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Abstract ‘ The effective diameter hard sphere theory is employed to estimate the transport properties of molecular fluids of non-spherical 
molecules interacting via the hard Gaussian overlap and Gaussian overlap with constant energy (GOCE) potentials The transport properties 
(TP's) of the molecular fluids arc expressed in terms of a hard sphere (MS) fluid of properly chosen effective hard sphere diameter The explicit 
expressions for the shear viscosity and thermal conductivity for the HS fluid are given The theory is applied to estimate the TP's of fluids of the 
hard ellipsoid of revolution. Nj and The agreement is found to be fairly good
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1. Introduction
In re c e n t y e a rs , th e  tra n sp o r t  p ro p e r tie s  (T P ’s) o f  m o le c u la r  

flu ids c o m p o s e d  o f  n o n -s p h e r ic a l m o le c u le s  h a v e  b een  th e  

su b jec t o f  c o n s id e ra b le  in te re s t [1 ,2 ] . S ev e ra l p o ten tia l 

m o d e ls  h a v e  b e e n  p ro p o s e d  fo r  m o le c u la r  f lu id s  o f  n o n - 

sp h erica l m o le c u le s  [3 ]. T h e  G a u ss ia n  o v e rla p  (G O ) m o d e l 

o f  B e rn e  an d  P e c h u k a s  [4] is o f  sp e c ia l in te re s t b e c a u se  it 

p ro v id es a n a ly t ic a l ly  tra c ta b le  e x p re s s io n s  fo r  s tu d y in g  n o n - 

sp h erica l m o le c u le s . T h e  G O  m o d e l c o n s id e rs  an  in te rac tio n  

b e tw een  m o le c u le s  w h o se  re p u ls iv e  p a rts  a re  b a s ica lly  

e llip so id s  o f  re v o lu tio n s . T h e  h a rd  G a u ss ia n  o v e rla p  (H G O ) 

m o d el h a s  a  c o n s id e ra b le  s im ila r ity  w ith  th e  h a rd  e llip so id s  

o f  re v o lu tio n  (H E R ). T h u s , th e  H E R  f lu id  fo rm s  an  im p o rta n t 

class o f  c o n v e x  b o d ie s  a n d  is a  u se fu l re fe re n c e  sy s tem  fo r 

m o le c u la r  f lu id s  o f  n o n -s p h e r ic a l m o le c u le s .

T h e  e f fe c tiv e  d ia m e te r  h a rd  sp h e re  th e o ry  (E D H S T ) [5] 

is an  im p o r ta n t m e th o d  fo r  s tu d y in g  th e  T P ’s o f  d e n se  rea l 

flu ids in  te rm s  o f  th e  h a rd  sp h e re  f lu id  w ith  s ta te -d e p e n d e n t 

e ffec tiv e  h a rd  sp h e re  d ia m e te r . C a s ti llo  a n d  O ro z c o  [1] an d  

S inha  [2 ] h a v e  e m p lo y e d  th e  E D H S T  fo r  e s tim a tin g  th e  T P ’s 

o f  m o le c u la r  f lu id s .

T h ese  tw o  m e th o d s  d iffe r  in d e te rm in in g  th e  e ffec tiv e  

h a rd  sp h e re  d iam e te r. S in h a  [2] h a s  u se d  th e  m e th o d  o f  S ingh  

ei al [6] to  o b ta in  th e  e ffec tiv e  d ia m e te r  fo r  n o n -sp h e ric a l 

m o lecu le s . T h is  is d iffe re n t fro m  th a t u sed  b y  C a s tillo  and  

O ro zeo  [1].

in  th e  p re se n t p ap e r, w e  e m p lo y  S in h a ’s [2] ap p ro ach  

a lo n g  w ith  th e  u se  o f  e ffec tiv e  d ia m e te r o b ta in e d  by  S in g h  

et al [6] to  e s tim a te  th e  T P ’s o f  so m e  m o le c u la r  f lu id s  o f  n o n - 

sp h e rica l m o lecu le s .

