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Effect of electron beam and temperature anisotropy on Alfven waves
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Abstract Dispersion relation and associated field-aligned currents arc evaluated lor Alfviin waves in the auroral region using particle 
aspect approach Effect of temperature anisotropy has been examined on the wave and the applicability of the finding is discussed for the 
magnetosphere-ionosphere coupling.
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1. I n t r o d u c t io n

Among th e  f irs t ty p e  o f  w a v e s  fo u n d  to  ex is t in p lasm a , 

Alfvi^n w av es p la y  an  im p o rta n t ro le  in en e rg y  tra n sp o rt , in 

particle a c c e le ra tio n  a n d  h e a tin g  in  th e  e a r th 's  m ag n e to sp h e re , 

in so lar fla res a n d  th e  so la r  w in d . In  p a r tic u la r , a  sc r ie s  o f  

sp acecraft h a v e  d ir e c t ly  d e te c te d  s t ro n g  A lfv d n  w av e  

tu rb u le n c e  a s s o c i a t e d  w ith  p a r t i c l e  e n e r g i z a t i o n  in  

in terp lanetary  sp a c e  su c h  as  th e  a u ro ra l re g io n  [ 1- 6 ].

r ic ld -a lig n e d  c u rre n ts  p la y  a  d o m in a n t ro le  in  th e  s tu d y  

o f m a g n e tiz e d  p la s m a s  o f  m a g n e to s p h e r e - io n o s p h e r e  

coupling. In th e  m a g n e to h y d ro d y n a m ic  d e sc r ip tio n  (v a lid  

where tim e an d  sp a tia l s c a le s  o f  m o tio n  a re  la rg e  c o m p ared  

to the g y r o p e r io d  a n d  g y r o r a d iu s ,  r e s p e c t iv e ly ) ,  i f  

perturbations o f  f lo w  d e v e lo p  o n  o n e  p a r t o f  a  flux  lu b e , 

field-aligned c u rre n ts  m u s t flo w  in  o rd e r  to  c o m m u n ic a te  th e  

chargor to  th e  e n tire  flu x  tu b e . T h e y  a re  p e rh a p s  o f  m o st 

im portance in m a g n e to sp h e r ic  p h y s ic s  in  th e  s tu d y  o f  c o u p lin g  

between reg io n s  w h e re  d if fe re n t  d y n a m ic a l c o n d itio n s  p rev a il 

but w hich a re  th re a d e d  b y  th e  sa m e  f ie ld  [7 ]. U n d e r  th is  

condition, A lfv 6 n  w a v e  m ay  b e  g e n e ra te d  in  th e  p la sm a  sh ee t 

and p ro p ag a te  to w a rd s  th e  io n o s p h e re  le a d in g  th e  a u ro ra l 
process.

In m ost o f  th e  th e o re tic a l w o rk , th e  v e lo c ity  d is tr ib u tio n  

Innctions have b e e n  a s s u m e d  to  b e  id ea l M a x w e llia n  a lth o u g h  

tu rb u len t h e a tin g  e x p e r im e n ts  lik e  m irro r  d ev ice s , 

^llow n o n -M ax w e llia n , p a r t ic u la r ly  lo s s -c o n e  d is tr ib u tio n

fu n c tio n s  [8 ]. T hus, the  o b je c t o f  th e  p re se n t w o rk  is to  

in v e s tig a te  w h a t k in d  o f  e f f e c ts  th e  n o n -M a x w e llia n  

d is tr ib u tio n  m ay  h a v e  on  th e  c u r re n t  d r iv e n  A lfv e n  

w av es.

In th e  recen t p ast, p a rtic le  a sp ec t an a ly s is  h as b een  

d ev e lo p e d  fo r the an a ly s is  o f  A lfven  w av e  [9] w h ich  is b a sed  

upon  D a w so n ’s th eo ry  o f  L an d au  d a m p in g  w h ich  w as 

fu r th e r ex ten d e d  by T e ra sh im a  [10 ], M isra  an d  T iw a ri [11 ], 

T iw a ri et al [12], V a rm a  and  T iw ari [13] to  th e  a n a ly s is  of 
e le c tro s ta tic  and  e le c tro m a g n e tic  in s tab ilitie s  T h e  p re sen t 

w o rk  is a ttr ib u te d  to  in v es tig a te  th e  elTect o f  e le c tro n  b eam  

in an  a n iso tro p ic  p la sm a  on  th e  A lfv e n  w av e  fo r th e  

m ag n e to sp h e re -io n o sp h e re  co u p lin g .

