
Indian J. Phys. 7 5 B  (1 ). 5 7 - 5 8  (2 0 0 1 ) ■■-■i

U P  IB
an intemationai journal

On eigen values of simple harmonic motion
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\b sfrH c t In order to establish  correspondence betw een Bohr's m ethod ol quantization  and SchrOdinger wave function approach, we
have solved w ave equation  for sim ple harm onic  o scillato r, quarlic  potentia l and  hydrogen atom  w ith the assuihpliun tha t the particle is 
lolally Lontined w ithin the classical lim its 1‘or certain values o f  the energy, the wave functions have m axim um  divergence at large distance 
Ironi the c lassical tu rn in g  points. We call such energy levels as A nti-eigen values Anti-cigen values are also reported  for harm onic and 
i|iiarlic potentials

K eyw orils Harm onic and quaiiic  potentials, anti-eigen and classical eigen values 
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Power seric,s p o te n tia l  lias b een  a su b jec t o f  in ten siv e  

investigation  by a la rg e  n u m b e r o f  w o rk e rs  | 1 - 1 0 ], T h e  

pow er p o te n tia l is r a th e r  easy  to  w o rk  w ith , a n d  it 

represents a w id e  c la s s  o f  p ro b le m s in  a to m ic  a n d  so lid  s la te
physics

In o rd e r to  b r in g  a b o u t so m e  so rt o f  re la tio n  b e tw een  th e  
old q u an tu m  m e c h a n ic s  a n d  th e  S c h ro d in g e r  w ave  ap p ro ach , 

wc solved th e  w av e  e q u a tio n  fo r s im p le  h a rm o n ic  o sc illa to r.

l^b lc  1. /\n1i-eigen and cla-ssical eigcri values.

q u a rlic  p o ten tia l a n d  h y d ro g en  a to m  by a s su m in g  th a t  th e  

p a rtic le  is to ta lly  co n fin ed  w ith in  th e  c la s s ic a l lim its . T h e  

w ave fu n c tio n  o u ts id e  th is  ran g e  h as  been  n eg lec ted  fo r the  

ca lc u la tio n s , a n d  it m ig h t be  co n sid e red  even  im d cfin ed  for 

o u r p u rpose . W e im p o sed  th e  c o n d itio n , e ith e r  (i) 0  o r

(ii) y /  =  0 at th e  c la s s ica l li im in g  p o in ts  F o r th e  siike o f  

re fe ren ce , w c ca ll su ch  energy* leve ls as c la s s ic a l e ig en  

values.

no

Harmonic potential* Quartic potential

A B r A B

[) 1 954677 1.6H1600 2.263119 3 OOOO 1 876774 2.423841

1 3 964555 3 672290 4.287225 5 98978 4.967735 5 941667

2 6.161K03 5.669857 6 297685 10.45800 8.810237 9.995725

3 «. 177761 7.66K809 8.303724 14 79601 13.148673 14 498511

4 10.323579 9 668243 10.3077281 20.0314 17 889980 19.374609

s 12.349202 11.667894 12 3106071 25 1610 22 974250 24 574625

0 14 49010 13.667661 14312X011 30 9910 28 360154 30 062724

7 16 5411 15.667496 16.3145221 36 724 34.017010 35.81 1564

anti-eigcn values
*i»gen values with ^ 0 at the classical turning points
‘iigen values with iff' ^ 0  at the classical turning points

simple harmonic oKcillators. energy values are in the unit ot' hw/2.

^"^responding Author
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O u t o f  cu rio s ity , w e a lso  d e te rm in e d  so  ca lled  a n ti-e ig en  

v a lu es o f  s im p le  h a rm o n ic  an d  q u artic  o sc illa to rs , en e rg y  

values fo r w h ich  th e  w av e  fu n ctio n  at a la rg e  d is ta n c e  from  

the  c lassica l tu rn in g  p o in ts  h as th e  m ax im u m  d iv e rg e n c e  in 

co m p ariso n  w ith  th a t o f  any  ad ja c e n t v a lu e  o f  en erg y .

W e h av e  fo llo w ed  the  sam e  m e th o d o lo g y  as rep o rted  

ea rlie r  [1 ,2]. In th e  p re sen t case , the  w av e  fu n c tio n  w as 

m o n ito red  at the c la ss ica l tu rn in g  p o in t. T h e  en e rg y  w as 

d e te n m n e d  such  th a t c ith e r (i) y/ - 0  o r (ii)  y/' -  0 .