T h e  p a p e r  is o rg a n ise d  as  fo llo w s. In  S ec tio n  2 , w e  

d e sc r ib e  th e  b as ic  th eo ry  fo r tra n sp o rt p ro p e r tie s  (T P ’s) o f  

d e n se  m o le c u la r  flu id s. S ec tio n  3 is d e v o te d  to  e s tim a te  th e  

T P ’s o f  th e  H G O  flu id  m o d e l. S ec tio n  4  is c o n c e rn e d  w ith  

th e  T P ’s o f  th e  G O  flu id . T h e  c o n c lu d in g  re m a rk s  a re  g iv en  

in S ec tio n  5.

2. Basic theory for transport properties of dense 
molecular fluids

T h e  b as ic  id ea  o f  o u r ap p ro a c h  is th a t th e  s tru c tu re  o f  a  d e n se  

m o le c u la r  f lu id  is v e ry  s im ila r  to  th a t o f  a  h a rd  c o n v e x  b o d y  

(H C B ) flu id  an d  a ttra c tiv e  fo rc e s  p la y  a  m in o r  ro le  in  th e

'Corresponding Author
'Address for correspondence : Rimani Mohan Garden, Kalambag Road Chowk, MuzafTarpur-S42 002, Bihar, India.
P̂ermanent address : Department of Physics, Trichandra Campus, Kathmandu, Nepal. O 2001 lACS

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by IACS Institutional Repository

https://core.ac.uk/display/158963613?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


3 2 8 Bimal P Karki and Suresh K Sinha

dense fluid behaviour. The HCB fluid can be expressed in 
terms of a hard sphere (HS) fluid of properly chosen 
effective hard sphere diameter de. The HS fluid can be 
handled with the revised Enskog theory (RET) of van 
Beijeren and Ernst [7] to predict the TP's such as the 
shear viscosity fj and thermal conductivity X. They are 
expressed as

= [gHS [ 1 + (4/5)(4;/ gHs('^e))

+ 0.76l5(4v«„s(<^«))']/io, (1)

A = [ g H S  ( d e ) Y '  [ I + (6/5)(47 ( d e ) )

+ 0.7575(4;7#r„sW)']/lo. (2)

where /jQ -(5l\67rde^)(mnkjy^^, (3)

\Q={l5kl(Afrde^){nkTlmf^. (4)

ri = (npde  ̂(6) is the packing fraction and ^^side) is the 
equilibrium radial distribution function (RDF) of HS fluid 
at the contact. Here p is the number density, m is the mass 
of particle, Tthc absolute temperature and k the Boltzmann 
constant.

The effective hard sphere diameter de depends on the 
nature of the fluid models.

3. Transport properties Of hard Gaussian overlap fluid
We employ this theory to estimate the TP’s of a fluid of 
molecules interacting via the hard Gaussian overlap (HGO) 
potential defined as

® * r<d(Q)\0)2),
= 0, r > d(o) â}2), (5)

where d(a)\C02) is the distance of closest approach between 
two hard-core molecules, r = |r| - r 2 | is the centre-to-centre 
distance and (o, represents the orientation of molecule /. We 
may take the expression of d{a}[0}2 ) given by Berne and 
Pechukas [4] in terms of the Euler angles

diQ}\0)2) = i/o[•"  6 \ + cos  ̂62

-IX^OSO^ cos^ 2  COS0J2)

K ( 1 - ^ 2  cos2 0,2 )• ] , (6)

where x  = ~ O)
is an anisotropy parameter, K being the length-to-width ratio 
of a molecule i.e. K = 2al2b. Here, ~ 26 is the width of 
the molecule. This model is valid for oblate {K<  1) as well 
as prolate (/C > 1) shape of arbitrary symmetry. For K =  \, 
eq. (S) simply reduces to the hard sphere potential for 
spherical molecules. Due to similarity, the HGO model 
represents the hard ellipsoid of revolution (HER) fluid.

