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\bstract Investigating the behaviour of a dyon moving in the field of another dyon it has been demonstrated that angnlai momentum for this
s\stem IS modified and it carries an extra residual angular momentum Study of scattering of a dyon from a dyonium has also been undertaken and it has 
hoi'n demonstrated that scattering cross sections are modified from the usual scattering cross sections o( quantum electrodynamics due to the presence 
ol magnetic charge on dyon.
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1 . In tro d u c tio n

Physicists h a v e  lo n g  b e e n  in te re s te d  in  e x is te n c e  o f  m a g n e t ic  
m onopolc. T h e  e a r ly  h is to r ic a l  in te re s t  in  m o n o p o lc s  w a s  d u e  

U) ilic s y m m e t r y  b e tw e e n  e le c t r i c  a n d  m a g n e t ic  f i e ld s  in  
M axw ell's e q u a tio n . H o w e v e r , d u e  to  la c k  o f  a b u n d c n c c  o f  free  

m agnetic c h a rg e  c o m p a r e d  to  e le c tr ic  c h a rg e , th e y  w e re  n o t 
included in  th e  f in a l fo r m u la t io n  o f  th o s e  e q u a tio n s . In  1931 , 
Dirac [ 1 ] s h o w e d  th a t  e x is te n c e  o f  f re e  m a g n e t ic  c h a rg e  (D ira c  
m onopole) c o u ld  p ro v id e  re a s o n  fo r  q u a n tiz a t io n  o f  e le c tr ic  

charge [2 ]. T h is  w o rk  m o t iv a te d  re n e w e d  in te re s t  in  s e a rc h in g  
lor m o n o p o lc s . A l th o u g h  th e r e  w a s  n o  g u id a n c e  a s  to  th e  m a s s , 

M/c, etc of th e s e  m o n o p o lc s , s e v e ra l e x p e r im e n ta l c o n se q u e n c e s  
were a p p a re n t . I t  w a s  a s s u m e d  th a t  th e  m o n o p o lc  m a s s  w o u ld  

not he v e ry  m u c h  d if f e re n t  f ro m  o th e r  e le m e n ta ry  p a r t ic le s  (e.g. 
protons) a n d  w o u ld  b e  h ig h ly  r e la t iv is t ic .  A s  su c h , th e s e  w o u ld  

produce a  g re a t  d e a l o f  io n iz a t io n  w h ile  p a s s in g  th ro u g h  m a t te r  
hut n o n e  o f  th e s e  e f f e c t s  w e re  o b s e r v e d  c a s t in g  d o u b t  o n  

ex istence o f  th e s e  p a r t ic le s .  A  f r e s h  in te re s t  in  th e  s u b je c t  w a s  
enhanced  w h e n 't .  H o o f t  [3 ] a n d  P o ly a k o v  [4 ] d e m o n s tra te d  

•separately th a t  m o n o p o lc s  e x is t  a s  s o lu t io n s  in  m a n y  n o n -  
A belian g a u g e  th e o r ie s . T h e  p o s s ib il i ty  o f  th e s e  G U T  m o n o p o le s  

p rov ides s t im u lu s  fo r  m u c h  r e c e n t  in te re s t  in  th e  su b je c t.  T h e s e  
n io n o p o les  h a v e  e n o rm o u s  im p o r ta n c e  in  c o n n e c t io n  w ith  th e  
problem  o f  q u a rk  c o n f in e m e n t [5 ] o f  q u a n tu m  c h ro m o d y n a m ic s , 

P  v io la tio n  (6 ], p ro to n  d e c a y  [7 ] a n d  b a ry o n  n u m b e r  n o n -
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c o n s e rv a tio n  p ro c e s s e s  | 8 ). In s p ilc  o f  p o te n tia l  im p o r ta n c e  o f  
th e se  p a r tic le s , th e  th e o r ie s  to  d e sc r ib e  th em  su ffe re d  fro m  m an y  
p a ra d o x e s  s u c h  a s  D ira c 's  v e to  a n d  w ro n g  c o n n e c tio n  b e tw e e n  
sp in  a n d  s ta tis t ic s  [9 ] . S c h w in g e r  [101 .show ed th a t so m e  o f  
th e s e  p ro b le m s  c a n  b e  re s o lv e d  by  ta k in g  e le c tr ic  a n d  m a g n e tic  
c h a rg e  o n  th e  s a m e  p a r t ic le  k n o w n  as  d y o n . M o re o v e r, W itten  
h a s  s h o w n  th a t  m o n o p o le s  a re  nece .s.sarily  d y o n s  [6 ], T h e  
th e o r ie s  to  d e s c r ib e  th e s e  p a r t ic le s  w e re  a ls o  c lu m s y  a n d  
m a n ife s t ly  n o n -c o v a r ia n t . In  o rd e r  to  d e v e lo p  a th e o ry  fo r th e se  
p a r t ic le s  w h ic h  w ill b e  c o n c e p tu a lly  a s  tr a n s p a re n t as  th e  u su a l 

q u a n tu m  e le c tro d y n a m ic s ,  w e  ( 1 1 -1 3 ]  s ta r te d  w ith  th e  id e a  o f  
tw o  fo u r -p o te n t ia ls  to  a v o id  th e  u se  o f  s in g u la r  p o te n tia l by 
ta k in g  g e n e r a l iz e d  c h a r g e ,  g e n e r a l iz e d  fo u r  p o te n t ia l  a n d  
g e n e r a l iz e d  f o u r - c u r r c n l  a s s o c ia te d  w ith  th e s e  p a r t ic le s  a s  
c o m p le x  q u a n ti t ie s  w ith  th e ir  rea l an d  im a g in a ry  p a rts  as  e le c tr ic  
a n d  m a g n e t ic  c o n s t i tu e n ts .  W ith  th e  h e lp  o f  th is  th e o ry , w c 
h a v e  u n d e r ta k e n  th e  s tu d y  o f  b o u n d  s ta te s  an d  sc a t te r in g  o f  
d y o n -d y o n  [ 14] a n d  d y o n - fe rm io n  [1 5 , 16] sy s te m s  an d  it h a s  