2. B as ic  t r a je c to r ie s

W e c o n s id e r  a p la sm a  u n d e r s ta tic  m ag n e tic  f ie ld  Bo (z- 
d ire c tio n ) in w h ich  co llis io n s  b e tw een  p a rtic le s  a re  n eg lec ted . 

W e sh a ll d iscu ss  th e  b e h av io rs  o f  an A lfvdn  w av e  o f  p lan e  

p o la r iz a tio n  in the  fo n n  :

k\\Bo. k :^ (0 ,0 ,A |j)  and  E = ( E \ , 0 , 0 )  (1 )

(2)w ith  Ej, = E | c o s ( A ||r - r i) / ) .

By =
E\k\\C

(O
cos(kf -  (ot), (3 )

w h ere  Ex a n d  By arc th e  e lec tr ic  an d  m ag n e tic  f ie ld s  o f  the  

w av e . H ere , th e  f req u en cy  o> is a ssu m ed  to  b e  rea l an d  the
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a m p litu d e  E\ is tre a te d  as th e  s lo w ly  v a ry in g  fu n c tio n  o f  /. 

c is th e  v e lo c ity  o f  lig h t

r f £ ,1
«  Q).E, dt

Bo is d ire c te d  a lo n g  th e  z -ax is  an d  w av e  p ro p a g a te s  in 

th e  d ire c tio n  o f  a m b ie n t m a g n e tic  fie ld . T h e  w av e  is 

a ssu m ed  to  s ta r t a t / = 0  w h en  re so n a n t p a rtic le s  a re  n o t 

d is tu rb e d . W e b e g in  w ith  th e  e q u a tio n  o f  m o tio n  fo r th e  

p a r tic le s  as

dv \
£ i  + ^ v x ( f l o  +  Byy)

\ (4 )

cot)̂

Exk.diu a ^ 1 -̂.
_ ’ cos(0-/2f)cos(ik|,z-tyr), ( 5 )dt m  ̂ a  

w h e re  i/+ =  +  iuy a n d  17 = qB^Lnic.
W e so lv e  eq . (5 )  in  th e  a p p ro x im a tio n  by re p la c in g  th e  

c o o rd in a te s -o f  th e  p a r tic le s  o n  th e  r ig h t h an d  sid e  by  th o se  

o f  free  g y ra tio n , Ux a n d  Uy a re  th e  p e r tu rb e d  v e lo c itie s  in the  

jc an d  y  d ire c tio n s  re sp e c tiv e ly . £ |  a n d  By a re  s lo w ly  v a ry in g  

q u a n titie s  a n d  tre a te d  as c o n s ta n ts . O u r m e th o d  fo llo w s  th a t 

o f  T e ra sh im a  [1 0 ]. W e s ta r t  ta k in g  th e  tra je c to r ie s  o f  free  

g y ra tio n  as,

Z = Zo + 1̂ 11̂  ,

K (n  = ^^icos(0 - n t ) ,

K ,( / )  = r ^ s i n ( 0 - / 2 r ) ,

^ r ( 0  =  1̂1 = c o n s t a n t , ( 6 )

w h e re  zq is th e  in itia l p o s itio n  o f  th e  p a rtic le s  in th e  z  

d ire c tio n , B is in itia l p h a se  o f  g y ra tio n . E q. (5 )  is so lv e d  fo r 

p e rtu rb e d  v e lo c itie s  u(r, t) o f  c h a rg ed  p a rtic le s  in th e  p re sen ce  

o f  A lfv 6 n w av e  as  d e sc r ib e d  b y  B a ro n ia  an d  T iw a ri [9] 
w h ich  is g iv en  as

“ r ( ' - . 0  =  — f71
1̂ 1*111

r
1 — UL

CO ^ ^ s i n ( A | |Z -  ftjf)

2 ( ^ j ^ s i n ( V

m 1 - %
0} ^ c o s ( A | | 2 - a > f )

“ 0

1

w h ere  q is th e  c h a rg e  a n d  m is th e  m a ss  o f  th e  p a rtic le , y  

is th e  u n it v e c to r  a lo n g  th e  y  d ire c tio n .