For d e te rm in in g  the an ti-e ig cn  va lu es , w e m o n ito red  

the  w ave  lu n c tio n  at a large d is tan ce  from  th e  c lassica l 

tu rn in g  p o in ts, fh e  en e rg y  w as s lo w ly  v a ried  as an inp u t 

p a ram e te r to  the n u m erica l p ro g ram m e , till w e g o t th e  

d esired  resu lt.

For ca lc u la tin g  c lass ica l e ig en  va lu es o f  h y d ro g en  a to m , 

the rad ia l c o m p o n e n t o f  S c h ro d in g e r w av e  fu n c tio n  w as 

so lved  w ith  th e  c o n d itio n  y/ 0  at th e  c lass ica l tu rn in g  

point.

T ab le  1 g iv es  the  c lassica l and  an ti-e ig en  v a lu es  fo r 

sim ple  h a rm o n ic  and  q u a rtic  p o ten tia ls . C o n tra ry  to  o u r 

ex p ec ta tio n s , c la ss ica l e ig en  v a lu es do  no t rep ro d u c e  the  

B ohr's  q u an tized  en e rg y  levels fo r  s im p le  h a rm o n ic  m o tio n . 

It is a lso  s tran g e  tha t B ohr's  en e rg y  levels a re  c lo se r  to  w h a t 

has been te rm ed  as an ti-c ig en  v a lu es  / e. it c o rre sp o n d s  to 

m ax im u m  d iv e rg en ce  o f  the w av e  fu n c tio n . H o w ev e r, the 

en e rg y  dilT erence b e tw een  ad jac en t lev e ls  rem a in s  a lm o st 

th e  sam e in all m e th o d s  o f  q u a n tiz a tio n . A s w e arc  mo.stly 
co n cern ed  w ith  th e  en e rg y  d iffe re n c e s , ev en  th e  an ti-e ig en  

v a lu es w ill se rve  the  p u rp o se .

fa b le  2  g iv es th e  o v e rlap  in teg ra l fo r  th e  c lassica l w av e  

functions w ith  y/ ~ 0 , an d  su re ly , th e se  w av e  fu n c tio n s  are  

not o rth o g o n a l to  each  o th e r H o w ev e r, fo r  la rg e  e x c ited

I able 2. O verlap integral o1 classical wave functions, 0 at the classical 
turning point

'V 1 ) J 4 5 6 7 8

I 1 000 * 0 321 * 0 094 * 0 000 *

2 * 1 ()()() * 0 308 ♦ 0 010 * -0  066
3 0 321 * 1 000 * 0 288 ♦ 0 041 *

4 0 ^08 * 1 000 * 0 270 * - 0 072
5 0 094 * 0 288 * 1 000 * 0 256 *

6 * 0 010 * 0 270 * 1 000 « 0 243
7 0 000 * 0 041 * 0 256 * 1 000 ♦

K « 0 066 * -0 072 * 0 243 1 000

State, these wave functions assume more or less orthogonal 
character.

T a b le  3 g iv e s  th e  c la s s ic a l e ig e n  v a lu e s  o f  h y d ro g en  

a to m . In th is  c a se  to o , th e re  is n o  c o rre sp o n d e n c e  b e tw een  

B o h r an d  th e  p re se n t m e th o d s  o f  q u a n tiz a tio n . F o r  I , we

Table 3. Classical eigcn values of hydrogen atoms. 0 at the classical 
turning point. The table gives the values of X where Bncrgy * -  R!??

SI no A -  0 L -  I A -  2 * 3

1 2 0262677 2 0928281 2 1868078 2.292095

2 3 305131 - -

3 4 170584 -

4 5,320192 5 73695 - -

5 6 393183 - -

* /cm  Ironi svm nic ln

g e t o n ly  tw o  c la s s ica l lev e ls  w h e re a s  fo r  h ig h e r  v a lu e s  o f  L 
th e re  is o n ly  o n e  c la s s ica l e ig en  v a lu es .

W e d o  n o t e n v is a g e  m u ch  u se  fo r th e  a n ti-e ig e n  valiies 

A t th e  m o s t, w e m ig h t th in k  o f  a s i tu a tio n  w h e re  a particle 

is in c id en t on a p o ten tia l b a rr ie r  re s e m b lin g  h a rm o n ic  or 

q u a rtic  p o te n tia l , an d  i f  th e  e n e rg y  o f  th e  p a r t ic le  happens 

to  be eq u a l to  th e  a n ti-e ig e n  v a lu e , it w o u ld  b e  totally 

re f lec ted  fro m  th e  p o te n tia l b a rrie r.
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