b e e n  d e m o n s tra te d  th a t e x a c t s o lu tio n s  o f  b o u n d  s ta le s  fo r  th e se  
s y s te m s  in re la tiv is tic  f ra m e w o rk  is n o t p o s s ib le  d u e  to  p re se n c e  

o f  a  te rm  v a n is h in g  m o re  ra p id ly  th a n  r *  in th e  p o te n tia l o f  su ch  
s y s te m s . T o  o v e rc o m e  th is  d if f ic u l ty ,  w c  s tu d ie d  th e  P a u li 

e q u a tio n  fo r  d y o n -d y o n  a n d  d y o n - fe rm io n  [1 7 ] sy s te m  b y  ad 
hoc in t ro d u c t io n  o f  sp in  in  th e  H a m il to n ia n  o f  th e  s y s te m  a n d  

o b ta in e d  h o u n d  s ta te  s o lu t io n s  in  A b e lia n  a n d  n o n -A b e lia n  
g a u g e  th e o r ie s . W c h a v e  fu r th e r , s tu d ie d  th e  h o u n d  s ta te s  o f  

th r e e  a n d  fo u r  d y o n s  [1 8 ,1 9 ]  a n d  h a v e  d e m o n s tra te d  th a t th e
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b o u n d  s la te  s o lu t io n s  a r c  m o d i f i e d  f ro m  th e  b o u n d  s la te  
s o lu tio n s  o f  q u a n tu m  e le c tro d y n a m ic s  d u e  to  th e  p re s e n c e  o f  
m a g n e t ic  c h a rg e  o n  d y o n . E x te n d in g  th is  w o rk  in  th e  p re s e n t  

p a p e r , w e  h a v e  u n d e r ta k e n  th e  s tu d y  o f  s c a t te r in g  o f  h ig h ly  
e n e rg e tic  d y o n  fro m  a  d y o n iu m .

2. Generalized field associated with generalised charges
L e t u s in t ro d u c e  th e  g e n e ra l iz e d  c h a rg e  q a s  a  c o m p le x  q u a n ti ty

q = (2 . 1 )

w h e re  e a n d  g a re  th e  e le c tr ic  a n d  m a g n e t ic  c h a rg e s  o n  d y o n . 

A ssu m in g  th e  g e n e ra l iz e d  fie ld  ipix) , g e n e ra liz e d  fo u r- p o te n tia l 

a n d  g e n e ra l iz e d  fo u r -c u r re n t  a s  c o m p le x  q u a n ti t ie s  in  a 

s im ila r  m a n n e r , th e  e q u a tio n  o f  m o tio n  o f  g e n e ra l iz e d  c h a rg e  q 
in  th e  g e n e ra l iz e d  f ie ld  m a y  b e  w ritte n  a s  [ 14]

rnx - e {E - \-v x  - v x  £ } , ( 2.2 )

w h e re  v is  th e  v e lo c i ty  o f  p a r t ic le  a n d  y/ is th e  g e n e ra l iz e d  f ie ld  
d e f in e d  as

(2.3)

in  le n n s  o f  e le c tr ic  E  a n d  m a g n e t ic  H  f ie ld s . U s in g  th e  e q u a tio n  
o f  m o tio n  (eq . (2 .2 )), w c  o b ta in  th e  fo l lo w in g  e x p re s s io n  fo r th e  
a n g u la r  m o m e n tu m  v e c to r  J  o f  th e  j-\h g e n e ra l iz e d  c h a rg e  q̂  
m o v in g  in  th e  f ie ld  o f  A:-th g e n e r a l iz e d  c h a rg e  w h ic h  is 

a s s u m e d  to  b e  a t r e s t :

J = r x P +  

dr

(2 .4)

J  = rx(P-Re</V^) + A<,/-, (2.5)

H - ~ -
2 m 2mr‘‘

Rejqjql)
r 2mr^

(2.8)

E q . (2 .5 )  d ir e c t ly  g iv e s  th e  s c a la r

^  = \m(qiql)

w h ic h  c o m m u te s  w ith  a ll th e  o b s e r v a b le s  a n d  s h o w s  that m 
(2 .5 ) th e re  is  a  r e s id u a l a n g u la r  m o m e n tu m

eq

(2^))

=  dl)
r
r (2 If),

c a rr ie d  by  th e  g e n e ra l iz e d  f ie ld  o f  th e  g e n e ra l iz e d  ch a rg e  besKics 

th e  o rb ita l  a n d  sp in  a n g u la r  m o m e n tu m  o f  e a c h  p a n ic le  Thi> 
a n g u la r  m o m e n tu m  c a n  b e  id e n tif ie d  a s  W ilso n  [20] tyjK* ut 

a n g u la r  m o m e n tu m . It a r is e s  d u e  to  th e  ro ta tio n  o f  th e  sysiem  o\ 
tw o  d y o n s  in th e  c h a rg e  sp a c e  a ro u n d  th e  lin e  jo in in g  them li 

m a y  a ls o  b e  d e s c r ib e d  a s  e x tr a  sp in  o f  th e  s y s te m  w h ich  can nui 
b e  a s s o c ia te d  w ith  e i th e r  p a r t ic le  a lo n e . F u r th e rm o re , il ihc 

g e n e ra l iz e d  a n g u la r  m o m e n tu m  g iv e n  by eq . (2 .5 )  is quanii/ciJ 
a lo n g  th e  lin e  jo in in g  th e  g e n e ra l iz e d  c h a rg e s  q̂  an d  , wc 

o b ta in  th e  fo l lo w in g  q u a n t iz a t io n  c o n d i t io n  fo r  g e n c ra h /a l  
c h a r g e s

