^, ( 3 )

w h e r e  M  a n d  Q  m e a s u r e  th e  b l a c k  h o l e ’ s  m a s s  a n d  c h a r g e  
r e s p e c t iv e ly .  T h e  e le c t r o - m a g n c t ic  p o te n t ia l  in a  g a u g e  r e g u la r  
o n  th e  o u te r  h o r iz o n  is

-4, = [ ^ r ^ ) - H r ) ] d t ,

w h e r e  ^ ( r )  =̂ Q _
(4 )

H e r e , R  is  th e  c u r v a t u r e  s c a la r  in  5 - d im e n s io n a l  s p a c e ,  
is  th e  g a u g e  f i e ld ,  Fat ^ FahF°^) s ta n d s  f o r  M a x w e l l  
f i e ld  s t r e n g t h . T h e  p a r a m e t e r  / m e a s u r e s  th e  s iz e  o f  th e  
T h e  A d S s  5 *  g a u g e d  s u p e r  g r a v i t y  in  f i v e  d im e n s io n  h a s  
an  S 0 ( 6 )  g a u g e  s y m m e t r y ,  a s s o c ia t e d  w ith  th e  g r o u p  o f  
i s o m e t r ie s  o f  5 ® .

H e r e  r+  is  th e  la r g e s t  r e a l  p o s i t i v e  r o o t  o f  g ( r )  =  0 . 

T h e  a im  o f  th e  p r e s e n t  w o r k  is  to  in v e s t ig a t e  th e  m o t io n  
o f  th e  te s t  p a r t ic le s  in  th e  g r a v it a t io n a l  f i e ld  o f  a  f i v e  
d im e n s io n a l  R N A d S  b l a c k  h o le  u s in g  H a m i l t o n - J a c o b i  
( H - J )  f o r m a l i s m  a n d  e x a m in e  b o th  s ta t ic  a n d  n o n - s t a t ic  c a s e s  
a n d  a l s o  fo r  c h a r g e d  a n d  u n c h a r g e d  te s t  p a r t ic le s .

2 .  T h e  H a m i l t o n  J a c o b i  f o r m a l i s m

L e t  u s  c o n s id e r  a  te s t  p a r t ic le  h a v in g  m a s s  m a n d  c h a r g e  e 
m o v in g  in  th e  g r a v it a t io n a l  f i e ld  o f  a  f i v e  d im e n s io n a l
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R N A d S  b l a c k  h o le .  S o  th e  H - J  e q u a t io n  f o r  th e  te s t  p a r t ic le  
is  [ 3 ]

d S
+  eAi  ̂ \ +  m^ = 0 , (5)

w h e r e  a n d  Af, a r e  th e  c l a s s i c a l  b a c k g r o u n d  f i e ld s  ( 2 )  a n d  
( 4 )  r e s p e c t i v e l y  a n d  S  is  th e  s ta n d a r d  H a m i lt o n ’s  c h a r a c t e r is t ic  
f u n c t io n .  F o r  m e t r i c  ( 2 ) ,  th e  e x p l i c i t  fo r m  o f  th e  H - J  e q .  ( 5 )  
i s  [ 4 ]

d S  J  1 1
P r )

H e r e ,  x\, X2 , xy a r e  th e  c o o r d in a t e s  o n  th e  s u r f a c e  o f  th e  
3 - s p h e r e .  A s  t h e r e  is  n o  e x p l i c i t  d e p e n d e n c e  o f  t a n d  
c o o r d in a t e s  o n  th e  3 - s p h e r e ,  a  n a tu r a l fo r m  f o r  th e  H - J  
f u n c t io n  S {i,  r ,  jc i ,  xi, x^) w i l l  b e

S  = - E - t p ] X \  P 2 X2 + P 3 -^ 3 -  ( 7 )

H e r e ,  th e  c o n s t a n t  E  i s  id e n t i f i e d  a s  th e  e n e r g y  o f  th e  p a r t ic le  
a n d  p\, p 2 , P 3 a r e  th e  m o m e n t u m  o f  th e  p a r t ic le  a lo n g

d i f f e r e n t  a x e s  o n  th e  3 - s p h e r e  w ith p  p = {p\ a s

th e  r e s u l t in g  m o m e n t u m  o f  th e  p a r t ic le .

I f  w e  s u b s t i t u t e  th e  a n s a t z  ( 7 )  f o r  S  in  th e  H - J  e q u a t io n , 
th e n  w e  g e t  th e  f o l l o w i n g  e x p r e s s i o n  f o r  a s  [4 ]

--- ------ dr. ( g )
rg g

H e r e ,  e= ± h  th e  s ig n  c h a n g e s  w h e n e v e r  r  p a s s e s  th r o u g h  
a  z e r o  o f  th e  in t e g r a n d  in  ( 8 ).