In this case, the effective hard sphere diameter de is 
expressed asde = K}^<k and the RDF g^(de) of the HS fluid 
is given by [8]

gHs(<fc) = 0 - 7 / 2 X1 (method 1) (8)
where T} = p v„=  {nl6)pKdl (9)
is the packing fraction of the HGO molecule of volume 
and density p.

The compressibility factor for the HGO fluid is 
expressed as [9]

Zhgo = [l + (3 a -2 )7 + (3 a 2  - 3 a  + 2 )7 * -a^rj^]
^ ( l - 7 ) ■ ^  (10)

where a is the shape factor defined by
a = Rsl3v„. (11)

Flere, R is the (l/4;r) multipole of the mean curvature
integral, s the surface integral and v„ is the volume of 
the HGO (or HER). They are given [10] for prolate HER 
i K >  1)

R = (i/4)[a: +(in[/:+ (a:̂  - 1)'/̂  ])

X {K^-\y'n\do, (12a)

s = (l/2)[l +{K^ar cos AT”' XA:̂  - 1)"'/  ̂]ndl, (12b) 
V „= n K d lj6 , (12c)

and for oblate HER (/C < 1)

R = (1/4)[A- + (arcos A:)(1 -  )-'/2 ]rfo, (13a)

■ = ( i / 4 ) [ i + ( j f 2 ( i - i ^ ' r ' / ' )

X ( ln [ l  + ( l -A :2 ) - l /2 /A :] ) ] ; r r fo ^ (13b)

V „ ^ n K d l ! f , .  C 3c)

The compressibility factor of the HGO fluid can also be 
written in the form [10]

^HGO = l +  4 7 a g H s ( ‘fc) (I**)

or «Hs(*) = (^hqo- 1)/47«. (method 2) (15)
where Z h g o  is given by eq. (10).

The value of a for different values oflC are reported in 
Table 1. For ^  ̂  1.0, or increases with the increase of K. The
table shows that a  for K is identical to that for MK. For 
example a = 1.48458 for both AT = 3 and K  = 1/3.

Tiblc 1. Values of a for dilfcrem K.

K a K a
m 1.179496 1.1 1.003233
1/3 1.484583 1.3 1.024651
2/3 1.059463 1.5 1.059463

2.0 1.179496
3.0 1.484583
4.0 1.825966
5.0 2.I8400I
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The RDF ĝ î ide) can be calculated using either eq. (8 ) 
(method 1) or eq. (15) (method 2). When expressed as a 
function of density p'" = , the values of the RDF
obtained by these two methods depend on K. However, when 
^̂ (̂de) is calculated as a function of 7 , the values of ĝ ifide) 
obtained by method 1 does not depend on as AT is 
associated in the expression of 7 , whereas the values 
obtained by method 2 depend on K due to the presence of 
a in the expression [eq. (15)] of g^ (̂de). The values of 
rdf gyî {de), obtained by methods 1 and 2 , are shown in 
Table 2 for different densities and A, where pep = V2
is the closed packed density in the reduced unit. They are 
in good agreement at low density p  ̂ and/or low values of 
K. The deviation increases with an increase of p^ and/or 
increase of A.

fable 2. The RDF g„s(dt) for the HGO fluid. 

P / V2

1.0

1.1

1 5

2 0

30

50

1/3

2/3

03 

06  

0.3 

0.6 

0.6 

0,3 

05 

0.6 

0.7 

08 

O.I 

0.3

04 

0.5 

0.6 

0.2 

0.3 

0.4 

0.4 

0.5 

0.6 

0.6

(Method 1)

1.8887 

4 5326

1.8887

4.5326

4.5326

1.8887

3.2626

4.5326 

6.6296 

10.3920

1.2130

1.8887

2.4436

3.2626

4.5326 

1.4976

1.8887

2.4436

2.4436

3.2626

4.5326

4.5326

(Method 2) 