(2

w h e re  P  =  m  - - .  B u t th is  a n g u la r  m o m e n tu m  is n o t a c c e p ta b le  
dt

in  th e  p re s e n c e  o f  m a g n e t ic  c h a rg e  b e c a u s e  it is  n o t g a u g e  

in v a r ia n t. A  g a u g e  in v a r ia n t  a n d  ro ta lio n a lly  sy m m e tr ic  a n g u la r  
m o m e n tu m  o p e ra to r  h a s  b e e n  d e r iv e d  in  th e  fo l lo w in g  fo n n

w h e re  n is an  in te g e rs . It r e d u c e s  to  th e  fo l lo w in g  chnalii) 
q u a n tiz a t io n  c o n d it io n  fo r c le c tro d y o n s

=  = W ± I . ± 2 .........  (2 1 2 )

S im ila r ly , th e  re a l p a r t  o f  [q  ̂ ql)  m a y  be sh o w n  to  have tin 

fo llo w in g  fo rm

R ea l {q, q[) = =  e,e^

3. Scattering of a dyon from a dyonium

(2 M)

w h e re  V ^ is  th e  s p a t ia l  p a r t  o f  g e n e ra l iz e d  fo u r  p o te n tia l  

T h e  g a u g e  i n v a r i a n t  l i n e a r  m o m e n tu m  o p e r a t o r  o f y - l h  
g e n e ra liz e d  c h a rg e  q in te ra c t in g  w ith  th e  fie ld  o f  A:-th g e n e ra liz e d  
c h a rg e  ly  ̂h a s  th e  fo l lo w in g  fo rm

n ^ P - K t q V ^ .  (2 .6 )

E q s . (2 .5 )  a n d  (2 .6 )  le a d  to  th e  fo l lo w in g  e x p re s s io n  o f  g a u g e  

in v a r ia n t a s  w e ll a s  ro ta lio n a lly  sy m m e tr ic  H a m ilto n ia n  o p e ra to r  
fo r  th e  in te ra c t in g  g e n e ra l iz e d  c h a rg e s  q̂  a n d  q  ̂ ( s e e  A p p e n d ix )

. • \ 2

(2.7)

In  o rd e r  to  u n d e r ta k e  th e  s c a t te r in g  o f  a d y o n  fro m  a  dy{inuim 
w e  a s s u m e  th a t  th e  d y o n iu m  h a s  in f in i te  d e g re e s  o f  freed o m , so 
th a t  it c a n  b e  e x c ite d  d u r in g  th e  s c a t te r in g  p ro c e s s . 1 'h e  incident 
d y o n  m a y  c h a n g e  p la c e  w ith  th e  d y o n  o f  d y o n iu m  an d  hence 
e x c h a n g e  e f f e c ts  m a y  o c c u r  in  th e  c o ll is io n . T h e  in c id e n t dyini 
p ro d u c e s  g e n e ra l iz e d  e le c tro m a g n e tic  f ie ld  w h ic h  m a y  polan /c  
th e  ta r g e t  d y o n iu m  a n d  h e n c e  p o la r iz a t io n  e f f e c ts  a re  also 
in v o lv e d .

I f  w c  c o n s id e r  th e  e n e rg y  o f  in c id e n t  d y o n  a s  v e ry  h ig h , the 
e x c h a n g e  a n d  th e  p o la r iz a t io n  e f f e c ts  a re  u n im p o r ta n t and  can 

b e  le f t o u t  o f  c o n s id e ra t io n .

T h e  H a m il to n ia n  fo r  d e s c r ib in g  th e  s c a t te r in g  o f  a  d y o n  by 
a  d y o n iu m  m a y  b e  w r it te n  a s

w h e re  th e  f irs t te rm  c o r r e s p o n d s  to  th e  k in e tic  e n e rg y  te rm  w h ile  
th e  s e c o n d  a n d  th ird  te r m s  g iv e  th e  in te ra c t io n  p o te n t ia l  e n e rg y  

o f  g e n e ra l iz e d  c h a rg e s  ie.

(3.1)

w h e re

H - - 2 l v 2 .
di)  . Ira(<3P, « ;)■  

2 m " (| 2mr,
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. ...nhes th e  in le m a l m o t io n  o f  th e  d y o n iu m  to g e th e r  w ith  th e  . , . . \ -
i l d ' c  en erg y  o f  th e  r e la t iv e  m o t io n  o f  th e  in c id e n t  d y o n  a n d  « )  is  g iv e n  by

. h e U t e r e r  d y o n iu m  a n d  1 2 m , ,  . ,  *
f [ k ^ *h \ . ^i) =  -  — . - j “ J j  e x p  [iki^, r{ ) viv,(r()H\r(,  W )