N o w ,  f o r  th e  t r a j e c t o r y  o f  th e  p a r t ic le  f o l l o w i n g  th e  
H - J  m e t h o d , w e  c o n s id e r ,

— T =  c o n s t a n t ,  —  =  c o n s t a n t ,
^ E  a p \

d S  d S   ̂ ^
d p 2  d p i ,   ̂ J

S o  th e  p a th  in  p a r a m e t r ic  fo r m  g i v e s  ( c h o o s i n g  c o n s ta n ts  to  
b e  z e r o  w it h o u t  a n y  lo s s  o f  g e n e r a l i t y )  [4 ]

P lL
s

r^g g (10)

H e n c e ,  th e  r a d i a l  v e l o c i t y  o f  th e  p a r t ic le  i s

dt
E - e Q 1 1 (11)

g^

F o r  th e  t u r n in g  p o in t s  o f  th e  p a th  o f  th e  p a r t ic le ,  w e  h a v e  
dr =  0  a n d  c o n s e q u e n t ly  th e  p o t e n t ia l  c u r v e s  a r e  [4 ]

pQ
m r l ^2 ^

x | l -
r m

(12)

d r ,  (9)

S i n c e  th is  la r g e  e x p r e s s i o n  c o n t a in s  s o  m a n y  a r b it r a r y  
p a r a m e t e r s  n a m e ly ,  e, Q, m, p, M, w e  c a n  n o t  d e f i n e  p h y s ic a l  
c h a r a c t e r s  o f  th e  p o t e n t ia l  c u r v e .  B u t  o n e  c a n  f in d  a n a ly t ic a l l y  
th e  e x t r e m e  p o in t s  o f  th e  p o t e n t ia l  c u r v e .

I n  a  s t a t io n a r y  s y s t e m , V(r) m u s t  h a v e  a n  e x t r e m a l  v a lu e  
g i v e n  b y

(13)

H e n c e ,  w e  g e t  th e  f o l l o w i n g  e q u a t io n

( H I

W e  s e e  th a t  r  =  r+ is  a  s o lu t io n  o f  ( 1 4 )  p r o v id e d  

r *  + M rl -2Q^=0  [ s in c e  r. i s  a  r o o t  o f  g ( r )  =  0 ] 

T h e  a b o v e  e q u a t io n  im p l ie s

r , ^ = S + r

[ w h e r e  + a n d  T = ^Q^ ^

H e n c e ,  t r a je c t o r y  o f  th e  te s t  p a r t ic le  is  b o u n d e d .
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3. Test particle in static equilibrium
In s t a t ic  e q u i l ib r iu m ,  th e  m o m e n t u m  p  m u s t  b e  z e r o .  S o  
f r o m  ( 1 4 ) ,  th e  v a l u e  o f  r  f o r  w h ic h  p o t e n t ia l  w i l l  b e  a n  
e x t r e m a l ,  i s  g i v e n  b y

( B )

F r o m  th is ,  w e  g e t

,1 6 ,

I f  —  =  2 , w e  s e e  th a t it is  p o s s ib le  to  h a v e  b o u n d  o rb it  fo r  
m

th e te s t  p a r t ic le  p r o v id e d  M  < J 2 Q  s in c e  th is  e q u a t io n  h a s  
at le a s t  t w o  r e a l  r o o t s  w ith  o n e  p o s i t iv e .

W e  a l s o  s e e  th a t th is  is  a n  a l g e b r a i c  e q u a t io n  o f  e v e n

d e g r e e  w ith  n e g a t iv e  la s t  te r m  p r o v id e d  —  >  2 .
m

T h i s  e q u a t io n  h a s  at le a s t  t w o  r e a l  r o o t s  w ith  o n e  is  
p o s it iv e ,  s o  p a r t ic le  m u s t  b e  t r a p p e d  b y  R N A d S  b la c k  h o le .

4. Test particle in non-equilibrium state
Case I  . Uncharged test particle (e ^ 0)

N o w  th e  e x p r e s s i o n  ( 1 4 )  s i m p l i f i e s  to

2/7^

m

( 2 M  -  'l[̂75---- ^  + (17)

T h u s ,  w e  g e t  th e  f o l l o w i n g  a l g e b r a i c  e q u a t io n

+ { m ^ M -2 p ^ y * -A Q ~ m ^ r ~  =0. (18)

T h i s  e v e n - d e g r e e  a l g e b r a i c  e q u a t io n  h a s  at le a s t  t w o  r e a l  
ro o ts  s in c e  its  la s t  t e r m  is  n e g a t iv e  (w it h  o n e  r o o t  p o s i t iv e ) .