T h e  G a u ss ia n  sy s te m  o f  u n its  is a d o p te d  in th is  p a p e r  

a n d  in te ra c t io n s  b e tw e e n  p a r t ic le s  a re  n e g le c te d . T h e  

e le c tr ic  fie ld  E\ o n  th e  r ig h t h a n d  s id e  is c o n s id e re d  to  be 

a  sm a ll p e r tu rb a tio n  an d  v can  b e  e x p re s se d  as a sum  o f  

th e  u n p e rtu rb e d  v e lo c ity  V a n d  th e  p e r tu rb e d  v e lo c ity  u, 
j.e ., V *  F' M, M is d e te rm in e d  b y  th e  fo llo w in g  se t o f  

e q u a tio n s

-sin(*|Z-ruT +

• sin(A,z -(ot-A^t + 0)

w h ere  {J =  0  fo r  th e  n o n -re so n a n t p a r t ic le s  a n d  S 
re s o n a n t o n e  an d

( 7 ) 
1 tor

A q =  r |̂*|| -(O, a l = A \ - n ^  . (8 1

T h e  re s o n a n t p a r tic le  c o n d it io n  is g iv e n  [9] by  -  ry - 0 

T h e se  e q u a tio n s  re p re se n t th e  p e r tu rb e d  v e lo c itie s  o f the 

c h a rg e d  p a r tic le s  in th e  p re s e n c e  o f  A lfv d n  w a v e s  and have 
v a s t a p p lic a tio rr  in p la sm a  h e a tin g  p ro c e s se s , confinem em  

d e v ic e s  a n d  th e  sp a c e  p la sm a s .

3 , D e n s ity  p e r t u r b a t io n

T o  e v a lu a te  th e  d e n s ity  p e r tu rb a tio n  a f fe c te d  b y  velocii) 

p e r tu rb a tio n  d u e  to  A lfv d n  w av es , w e  c o n s id e r  a group of 

p a r tic le s  w ith  the  sam e  in itia l c o n d it io n  a n d  le t its numVr 

d e n s ity  be

r ; ( r , / ,K )  = yV (F) + A 7 ,( r , / ,K ) ,  (̂ 1̂

w h e re  N is th e  z e r o th  o r d e r  d is t r i b u t io n  an d  u\ h 

p e r tu rb e d  d e n s ity  w h ic h  can  be d e r iv e d  fro m  th e  equation 

[9 ,1 0 ]

( 10 )

T h e  e x p re s s io n  o n  th e  r ig h t h a n d  s id e  is converted  as 
fu n c t io n  o f  t a n d  in i t ia l  p a ra m e te r s  [9 ,1 0 ]  and after 

in te g ra t io n  th e  n o n - r e s o n a n t  p a r t ic le  d e n s i ty  is given 

as

q V y E ^ i n
2 mo)

* -s in (k \\2-(Of -^0-

1 sinikf -  cot - ( I I )



Effect o f electron beam and temperature anisiHropy on Alfvin waves 119

Similarly, fo r  th e  re s o n a n t p a r t ic le s

qV ^ E M N iy)
= -  2I

1
“ Sin(A ||Z-fi>/ + 6? - / 2 r)

^T~a------ 7 r T s i n ( ^ | Z - t y / - ^  +  / 2 f)

-  - -̂^ S\n{kf -co t-A ^ t  + 0)
( A ^ - n y

1

i .A ^ ^ n y

t
{ A o -O )

t

sin(A:||Z-<w^ -  A^t - 0)

cos(^ ||Z  -  tur -  A q! +  0 )