Re{q, q'j) lm(^f, q ' j f  Re(9, ql )
4 . ^

M2 2m rf,12

l m ( g ,  d k f
2m r i

(3.2)

represents th e  in te r a c t io n  b e tw e e n  th e  in c id e n t  p a r t ic le  a n d  

the s c a t t e r e r ,  w h i l e  , qj  a n d  a r e  t h e  c h a r g e s  o f  
(Ivons /, k r e s p e c t i v e l y .  I f  w e  c o n s i d e r  th e  d y o n s  a s  o r

identical i.e. |<?,| = | ? ; |  = |9 * |  =  k |  o r  |e ,| =  |ey| =  |£-j| =  |<̂  a n d

~ j =  l^it 1 =  i^l , th e  H a m il to n ia n  (3 .1 )  m a y  b e  w r it te n  as

• J1 exp [-ikn.  r() wl(r{)H'(r{, r,')

x e x p  (ifc„ . K )v v ‘ ( r , V  V,'ey’ r,' (3.8)

^{kp,h\k„,a^  =  J J  e x p ( /* . r,')v i-,* (r,')W '(r,'.

X H - * ( r ,V V , 'r / '/ s .

)

(3.9)

W„ =  -

*2 * 2  .2 . „2 ^2 . „2 -2 . „2 «_y 2 _ « _ y 2 « + g  <■ +« (3.3)
2m 2m r, r, 2  r,

Tlic c ig cn  fu n c t io n s  o f  Ĥy a re  s p e c i f ie d  b y  tw o  p a ra m e te r s  oc w rit te n  as

.ind (t th ro u g h  th e  e q u a tio n

f̂ o<Pa a^ft,r,) = £ „ > „  „ ( r , . ) .  (3.4)

w h e rp  k = { k a -k p )

or, d e le t in g  p r im e s  o n  th e  v a r ia b le s  o f  in te g ra t io n s , th is  can  a lso

f ( kp j y , k ^ ,a )  = -  J |  cxp(/Ac. ri)wl(r;)H'(r{, r^)

Heic. a  s p e c if ie s  th e  in i t ia l  q u a n tu m  s ta te  o f  th e  in c id e n t d y o n  

and a sp e c if ie s  th a t  o f  th e  d y o n iu m . W e c a n  w rite

(3.5)

(3.10)

N o w  fo r  c o n s id e r in g  d y o n  s c a t te r in g  fro m  a d y o n iu m , w e sta rt 

w ith  th e  fo l lo w in g  H a m ilto n ia n
(*»«,,(^i-^2 ) = * » « ( r , ) < f r „ ( r 2 ).

wlicic (r,) is th e  u n p e r tu rb e d  w a v e  fu n c t io n  fo r  th e  d y o n iu m  

and ( r ^ ) =  e x p  (ik^ , T2 ) is  th e  fre e  p a r t ic le  w a v e  fu n c tio n  fo r  H\r{,  r / ) =  -

ihe in c id en t d y o n .

(3 .6 ) 3"hus, th e  s c a t te r in g  a m p litu d e  ( 3 . 1 0 ) c a n  b e  w ritte n  as

Rciqq*) R e(r/r/* )
(3.11)

P 4- c

where, is th e  k in e t ic  e n e rg y  o f  th e  in c id e n t  fre e  d y o n  a n d  

IS ilie u n p e r tu rb e d  e ig e n  v a lu e s  o f  th e  d y o n iu m .

We c an  w rite  th e  w a v e  fu n c tio n  o f  th e  to ta l H a m ilto n ia n  

H in th e  B o rn  a p p ro x im a t io n  a s  fo l lo w s

2m

/  =  -  .^-” * T / l c x p ( i * . r , ' )
4nh~

Keiqq*) Kciqq*)

i '2 - n ;  >2

(3 .12)

y^al (^1 . »-2 ) =  « (»-l • ^2 ) +  T T  ^ . ^2 \r{, )

H '(r{.r{)y,^:^ir{,r{)d\{d\{, (3 .7 )

X w,*(r, )H ’„ ( r |) < / \ - , r /  V 2 .

S o lv in g  th is  e q u a tio n  in th e  u su a l w ay , w c g e t

^ | l - c x p ( » f t . r | ' ) }  W f t ( r |) w „ ( r , ) f / ’ / , .  (3,13)
h k/ = -

where ( r , , r j  ;r , ',  r{ ) is  th e  G r e e n ’s fu n c t io n  fo r  th e  so lu t io n

(3.7).

F o r  c la s tic  s c a t t in g , th e  in itia l a n d  f in a l s ta le  o f  th e  d y o n iu m  a re  

s a m e  i.e. s  vv̂ , a n d  |A:ĉ | =  |Ar^j f o l lo w s  fro m  th e  e n e rg y  

c o n s e rv a tio n . T h e re fo re , w c  m a y  w rite  th e  sc a l lc r in g  a m p litu d e  

If  th e  v e lo c i ty  o f  th e  in c id e n t  d y o n  is  v e ry  h ig h , w e  c a n  u se  a s  

the B o m  A p p ro x im a tio n  ( r e p la c in g  in s id e  th e  in te g ra l s ig n  ^  ^ ̂

(3 .7 ) b y  th e  f r e e  p a r t ic le  f u n c t io n  a n d  h e n c e , w e  c a n  Jei ~  ^ ~ • (3.14)

'vrite the  a s y m p to t ic  b e h a v io u r  o f  a s  fo l lo w s  :

exp(fA ;„r2 )

< ' i ( r „ r 2 ) -

I f  w e  c o n s id e r  th e  g ro u n d  s ta te  o f  d y o n iu m , th e  s c a t te r in g  c ro s s  

s e c t io n  is  g iv e n  a s

■f{kfi,h-.k^,ajw„(ri). 2m Re(^(?*)
2 1 . 2h^k

1 - 1  l - f  — O n/:” (3*15)