S o  it i s  p o s s ib le  to  h a v e  a  b o u n d  o r b it  fo r  th e  te s t  
p a r t ic le .

Case 1 1 : Test partic le  with charge (i e. e ^  0)

IT o m  e q . ( 1 4 ) ,  w e  h a v e  th e  a l g e b r a i c  e q u a t io n  

4 ^ 4 ^ 1 6  + 4 m ^ (2 M n C  -^2Mp^ -2 p ^ )r^ ^

- {4m ^p^Q^ + 4 e -Q ^ p ^  -2 M m ^  -2 M p ^  -^2p^)r^  

+ |2 ( 2 M /m  ̂ - y lM p ^  - 2 p ^ ) ( 2 p ^ M - 4 m ^ Q ^ )

+ 4e^Q^ m -  M  ^  4e^Q^ p ^ ] r ^

-{\2p'̂ Q'̂ {2Mm^- +2Mp^ - 2 / j 7 - 4 c 2 ^ V A / } r ’

+ {\2p^Q‘ [^r,r-Q- - 2 p -M )- 4ê -Q p̂̂ -} r ‘

+ 36/?2g2=0 (19)

W h a t e v e r  r e s t r ic t io n s  w c  im p o s e  o n  th e  p h y s ic a l  p a r a m e t e r s ,  
o n e  c a n  s e e  th a t  th e  a b o v e  a l g e b r a i c  e q u a t io n  ( o f  d e g r e e  1 6 )  
c o n t a in s  e v e n  n u m b e r s  o f  v a r ia t io n  o f  s ig n s .  S o  b y  D e s c a r t e s  
r u le  o f  s ig n ,  th is  e q u a t io n  h a s  e i t h e r  s o m e  r e a l  r o o t s  o r  n o  
r e a l  ro o ts . S o  u n le s s  w e  g e t  e x a c t  n u m e r ic a l  v a l u e s  o f  th e 
p h y s ic a l  p a r a m e t e r s ,  w c  c a n  n o t  s a y  w h e th e r  th e  c h a r g e d  te s t  
p a r t ic le  c a n  b e  t r a p p e d  b y  b la c k  h o le  o r  n o t .

5. Concluding remarks
In  th is  p a p e r ,  w e  h a v e  e x a m in e d  th e  b e h a v i o u r  o f  a  le s t  
p a r t ic le  in  th e  g r a v i t a t io n a l  f i e ld  o f  a R N A d S  b l a c k  h o le  in 
f i v e  d im e n s io n , u s in g  th e  f o r m a l i s m  d u e  to  H a m ilt o n  a n d  
J a c o b i .  T h e  te s t  p a r t ic le  is  c o n s id e r e d  to  b e  b o th  s ta t ic  a n d  
n o n - s t a t ic  a s  w e l l  a s  c h a r g e d  o r  u n c h a r g e d .

In  s ta t ic  c a s e ,  w c  h a v e  s e e n  th at th e  te s t  p a r t ic le  c a n  b e  
t r a p p e d  d u e  to  s o m e  r e s t r ic t io n  o n  p h y s i c a l  p a r a m e t e r s  s a y

^  >  2  ( o r  =  2  a n d  M  < y/2 Q ).

F o r  n o n  e q u i l ib r iu m  te s t  p a r t ic le ,  w e  h a v e  e x a m in e d  th e 
p o s s ib i l i t y  f o r  b o u n d  o r b it .

W e  s e e  th a t u n c h a r g e d  te s t  p a r t ic le  a l w a y s  b e  t r a p p e d  b y  
R N A d s  b la c k  h o le .

W e  c a n  n o t  s a y  e x a c t l y  w h e th e r  a  c h a r g e d  te s t  p a r t ic le  is 
t r a p p e d  o r  n o t  b y  R N A d S  b la c k  h o le .

F o r  fu tu r e  w o r k ,  it w i l l  b e  in t e r e s t in g  to  in v e s t ig a t e  
d e t a i l s  h o w  th e  p h y s i c a l  p a r a m e t e r s  a f f e c t  o n  th e  t r a j e c t o r y  
o f  th e  te s t  p a r t ic le  in  th e  g r a v it a t io n a l  f i e ld  o f  d i f fe r e n t  
b l a c k  h o le s .
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