1 8887 

4.5326 

1 8891 

4 5626

4 6057 

1 8987 

3.3772 

4.7611 

7.0672

11.2437

M579

1.9427

2.6059

3.6053

5 1873 

1 5408 

2.1026 

2.9310 

2.5812 

3.5574 

5.0996 

4.6057

Pi and p 2 are the shear viscosity obtained from eq. ( 1) 
using the RDF gHs(̂ '̂ ) methods 1 and 2. They are 
compared with the molecular dynamic (MD) [11] and 
Enskog-Song-Mason (ESM) results [11] in Table 3. The 
ESM is the prediction of Enskog theory with the Song- 
Mason expression for [11] which is different from the 
RET ofBeijeren and Ernst [7]. From the table, we find that 
Pi < P2 throughout the density range for different values of 
A. For low values of A (i.e. A ^ 1-1), pi and p2 are in close 
agreement, but inferior to the ESM values. Further, pi (or 
P2) is better than for large values of A (/.e A ^ 2) in 
general, except at low density when compared with the MD 
values. The deviation from the MD values increases with the 
increase of p^/V2 and/or A (or A' *).

Table 3. Shear viscosity for HHR fluid

f i J l /̂ i M?.sm /iMD

1.0 0.3 0419 0419 0 422 0.42

06 2.212 2212 2 280 2 76

1.1 0 3 0419 0419 0419 0 42

0.6 2212 2 224 2.271 2 85

15 0.6 2.212 2 242 2217 1 69

2.0 0.3 0419 0419 0 392 0.36

0.5 1 224 1.256 1.290 1.01

06 2212 2 307 2 400 2.26

0.7 4 145 4 396 4.580 2 40

08 8 185 8.826 9 100 4 40

30 0.1 0 201 0 208 0 155 0 136

03 0.419 0 422 0.483 0 37

04 0 700 0 726 0 949 0 46

0.5 1 224 1 319 1.820 0.67

0.6 2212 2 484 3 470 1.18

5.0 0.2 0.272 0.271 0.385 0.182

0.3 0419 0 432 0.943 0.300

04 0 700 0 780 2.053 0 460

1/3 04 0 700 0.722 0.80 0.43

0 5 1 224 1.306 1 52 0.70

06 2.212 2.448 2.85 1.20

2/3 06 2.212 2.242 2.19 2.44

The RDF g||5 (<fe), obtained by using eqs. (8 ) and (15) 
(' e by methods 1 and 2 ), can be used to estimate the shear 
viscosity fx and thermal conductivity X of the HER fluid. In 

present study, we take i« = 1 , kT" = 1 and unit of length 
/. where /■’ = in eqs. (1) and (2). We employ the RET 
V\ with expressions of to estimate // and A for the
her fluids.

The thennal conductivity X\ and X2 obtained from eq. (2) 
with eqs. (8 ) and (15) are compared with the MD [11] and 
ESM [11] values in.Table 4. In this case also X\ < Aj 
throughout the density range for different values of K except 
for /T= 1.0 (hard spheres) where Ai = A2 . X\ (or A2) is smaller 
than Aesm except for /:=  1.1 and 1.5 (or 2/3), where A, > 
Ae5 „. For K = 2.0, X\ is better than A2 as well as Agsm> when 
compared with the MD values. However, for K > 2.0, the 
situation is just reversed i.e. A2 is better particularly at high
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density. Th e  deviation from  the M D  values increases w ith  
the increase o f  and/or K (o r A' ').

T itle  4. Thermal conductivity A. lor IIF:R lluid

.7 ^ /2 ^Ml)
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I I
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3 0
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0 3 
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06 
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0 5 
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0 7 