184 P C Pant, V P  Pandey and  B S  Rajput

In  th e  h ig h  e n e rg y  c a s e  w h e re  B o rn  a p p ro x im a t io n  is v a lid , th e  

s c a t te r in g  a m p li tu d e  is

_  2m Rc(cfq*)
 ̂large trk^ (3.16)

F o r  in e la s t ic  s c a t te r in g , is d ifT cren l fro m  a n d  h e n c e  th e  

f irs t te rm  in c q . ( 3 . 13 ) is z e ro  b e c a u se  o f  th e  o r th o g o n a li ty  o f  th e  
u n p e r tu rb e d  s ta te s  o f  d y o n iu m ; s o  w c  h a v e

L e t u s la b e l th e  in c id e n t d y o n  a s  a n d  th e  d y o n  o t dyoniun, 
^ 2 * I f  th e  d y o n  q̂  is s c a t te r e d ,  th e n  th e  s c a t te r in g  is ca lled  direct 
s c a t te r in g ;  h o w e v e r ,  i f  d y o n  r/, r e p la c e s  d y o n  q  ̂ and ,, 

s c a t te r e d  th e  s c a t te r in g  is  k n o w n  a s  e x c h a n g e  sca iic rm ^ 
th is  p ro c e s s , th e  c o o rd in a te s  o f  in c id e n t  d y o n  /*, (as shown m 
F ig u r e  1) a n d  th e  c o o r d i n a t e s  o f  d y o n  o f  d y o n iu m  ;n. 

in te rc h a n g e d  a f te r  s c a t te r in g , a n d  h e n c e  th e  f in a l s ta te  {,„ 

th e  e x c h a n g e  s c a t te r in g  c a n  b e  w r it te n  as

2mRc{gq*)r  , , , , ,  (r, ■ K) = cxp(/*p.r,)H -;(r,).

L e t u s  c o n s id e r  th e  c a se  w h e n  th e  g ro u n d  s ta te  o t d y o n iu m  (1 5  

s ta te )  is  e x c ite d  to  th e  s ta te  2 5  ( f ir s t  e x c ita t io n )  d u e  to  c o ll is io n  
w ith  a n  in c i d e n t  d y o n .  T h e  s c a t t e r in g  a m p l i t u d e  fo r  th is  

s c a t te r in g  is  g iv e n  b y

2 h; R e (g g * )
, ,  l e x p ( jA . r , ) H ’; 5 ( r , )

N

X  W|.v(r, WV,. 

F o r  a  d y o n iu m , w c  h a v e  1 2 IJ

(3.18)

e x p

^  2 .V - ^ 2 - S
4^2na^  I  “ o ^

e x p
r

2 ^ 0

(3 .19)

w h e re

T h e re fo re ,

m Kciqq*)

^  2 5 )  -  , i  . l e x p  {ik. r)  [ 2  f

:
3 r  '

2 a.

Uok~ flo

d \
'0 J

(\2i))

T h e  a b o v e  in te g ra l g iv e s  u.s th e  fo l lo w in g  v a lu e  o f  s c a t te r in g  
a m p l i tu d e  fo r  th e  c a s e  o f  in e la s t ic  s c a t te r in g

finel (3 .21)

4. Exchange scatterii^trfdytMi from a dyoniuin
W e have  to  co n s id e r th is  po ssib ility  due  to  ind istinguishability  
o f  dy ons i.e. it is no t p o ssib le  to  d istingu ish  the tw o dyons after 
scatte ring , or in o th e r  w ords, w e can  no t say  w hether the dyon

Figure 1. Indicc.s I aiul 2 rclcr lo two dyons of scaltcrcr dyoiiiimi dud 
index A refers to the incident dyon

A lso , th e  a s y m p to t ic  b e h a v io u r  o f  . r , ) is given In

< l{ r ,  . r , ) -
To *-> oo

( 1 2 )X / ? : * « ,a ) v r / , ( r 2 ).

T h e re  is  n o  s c a t te re d  p a r t h e re , b e c a u s e  th e  d y o n  r/j is capiiiicd 

in  th e  d y o n iu m . T h e  s c a t te r in g  a m p litu d e  in iIk

e x c h a n g e  s c a t te r in g  is g iv e n  by

f i ( k p , h - , k „ . ( i ) = , r . )

2m
Anti^

X ^ ’ ''2

/ J c x p ( » k p . r ^ ) ( r , )« '( r , . r , (r, , r,)</V| d

(4.h

N o w  d u e  to  id e n tic a l n a tu re  o f  d y o n s ,  it is n o t p o s s ib le  to  label 

th e m  a n d  a c c o rd in g  to  P a u l i 's  e x c lu s io n  p r in c ip le ,  th e  total 

w a v e f u n c t i o n  (^p  r z ’ -̂ i  ̂ *̂2 ) s h o u l d  b e  p r o p e l  1> 

sy m m e tr iz e d . S in c e  w e  a rc  a s s u m in g  h e re  th a t th e  in c id e n t dyon 

is  a  fe rm io n , so  th e  to ta l w a v e  fu n c tio n  m u s t b e  a n tisy n iin c tn c  

In  n o n - re la l iv is lic  lim it ,  th e  w a v e  fu n c t io n  c a n  b e  w ritte n  as