To e v a lu a te  th e  d is p e rs io n  re la tio n  an d  c u rre n t, w e can  

hereafter ta k e  th e  z e ro th  o rd e r  d is tr ib u tio n  [1 3 ,1 4 ] N{1') o f  

ihe form

N{V)= NoA{Vi)M^i)< 

f d A )  =

(1 3 )

m ,
u n  " ' ’ ' ' i r r

/ . I ' i )
m

2 nT,

1/2

e x p
f m{V^-VoY

IT,

PA f«5
d s \ 2 nV ^ dV x\  t/fii

Jo Jo J “0O

X ( ? [ ( +  Mj ) ( r  + */) -  N V ^

an(i 7 , ,  = J, -  J .̂,

th e  c u rre n t is ev a lu a te d  p e r  u n it w a v e len g th . T h e se  c u rre n ts  
rep re sen t th e  d is tr ib u te d  cu rren ts  o v e r th e  e n tire  w a v e le n g th  
an d  eq. (1 4 )  rep re sen ts  th e  a v e rag e  v a lu e  o f  th is  d is tr ib u te d  
cu rre n t o v e r a  w av e len g th  o f  th e  A lfv 6 n w ave .

W ith  th e  h e lp  o f  eqs. (7 ) , ( 1 1 ) an d  (1 4 ) , w e o b ta in  th e  
ion ic  cu rre n t p e r un it w av e len g th  as

^ecol, El kl
(1 5 )SnifCoOf

S im ila rly , th e  e lec tro n  cu rren t p e r u n it w av e len g th  can  b e
w ritten  as

(1 4 )

3ecol,. E? k? V}
(1 6 )

'pe

(o

T h u s, th e  to ta l cu rren t p e r unit w av e len g th  flo w in g  a lo n g  
the  m ag n e tic  fie ld  in the  p re sen ce  o f  A lfv ^n  w ave  is 
g iv en  as

'  .2 (o lA k,
(1 7 )

vvhere Ti"! an d  7^ a re  th e  p a r a l l e l  a n d  p e r p e n d ic u la r

temperatures w ith  re s p e c t to  th e  a m b ie n t m ag n e tic  fie ld , Ko 
IS beam v e lo c ity  an d  Âo is th e  b a c k g ro u n d  p la sm a  d en sity .

4. C u r r e n t

To evaluate th e  p e r tu rb e d  c u rre n t p e r  u n it w av e len g th  in the  
presence o f  A lfv 6 n w av e , w e u se  th e  fo llo w in g  se t o f
equations

pA p'X)

T h e  a v e rag e  va lu es o f  p e rp e n d ic u la r  cu rren ts  b ec o m e  ze ro  
in th e  first o rd e r. H ere  q -  + e  fo r ions and  --e fo r e lec tro n s  
is u s e d  a n d  cOp,^.~(4nNoe^jm,^y^‘̂ is th e  p la s m a  

freq u en cy . =  (2 7 1 , ,.)*/^ >s th e  p e rp e n d ic u la r

co m p o n e n t o f  th e rm a l v e lo c ity  w h e re  th e  te m p e ra tu re  T is 
ex p re sse d  in the  u n it o f  en e rg y , is th e  c y c lo tro n  
freq u en cy .

5. D isp e rs io n  r e la t io n

T h e  d isp e rs io n  re la tio n  is e v a lu a ted  w ith  h e lp  o f  w ave 
e q u a tio n  in th e  fo rm

Afudly 1 d-E\
V ( V .£ , ) - V 2 £ : ,  =  — (1 8 )

w here  J\ is th e  first o rd e r c u rren t den sity . In  the  ca se  o f  p lan e  

p o la r iz e d  A lfv^n  w av e  th e  w av e  eq u a tio n  b eco m e s

d̂ Eĵ  _  4 ;r  1 ĉ Êx
^ z 2 "  c 2 dt c 2 dr- (1 9 )

S u b stitu tin g  the  v a lu e  o f  Jx in te rm s o f  p e rtu rb e d  ve lo c ity  

Ux an d  p e rtu rb ed  d en sity  n\, th e  d isp e rs io n  re la tio n  fo r 

A lfv en  w ave  is ev a lu a ted  as

CO =  I -

>/2

where ds re p re se n ts  th e  len g th  o f  m a g n e tic  fie ld  line  e lem en ts
Jind ks -- k.r.

t q  (14 ) c o n s id e rs  c u rre n t p e r  u n it w av e len g th  and  n o t 
ihc current d en sity  p e r  sq u a re  c e n tim e te r  [9 ,1 0 ,1 7 ] . T h e  rig h t 
hand side te rm s o f  eq . (1 4 )  in v o lv e s  d e n s ity  p e r tu rb a tio n  n\ 
n̂d the v eloc ity  p e r tu rb a t io n  u w h ic h  c o n ta in  th e  o sc illa to ry  

ttrrms If the  in te g ra l Ids is n o t p e rfo rm e d , th e  e v a lu a te d  
current will be o sc i lla to ry . T o  f in d  o u t th e  a v e ra g e  v a lu es ,