08 

0 I 

0 3 
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0 5 

0 6 

0 2

03 

0 4

04 

0.5 

06 

0 6

I 802 

8 725 

I 802 

8 725 

8 725 
1 802 

4 061 

8 725 

16018 

31 166

0 833

1 802

2 028 

4 961 

8 725 

I 175

1 802

2 928 

2 928 

4 961 

8 725 

8 725

I 802 

8 725 

1 802 

8 772
8 939 

I 804 

5 080
9 080 

16 954 

33 556

0 857

1 814 

3 026 

5 319 

9 743 

I 176 

1 851 

3 228 

3 Oj I 

5 268 

9 606 
8 839

I 814 

8 984 

I 748

7 796

8 53

1 89 

5 85 

10 65 

19 96 

39 13 

0 710

2 49 

4 78

9 01 

16 78 

1 91 

4 56 

971 

4 40 

8 20 

15 14 

8 47

I 81 

9 048 

I 90 

8 5 

7 20

1 93

4 7 

7 90 

14 0 

28 0 

0 66

2 24

3 24 

6 00 

10 8 

1 16 

2.61
5 20 

3.2 

5 8 

103 

7 59

In order to obtain the T P ’s o f  the G O C E  flu id , we divide 
the G O C E  potential ugoce into a reference part wq and 
perturbation part Up such that [6 ] ;

*^OaCE(''< l̂^2 ) = )» (18)

where uo{rco^a)2 ) = ur^Urco^Qj2 h  ^ 0 . r <

(19a)

and uo(/-«yi<»2 )  =  - ^ 0 , /•

( 1 % )
Here, r,n,„(o)[(Oi) ^ 2''^ e(co\Ofi). Using this perturbation 
scheme, the H e lm h o ltz  free energy o f.th e  G O C E  flu id is 
given by

AjNkT^ /<o/Â *7’+ (1/ 2 )/?/jjc/r

{g«il'a)^u>2)U p{r(o^W 2)) (20)

4. T ra n s p o rt  p ro p e rtie s  o f  G aussian  o v e rla p  flu id

In this section, we apply our theory to estimate the T P ’s o f  
m olecular flu id  o f  non-spherical m olecules w ith  axial
sym m etry, such m olecules interact via the G O  potential [4 ]

UGo{r(O\0}2) = 4 e{a>iO}2)\^C7((OiO}2)l2)'^

-(o-(fi;,<U2 )/ '• )* ]’ (16)

where €-(ft>|fU2 )/eo = [ l c o s ^  0I2]”''^^ (17a)

o-(<u ,<H2 )/<To = c /( r < ; ,< y 2 ) /4 -  (1 7 b )
Mere, the constants cq and (Jq have the dim ensions o f  energy  
and length respectively; the anisotropy param eter x  is 
defined by eq. (7 )  and d(co\(Oi)ld[) is given by eq. ( 6 ). Thus, 
the G O  m odel is a three param eter one { ^ 0 , 0 0  and x) 1 where  
X  determines the shape. For A  =  1, eq. (1 6 )  s im ply reduces 
to the Lennard-Jones (L J ) (1 2 -6 )  potential for spherical 
m olecules. In  the special case o f  the Gaussian overlap w ith  
the constant energy (G O C E ) m odel [1 2 ], =  ê o - It
is expected that use o f  instead o f  ^((0 \Q}2) does not 
change the T P ’s much like  the therm odynam ic properties 
[1 2 ]. In the present calculation, w e use the G O C E  m odel.

where Ao and goiro)] oh) are, respectively, the H e lm h o ltz  free 
energy and pair correlation function (P C F ) o f  the reference 
flu id.

The properties o f  the reference system can be obtained 
by a b lip  function expansion about a suitably chosen H G O  
system defined by eq. (5 ), w here do is a function o f  density 
and temperature.

For the G O C E  m odel, Singh et al [6 | have given the 
expression fo r do -  do /(Jq

^ 0  = [1 “  ( ^ 1 1 / 2 o"00 )< ]̂ *  [1 ■1' (cT n / 2 tToo )^ ]̂ , (2 1 )

where

= j ( l - e x p [ - ^ u o ( r ’ ) ] )c /r * ,  (22a)
0

w

S = j { r ‘ /d’„ -  )(exp[-^Mo(r* )])dr', . (2 2 b)
0

r r o o = ( l - ' 7 / 2 ) ( l - / 7 r ' .  (23a)

t j , , =  [ 2  -  7.5 7  +  0 .5  7 2  -  5 .7865  rĵ  -1 .5 1  7  ̂](1 -  7 )

(23b)

w ith 7  = pVff, = ( / r / 6 ) p V ^  A . (24)

7  is the packing fraction o f  the H G O  flu id  o f  the reduced
density p* = p t r l .  Hence, the effective hard sphere diameter
de is given by de =  A ‘^̂ c/q. Thus de, w h ich  is a function oi 
7 , depends on the shape param eter. In  this case, w e employ 
eq. ( 8 )  to calculate the R D F  g^^ îde) o f  the H S  flu id .