( r , , r 2 . s , . S 2 ) =  V '*''’ (^ i » ''2 ) A :" '’( S | .S 2 ) ’ 

w here ( r , , r , ) is (he space  p a n  and  . *2 ^
w hich  is  scatte red , is the  in itia l inc iden t dyon  o r it is the  dyon  o f  w ave function . S ince . s , ) describes (wo .spin
dyonium .
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\p dyons, we can  e ith e r h av e  a s in g le t sta le  o r a  trip le t state, g iven by eq. (3 .13) w hile g is given by 
rhe ^ave function fo r the  s in g le t s ta le  is

{«(J)^(2)-a(2)/3(D} (4.5)

uhlcb is an tisy m m etric . T h u s  to  m ake to ta l w ave function  
jpiisyniinetric, w e sy m m etrize  the sp ace  p art as

'̂ =  -
2m

4nti

(4.1.5)

V\VnM̂ , Tj ) =  Waaifi ’ ' ’2 ) +  H ) ■

Wc use Bom~Oppcnhcimcr approximation. In this approximation, 
wc replace  ̂ ihe unperturbed

Hic first function on the right hand side corresponds to the 
scattering and second one corresponds to exchange 

Ncaitcnng. Asymptotic behaviour of the symmetrized wave 
(unction (4.6) can be written as

wave-function before sctlcring. Hence, 

1 2ni
i ^ 4;r

xCxp((*„ f2 )w'„(r|)f/'r|(/'r, . (4.14)

The initial and the final stales of the dyonium arc not orthogonal
to eadi other. Due to this, a number of defects arc incorporated

4̂ *7  ̂ into Born>Oppcnhcimcr approximation. To overcome these
difficulties, wc use another approxiinalitm which is due to

, ,, Ochkur. In this approximation, g is expanded in the inverse
Kills, (he scattering amplitude in the singlet state is the sum of , ”  . . .w, j . . .  , . . .  __1-. , powers ol a:,, and only the leading term IS retained. We writeihc direct and the exchange scattering amplitudes and hence * a j

_  exp (Hcq f])
+ X ----------------- (f+8)*Vk(r2).

ihc scattering cross section for singlet state is given by

(4.8)

The triplet state is given by

^ ft' ' (4.15)

where ĝ,̂ , is the contribulton due to dyon-dyon interaction and 
ĝ^̂, is the contribution of another dyon of dyonium. We have

. = -2m— ^  j|cxp{-*p .r, )—drrti  ̂  ̂ n-y

x\:,i.is„s2)=\
a(\)a{2)
)3 ( l)i3 (2 )

{aa)P(2)-a(2)p( l) }
(4.9)

(4.11)

V dŜ  y 4

3
ung ^   ̂ ’ top • (4.12)

Now

/ (-' all the triplet states are symmetric. 'Fhus to make the wave 
hinciion anti-symmetric, we write

V'lm.sy <'■1' '■ 2 ) = ¥aJ (r, . ^2) -  V'a j ('•2. n ) • (4- H))
In itiKs ca.se, sca tte rin g  am p litu d e  w ill be I f -  g I and  hence the 
'tattering cross sec tio n  in  tr ip le t sta te  is g iven  by

X exp(-/*:„ .r2)vr„(r|)r/V,fy'n.

1 I . c x p ( ( . 5 ( r , - r , ) )  ,
_ =  J ---------- ^ ---------- .s ,
r,, 2rr .S

and hence,

8 ; r ^ ‘ 5 '

(4.8) and (4 .1 1 ) g ive  the d ifferen tia l scattering  cross section 
including exchange  e ffec t. T otal d iffe ren tia l sca tte rin g  cross 

'‘‘action is the sum  o f  ^sing ^m p  p ro p er sta tistica l
'''<^ight factor

W/*(r3 )u'^,(rj )d 'V ,r/V 2d^5

= I i  exp{/(5+*„).(/-2 -r,)+»4.r,}
8 ^ '  « ^

•n order to evaluate eq. (4.12), wc should calculate/and g. The 
<lirect scattering amplitude/has already been calculated and is

X vvj" ( f j ) M'u (r, )r/ V,r/ V jt/ ’ 5 . 

S olv ing eq. (4 .16), w e get

2 w iR c(qq*) I f
J?(Ochk»r) -------------J exp  ( i* .r 2 )

X w *(r2)w „(r2)d V2.

(4.16)

(4.17)
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W ith  th e  h e lp  o f  th is  e q u a tio n  fro m  th e  d ire c t sc a tte r in g  a m p litu d e  

(3 .1 3 ) , w c  g e t

2mRc(qq*) ^
(4 .18)

F o r  in e la s t ic  s c a t te r in g  b. T h e re fo r e ,  =  0  a n d  h e n c e  

w e  h a v e

^(Ochkur) ^  ‘ (4 .19)

F o r  e la s t ic  s c a t te r in g , a  =  fc a n d  h e n c e  =  1. T h e re fo re ,

^.Ochkur, -  ^2 [ /  2m ^ 3 ^ 3  J .

N o w  fo r  e la s t ic  s c a t te r in g  o f  d y o n  w ith  a d y o n iu m .

1 - 1  + • 2 . 2 V ^J

2 a o ( 8  +  A : ^ 7 )

(4 -^ k W o f
(4 .20)

T h e re fo re ,

^(Ochkur) ~  ■
3 2

A ri(4  +  4 = » i ) - M .21)

H e n c e , th e  c la s t ic  d if f e re n t ia l  s c a t te r in g  c ro s s  s e c t io n  fo r  d y o n -  

d y o n iu m  s c a t te r in g  in  th e  e x c h a n g e  e f f e c t is  g iv e n  by

1 ^ 1*̂ ^Ochkur j ^Oclikur I * (4.22)

5. Discussion
E q . (2 .1 )  g iv e s  th e  g e n e ra l iz e d  c h a rg e  o f  d y o n . E q . (2 .2 )  is th e  
e q u a tio n  o f  m o t io n  o f  d y o n  in  th e  G E M  fie ld  o f  a n o th e r  d y o n . 