ŷ A
(20)

w h ere  = ( 7 j i , 7 w J ’/2 is the  e lec tro n  th e rm a l v e lo c ity  

p a ra lle l to  the  m ag n e tic  fie ld . In th e  a n iso tro p ic  p la sm a  th e  

d isp e rs io n  re la tio n  can  be  w ritten  as

(0 =  k /^
 ̂ { (7 i. / 7 L ) - ^ L / 2  +  ^Q^|

1/2

(21)
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H ere , w e n o tic e  th a t th e  d isp e rs io n  re la tio n  o f  A lfv 6 n 

w a v e  is m o d if ie d  b y  th e rm a l an d  b e a m  v e lo c itie s  o f  

e le c tro n s . In  c a se  b o th  th e  te rm s a re  z e ro , th e  d isp e rs io n  
re la tio n  re d u c e s  to  w e ll k n o w n  fo rm . T h e  c u rre n t d riv en  
b y  A lfv ^ n  w a v e  is m o d if ie d  th ro u g h  th e  d is p e rs io n  re la tio n s . 

Va =  Bq/(A 7t Nom^yi'  ̂ is th e  A lfv ^n  w av e  sp eed . In th is  
m o d e l, th e  w a v e  fre q u e n c y  (o is c o n s id e re d  as  rea l an d  th e  
p rin c ip a l p a rt o f  p la sm a  d is p e rs io n  fu n c tio n  is u sed  an d  
c o u p lin g  o f  c o m p re ss io n a l m o d e  is n o t c o n s id e re d  [9].

6 . R e s u lts  a n d  d is c u s s io n

T h e  fo llo w in g  p la sm a  p a ra m e te rs  a re  u se d  to  e s tim a te  
th e  d is p e rs io n  re la tio n  an d  a s s o c ia te d  c u rre n t p e r  un it 
w av e len g th  w h ich  m ay  b e  su ita b le  to  a u ro ra l a c c e le ra tio n  
re g io n  [1 5 - 1 7 ] ,  Bq = 4 3 0 0  nT\ = 4 1 2  s '; No = 5 .0  x 

lO V m ^ £ |  =  5 0  m V /m ; = 3 .5 x  lO'' m /s . E x p re ss io n s  fo r 

f ie ld -a lig n e d  c u rre n t p e r  u n it w a v e le n g th  a n d  th e  d isp e rs io n  
r e la t io n s  a re  e v a lu a te d  a n d  r e s u l ts  a re  p re s e n te d  in  

fig u re s .

T h e  e le c tro n  b e a m s  a re  in je c te d  from  th e  ta il s id e  o f  th e  
m a g n e to sp h e re  a t th e  su b s to rm  tim e s  c o n s titu tin g  fie ld - 
a lig n e d  c u rre n ts  an d  a u ro ra l a c c e le ra tio n  [1 5 - 1 7 ] .  In  the  
sam e  ev e n t, th e  A lfv ^ n  w av es  a re  a lso  o b se rv e d  by  v a rio u s  
ro c k e ts  a n d  sa te ll ite s , th e re fo re , th e  e le c tro n  b eam  m ay  be 
th e  c a u se  o f  A lfv d n  w av e  g e n e ra tio n  w h ich  m o d ifie s  th e  
w av e  fre q u e n c y  an d  th e  a n iso tro p y  o f  p la sm a  sh ee t an d  
au ro ra l a c c e le ra tio n  reg io n  m ay  a ffe c t th e  fie ld  a lig n c d - 
c u ire n t a n d  th e  w av e  sp e c tru m .

T h e  F ig u re  1 sh o w s th e  v a r ia tio n  o f  rea l fre q u e n c y  a; w ith  
k\\ fo r  d if fe re n t v a lu e s  o f  e le c tro n  b e a m  v e lo c ity  Kq. It is seen

d is ta n t m a g n e to ta il a n d  th e  a u ro ra l a c c e le ra tio n  reg io n  also 
m o d if ie s  th e  w a v e  sp e c tru m .