W e calculate the T P ’s o f  m olecu lar flu ids o f  prolate 
(A  >  1) and oblate (A  <  1) shaped m olecules. W e consider 
N 2 and C 6H 6 using the G O C E  m odel potentials whose force 
parameters arc ava ilab le  [1 3 ,1 4 ] and reported in Table 5.
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Table 5. Force parameters of the GOCE model 

System obM) eJk{K)

N: 3 37 94

C ,H<, 6 30 300

1 3

W e calculate the T P ’s such as p  and A o f  flu id M 2 using 
the G O C E  param eters used by C astillo  and O rozco [1 ]. 
These results w ere obtained previously  [2 ] but have been 
found to contain num erical errors. W e  have repeated the 
calculations here. W e com pare the shear viscosity p  o f  flu id  
N2 at r  -  2 5 0  K  w ith  the experim ental data [1 3 ] and the 
results o f  C astillo  and O rozco  [1 ] w ith  the G O C E  model 
(G O C E -C O ) in F igure 1. O u r theory overestimates w h ile  the 
CjOCF>CO underestimates / /a t  low density. At high densities, 
our theory predicts better.

^(Pu)
300

Figure 1. Shear viscosity ^2 (with K -  13) as a (unction of
/^(nm/cm’) at 7 = 250 K using G(3CE model

Ihc  values o f  therm al conductiv ity  A o f  flu id  N 2 are 
demonstrated in F igure 2 at T  ^  along w ith  the
experimental [1 3 ] as w e ll as the G O C E -C O  data [1 ]. The  
agreement is good except at h igh density.

X(mW/mk)

with the results obtained by C astillo  and O rozco [ I ]  in 
Figures 3 and 4, respectively. They are in good agreement 
in the interm ediate range o f  density pV O u r value arc lower

-  I'icicnl 
litcon

■J u

Figure 3. Values ol n* ^ //cT()"/(m f̂ o)' ' fur C(,l lb wiih K = 0 5 as a function 
ol />• at 7'* 1 4 using GOC'L model

lheor>

fiCK I-
(O

>̂Rurc 2. Thermal conductivity X{mWlmK) lor Nj (with A' I 3) as a 
lunction of p  (gm/cm^) at 7’ = 130 K using GCK'C model

Next, w e  calcu late  the shear viscosity p  and therm al 
conductivity A fo r benzene (C 6H 6)  using the G O C E  m odel 
'vith K ~ 0 .5 . T h e  values o f  / i *  -  p a \ j{ m  and

-  Acr2/)t(m /€^o)'^^ at T  -  1.4 are compared

Figure 4. Values of A*  ̂ Aao l̂kimlK- for C’hMb with A ^ 0 5 as a 
function o f a l  /'* = 14 using (iOCT model

than those o f  C astilla  and O rozco [1 ] at low densities and 
greater at high density. The deviation increases with the 
decrease as w ell as increase o f  density. Since the simulation  
results are not available, no definite  conclusion can be 
drawn. H ow ever, it is expected to provide good results at low  
values o f  p*.

5. Concluding remarks
W e have em ployed the E D H S T  to calculate the T P ’s of 
m olecu lar flu ids m ade-up o f  non-sphcncal m olecules  
interacting via G O C E  potential m odel Ih is  m odel has 
certain deficiencies [15]. Even then, it is suffic iently  realistic
[16] and m ay be em ployed to lluids o f  non-sphcrical 
molecules [17]. For the G O C E  m odel, we have used the 
sim pler approach o f Singh et al [6 ] to calculate the e lfectivc  
hard sphere diameter.

From  the study, it is clear that our approach provides in 
general, fa irly  good estimates o f  the shear viscosity and 
therm al conductivity o f  non-spherical m olecule fluids.
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