E q . (2 .4 )  d e s c r ib e s  th e  a n g u la r  m o m e n tu m  o f  d y o n  m o v in g  in  
th e  f ie ld  o f  a n o th e r  d y o n  w h ic h  is  n e i th e r  ro la t io n a lly  n o r  g a u g e  

in v a r ia n t . E q . (2 .S )  is  th e  r o ta t io n a lly  a s  w e ll a s  g a u g e  in v a r ia n t  
a n g u la r  m o m e n tu m  o p e ra to r . E q . (2 .6 )  is  th e  e q u a tio n  o f  l in e a r  

m o m e n tu m  a s s o c ia te d  w ith  a  d y o n  m o v in g  in  th e  g e n e ra l iz e d  

e le c tro m a g n e tic  f ie ld  o f  a n o th e r  d y o n . E q . (2 .7 )  is  th e  H a m ilto n ia n  

fo r  a  d y o n  m o v in g  in  th e  g e n e ra l iz e d  e le c tro m a g n e tic  f ie ld  w h ile  
c q . (2 .8 )  is  th e  in te r a c t io n  p o te n t ia l  o f  th e  sy s te m . E q . (2 ,1 2 )  is  

th e  c h i r a l i ty  q u a n t i z a t i o n  c o n d i t io n  f o r  a  s y s te m  o f  d y o n s .  

H a m il to n ia n  (3 .1 )  d e s c r ib e s  th e  d y n a m ic s  fo r  s c a t te r in g  o f  a  

d y o n  b y  a  d y o n iu m  w h ic h  r e d u c e s  to  eq* (3 .3 )  w h e n  id e n tic a l 
d y o n s  a rc  c o n s id e re d . E q . (3 .7 )  is  th e  w a v e  fu n c t io n  fo r  th e  to ta l 

H a m ilto n ia n  u n d e r  B o m  a p p ro x im a t io n  a n d  s c a t te r in g  a m p litu d e  

f o r  th is  c a s e  is  g iv e n  b y  e q . (3 .1 0 ) .  E q . (3 .1 1 )  d e s c r ib e s  th e

H a m il to n ia n  fo r  s c a t te r in g  o f  a  d y o n  b y  d y o n iu m  an d  cq. (3 

d e s c r ib e s  th e  s c a t te r in g  a m p l i tu d e  u n d e r  B o rn  approxi/naiio^ 

fo r  e la s t ic  s c a t te r in g . T h e  s c a t te r in g  a m p l i tu d e  fo r mdasii 
s c a t te r in g  is g iv e n  b y  e q . (3 .1 7 ) . E q s . (4 .8 )  a n d  (4 .1 1 ) give ih. 

d if fe re n t ia l  s c a t te r in g  c ro s s  s e c t io n  in c lu d in g  ex ch an g e  cfkct
i.e. w h e re  d y o n  o f  d y o n iu m  is re p la c e d  b y  th e  in c id e n t Jyon n, 

th e  s c a t te r in g  p ro c e s s . T o ta l d if fe re n t ia l  s c a t te r in g  c ro ss  scciion 
is g iv e n  b y  e q . (4 .1 2 ) . E q . (4 .2 2 )  d e .sc r ib c s  th e  to ta l scaiicring 

c r o s s  s e c t io n  fo r  s c a t t e r in g  o f  a  d y o n  b y  a  d y o n iu m  with 
in c lu s io n  o f  e x c h a n g e  e f f e c t .  A ll  o f  th e s e  s c a t te r in g  cross 

s e c t io n s  a re  m o d if ie d  f ro m  th e  u su a l s c a t te r in g  c ro s s  section oi 
s c a t te r in g  o f  a  fe rm io n  f ro m  th e  a to m  d u e  to  th e  presence ni 

m a g n e t ic  c h a r g e  o n  d y o n .  T h e s e  s c a t te r in g  c ro s s  sections 
r e d u c e  to  u s u a l s c a t te r in g  c r o s s  s e c t io n s  o f  sc a tte r in g  of 

fe rm io n  fro m  a n  a to m  in  th e  a b s e n c e  o f  m a g n e t ic  ch arg e
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.^ppO K lix

( a) Derivation of angular momentum operator for dyons I

In order to construct a suitable angular momentum operator to 
a dyon in generalized electromagnetic f ie ld ,  we c o n s id e r  Ml
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iicnerali/ed c h a rg e  (e , ~  ig^) in  th e  f ie ld  o f  a n o th e r  g e n e ra l iz e d  

[large q {c -  ift ) w h ic h  is  a s s u m e d  lo  b e  a t re s t. In  th e  a b s e n c e  

()1 any ch a rg e , t(ie a n g u la r  m o m e n tu m  v e c to r  o f  m a s s  p a r t ic le  
vvould be g iv e n  b y  /  =  r  x  P ,  w h e re  P  is  th e  l in e a r  m o m e n tu m  o f  

ihc partic le . B u t in  th e  p re s e n c e  o f  c h a rg e s ,  s u c h  a n  a n g u la r  
m omentum  v e c to r  is u n a c c e p ta b le  b e c a u s e  th e  lin e a r  m o m e n tu m  

not g a u g C 'in v a ria n t. T h e  g a u g e - in v a r ia n t  a n g u la r  m o m e n tu m  
vector in th e  p r e s e n c e  o f  p a r t ic le s  c a r r y in g  th e  g e n e ra l iz e d  

charges, m ay  b e  w r it te n  a s  [ 1 1 1

where

(A .1 )