Figure 1 . Wave frequency co versus wave number for dilTcrcnt l-'o

th a t th e  e ffe c t o f  th e  e le c tro n  b e a m  is to  re d u c e  th e  fre q u e n c y  
w h en  th e  e le c tro n  b eam  is a lo n g  th e  m a g n e tic  f ie ld  an d  in 
th e  d ire c tio n  o f  p ro p a g a tin g  v e c to r  A||. i t  is th e  w av e  v e lo c ity  

w h ich  g e ts  m o d ified  in th e  p re se n c e  o f  b eam  an d  a n iso tro p y  
in th e  p la sm a  w hich  is a d isp e rs io n le s s  m ed iu m  for th e  
A lfv tiii w ave.

F ig u re  2 p re d ic ts  the  v a ria tio n  o f  rea l fre q u e n c y  co w ith  
1̂1 fo r difTerenl v a lu es  o f  te m p e ra tu re  a n iso tro p y  

H ere , w e  n o tic e  th a t th e  w av e  freq u en cy  in c re a se s  w ith  
b u t d e c re a s e s  w ith  the  in c rea se  o f  te m p e ra tu re  a n iso tro p y . 
T h e se  c u rv e s  sh o w  th a t th e  p h ase  v e lo c ity  is sm a lle r  in h o t 
p la sm a s . T h u s , th e  te m p e ra tu re  a n iso tro p y  o b se rv e d  in th e

Figure 2. Wave frequency o) versus wave number Ay for diftereni 
Icmperaturc anisotropy

F ig u re  3 sh o w s th e  v a r ia tio n  o f  f ie ld -a lig n e d  curren t per 
u n it w a v e le n g th  w ith  A:|| fo r  d if fe re n t v a lu e s  o f  e le c tro n  beam 
v e lo c ity . It is o b se rv e d  th a t c u rre n t d e c re a s e s  w ith  increase 
o f  1̂1 as  w e ll as  Fq. T h e  e f fe c t o f  e le c tro n  b e a m  parallel to

■ lililAiiyfc, (■ )

Figure 3. Field-aligned current per unit wavelength J j  v e r s u s wnu’ 
number Ay for cHfTcrent Fq

m a g n e tic  f ie ld  is to  d e c re a s e  th e  p a ra l le l  c u rre n t b y  diverging 

it to  th e  p e rp e n d ic u la r  c u rre n t. T h u s , th e  c lo s e r  cu rren ts may 

b e  c o n s t itu te d  to w a rd s  th e  io n o s p h e re  a n d  th e  field-aligned 

c u rre n t re v e rsa l m a y  o c c u r  d u r in g  th e  a u ro ra l acceleration 

p ro c e sse s .

F ig u re  4 d e m o n s tra te s  th e  v a r ia tio n  o f  field-aligned 

c u rre n t p e r  u n it w a v e le n g th  w ith  fo r  d if fe re n t values ot 

te m p e ra tu re  a n is o tro p y . T h e  c u r re n t d e c re a s e s  with the 
in c re a se  o f  ik)| a s  w e ll a s  te m p e ra tu re  a n is o tro p y . It is also 

c le a r  th a t th e  c u rre n t in c re a se s  w ith  th e  p h a se  v e lo c ity  of the

Figure 4. Ficld-aligncd current per unit wavelength Jz versus wave 
number Ay for difl'erent temperature anisotropy
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Alfv̂ n wave. Thus, the field-aligned current is limited by 
the electron beam in the anisotropic magnetosphere 

The theory may be applicable to the auroral ionospheric 
regions wherever the field-aligned currents arc reported 
alongwith the particle precipitation [15-17], The presence of 
field-aligned current in auroral ionosphere can permit short 
wavelength instabilities to lower altitudes. Down flow of 
electron beam alongwith energetic particle precipitation may 
reduce the Alfvdn wave frequencies. The study may also be 
useful to the experimental devices with current canyine 
plasmas in the presence of AlfviSn waves. Althougfi many 
theoretical attempts have been made to investigate the 
AlfVdn wave propagation, the single particle theory may be 
able to explain some of the plasma phenomena where other 
theories are not well suited [12].
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