(A .2 )

(A .3 )

[ y , , y , ]  = t€ khn m ' (A .4 )

J = r x [ P - n , y )  + n.^~.

ih} Derivation o f eq, (2) [ 14] :

(A .5 )

U p o n  in t r o d u c i n g  th e  u s u a l  r e l a t i v e  a n d  c e n te r - o f - m a s s  
c o o rd in a te s

/y/iT, -\-m̂ r^
r  =  r, - r , ,

/WiP, s-
P =

/» , +  tUj

___
nil

P  =  P, (A .8 )

o n e  o b ta in s

■; <A-»i

sep;

2 *) a re  th e  to ta l a n d  re d u c e d  m a ss  re sp e c tiv e ly .

js the m a g n e tic  c o u p l in g  p a r a m e te r  fo r  tw o  g e n e ra l iz e d  c h a rg e s  

and V ‘ IS th e  tr a n s v e r s e  p a r t  o f  th e  g e n e ra l iz e d  fo u r -p o te n t ia l  o f  
dyems. T h e  a n g u la r  m o m e n tu m  v e c to r  g iv e n  b y  c q . (A . 1) is n o t 

ro ia tm n a lly  s y m m e t r i c  b e c a u s e  it l e a d s  to  th e  f o l lo w in g  
. jin m u ta tio n  r e l a t i o n :

w h e |e  r  is th e  s e p a ra tio n  b e tw e e n  tw o  d y o n s , M 4- an d  

and<

« I 2  = - ( < ’l < ' 2 + S l J e 2 )  =  - R e < V i  </2).

/< I2 =  - J ? |r '2 ) =  In i iq, q\ ). (A . 10)

F ro m  n o w  o n w a rd s , w c  se t th e  to ta l m o m e n tu m  P e q u a l to  ze ro  
a n d  e x p r e s s  th e  H a m il to n ia n  in  e q . ( A .6 ) in th e  fo l lo w in g  

m a n ife s t ly  g a u g e  in v a r ia n t a n d  ro ia tio n a lly  sy m m e tr ic  fo rm

where is th e  u su a l L e v i-C iv i ta  S y m b o l a n d  /? =  r / i r l ;  b u t 

(oi ihc sy s te m  e n d o w e d  w ith  ro ta tio n a l sy m m e try , w e  m u s t h a v e
/ /  =  —

2nt r
( A . l l )

w h e re

T herefore , w c  c a n  w r ite  th e  g a u g e - in  v a r ia n t  a n d  ro ia t io n a lly  
sym m etric a n g u la r  m o m e n tu m  fo r  a  d y o n  in th e  g e n e ra liz e d  fie ld
as l l l l

The H a m ilto n ia n  o f  th e  d y o n  o f  m a s s  c a r r y in g  e le c tr ic  a n d  

inagnetic c h a rg e s  a n d  ĝ  re s p e c tiv e ly ,  in  th e  f ie ld  o f  d y o n  o f  
mass a n d  c h a rg e s  a n d  ĝ  m a y  b e  w r it te n  as

It is q u ite  re a s o n a b le  lo  e x p e c t  th e  a d d it io n a l p o te n tia l te rm  V(r) 
w ith  its  fo rm  a n d  m a g n i tu d e  lo  b e  d e s c r ib e d  by  th e  sy m m e try  
r e q u ire m e n t o f  th e  sy s te m . U s in g  cq . (A .5 ) , th e  v a lu e  o f  7* m ay  

b e  c a lc u la te d  in th e  fo l lo w in g  m a n n e r :

y* = y .y  = [ ( r x ^ )  + / ; ,^ r ] .[ ( rx ^ )  + /y„;] (A. 12a)

=  ( r  +  + 2fi^J\{rxn).  (A . 12b)

T h e  th ird  tc rn i in  c q . (A . 12b) is z e ro  b e c a u se  o f  th e  re a so n  

r .(rx7t)=  ( r x r ) . k  a n d  h e n c e  w c  m a y  w rite

7t^
2m 2mr^ 2mr^ 2m

(A .13)

{fiSj ^ ^ ^ /)  

r̂  - r . ' ' ( H - h D - (A .6 )

I t  is  q u ite  o b v io u s  th a t th e  H a m il to n ia n  g iv e n  by  cq . ( A .1 1) 
p o s s e s s e s  th e  s a m e  h ig h e r  s y m m e try  as  th e  p u re  C o u lo m b  

H a m ilto n ia n , p ro v id e d  th e  a d d it io n a l p o te n tia l V (r) in cq . (A .1 3 ) 

ta k e s  th e  fo l lo w in g  s c a la r  fo rm

w here V (/)  is  a n  a rb i tr a ry  a d d i t io n a l  p o te n t ia l  in te ra c t io n . T h e  

ju s tif ic a tio n  fo r  th is  H a m il to n ia n  is  th a t  f o r  th e  H e is e n b e r g

equation  o f  m o t io n  f o r  r̂  a n d  -  (cy g , -  gjCj j  ( i f  i j
~ 1 »2) it y ie ld s  th e  N e w to n ia n  e q u a tio n  o f  m o t io n

V (r )  = P\ 2

2Mr 2 * (A .14)

m. (A.7)

T h u s , th e  H a m il to n ia n  g iv e n  in  cq . (A . 11) m a y  b e  w rit te n  a s  

n  = - .................. +  - - - -  (a .15)
2m r 2mr

which is the required Hamiltonian.


